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Abstract. In this paper, we study the null controllability of degenerate semilinear cascade
parabolic systems with one control force. The key tool is the Carleman estimates developed
recently for degenerate one dimension parabolic equations. We develop a Carleman esti-
mate for these systems and then an observability inequality for the linear adjoint system.
We conclude by linearization and fixed point arguments.
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1. Introduction

This paper is concerned with null controllability for the following coupled degen-

erate semilinear cascade parabolic system

ut �
�
a1ðxÞux

�
x
þ F1ðt; x; uÞ ¼ hðt; xÞ1o; ðt; xÞ a ð0;TÞ � ð0; 1Þ; ð1Þ

vt �
�
a2ðxÞvx

�
x
þ F2ðt; x; u; vÞ ¼ 0; ðt; xÞ a ð0;TÞ � ð0; 1Þ; ð2Þ

uðt; 0Þ ¼ uðt; 1Þ ¼ vðt; 0Þ ¼ vðt; 1Þ ¼ 0; t a ð0;TÞ; ð3Þ
uð0; xÞ ¼ u0ðxÞ; vð0; xÞ ¼ v0ðxÞ; x a ð0; 1Þ; ð4Þ

where o is an open subset of ð0; 1Þ, hi a L2
�
ð0;TÞ � ð0; 1Þ

�
, u0; v0 a L2ð0; 1Þ and

T > 0, and a1, a2 are two (di¤erent) di¤usion coe‰cients. By a linearization tech-

nique, one reduces this question to the study of the null controllability of the linear

cascade system



ut �
�
a1ðxÞux

�
x
þ c1ðt; xÞu ¼ hðt; xÞ1o; ðt; xÞ a ð0;TÞ � ð0; 1Þ; ð5Þ

vt �
�
a2ðxÞvx

�
x
þ c2ðt; xÞvþ bðt; xÞu ¼ 0; ðt; xÞ a ð0;TÞ � ð0; 1Þ; ð6Þ

uðt; 0Þ ¼ uðt; 1Þ ¼ vðt; 0Þ ¼ vðt; 1Þ ¼ 0; t a ð0;TÞ; ð7Þ
uð0; xÞ ¼ u0ðxÞ; vð0; xÞ ¼ v0ðxÞ; x a ð0; 1Þ; ð8Þ

where the coe‰cients b, c1, c2 are given in terms of F1 and F2. Several works

were done in the null controllability of degenerate parabolic equation (9), i.e.

the di¤usion coe‰cient a1 can vanish at x ¼ 0 or at both ends x ¼ 0, x ¼ 1, see

[1], [9], [10], [8], [20]. The main result in these works is the development of new

Carleman inequalities for degenerate parabolic equations, which are used in

the standard way to show observability inequalities of the adjoint degenerate

problems, and then obtain the null controllability of these degenerate parabolic

equations.

The null controllability of parabolic systems was studied in [4], [3], [16], [17],

[15], [18] in the nondegenerate case, i.e., a1, a2 are positive in ½0; 1�. In [19], Liu

et al. considered parabolic cascade systems, with degeneracy in only one equation,

using the nondegenerate Carleman estimate of Fursikov and Imanuvilov [14] and

an approximation argument as in [12]. Recently, using the degenerate Carleman

estimate of Alabau-Boussouira et al. [1], Cannarsa and De Tereza studied in [7]

cascade degenerate linear systems (9)–(12) with the same degeneracies a1 ¼ a2,

and with particular coupling term b ¼ 1O for some open set O.

In this paper, we consider the degenerate semilinear system (1)–(4) with two

di¤erent degeneracies a1 and a2. To study its null controllability, by the lineariza-

tion argument, we consider the linear degenerate system (9)–(12) with general cou-

pling terms b. To study the null controllability of the last system, we show an

observability inequality for its adjoint system. As in the above litterature, to do

this, we develop a Carleman estimate for these systems. To get this aim, we apply

as in [7], the Carleman estimates developped in ([1], Theorem 3.1, Corollary 3.2)

to the both degenerate equations (17) and (18). These lead to two inequalities with

two di¤erent weight functions j1 and j2. We choose carefully some constants in

the weight functions to get the comparaison j1aj2, which provides the desired

Carleman estimate. Note that, we do not require any comparaison between a1
and a2.

At the end, the null controllability of the semilinear system (1)–(4) will follow

by a standard linearization argument and a fixed point theroem.

2. Null controllability of linear systems

Consider the linear cascade system
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ut �
�
a1ðxÞux

�
x
þ c1ðt; xÞu ¼ hðt; xÞ1o; ðt; xÞ a ð0;TÞ � ð0; 1Þ; ð9Þ

vt �
�
a2ðxÞvx

�
x
þ c2ðt; xÞvþ bðt; xÞu ¼ 0; ðt; xÞ a ð0;TÞ � ð0; 1Þ; ð10Þ

uðt; 0Þ ¼ uðt; 1Þ ¼ vðt; 0Þ ¼ vðt; 1Þ ¼ 0; t a ð0;TÞ; ð11Þ
uð0; xÞ ¼ u0ðxÞ; vð0; xÞ ¼ v0ðxÞ; x a ð0; 1Þ: ð12Þ

We assume the following assumptions:

(H1) b; c1; c2 a Ll
�
ð0;TÞ � ð0; 1Þ

�
,

(H2)
ðiÞ ai a Cð½0; 1�ÞBC1

�
ð0; 1�

�
: aið0Þ ¼ 0; ai > 0 on ð0; 1�;

ðiiÞ bK a ½0; 1Þ : xa 0
i ðxÞaKaiðxÞ; Ex a ð0; 1�:

�

Under (H2), the above systems can be called as in [1] weakly degenerate

systems. Analogously, one can obtain the same results in the cases where the

two equations are strongly degenerate or one is weakly and the other is strongly

degenerate, see [1] for the definition.

2.1. Well-posedness. In order to study the well-posedness of system (9)–(12), we

introduce the following weighted spaces

H 1
ai
ð0; 1Þ :¼ fu a L2ð0; 1Þ : u locally absol: cont: in ½0; 1�;ffiffiffiffi

ai
p

ux a L2ð0; 1Þ and uð0Þ ¼ uð1Þ ¼ 0g

with the norm kuk2H 1
ai
ð0;1Þ :¼ kuk2L2ð0;1Þ þ k ffiffiffiffi

ai
p

uxk2L2ð0;1Þ and

H 2
ai
ð0; 1Þ :¼ fu a H 1

ai
ð0; 1Þ : aiux a H 1ð0; 1Þg

with the norm

kuk2H 2
ai
ð0;1Þ :¼ kuk2H 1

ai
ð0;1Þ þ kðaiuxÞxk

2
L2ð0;1Þ:

We define the operator
�
Ai;DðAiÞ

�
by

Aiu :¼ ðaiuxÞx; u a DðAiÞ ¼ H 2
ai
ð0; 1Þ:

We recall the following properties of
�
Ai;DðAiÞ

�
.

Proposition 2.1 ([6]). The operator Ai : DðAiÞ ! L2ð0; 1Þ is a closed self-adjoint

negative operator with dense domain.
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In the Hilbert space H ¼ L2ð0; 1Þ � L2ð0; 1Þ, the system (9)–(12) can be trans-

formed into the inhomogeneous Cauchy problem

ðCPÞ
X 0ðtÞ ¼ AXðtÞ þ BðtÞXðtÞ þ f ðtÞ;
Xð0Þ ¼ u0

v0

� �
;

(

where XðtÞ ¼ uðtÞ
vðtÞ

� �
, A ¼ A1 0

0 A2

� �
; DðAÞ ¼ DðA1Þ �DðA2Þ, f ðtÞ ¼ hðt;�Þ1o

0

� �
,

BðtÞ ¼
Mc1ðtÞ 0

MbðtÞ Mc2ðtÞ

� �
; where MciðtÞu ¼ ciðtÞu and MbðtÞu ¼ bðtÞu:

As the operator A is diagonal and since BðtÞ is a bounded perturbation, the

following wellposedness and regularity results hold.

Proposition 2.2. (i) The operator A generates a contraction strongly continuous

semigroup.

(ii) For all h a L2
�
ð0;TÞ � ð0; 1Þ

�
and u0; v0 a L2ð0; 1Þ there exists a

unique mild solution ðu; vÞ a XT :¼ C
�
½0;T �;

�
L2ð0; 1Þ

�2�
BL2ð0;T ;H 1

a1
�H 1

a2
Þ

of (9)–(12). Moreover, for ðu0; v0Þ a H 1
a1
�H 1

a2
, ðu; vÞ a Cð½0;T �;H 1

a1
�H 1

a2
ÞB

H 1
�
0;T ;

�
L2ð0; 1Þ

�2�
BL2ð0;T ;H 2

a1
�H 2

a2
Þ and there exists a constant CT > 0

such that

sup
½0;T �

kðu; vÞðtÞk2H 1
a1
�H 1

a2

þ
ðT
0

�
kðut; vtÞk2L2 þ

		�ða1uxÞx; ða2vxÞx�		2L2

�
dt

aCT

�
kðu0; v0Þk2H 1

a1
�H 1

a2

þ khk2L2ðð0;TÞ�ð0;1ÞÞ
�
:

As in [1], [8], we can show also the well posedness of the semilinear cascade

systems.

Proposition 2.3. For all Y0;Z0 a L2ð0; 1Þ, the system

Yt �
�
a1ðxÞYx

�
x
þ F1ðt; x;YÞ ¼ 0; ðt; xÞ a ð0;TÞ � ð0; 1Þ; ð13Þ

Zt �
�
a2ðxÞZx

�
x
þ F2ðt; x;Y ;ZÞ ¼ 0; ðt; xÞ a ð0;TÞ � ð0; 1Þ; ð14Þ

Yðt; 0Þ ¼ Yðt; 1Þ ¼ 0; Zðt; 0Þ ¼ Zðt; 1Þ ¼ 0; t a ð0;TÞ; ð15Þ
Yð0; xÞ ¼ Y0ðxÞ; Zð0; xÞ ¼ Z0ðxÞ; x a ð0; 1Þ; ð16Þ

has a solution ðY ;ZÞ a XT.

2.2. Carleman estimates for the adjoint cascade system. This subsection is

devoted to show Carleman estimates for the adjoint cascade system
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Ut �
�
a1ðxÞUx

�
x
þ c1ðt; xÞU þ bðt; xÞV ¼ 0; ðt; xÞ a ð0;TÞ � ð0; 1Þ; ð17Þ

Vt �
�
a2ðxÞVx

�
x
þ c2ðt; xÞV ¼ 0; ðt; xÞ a ð0;TÞ � ð0; 1Þ; ð18Þ

Uðt; 1Þ ¼ Uðt; 0Þ ¼ Vðt; 1Þ ¼ Vðt; 0Þ ¼ 0; t a ð0;TÞ; ð19Þ
Uð0; xÞ ¼ U0ðxÞ; Vð0; xÞ ¼ V0ðxÞ; x a ð0; 1Þ: ð20Þ

For this purpose, we define the weight functions jiðt; xÞ ¼ YðtÞciðxÞ,
YðtÞ :¼ 1

½tðT�tÞ�4
, ciðxÞ :¼ li

�Ð x
0

y

aiðyÞ
dy� di

�
, Fiðt; xÞ :¼ YðtÞCiðxÞ, CiðxÞ :¼

e2ri � eriziðxÞ, ziðxÞ :¼
Ð 1
x

1ffiffiffiffiffiffiffiffi
aiðyÞ

p dy, ri :¼ rizið0Þ, where the positive constants

di, ri and li are chosen such that di bmax
n

1

aið1Þð2�KÞ ; 4
Ð 1
0

y

aiðyÞ
dy
o
, er2 b

4
d2�
Ð 1

0

y

a2ð yÞ
dy

d2�4
Ð 1

0

y

a2ð yÞ
dy

, r1 ¼ 2r2, l1 ¼ e2r1�1

d1�
Ð 1

0

y

a1ð yÞ
dy

and l2 ¼ 4
3d2

ðe2r2 � er2Þ.

One can show that these weight functions and their parameters satisfy the fol-

lowing properties which are needed in the sequel.

Lemma 2.4. We have l1
l2
b

d2

d1�
Ð 1

0

y

a1ð yÞ
dy
, e2r1 � er1 b e2r2 � 1, li b

e2ri�1

di�
Ð 1

0

y

ai ð yÞ
dy
, l2a

4
3d2

ðe2r2 � er2Þ and j1a j2, �F1a�F2, ji a�Fi, 4F2 þ 3j2b 0.

We now announce a result on an intermediate Carleman estimate, which could

be used to obtain the null controllability of the linear cascade systems with two

control forces.

Theorem 2.5. Let T > 0 be given. There exist two positive constants C and s0 such

that every solution ðU ;VÞ of (17)–(20) satisfies

ðT
0

ð1
0

sYa1U
2
x þ s3Y3 x2

a1ðxÞ
U 2


 �
e2sj1 dx dt

þ
ðT
0

ð1
0

sYa2V
2
x þ s3Y3 x2

a2ðxÞ
V 2


 �
e2sj2 dx dt

aC

ðT
0

ð
o

½U 2 þ V 2�e�2sF2 dx dt:

Proof. Let us choose an arbitrary open subset o 0 :¼ ða 0; b 0Þ such that o 0 T o :¼
ða; bÞ, and consider the cut-o¤ function x a Clð0; 1Þ such that

0a xðxÞa 1; x a ð0; 1Þ;
xðxÞ ¼ 1; 0axa a 0;

xðxÞ ¼ 0; b 0
axa 1:

8><
>:
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Let w ¼ xU and z ¼ xV where ðU ;VÞ is the solution of (17)–(20). Then w and z

satisfy the following system

wt � ða1wxÞx þ c1w ¼ �xbz� xxa1Ux � ða1xxUÞx ¼: f ;

ðt; xÞ a ð0;TÞ � ð0; 1Þ; ð21Þ
zt � ða2zxÞx þ c2z ¼ �xxa2Vx � ða2xxVÞx; ðt; xÞ a ð0;TÞ � ð0; 1Þ; ð22Þ
wðt; 1Þ ¼ wðt; 0Þ ¼ zðt; 1Þ ¼ zðt; 0Þ ¼ 0; t a ð0;TÞ; ð23Þ
wð0; xÞ ¼ w0ðxÞ; zð0; xÞ ¼ z0ðxÞ; x a ð0; 1Þ: ð24Þ

Applying the Carleman estimate estabished in ([1], Corollary 3.2) to the equation

(21), we obtain

ðT
0

ð1
0

sYðtÞa1ðxÞw2
xðt; xÞ þ s3Y3ðtÞ x2

a1ðxÞ
w2ðt; xÞ


 �
e2sj1 dx dt

aC
� ðT

0

ð1
0

j f j2e2sj1ðt;xÞ dx dtþ sa1ð1Þ
ðT
0

YðtÞe2sj1ðt;1Þw2
xðt; 1Þ dt

�

aC

ðT
0

ð1
0

�
x2b2z2ðt; xÞ þ

�
xxa1Uxðt; xÞ þ ða1xxUÞxðt; xÞ

�2

e2sj1 dx dt; ð25Þ

since wxðt; 1Þ ¼ 0. From the definition of x, we have

ð1
0

�
xxa1Ux þ ða1xxUÞx

�2
e2sj1 dxa

ð
o 0

�
8ða1xxÞ2U 2

x þ 2
�
ða1xxÞx

�2
U 2
�
e2sj1 dx

aC

ð
o 0
½U 2 þU 2

x �e2sj1 dx: ð26Þ

In the other hand, using the fact that x2

a2ðxÞ
is non-decreasing and Hardy–Poincaré

inequality ([1], Proposition 2.1), we have

ð1
0

x2b2z2e2sj1 dxa
kbk2l
a2ð1Þ

ð1
0

a2ðxÞ
x2

ðzesj2Þ2 dxaC
kbk2l
a2ð1Þ

ð1
0

a2ðxÞ
�
ðzesj2Þx

�2
dx:

Hence, since c2;xðxÞ ¼ x
a2ðxÞ

, one obtains

ð1
0

x2b2z2e2sj1 dxaC

ð1
0

a2ðxÞz2xe2sj2 dxþ C

ð1
0

s2Y2 x2

a2ðxÞ
z2e2sj2 dx;
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and for large s, we obtain the estimate

C

ð1
0

x2b2z2e2sj1 dxa
1

2

ð1
0

sYa2ðxÞz2xe2sj2 dxþ 1

2

ð1
0

s3Y3 x2

a2ðxÞ
z2e2sj2 dx: ð27Þ

Combining (25), (26) and (27) we obtain for s large enough

ðT
0

ð1
0

sYðtÞa1ðxÞw2
xðt; xÞ þ s3Y3ðtÞ x2

a1ðxÞ
w2ðt; xÞ


 �
e2sj1 dx dt

aC

ðT
0

ð
o 0
½U 2 þU 2

x �e2sj1 dxþ 1

2

ðT
0

ð1
0

sYa2ðxÞz2xe2sj2 dx

þ 1

2

ðT
0

ð1
0

s3Y3 x2

a2ðxÞ
z2e2sj2 dx: ð28Þ

Arguing as before we obtain for the second component z

ðT
0

ð1
0

sYa2ðxÞz2x þ s3Y3 x2

a2ðxÞ
z2


 �
e2sj2 dx dtaC

ðT
0

ð
o 0
½V 2

x þ V 2�e2sj2 dx dt: ð29Þ

Consequently, from Lemma 2.4 and the estimates (28)–(29), we obtain for s large

enough ðT
0

ð1
0

sYa1w
2
x þ s3Y3 x2

a1ðxÞ
w2


 �
e2sj1 dx dt

þ
ðT
0

ð1
0

sYa2z
2
x þ s3Y3 x2

a2ðxÞ
z2


 �
e2sj2 dx dt

aC

ðT
0

ð
o 0
½U 2

x þ V 2
x þU 2 þ V 2�e2sj2 dx dt: ð30Þ

Using Cacciopoli’s inequality, see Lemma 4.1, the estimate (30) becomes

ðT
0

ð1
0

sYa1w
2
x þ s3Y3 x2

a1ðxÞ
w2


 �
e2sj1 dx dt

þ
ðT
0

ð1
0

sYa2z
2
x þ s3Y3 x2

a2ðxÞ
z2


 �
e2sj2 dx dt

aC

ðT
0

ð
o

½U 2 þ V 2�e2sj2 dx dt: ð31Þ

Let now W :¼ hU and Z :¼ hV , where h ¼ 1� x: Then W , Z are supported in

ða; 1Þ and satisfy
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Wt � ða1WxÞx þ c1W ¼ �hbZ � hxa1Ux � ða1hxUÞx ¼: g;

ðt; xÞ a ð0;TÞ � ð0; 1Þ; ð32Þ
Zt � ða2ZxÞx þ c2Z ¼ �hxa2Vx � ða2hxVÞx; ðt; xÞ a ð0;TÞ � ð0; 1Þ; ð33Þ
W ðt; 1Þ ¼ W ðt; 0Þ ¼ 0; Zðt; 1Þ ¼ Zðt; 0Þ ¼ 0; t a ð0;TÞ; ð34Þ
W ð0; xÞ ¼ W0ðxÞ; Zð0; xÞ ¼ Z0ðxÞ; x a ð0; 1Þ: ð35Þ

On ða; 1Þ, equations in system (32)–(35) are uniformly parabolic, and the func-

tion ai can be replaced by a positive function in C1ð0; 1Þ which coincides with ai
in ða; 1Þ denoted again by ai, i ¼ 1; 2. Hence, using a classical Carleman esti-

mate for nondegenerate problems, see [1], [5], to the equation (32), and since

�½s1ðt; xÞe�2sF1ðt;xÞa1ðxÞW 2
x ðt; xÞ�

x¼1
x¼0 a 0 one obtainsðT

0

ð1
0

s3Y3e3r1z1ðxÞW 2ðt; xÞe�2sF1ðt;xÞ dx dtþ
ðT
0

ð1
0

sYer1z1ðxÞW 2
x ðt; xÞe�2sF1ðt;xÞ dx dt

aC

ðT
0

ð1
0

g2ðt; xÞe�2sF1ðt;xÞ dx dt� C

ðT
0

½s1ðt; xÞe�2sF1ðt;xÞa1ðxÞW 2
x ðt; xÞ�

x¼1
x¼0 dt

aC

ðT
0

ð1
0

½hbZ þ hxa1ðxÞUx þ ða1hxUÞx�
2
e�2sF1 dx dt

aC

ðT
0

ð1
0

Z2e�2sF2 dx dtþ C

ðT
0

ð
o 0
½U 2 þU 2

x �e�2sF1 dx dt; ð36Þ

where siðt; xÞ ¼ risYðtÞeriziðxÞ and zi, Fi are defined above. Similarly for the sec-

ond component Z we obtainðT
0

ð1
0

s3Y3e3r2z2ðxÞZ2e�2sF2 dx dtþ
ðT
0

ð1
0

sYer2z2ðxÞZ2
xe

�2sF2 dx dt

aC

ðT
0

ð
o 0
½V 2 þ V 2

x �e�2sF2 dx dt: ð37Þ

Thus, combining the estimates (36)–(37) and using the Caccioppoli’s inequality,

we obtain for s large enoughðT
0

ð1
0

s3Y3e3r1z1ðxÞe�2sF1W 2 dx dtþ
ðT
0

ð1
0

s3Y3e3r2z2ðxÞe�2sF2Z2 dx dt

þ
ðT
0

ð1
0

sYer1z1ðxÞe�2sF1W 2
x dx dtþ

ðT
0

ð1
0

sYer2z2ðxÞe�2sF2Z2
x dx dt

a ~CC

ðT
0

ð1
0

Z2e�2sF2 dx dtþ C

ðT
0

ð
o 0
½U 2 þ V 2 þU 2

x þ V 2
x �e�2sF2 dx

a ~CC

ðT
0

ð1
0

Z2e�2sF2 dx dtþ C

ðT
0

ð
o

½U 2 þ V 2�e�2sF2 dx dt:
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For s large enough, we have ~CCa 1
2 s

3Y3e3riziðxÞ (it su‰ces that sb T 8

256

ffiffiffiffiffiffiffi
2 ~CC

3
p

).

Thus,

ðT
0

ð1
0

s3Y3e3r1z1ðxÞe�2sF1W 2 dx dtþ
ðT
0

ð1
0

s3Y3e3r2z2ðxÞe�2sF2Z2 dx dt

þ
ðT
0

ð1
0

sYer1z1ðxÞe�2sF1W 2
x dx dtþ

ðT
0

ð1
0

sYer2z2ðxÞe�2sF2Z2
x dx dt

aC

ðT
0

ð
o

½U 2 þ V 2�e�2sF2 dx dt:

By Lemma 2.4, there exists a constant C > 0 such that

x2

aiðxÞ
e2sjiðt;xÞaCe3riziðxÞe�2sFiðt;xÞ and aiðxÞe2sjiðt;xÞaCeriziðxÞe�2sFiðt;xÞ

for all ðt; xÞ a ½0;T � � ða; 1Þ. As a consequence we have

ðT
0

ð1
0

s3Y3 x2

a1ðxÞ
W 2 þ sYa1W

2
x


 �
e2sj1 dx dt

þ
ðT
0

ð1
0

s3Y3 x2

a2ðxÞ
Z2 þ sYa2Z

2
x


 �
e2sj2 dx dt

aC

ðT
0

ð
o

½U 2 þ V 2�e�2sF2 dx dt: ð38Þ

Since U ¼ wþW and V ¼ zþ Z, we have

U 2
a 2ðw2 þW 2Þ; V 2

a 2ðz2 þ Z2Þ; U 2
x a 2ðw2

x þW 2
x Þ; V 2

x a 2ðz2x þ Z2
xÞ:

Thus by (31), (38) and Lemma 2.4 one has

ðT
0

ð1
0

sYa1U
2
x þ s3Y3 x2

a1ðxÞ
U 2


 �
e2sj1 dx dt

þ
ðT
0

ð1
0

sYa2V
2
x þ s3Y3 x2

a2ðxÞ
V 2


 �
e2sj2 dx dt

aC

ðT
0

ð
o

½U 2 þ V 2�e�2sF2 dx dt:

This ends the proof. r
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For cascade systems (9)–(12) with one control force, we need to show the fol-

lowing Carleman estimate.

Theorem 2.6. Let T > 0 be given. Assume that

bb g on ½0;T � � o1 for some o1 T o and g > 0: ð39Þ

Then there exist positive constants C and s0 such that every solution ðU ;VÞ of

(17)–(20) satisfies

ðT
0

ð1
0

sYa1U
2
x þ s3Y3 x2

a1ðxÞ
U 2


 �
e2sj1 dx dt

þ
ðT
0

ð1
0

sYa2V
2
x þ s3Y3 x2

a2ðxÞ
V 2


 �
e2sj2 dx dt

aC

ðT
0

ð
o

U 2 dx dt ð40Þ

for all sb s0.

Remark 2.7. 1. The assumption (39) can be replaced by ba�g on ½0;T � � o1 for

o1 T o and g > 0.

2. If b ¼ 1O for some open set O then the assumption (39) is equivalent to

OBoA j, assumed in [7].

Theorem 2.6 is a consequence of Theorem 2.5 applied to o1 and the following

lemma, see also the proofs of ([7], Theorem 3.2) and [19].

Lemma 2.8. For all � > 0 there is C� > 0 such that

ðT
0

ð
o1

V 2e�2sF2 dx dta �JðVÞ þ C�

ðT
0

ð
o

U 2 dx dt; ð41Þ

where

JðVÞ :¼
ðT
0

ð1
0

sYa2V
2
x þ s3Y3 x2

a2ðxÞ
V 2


 �
e2sj2 dx dt:

Proof. Let w a Clð0; 1Þ be such that supp wHo and wC 1 on o1. Multiplying

the equation (17) by we�2sF2V , we obtain
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ðT
0

ð1
0

bwe�2sF2V 2 dx dt ¼ �
ðT
0

ð1
0

we�2sF2VUt dx dtþ
ðT
0

ð1
0

we�2sF2Vða1UxÞx dx dt

�
ðT
0

ð1
0

c1we
�2sF2UV dx dt: ð42Þ

Integrating by parts and using (18), we obtainðT
0

ð1
0

we�2sF2VUt dx dt ¼
ðT
0

ð1
0

a2we
�2sF2UxVx dx dtþ

ðT
0

ð1
0

a2ðwe�2sF2ÞxUVx dx dt

þ
ðT
0

ð1
0

ð2s _YYC2wþ c2wÞe�2sF2UV dx dt; ð43Þ

and ðT
0

ð1
0

we�2sF2Vða1UxÞx dx dt

¼ �
ðT
0

ð1
0

a1we
�2sF2UxVx dx dtþ

ðT
0

ð1
0

a1ðwe�2sF2ÞxUVx dx dt

þ
ðT
0

ð1
0

�
a1ðwe�2sF2Þx

�
x
UV dx dt: ð44Þ

So combining the identities (42)–(44), we getðT
0

ð1
0

bwe�2sF2V 2 dx dt

¼ �
ðT
0

ð1
0

ða1 þ a2Þwe�2sF2UxVx dx dt|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
I1

þ
ðT
0

ð1
0

ða1 � a2Þðwe�2sF2ÞxUVx dx dt|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
I2

�
ðT
0

ð1
0

�
ð2s _YYC2 þ c1 þ c2Þw�

�
a1ðwe�2sF2Þx

�
x
e2sF2



e�2sF2UV dx dt|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

I3

:

For the integral I1, we have��� ðT
0

ð1
0

aiwe
�2sF2UxVx dx dt

���
¼
��� ðT

0

ð1
0

½ðsYa2Þ1=2esj2Vx�½ðsYa2Þ�1=2
aiwe

�sð2F2þj2ÞUx� dx dt
���

a e

ðT
0

ð1
0

sYa2e
2sj2V 2

x dx dtþ 1

4e

ðT
0

ð1
0

s�1Y�1 a
2
i

a2
w2e�2sð2F2þj2ÞU 2

x dx dt|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
L

: ð45Þ
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The last integral L should be estimated by an integral in U 2. Multiplying the

equation (17) by s�1Y�1 a2i
a1a2

w2e�2sð2F2þj2ÞU and integrating by parts, we obtain

L ¼ � 1

2

ðT
0

ð1
0

�
s�1 _YYY�2 þ 2 _YYY�1ð2C2 þ c2Þ

� a2i
a1a2

w2e�2sð2F2þj2ÞU 2 dx dt|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
L1

þ 1

2

ðT
0

ð1
0

s�1Y�1 a1 w2
a2i
a1a2

e�2sð2F2þj2Þ
� �

x

 !
x

U 2 dx dt

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
L2

�
ðT
0

ð1
0

s�1Y�1c1w
2 a2i
a1a2

e�2sð2F2þj2ÞU 2 dx dt|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
L3

�
ðT
0

ð1
0

s�1Y�1bw2
a2i
a1a2

e�2sð2F2þj2ÞUV dx dt|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
L4

:

Since j _YYjaCY5=4 and supp wHo, the functions ai,
1
ai
, w, ci, Ci and their deriva-

tives are bounded on o and also ci and b. Then

jL1jaC

ðT
0

ð
o

Y1=4e�2sð2F2þj2ÞU 2 dx dt; jL2jaC

ðT
0

ð
o

sYe�2sð2F2þj2ÞU 2 dx dt;

jL3jaC

ðT
0

ð
o

s�1Y�1e�2sð2F2þj2ÞU 2 dx dt;

jL4j ¼
ðT
0

ð1
0

s3=2Y3=2 xffiffiffiffiffi
a2

p esj2V


 �
s�5=2Y�5=2bw2

a2i
xa1

ffiffiffiffiffi
a2

p e�sð4F2þ3j2ÞU


 �
dx dt

a e2
ðT
0

ð
o

s3Y3 x
2

a2
e2sj2V 2 dx dt

þ 1

4e2

ðT
0

ð1
0

s�5Y�5b2w4
a4i

x2a21a2
e�2sð4F2þ3j2ÞU 2 dx dt

a e2
ðT
0

ð
o

s3Y3 x
2

a2
e2sj2V 2 dx dtþ Ce

ðT
0

ð
o

e�2sð4F2þ3j2ÞU 2 dx dt:

So

jLja e2
ðT
0

ð
o

s3Y3 x
2

a2
e2sj2V 2 dx dtþ Ce

ðT
0

ð
o

e�2sð4F2þ3j2ÞU 2 dx dt: ð46Þ
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From (45)–(46), we deduce

jI1ja 2e

ðT
0

ð1
0

sYa2e
2sj2V 2

x dx dtþ e

2

ðT
0

ð
o

s3Y3 x
2

a2
e2sj2V 2 dx dt

þ Ce

ðT
0

ð
o

e�2sð4F2þ3j2ÞU 2 dx dt: ð47Þ

Similarly, we obtain

jI2ja e

ðT
0

ð1
0

sYa2e
2sj2V 2

x dx dtþ Ce

ðT
0

ð
o

sYe�2sð2F2þj2ÞU 2 dx dt; ð48Þ

jI3ja e

ðT
0

ð1
0

s3Y3 x
2

a2
e2sj2V 2 dx dtþ Ce

ðT
0

ð
o

sYe�2sð2F2þj2ÞU 2 dx dt: ð49Þ

Consequently, from the estimates (47)–(49) and Lemma 2.4 we conclude that

ðT
0

ð1
0

bwe�2sF2V 2 dx dta 3eJðVÞ þ Ce

ðT
0

ð
o

U 2 dx dt:

Finally, since wC 1 on o1, (39) achieves the proof. r

2.3. Observability Inequality. In this subsection we use Carleman estimate

(40) to prove the following observability inequality for the adjoint system

(17)–(20).

Theorem 2.9. Let T > 0 be given. There exists a positive constant CT such that

every solution ðU ;VÞ of (17)–(20) satisfies

ð1
0

½U 2ðT ; xÞ þ V 2ðT ; xÞ� dxaCT

ðT
0

ð
o

U 2ðt; xÞ dx dt: ð50Þ

Proof. Multiplying the first and the second equations in the system (17)–(20)

respectively by Ut and Vt. Integrating over ð0; 1Þ the sum of the new equations,

we have

0 ¼
ð1
0

½U 2
t þ V 2

t � dx� ½a1UxUt�10 � ½a2VxVt�10 þ
ð1
0

c1UUt dx

þ
ð1
0

c2VVt þ
ð1
0

bVUt dxþ 1

2

d

dt

ð1
0

½a1U 2
x þ a2V

2
x � dx:
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Using Young’s inequality and the monotony of the function x2

aiðxÞ
, we obtain

1

2

d

dt

ð1
0

½a1U 2
x þ a2V

2
x � dxa

ð1
0

c21U
2 dxþ

ð1
0

ðc22 þ b2ÞV 2 dx

aC

ð1
0

�
U 2ðt; xÞ þ V 2ðt; xÞ

�
dx

a
C

Min
�
a1ð1Þ; a2ð1Þ

� ð1
0

a1

x2
U 2ðt; xÞ þ a2

x2
V 2ðt; xÞ

� �
dx:

Using Hardy–Poincaré inequality, we obtain

d

dt

ð1
0

½a1U 2
x þ a2V

2
x � dxaC0

ð1
0

½a1U 2
x þ a2V

2
x � dx dt:

Hence

d

dt

n
e�C0t

ð1
0

½a1U 2
x þ a2V

2
x � dx

o
a 0:

Consequently, the function t 7! e�C0t
Ð 1
0 ½a1U 2

x þ a2V
2
x � dx is non-increasing. Thus,

ð1
0

½a1ðxÞU 2
x ðT ; xÞ þ a2ðxÞV 2

x ðT ; xÞ� dxa eC0T

ð1
0

½a1ðxÞU 2
x ðt; xÞ þ a2ðxÞV 2

x ðt; xÞ� dx:

Integrating over
�
T
4 ;

3T
4



, one has

ð1
0

½a1ðxÞU 2
x ðT ; xÞ þ a2ðxÞV 2

x ðT ; xÞ� dx

a
2eC0T

T

ð3T=4

T=4

ð1
0

½a1ðxÞU 2
x þ a2ðxÞV 2

x � dx dt

aCT

ð3T=4

T=4

ð1
0

sY½a1e2sj1U 2
x þ a2e

2sj2V 2
x � dx dt

aCT

ðT
0

ð
o

U 2ðt; xÞ dx dt;

by the Carleman estimate (40). Consequently using the Hardy–Poincaré inequal-

ity and the fact that the function x2

aiðxÞ
is non-decreasing, we deduce the estimate

(50). r
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3. Null controllability for semilinear systems

The aim of this section is to prove null controllability of the semilinear system

ut �
�
a1ðxÞux

�
x
þ F1ðt; x; uÞ ¼ hðt; xÞ1o; ðt; xÞ a ð0;TÞ � ð0; 1Þ; ð51Þ

vt �
�
a2ðxÞvx

�
x
þ F2ðt; x; u; vÞ ¼ 0; ðt; xÞ a ð0;TÞ � ð0; 1Þ; ð52Þ

uðt; 0Þ ¼ uðt; 1Þ ¼ vðt; 0Þ ¼ vðt; 1Þ ¼ 0; t a ð0;TÞ; ð53Þ
uð0; xÞ ¼ u0ðxÞ; vð0; xÞ ¼ v0ðxÞ; x a ð0; 1Þ: ð54Þ

We will use a standard strategy, as in [2], [8], [21], which consists in using the lin-

earization technique, the approximate null controllability, the variational approach

and the Schauder fixed point theorem.

Here and henceforth we assume in addition to (H2), that the functions

F1ðt; x; yÞ and F2ðt; x; y; zÞ satisfy the assumptions

F1ð�; �; yÞ and F2ð�; �; y; zÞ are measurable; ðy; zÞ a R� R; ð55Þ
F1ðt; x; 0Þ ¼ 0; F2ðt; x; 0; 0Þ ¼ 0; ðt; xÞ a ½0;T � � ½0; 1�; ð56Þ

F1ðt; x; �Þ a C1ðRÞ; F2ðt; x; �; �Þ a C1ðR� RÞ; ðt; xÞ a ½0;T � � ½0; 1�: ð57Þ

Suppose moreover that there exist M > 0, g > 0 and an open set o1 T o such

that

qFi

qy
aM;

qF2

qz
aM; ð58Þ

qF2

qy
ðt; x; y; zÞb g; x a o1; t a ½0;T �; ðy; zÞ a R2: ð59Þ

Thus the semilinear system (51)–(54) can be written as

ut �
�
a1ðxÞux

�
x
þ c

u; v
1 ðt; xÞu ¼ hðt; xÞ1o; ðt; xÞ a ð0;TÞ � ð0; 1Þ;

vt �
�
a2ðxÞvx

�
x
þ c

u; v
2 ðt; xÞvþ bu; vðt; xÞu ¼ 0; ðt; xÞ a ð0;TÞ � ð0; 1Þ;

uðt; 0Þ ¼ uðt; 1Þ ¼ vðt; 0Þ ¼ vðt; 1Þ ¼ 0; t a ð0;TÞ;
uð0; xÞ ¼ u0ðxÞ; vð0; xÞ ¼ v0ðxÞ; x a ð0; 1Þ;

where

cu; v1 ðt; xÞ :¼
ð1
0

qF1

qy

�
t; x; luðt; xÞ

�
dl;

c
u; v
2 ðt; xÞ :¼

ð1
0

qF2

qz

�
t; x; luðt; xÞ; lvðt; xÞ

�
dl;

bu; vðt; xÞ :¼
ð1
0

qF2

qy

�
t; x; luðt; xÞ; lvðt; xÞ

�
dl:
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Let the space

XT ¼ C
�
0;T ;

�
L2ð0; 1Þ

�2�
BL2ð0;T ;H 1

a1
�H 1

a2
Þ;

be equipped with the norm

kðy; zÞk2XT
:¼ sup

t A ½0;T �

�
kyðtÞk2L2 þ kzðtÞk2L2

�
þ
ðT
0

ðk ffiffiffiffiffi
a1

p
yxk2L2 þ k ffiffiffiffiffi

a2
p

zxk2L2Þ dt:

For a fixed ðy; zÞ a XT , consider the associated linear system

ut �
�
a1ðxÞux

�
x
þ c

y; z
1 ðt; xÞu ¼ hðt; xÞ1o; ðt; xÞ a ð0;TÞ � ð0; 1Þ; ð60Þ

vt �
�
a2ðxÞvx

�
x
þ c

y; z
2 ðt; xÞvþ by; zðt; xÞu ¼ 0; ðt; xÞ a ð0;TÞ � ð0; 1Þ; ð61Þ

uðt; 0Þ ¼ uðt; 1Þ ¼ vðt; 0Þ ¼ vðt; 1Þ ¼ 0; t a ð0;TÞ; ð62Þ
uð0; xÞ ¼ u0ðxÞ; vð0; xÞ ¼ v0ðxÞ; x a ð0; 1Þ; ð63Þ

and its adjoint system

Ut �
�
a1ðxÞUx

�
x
þ c

y; z
1 ðt; xÞU þ by; zðt; xÞV ¼ 0; ðt; xÞ a ð0;TÞ � ð0; 1Þ; ð64Þ

Vt �
�
a2ðxÞVx

�
x
þ c

y; z
2 ðt; xÞV ¼ 0; ðt; xÞ a ð0;TÞ � ð0; 1Þ; ð65Þ

Uðt; 0Þ ¼ Uðt; 1Þ ¼ Vðt; 0Þ ¼ Vðt; 1Þ ¼ 0; t a ð0;TÞ; ð66Þ
Uð0; xÞ ¼ U0ðxÞ; Vð0; xÞ ¼ V0ðxÞ; x a ð0; 1Þ: ð67Þ

By assumptions (58) and (59) one has the uniform estimates

kcy; zi kl; kby; zklaM; ð68Þ
by; z

b g > 0 on ½0;T � � o1: ð69Þ

To build an adequate fixed point operator, we need first to show the uniqueness

of the control with minimal norm. For a given � > 0 and ðu0; v0Þ a L2ð0; 1Þ�
L2ð0; 1Þ, introduce the quadratic functionals

J�;y; zðhÞ ¼
1

2

ðT
0

ð1
0

h2 dx dtþ 1

2�
kðu; vÞðTÞk2L2 ; ð70Þ

J �
�;y; zðU0;V0Þ ¼

1

2

ðT
0

ð
o

U 2 dx dtþ �

2
kðU0;V0Þk2L2 þ

ð1
0

�
UðTÞu0 þ VðTÞv0

�
dx;

(71)
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where ðu; vÞ is the solution of the linear system (60)–(63) with initial data ðu0; v0Þ
and ðU ;VÞ is the solution of the adjoint system with given ðU0;V0Þ a L2ð0; 1Þ�
L2ð0; 1Þ. By classical arguments, the minimization problems

min
�
J�;y; zðhÞ; h a L2

�
ð0;TÞ � ð0; 1Þ

��
and

minfJ �
�;y; zðU0;V0Þ; ðU0;V0Þ a L2ð0; 1Þ � L2ð0; 1Þg

have unique solutions h�;y; z and ðU �;y; z
0 ;V �;y; z

0 Þ such that

h�;y; z ¼ U �;y; z1o ð72Þ

ðU �;y; z
0 ;V �;y; z

0 Þ ¼ � 1

�
ðu�;y; z; v�;y; zÞðTÞ; ð73Þ

where ðu�;y; z; v�;y; zÞ is the solution of (60)–(63) with the control h�;y; z and

ðU �;y; z;V �;y; zÞ the one of the adjoint system (64)–(67) with initial data

ðU �;y; z
0 ;V �;y; z

0 Þ. Since J �
� ðU

�;y; z
0 ;V �;y; z

0 Þa 0, by (71) and (73), one has

1

2

ðT
0

ð
o

jU �;y; zj2 dx dtþ 1

2�
kðu�;y; z; v�;y; zÞðTÞk2L2

a kðU �;y; z;V �;y; zÞðTÞkL2kðu0; v0ÞkL2 : ð74Þ

On the other hand by the observability inequality (50), we have

kðU �;y; z;V �;y; zÞðTÞk2L2 aCT

ðT
0

ð
o

jU �;y; zj2 dx dt: ð75Þ

The estimates (72), (74) and (75) provide the essential estimate

1

2

ðT
0

ð1
0

jh�;y; zj2 dx dtþ 1

2�
kðu�;y; z; v�;y; zÞðTÞk2L2 aCTkðu0; v0Þk2L2 : ð76Þ

The uniqueness of the control h�;y; z defines an operator K� : XT ! XT , ðy; zÞ 7!
ðu�;y; z; v�;y; zÞ. It is clear that every fixed point ðu�; v�Þ of K� is a solution of the

semilinear system (51)–(54) associated to h�;u
�; v� and satisfies

kðu�; v�ÞðTÞk2L2 a �C:

That is, the semilinear system (51)–(54) will be approximately null controllable.

To prove this, let us suppose first that ðu0; v0Þ a H 1
a1
�H 1

a2
. By Proposition 2.2

and (68), we have the uniform estimate
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sup
t A ½0;T �

kðu�;y; z; v�;y; zÞðtÞk2H 1
a1
�H 1

a2

þ
ðT
0

�
kðu�;y; zt ; v�;y; zt Þk2L2ð0;1Þ þ

		�ða1u�;y; zx Þx; ða2v�;y; zx Þx
�		2

L2ð0;1Þ
�
dt

aCT

�
kðu0; v0Þk2H 1

a1
�H 1

a2

þ kh�;y; zk2L2ðð0;TÞ�ð0;1ÞÞ
�
:

This with (76) yield the uniform estimates

kðu�;y; z; v�;y; zÞkXT
aCTkðu0; v0ÞkH 1

a1
�H 1

a2

; ð77Þ

kðu�;y; z; v�;y; zÞkYT
aCTkðu0; v0ÞkH 1

a1
�H 1

a2

; ð78Þ

where YT :¼ H 1
�
0;T ;

�
L2ð0; 1Þ

�2�
BL2ð0;T ;H 2

a1
�H 2

a2
Þ with the norm

kðy; zÞk2YT
:¼
ðT
0

�
kðy; zÞk2H 1

a1
�H 1

a2

þ kðyt; ztÞk2L2 þ
		�ða1yxÞx; ða2zxÞx�		2L2

�
dt:

Thus the range of K� is a subset of the ball Bð0;RÞ of XT with R :¼
CTkðu0; v0ÞkH 1

a1
�H 1

a2

, where CT is the constant of (77). In particular K�

�
Bð0;RÞ

�
HBð0;RÞ. Prove now that K� is continuous and compact. The compactness fol-

lows from the compactness of the embedding

YT ,!c XT ; ð79Þ

see [8]. Let ðyn; znÞ ! ðy; zÞ in XT as n ! þl. For simplicity set un :¼ u�;yn; zn ,

vn :¼ v�;yn; zn and hn :¼ h�;yn; zn . By (78), the set ðun; vnÞ is bounded in YT . Hence,

up to a subsequence it converges weakly in YT to a limit ðu; vÞ and strongly in XT

thanks to (79). Similarly, by (76), up to a subsequence, h�;yn; zn converges weakly

to a limit h. One can show that ðu; vÞ is the solution of the system (60)–(63) cor-

responding to ðy; zÞ and h. So to prove that K�ðy; zÞ ¼ ðu; vÞ it is su‰cient to show

that h ¼ h�;y; z. By definition of hn one has for all h a L2
�
ð0;TÞ � ð0; 1Þ

�
1

2

ðT
0

ð1
0

jhnj2 dx dtþ
1

2�
kðun; vnÞðTÞk2L2

a
1

2

ðT
0

ð1
0

h2 dx dtþ 1

2�
kðuyn; zn;h; vyn; zn;hÞðTÞk2

where ðuyn; zn;h; vyn; zn;hÞ is the solution of the linear system (60)–(63) associated

to ðyn; znÞ and h. Passing to the limit in the last inequality, one has for all

h a L2
�
ð0;TÞ � ð0; 1Þ

�
1

2

ðT
0

ð1
0

jhj2 dx dtþ 1

2�
kðu; vÞðTÞk2L2 a

1

2

ðT
0

ð1
0

h2 dx dtþ 1

2�
kðuy; z;h; vy; z;hÞðTÞk2L2 :
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That is, h minimizes J�;y; z. Thus K�ðy; zÞ ¼ ðu; vÞ, and thus K� is continuous. The

following result is then proved.

Theorem 3.1. For every ðu0; v0Þ a H 1
a1
�H 1

a2
, the semilinear system (51)–(54) is ap-

proximately null controllable, i.e., for all � > 0 there exists h� a L2
�
ð0;TÞ � ð0; 1Þ

�
such that the associated solution ðuh� ; vh�Þ satisfies

kðuh� ; vh�ÞðTÞkL2ð0;1Þa �: ð80Þ

Moreover there exists a constant CT such that

ðT
0

ð1
0

jh�ðt; xÞj2 dx dtaCTkðu0; v0Þk2L2ð0;1Þ:

As a consequence of this theorem, we have the following null controllability

result.

Theorem 3.2. For every ðu0; v0Þ a H 1
a1
�H 1

a2
, the semilinear degenerate system

(51)–(54) is null controllable, that is, there exists h a L2
�
ð0;TÞ � ð0; 1Þ

�
, i.e., the

associated solution ðuh; vhÞ satisfies

ðuh; vhÞðT ; xÞ ¼ ð0; 0Þ; Ex a ð0; 1Þ:

Moreover, there exists a constant CT such that

ðT
0

ð1
0

jhðt; xÞj2 dx dtaCTkðu0; v0Þk2L2ð0;1Þ:

Proof. By Theorem 3.1, the set h� has a subsequence converging weakly in

L2
�
ð0;TÞ � ð0; 1Þ

�
to a limit h0 satisfyingðT
0

ð1
0

jh0j2ðt; xÞ dx dtaCTkðu0; v0Þk2L2ð0;1Þ:

Furthermore, one can prove that ðuh� ; vh�Þ converges to ðuh0 ; vh0Þ strongly in XT as

� ! 0. Moreover, ðuh0 ; vh0Þ solves (51)–(54) with h ¼ h0 and by (80) one has for

all x a ð0; 1Þ
ðuh0 ; vh0ÞðT ; xÞ ¼ ð0; 0Þ:

This concludes the proof. r

Now we are in the position to state the main null controllability result for semi-

linear degenerate cascade systems.
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Theorem 3.3. For every ðu0; v0Þ a L2ð0; 1Þ � L2ð0; 1Þ, the semilinear degenerate

parabolic system (51)–(54) is null controllable.

Proof. By Proposition 2.3, the system (13)–(16) considered on
�
0; T2
�
� ð0; 1Þ with

initial data ðu0; v0Þ a L2ð0; 1Þ � L2ð0; 1Þ has a solution ðY ;ZÞ a XT=2. So, for

some t0 a ð0;T=2Þ, ðY ;ZÞðt0Þ a H 1
0 �H 1

0 . Consider now the following system

Ut �
�
a1ðxÞVx

�
x
þ F1ðt; x;UÞ ¼ hðt; xÞ1o; ðt; xÞ a ðt0;TÞ � ð0; 1Þ; ð81Þ

Vt �
�
a2ðxÞVx

�
x
þ F2ðt; x;U ;VÞ ¼ 0; ðt; xÞ a ðt0;TÞ � ð0; 1Þ; ð82Þ

Uðt; 0Þ ¼ Uðt; 1Þ ¼ Vðt; 0Þ ¼ Vðt; 1Þ ¼ 0; t a ðt0;TÞ; ð83Þ
Uðt0; xÞ ¼ Yðt0; xÞ; Vðt0; xÞ ¼ Zðt0; xÞ; x a ð0; 1Þ: ð84Þ

By Theorem 3.2 there exists a control h1 a L2
�
ðt0;TÞ � ð0; 1Þ

�
such that the sys-

tem (81)–(84) has a solution ðU ;VÞ satisfying ðU ;VÞðT ; xÞ ¼ 0 for all x a ð0; 1Þ.
One defines

u :¼ Y in ½0; t0�;
U in ½t0;T �;

�
v :¼ Z in ½0; t0�;

V in ½t0;T �;

�
and h :¼ 0 in ½0; t0�;

h1 in ½t0;T �:

�

Hence ðu; vÞ is a solution of the system (51)–(54) and satisfies ðu; vÞðT ; xÞ ¼ 0 for

all x a ð0; 1Þ. This completes the proof. r

4. Appendix

As in [1], [7], we give the proof of the Caccioppoli’s inequality for linear cascade

systems with two degeneracies.

Lemma 4.1. Let o 0 T o. Then there exists a positive constant C such that

ðT
0

ð
o 0
½U 2

x ðt; xÞ þ V 2
x ðt; xÞ�e2sji dx dtaC

ðT
0

ð
o

½U 2ðt; xÞ þ V 2ðt; xÞ�e2sji dx dt:

Proof. Let w a Clð0; 1Þ such that supp wHo and wC 1 on o 0: We have

0 ¼
ðT
0

d

dt

h ð1
0

w2e2sjiðU 2 þ V 2Þ dx
i
dt

¼ 2

ðT
0

ð1
0

s _jijiw
2e2sjiðU 2 þ V 2Þ dx dt� 2

ðT
0

ð1
0

w2e2sji a1ðxÞðUxÞ2 dx dt

� 2

ðT
0

ð1
0

ðw2e2sjiÞxa1ðxÞUUx dx� 2

ðT
0

ð1
0

w2e2sji c2V
2 dx dt dt
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� 2

ðT
0

ð1
0

w2e2sji c1U
2 dx dt� 2

ðT
0

ð1
0

w2e2sji bUV dx dt

� 2

ðT
0

ð1
0

w2e2sji a2ðxÞðVxÞ2 dx dt� 2

ðT
0

ð1
0

ðw2e2sjiÞxa2ðxÞVVx dx dt:

Therefore

ðT
0

ð1
0

w2e2sjiða1U 2
x þ a2V

2
x Þ dx dt

¼
ðT
0

ð1
0

s _jijiw
2e2sjiðU 2 þ V 2Þ dx dt�

ðT
0

ð1
0

ðw2e2sjiÞxða1UUx þ a2VVxÞ dx dt

�
ðT
0

ð1
0

w2e2sjiðc1U 2 þ c2V
2Þ dx dt�

ðT
0

ð1
0

w2e2sji bUV dx dt:

Then, using (H1) and the fact that 2UUx ¼ ðU 2Þx, UV aU 2 þ V 2, ai, ji, x

and their derivatives are bounded and that x is supported in o and xC 1 in o 0,
we deduce the estimate

min
x Ao 0

fa1ðxÞ; a2ðxÞg
ðT
0

ð
o 0
e2sjiðU 2

x þ V 2
x Þ dx dtaC

ðT
0

ð
o

e2sjiðU 2 þ V 2Þ dx dt

This ends the proof. r

5. Conclusion

In this paper, we studied the null controllability of cascade semilinear systems

with two di¤erent degeneracies, using the Carleman estimate obtained in [1]. It

is known in the literature that general coupled non degenerate systems can be

transformed to cascade systems. This fact is also true for degenerate coupled sys-

tems with the same degeneracy. But this is not true in the case of two di¤erent

degeneracies, because the exponential of weight functions can be compared as

done in this paper, but will not never be equivalent. In a forthcoming paper, we

deal with this problem by a di¤erent way.
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