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Abstract. In this paper, we study the null controllability of degenerate semilinear cascade
parabolic systems with one control force. The key tool is the Carleman estimates developed
recently for degenerate one dimension parabolic equations. We develop a Carleman esti-
mate for these systems and then an observability inequality for the linear adjoint system.
We conclude by linearization and fixed point arguments.
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1. Introduction

This paper is concerned with null controllability for the following coupled degen-
erate semilinear cascade parabolic system

Fi(t,x,u) = h(t,x)1,, (,x) e (0,T)x(0,1), (1)
. Fy(t,x,u,v) =0, (t,x) € (0,T) x (0,1), (2)

)=0v(t,0) =0v(t,1) =0, 1€(0,7), (3)
u(0,x) = up(x), v(0,x) =0vp(x), xe€(0,1), 4)

where  is an open subset of (0,1), h; € L*((0,T) x (0,1)), u,vo € L*(0,1) and
T > 0, and a1, a, are two (different) diffusion coefficients. By a linearization tech-
nique, one reduces this question to the study of the null controllability of the linear
cascade system
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a(t,x)u=nh(t,x)l,, (t,x)e (0,T)x(0,1), (

Ltaltx)u+b(tx)u=0, (,x)e(0,T)x(0,1), ©
)=v(t,0) =0v(t,1)=0, te(0,7), (

u(0,x) = up(x), v(0,x) =wvo(x), xe(0,1), (

where the coefficients b, ¢;, ¢, are given in terms of F| and F,. Several works
were done in the null controllability of degenerate parabolic equation (9), i.e.
the diffusion coefficient ¢; can vanish at x = 0 or at both ends x =0, x = 1, see
[1], [9], [10], [8], [20]. The main result in these works is the development of new
Carleman inequalities for degenerate parabolic equations, which are used in
the standard way to show observability inequalities of the adjoint degenerate
problems, and then obtain the null controllability of these degenerate parabolic
equations.

The null controllability of parabolic systems was studied in [4], [3], [16], [17],
[15], [18] in the nondegenerate case, i.e., a;, ap are positive in [0, 1]. In [19], Liu
et al. considered parabolic cascade systems, with degeneracy in only one equation,
using the nondegenerate Carleman estimate of Fursikov and Imanuvilov [14] and
an approximation argument as in [12]. Recently, using the degenerate Carleman
estimate of Alabau-Boussouira et al. [1], Cannarsa and De Tereza studied in [7]
cascade degenerate linear systems (9)—(12) with the same degeneracies a; = aa,
and with particular coupling term b = 1, for some open set O.

In this paper, we consider the degenerate semilinear system (1)—(4) with two
different degeneracies a; and a,. To study its null controllability, by the lineariza-
tion argument, we consider the linear degenerate system (9)—(12) with general cou-
pling terms b. To study the null controllability of the last system, we show an
observability inequality for its adjoint system. As in the above litterature, to do
this, we develop a Carleman estimate for these systems. To get this aim, we apply
as in [7], the Carleman estimates developped in ([1], Theorem 3.1, Corollary 3.2)
to the both degenerate equations (17) and (18). These lead to two inequalities with
two different weight functions ¢, and ¢,. We choose carefully some constants in
the weight functions to get the comparaison ¢, < ¢,, which provides the desired
Carleman estimate. Note that, we do not require any comparaison between a;
and ap.

At the end, the null controllability of the semilinear system (1)—(4) will follow
by a standard linearization argument and a fixed point theroem.

2. Null controllability of linear systems

Consider the linear cascade system
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') =u(t,0) =0v(1,1) =0, e (0,7T),
u(0,x) =up(x), v(0,x) =wvo(x), xe(0,1).

We assume the following assumptions:
(Hl) b,C1,6‘2 eL” ((O, T) X (07 l))>

(i) a; € €([0,1]) n €' ((0,1]) : a;(0) = 0; @; > 0 on (0, 1],
(H2) {(ii) 3K € [0,1) : xa/(x) < Ka;(x), Vx € (0,1].

ci(t,x)u=nh(t,x)l,, (t,x)e (0,7)x(0,1),
a(t,x)v+b(t,x)u=0, (t,x)e (0,7)x (0,1),

Under (H2), the above systems can be called as in [1] weakly degenerate
systems. Analogously, one can obtain the same results in the cases where the
two equations are strongly degenerate or one is weakly and the other is strongly

degenerate, see [1] for the definition.

2.1. Well-posedness. In order to study the well-posedness of system (9)—(12), we

introduce the following weighted spaces

H;I,(O7 1) := {u e L*(0,1) : u locally absol. cont. in [0, 1],

Vaiu, € L*(0,1) and u(0) = u(1) = 0}
with the norm [lull7y 1) := lullZ2(0,1) + | /aitts | 720, 1) and
H;(0,1) :={ue H,(0,1): amu, e H'(0,1)}
with the norm
el 0.1y = ey 1) + 1l @itts) 20,1
We define the operator (4;, D(4;)) by
A = (auy),, ueD(A4;)= Hjl_(O7 1).

We recall the following properties of (A;, D(A4;)).

Proposition 2.1 ([6]). The operator A;: D(A;) — L*(0,1) is a closed self-adjoint

negative operator with dense domain.
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In the Hilbert space H = L?(0,1) x L*(0, 1), the system (9)—(12) can be trans-
formed into the inhomogeneous Cauchy problem

X'(0) = /X(0) + BOX () + £(0),
< {Xw) = (%),
where X(1) = (1)), = (4 1): D) = Dr) x D(a). £() = ().

B(t) = <MC‘([> 0 > where M, u = ¢;(t)u and Myu = b(t)u
Mb(t) M, (1) ’ (0 l g .

2
As the operator .« is diagonal and since B(¢) is a bounded perturbation, the
following wellposedness and regularity results hold.

Proposition 2.2. (i) The operator </ generates a contraction strongly continuous
semigroup.

(i) For all heL*((0,T)x (0,1)) and ug,vo € L*(0,1) there exists a
unique mild solution (u,v) € X7 := C([0, T}, (L*(0, 1))2) NL*0,T;H, x H,)
of (9)-(12).  Moreover, for (up,v0) € Hy x H, , (u,0) € C([0,T];H} x H})n
H'(0, T; (L*(0, 1))2) N L*0,T; Hfl X Hazz) and there exists a constant Cr > 0
such that

T
2
[S()uTP] H(uv U)(t)”%ia‘l xH,, + JO (”(uta U,)Hiz + || ((alux)x7 (Clzl)x)x) ||L2) d
2 2
< CT(”(“OvUO)HH;le;z + ||h||L2((0,T)x(o,1)))-

As in [1], [8], we can show also the well posedness of the semilinear cascade
systems.

Proposition 2.3. For all Yy, Zy € L*(0,1), the system

Yo) +Fi(,x,Y)=0, (1,x)€(0,T)x(0,1), (13)
Z.) +F(t,x,Y,Z)=0, (1,x)€(0,T)x(0,1), (14)
(15)
(16)

Y(t,0)=Y(t,1)=0, Z(t,0)=Z(t,1)=0, +te(0,T),
Y(0,x) = Yo(x), Z(0,x)=Zy(x), xe(0,1),

has a solution (Y,Z) € Xr.

2.2. Carleman estimates for the adjoint cascade system. This subsection is
devoted to show Carleman estimates for the adjoint cascade system
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U, - (al(x)U,) + (6, x)U —l—b(t x)V=0, (,x)e(0,7)x(0,1), (17)
V,— (az(x)V) + ot x)V (1,x) € (0,T) x (0,1), (18)
U(t,1)=U(,0)=V(,1) = (t 0)=0, ¢€(0,7), (19)
U(0,x) = Up(x), V(0,x)=Tyh(x), xe(0,1). (20)

For this purpose, we define the weight functions ¢,(, x) = @()y;(x),

(1) ::ﬁ Vi) —m( Crsd—d), ®(tx) = 0, Wilx) =
e — e"tilx) —f \/_ dy, p;:=r{;(0), where the positive constants
d;, r; and ) are chosen such that d->max{% 4]‘1id} er >
l:d l1 ) p Vi 1 = ‘(1)(27[()7 ()a_(y) J/ 5 =
27 ) T )
gy =2py, ==l and Jy = (¥ — o).
dr—4 0“Zmdy di— Oul(t)d}

One can show that these weight functions and their parameters satisfy the fol-
lowing properties which are needed in the sequel.
Lemma 2.4. We havei—' > +} e el > ] Jy > il ), <
2 4

y (g
d— omdy di foa,-(y)dy

3idz(ezl’2 —e)and g, < ¢,, —O; < -0y, 9; < —D;, 4D, + 39, > 0.

We now announce a result on an intermediate Carleman estimate, which could
be used to obtain the null controllability of the linear cascade systems with two
control forces.

Theorem 2.5. Let T > 0 be given. There exist two positive constants C and sy such
that every solution (U, V') of (17)—(20) satisfies

T (1 2
J J {s@al U? +s3®3U2} e™1 dx dt
0 Jo ar(x)

T (1 X2
+ J J {s@az Viisiel —— Vz] e dx dt
0 Jo a(x)

T
< cj J (U2 + V?]e > dxdt.
0 Jo

Proof. Let us choose an arbitrary open subset o’ := (o', ') such that o’ € @ :=
(0,1) su

0.1)su

(o, ), and consider the cut-off function & € ¥~ h that
0<é(x)<1, xe(0,1),
é(x)zla 0<x<do,

E(x) =0, B<x<l1
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Let w = ¢U and z = &V where (U, V) is the solution of (17)—(20). Then w and z
satisfy the following system

w,— (awy), +cw=—=¢bz — & a1 Uy — (@&, U), = f,

(t,x) € (0,T) x (0,1), (21)
2= (mzy) + 2z = ¢V — (@, V), (t,x)€(0,T)x(0,1), (22)
w(t, 1) =w(t,0) =z(t,1) =z(1,0) =0, 1€ (0,7), (23)
w(0,x) =wo(x), z(0,x)=1z(x), xe(0,1). (24)

Applying the Carleman estimate estabished in ([1], Corollary 3.2) to the equation
(21), we obtain

JTJI [S@)(;)a](x)wi(t7 x) +S3®3(t)x_2

w?(t, x)} e™7 dx dt
0 Jo ay(x)

Tl T
< C(JO Jo /120 ) dx dt + say (1) Jo O(1)e®n =Dy (1, l)dl)
1

< CLT L (202221, x) + (Ecai Un(t,x) + (&, U) (8, %)) 7] > dxdr,  (25)

since wy(z,1) = 0. From the definition of &, we have

1
J Gt @enyeracs | e ol a(@en,) v i

0 o'

< CJ [U? + UZ]e®” dx. (26)

In the other hand, using the fact that a;‘&) is non-decreasing and Hardy—Poincaré
inequality ([1], Proposition 2.1), we have

Jl 62b22262s¢1 dx < Hb”iJl M(zeﬂﬂz)z dx < CHb”iJI az(x)((zeﬂ/’z) )de
0 T ax(1))o x? -l x |

Hence, since i, ,(x) = Fxx)’ one obtains

1 1 1 2
, , X ,
J Eb%2%e® M dx < CJ ay(x)z2e™7 dx + CJ §7@? =222 dx,
0 0 0 a(x)
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and for large s, we obtain the estimate

1 1

1
CJ EXp222e™0 dx < lj
0 2

0 0 az(x)

Combining (25), (26) and (27) we obtain for s large enough

X2 2 :| X
w(t,x)| e dx dt

ar(x)

T 1 T pl

scj J [U? + UZ)e™" dx+§J J 5@ay(x)z2e™" dx
0 Jo’ 0 Jo

N 303 x? 7202
+ = 570 P2 dx.
2Jo Jo az(x)

JT Jl {s@(z)al ()W (t,x) + 57O (1)

0 Jo

Arguing as before we obtain for the second component =z

Tl 2 T
J J [s@az( )22+ 5°0° —— 22} e®0 dx dt < CJ
0o Jo a(x) 0

2,259 1 303 x? 2202
5Oas(x)z e dx—i—zj 00— 2 dx.

351

(27)

J (V2 Ve* 2 dxdr.  (29)

Consequently, from Lemma 2.4 and the estimates (28)—(29), we obtain for s large

enough

Tl 2
J J {s@alw% +5°0° —wz] e™ dx dt
0 Jo ) ar(x)

T 1 2
+ J J [s@azz +5°03 —— 22] €2 dx dt
0 Jo ar(x)

T
< C[ J (U2 4+ V24 U? + V2]e? dxdt.
0 Jo’

Using Cacciopoli’s inequality, see Lemma 4.1, the estimate (30) becomes

Tl 2
J J {s@alw% +5°0° —wz] e® dx dt
0 Jo ' ar(x)

T ¢l X2
+ J J [s@)azz +5°03 —— 22] e dx dt
0 Jo ar(x)

T
< CJ J [U? + Ve*" dx dt.
0 Jo

(31)

Let now W :=nU and Z :=nV, where n =1 — . Then W, Z are supported in

(o, 1) and satisfy
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Wi—(aWy),+aW=-nbZ—-naU,— (ainU), =g,

(t,x) € (0,T) x (0,1), (32)
Z,— (wZy), +cZ =—naVe—(am, V), (t,x)e(0,T)x(0,1), (33)
Wt 1)=w(t0)=0, Z(1)=2Z(t0)=0, 1e€(0,7), (34)
W(0,x) = Wy(x), Z(0,x)=2Zy(x), xe(0,1). (35)

On (o, 1), equations in system (32)—(35) are uniformly parabolic, and the func-
tion a; can be replaced by a positive function in %' (0, 1) which coincides with a;
in (o,1) denoted again by a;, i = 1,2. Hence, using a classical Carleman esti-
mate for nondegenerate problems, see [1], [5], to the equation (32), and since
—[o1(2, x)e 2@ X gy (x) W2(1, x)]2=) < 0 one obtains

x=0 —

T 1 T ¢l
J J $3@3Na W) Wz(t,x)efz‘@l(”x) dxdt+J J s@e"E1() Wf(l,x)efz‘@‘(“‘) dx dt

0 Jo 0 Jo

T rl T

<C g2 (1, x)e B0 g dr — CJ (1 (2, x)e 21 ¥ gy (x) w2(t, x)}:ié dt
0 Jo 0
T ¢l

<C MbZ + n.a (x) Uy + (arn, U) J2e>® dx dt
0 Jo
T ¢l T

<C 727 dx dr + CJ J [U* + UZle > dxdt, (36)
0 Jo 0 Jo'

where o;(,x) = ris0®(t)e" ) and {;, ®; are defined above. Similarly for the sec-
ond component Z we obtain

Tl T 1
J J 5303320 7267252 g dr 4 J J 5@e"2) 727 2%2 gy
0 Jo 0 Jo

T

< CJ J (V2 + Ve »%2 dx dt. (37)
0 Jo'

Thus, combining the estimates (36)—(37) and using the Caccioppoli’s inequality,

we obtain for s large enough

T ¢l T ¢l
J J 30330 =2 2 g e J J $303e30 W) =202 72 gy 1y
0 Jo 0 Jo

T o1 T ol

+ s@eNG W) e 2P 2 g iy 4 J J 5@ o= 2% 72 gy gy
0 ¥ 0 Jo *

[=}

IA
(@}

1 T

Z%e % dx dt + CJ J [U> + V2 + U2 + Ve »® dx
0 JO 0 Jo’

T

IA
o\

1
Z%e7 % dx dr + CJ

J (U2 + V?]e 2P dxdt.
Jo Jo 0 Jo
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For s large enough, we have C < %s3®3e3""§f(x) (it suffices that s > % V20).
Thus,

T ¢l T ol
J J $3@3NG W) =2 2 g gy + J J @330 =202 72 g it
0o Jo 0 Jo

T ol T ol
+ J J $@e" ) e 2P 2 g iy - J J s@e"2 ) o= 2% 72 - 1y
0 Jo * 0 Jo *

T
< CJ J (U2 + Ve P dxdt.
0 Jo

By Lemma 2.4, there exists a constant C > 0 such that

.X2

( )eZS(/;,-(t,x) < Ce3"i5f(x>e’2@"(”x) and ai(x)eZS(p,-(t,x) < Cer[Cf(x)ef2s(I),~(t,x)
a;(x

for all (¢,x) € [0, 7] x («,1). As a consequence we have

Tl X2
J J {s3®3 ——W? +50a Wf] ™ dx dt
0 Jo ar(x) ’

T 1 X2
+ J J {33(93 Z? + s@aZZf] e dx dt
0 Jo ay(x) '

T
< CJ J [(U? 4 Ve 5 dxdt. (38)
0 Jo

Since U =w+ W and V = z + Z, we have
U2 <2(w? 4+ W2, V2P<2(242%), U2<2wi+W?), V2<2(2+2Z2).

Thus by (31), (38) and Lemma 2.4 one has
T 1 2
J J {s@)al U2 +5°0° —— UZ} e™ dx dt
0 Jo ai(x)

Tl X2
+ J J {s@az Viisiel —— Vz] ™72 dx dt
0 Jo ) a(x)

T
< cj J (U2 + V?]e »P dxdt.
0 Jo

This ends the proof. O
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For cascade systems (9)—(12) with one control force, we need to show the fol-
lowing Carleman estimate.

Theorem 2.6. Let T > 0 be given. Assume that
b=y onl[0,T] xw, forsomew € wandy>D0. (39)

Then there exist positive constants C and sy such that every solution (U, V) of
(17)—(20) satisfies

T 1 X2
J J {s@al U2 +5°0° —— Uz} e> dx dt

0 Jo ai(x)
T /1 x2
+ J J [s@az V2gpsed —— VZ} e»72 dx dt
0 Jo az(x)
T
< CJ J U? dx dt (40)
0 Jo

for all s > .

Remark 2.7. 1. The assumption (39) can be replaced by » < —y on [0, 7] x w, for
w; € wand y > 0.

2. If b= 1o for some open set O then the assumption (39) is equivalent to
O nw # 0, assumed in [7].

Theorem 2.6 is a consequence of Theorem 2.5 applied to w; and the following
lemma, see also the proofs of ([7], Theorem 3.2) and [19].

Lemma 2.8. For all € > 0 there is C. > 0 such that

T

T
J J V2e % dxdt < eJ(V)+C€j
[}

J U? dxdt, (41)
0 0 Jo

where

Tl 2
J(V):= J J s@a V2 4 5°0° Xy e dxdt.
] a(x)

Proof. Let y € €*(0,1) be such that suppy = w and y =1 on w,;. Multiplying
the equation (17) by ye=>®2 ¥V, we obtain
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T ¢l T ¢l T ¢l
J J bye P2 dxdt = — J J ye B2 VU, dxdt + J J ye BV (a Uy)  dx dt
0 Jo 0 Jo 0 Jo
Tl
- J J cipe” @® UV dx dt. (42)
0 Jo

Integrating by parts and using (18), we obtain

T ¢l T 1l T (1
J J e P22 VU, dx dt = J J arye PP UV, dx dt + J J a ()(e_m)2 ) UV, dxdt
0 Jo 0 Jo 0 Jo

Tl
+ J J (25@OW2y + coy)e XUV dxdt, (43)
0 Jo

and

Tl
J J xe BV (a U,)  dxdt
0 Jo

T ol T 1
:_J J alxe’z‘@ZUxdexdt+J J al(){efz‘@z)xUdexdt

0 Jo 0 Jo
Tl

+J J (a1 (e >),) UV dxdt. (44)
0 Jo :

So combining the identities (42)—(44), we get

T 1
J J bye 2212 dx dt
0 Jo

T

T (1 1
— —J J () +a2))(e_2“p2 UVyidxdt + J J (a1 — az)()(e_zsq)z)xUVx dxdt
0

0 Jo 0

1] 12

T 1
- J J [(25O¥s + ¢ + &)y — (a1 (ze =™),) e*P]e ™ UV dx dt.
0 Jo ’

I3

For the integral /;, we have

T ¢l
‘ J J aipe 2P UV dx dt‘
o Jo

= ” J [(s@ay) 1/2 1V [(5Oar) " Paye P+ U] dx di

T T ¢l
1
SSJ J 5@y V2 dxdt—i——J J sle 14 i ye BCRA U2 dxdr . (45)
0 Jo ’ 4e Jo Jo Clz

L
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The last integral L should be estimated by an integral in U?. Multiplying the

2
equation (17) by s—'@~! a‘:—az y2e~22®2+0) [ and integrating by parts, we obtain

1 (7! . . 2
L=-— EJ J (s'@0 2 + 2007 2¥; + 1)) aa—a g e B0 U2 dx dt
0 142

L

1 T ¢l a-2
+ EJ J s <;{2—’ezs(2®2“’2)> U? dx dt
0 Jo apar 5/,

L,

T ¢l a2
_ J J S71®_1C1X2 i 6723(2(1)34*(02) U2 dx d[
0 ayap

L;

T ¢l &2
—J J 51O hy? =L e PO Y dx dr .
0 aap

Ly

Since |®] < CO>/* and supp y = , the functions a;, ail_, 2% ¥;, Wi and their deriva-
tives are bounded on w and also ¢; and . Then

T T

ILi| < CJ Q4 2R 2 iy, |Ly| < CJ J 5@~ 2222402) 72y diy
0 Jo 0 Jo
T

|L;] < CJ 51O 12040 2 (x d,
0 Jo

|L4| = JT Jl -s3/2®3/2 iew2 V} {35/265/217}{2 4%2 e~ S(402+302) U] dx dt

o Jol Vay Xay/a;
T X2
<é? J SO e 12 dx dt

0 Jo ay

1 T ¢l afl-
+ _J J S75®75b2){4 5 12 ef2s(4®2+3(p2) UZ dx dt
0 Xcajyas

T 2 T
<é? J SO 2012 dx dr + C, J J e~ BUE230) 172 1 g
%) a 0 Jo

So

T 2 T
|L| < & J J SO0y gy dr + C, J J e BURIN) U2 g dr. (46)
0 Jo a 0 Jo
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From (45)-(46), we deduce

Tl e (T 2
|| < ZSj J s@aye™” V2 dx dt + —J J 530 —e®72 12 dx dt
0 Jo 2)o )o@

T

o

J e~ B30 172 (i diy. (47)
0 Jo

Similarly, we obtain

T (1 T
L] < ej J 5@a ™ V2 dxdt + C, J
0 Jo

J 5@ 2P0 172 g iy (43)
0 w

T ¢l 2 T
I3 SSJ J s3®32—e25¢21/2dxdz+ CEJ J s@e 22V 2 dx dr.  (49)
0 Jo 2 0 Jo

Consequently, from the estimates (47)—(49) and Lemma 2.4 we conclude that

T 1 T
J J bye ®® V2 dxdt < 3eJ(V) + CBJ

J U? dx dt.
0 Jo 0 Jo

Finally, since y = 1 on w, (39) achieves the proof. O

2.3. Observability Inequality. In this subsection we use Carleman estimate
(40) to prove the following observability inequality for the adjoint system
(17)-(20).

Theorem 2.9. Let T > 0 be given. There exists a positive constant Ct such that
every solution (U, V) of (17)—(20) satisfies

1 T
J [U(T,x) + V*(T,x)|dx < CTJ J U>(t,x) dxdt. (50)
0 0 Jo
Proof. Multiplying the first and the second equations in the system (17)—(20)
respectively by U, and V;. Integrating over (0, 1) the sum of the new equations,
we have

1 1
0= J (U2 + V) dx — [ai U, Uy — [V Vil +J ¢ UU, dx
0 0

1 1 1d
-I-J czVV;—l-J bVU,dx + = —

1
a U? +a2Vf dx.
0 0 2dfj0[ ’ ]
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Using Young’s inequality and the monotony of the function , we obtain

X2
a;(x)
1d l[a U2 +aVdx < 1c2U2abc+ 1((:2+l72)V2a’x

2 dt 0 1Vx 2V x = 0 1 0 2

< CJl (U*(t,x) + V*(t,x)) dx
0

C 1ﬂ 20 a ) o) dx
< Min(al(l),az(l)) JO (sz (1, )+x2V (1, ))d .

Using Hardy—Poincaré inequality, we obtain

1

1
j’tJ [ U + ay V2 dx < COJ [ U2+ ay V2] dxdt.
0 0

Hence
d —Cot : 2 2
— <0.
dt{e Jo[alUx —i—anx]dx} <0

Consequently, the function 7 — e~ fol [a1 U2 + a; V2] dx is non-increasing. Thus,

1 1
LMMmUﬂTm%+@uﬂfUZMMMse@TwamUﬁnw+ux@Vﬂnwhk

Integrating over [£,3T], one has

1

Mmm@ww+mm@wwwx
e CoT (3T/4 1

< 2; Jm JO (a1 (x) U2 + ax(x) V2] dx dt

3T/4 41
= CTJ J sO[a ™" U7 + aye® V7] dx dr
T/4 Jo

T

SCTJ

J U?(t,x) dx dt,
0 Jo

by the Carleman estimate (40). Consequently using the Hardy—Poincaré inequal-
ity and the fact that the function aj*(i) is non-decreasing, we deduce the estimate

(50). 0
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3. Null controllability for semilinear systems

The aim of this section is to prove null controllability of the semilinear system
u; — (a1 (x)ux)x + Fi(t,x,u) = h(t,x)l,,  (t,x) € (0,T) x (0,1), (51
v; — (az(x)vx)x + F(t,x,u,v) =0, (1,x) € (0,T) x (0,1), (52
u(t,0) =u(t,1) =v(1,0) =v(t,1) =0, 1€ (0,7T), (53
u(0,x) = up(x), v(0,x) =v9(x), xe(0,1). (54

We will use a standard strategy, as in [2], [8], [21], which consists in using the lin-
earization technique, the approximate null controllability, the variational approach
and the Schauder fixed point theorem.

Here and henceforth we assume in addition to (H2), that the functions
Fi(t,x,y) and F,(t, x, y, z) satisfy the assumptions

Fi(-,-,y) and F5(-,-, y,z) are measurable, (y,z) € R x R, (55)
Fl(l‘,x,O):O, Fz([,x,0,0) =0, (tvx) € [Oa T] X [07 l]v (56)
Fi(t,x,-) e CY(R), Fl(t,x,-,-)e CHYRxR), (t,x)€[0,T]x[0,1]. (57)

)
)
)
)

Suppose moreover that there exist M > 0, » > 0 and an open set w; € w such
that

OF; )

—_— M — < M,

5 D (58)
aal;z(txy, 2)>y, xew,tel0,T], (yz) R (59)

Thus the semilinear system (51)—(54) can be written as
uy— (ay(X)uy) 4" (6,x)u = h(t,x)1,,  (1,x) € (0,T) x (0,1),
v — (aa(x)ve) 4 (6, x)0+ b (6, x)u =0, (t,x) € (0,T) x (0,1),
u(t,0) =u(t,1) =0v(¢,0) =v(t,1) =0, te(0,7),
u(0,x) = up(x), v(0,x)=0vp(x), xe€(0,1),

where
u,v ! oF F
o (1, x) = T (1, x, 2u(t,x)) d2,
Jo
1
; F
ety x) == 0F (2, x, 2u(t, x), 2v(t, x)) d2,
0 62
la F
b**(t,x) = (2,x, Au(t, x), 2v(t, X)) dA.
0 53’
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Let the space
Xr = C(0,T; (L*(0,1))%) n L*(0, T; H., x HL),
be equipped with the norm

T

1 2R, = sup (1)l + 12(0)]17:) +J (Ivarysllz: + | Varzxlz2) dr.

1€0,7) 0

For a fixed (y,z) € X, consider the associated linear system

uy— (a1 (X)uy) 4 e (6, x)u = h(t,x)1,,  (1,x) € (0,T) x (0,1),

v — (aa(x)vy) A+ (6 x) 0+ b7 (6, x)u=0,  (t,x) € (0,T) x (0,1),
u(t,0) =u(t,1) =v(t,0) =v(t,1) =0, te(0,7),

u(0,x) = up(x), v(0,x) =wvo(x), xe€(0,1),

(t,x)U+ b (t,x)V =0, (t,x) € (0,T) x (0,1),
g e (t,x)V =0, (t,x)€(0,T)x(0,1),
Ui,0)=U(t,1)=V(,0)=V(t,1) =0, 1€(0,7),
x)=Vy(x), xe(0,1).

By assumptions (58) and (59) one has the uniform estimates

e M, 175, < M,

bY*>=y>0 onl0,7] X w;.

To build an adequate fixed point operator, we need first to show the uniqueness
of the control with minimal norm. For a given ¢ > 0 and (ug,v9) € L?*(0,1) x

L*(0,1), introduce the quadratic functionals

L 1
Josl) =3 || 1 s+ 5D,

T

1
J5 (U, Vo) ==
E,y,h( 0, 0) 2J0

(70)

1
J U2dxdt+§||(Uo,V0)||ig+J (U(T)uo + V(T )vo) dx,
9} 0

(71)
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where (u,v) is the solution of the linear system (60)—(63) with initial data (ug, vo)

and (U, V) is the solution of the adjoint system with given (Up, Vy) € L*(0,1) x
L?(0,1). By classical arguments, the minimization problems

min{J, , .(h),h e L*((0,T) x (0,1))}  and
min{J;, _(Uo, Vo), (Us, Vo) € L*(0,1) x L*(0,1)}

have unique solutions 4?-% and (Uy”, V") such that

pers — geril, (72)
€ z €,),z2 1 €V, z e,z
(Ug™, Vo) = = L @, 02 )(T), (73)

where (u%,0v%"%) is the solution of (60)—(63) with the control /%»* and
(U=, Ve»#) the one of the adjoint system (64)—(67) with initial data
(Uy?", V7). Since J*(Ug”", V%) < 0, by (71) and (73), one has

1 g €9,212 1 €V, 2 L€V, Z 2
3| | e asae e e @,

< (U5, Vera)(T))

22110, vo) [ .2 (74)

On the other hand by the observability inequality (50), we have
T
e v @G < [ | e asa 7
0 Jo
The estimates (72), (74) and (75) provide the essential estimate

T 1
| [
2 0 Jo

The uniqueness of the control 49> defines an operator K. : X7 — X7, (y,z) —
(w2, 097%). Tt is clear that every fixed point (u,v°) of K, is a solution of the
semilinear system (51)—(54) associated to h%*-% and satisfies

1 .
2dxdt+2—€|l(u"y",v”")(T)Hiz < Crll(uo, vo)72- (76)

I (u, v‘)(T)HiZ <eC.

That is, the semilinear system (51)—(54) will be approximately null controllable.
To prove this, let us suppose first that (uo,v9) € H, all x H [}2. By Proposition 2.2
and (68), we have the uniform estimate
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sup. {167,000y
telo,

€V,Z EIE €y,z €,z 2
J (”( i Uy ! )||iz(0,l) + ”((aluxy7 )xa (Clzl)x'} )X)HLZ(O’])) dt
2 €y.22
= CT(\|(”0»U0)||H;]xH;2 + |7 ”LZ((O,T)X(O,I)))'
This with (76) yield the uniform estimates

1509y, < Crll(uos vo)ll gy sy (77)
1505y, < Crll(uos vo)ll gy sy (78)

where Y7 := H' (0, T; (L*(0, l)) ) N L*(0,T; H2 x HZ) with the norm

T
1,215, = L (1 2y ey, + 1oz 72 + ([ (@192 s (a222), )7:) @

Thus the range of K. is a subset of the ball B(0,R) of Xr with R:=
Crl|(uo, Uo)||H1 <HL where Cr is the constant of (77). In particular K.(B(0, R))
< B(0,R). Prove now that K, is continuous and compact. The compactness fol-
lows from the compactness of the embedding

Yr < Xr, (79)

see [8]. Let (yn,zy) — (¥,2) in X7 as n — +oo. For simplicity set u, := u%m
vy := 095 and hy, := hSIm3. By (78), the set (u,,v,) is bounded in Y. Hence,
up to a subsequence it converges weakly in Y7 to a limit (i, 7) and strongly in X7
thanks to (79). Similarly, by (76), up to a subsequence, 417 converges weakly
to a limit . One can show that (i, 7) is the solution of the system (60)—(63) cor-
responding to (7, %) and h. So to prove that K.(7, %) = (&, 0) it is sufficient to show
that A = h7*. By definition of /, one has for all h € L*((0,T) x (0,1))

IH ol e+ - 1, 00 (T 2
3 ), 1 X 3¢ (s v 72

IR 1
< — h2 t — YnsZnsh Vs zZnsh T 2
< 2J0 Jo dxd +26||(u U ()|

where (u?»7" p¥n7nh) is the solution of the linear system (60)—(63) associated
0 (yu,zn) and h. Passing to the limit in the last inequality, one has for all
heL*((0,T) x (0,1))

1” R dxds + | (a,0)(T)|% < 1jTj1h2d di 4 2 @3 pP (T2
3y s x AL e=3 . X 5 =% v 12
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That is, # minimizes J. ; :. Thus K.(7,Z) = (i1,7), and thus K, is continuous. The
following result is then proved.

Theorem 3.1. For every (uo,v0) € H, x H, , the semilinear system (51)—(54) is ap-
proximately null controllable, i.e., for all € > 0 there exists h. € L*((0, T) x (0,1))
such that the associated solution (u"<,v") satisfies

G, 0" )Tl 2go,1) < e (80)

Moreover there exists a constant Cr such that

T ¢l
||| teon? avar < crin,
0 Jo

As a consequence of this theorem, we have the following null controllability
result.

Theorem 3.2. For every (up,vo) € Hal] x H\ | the semilinear degenerate system

ar’

(51)—(54) is null controllable, that is, there exists h e L*((0,T) x (0,1)), ie., the

associated solution (u",v") satisfies

(uh,vh)(T,x) =(0,0), Vxe(0,1).

Moreover, there exists a constant Cr such that

T ¢l
j J (1,32 dxdt < Crl (0, 10) 2201
0 JO

Proof. By Theorem 3.1, the set s, has a subsequence converging weakly in
L*((0,T) x (0,1)) to a limit /o satisfying

T pl
j j ol2(¢, x) dv e < Cr| (o, )| 2.1
0 JO

Furthermore, one can prove that (1, v<) converges to (1", v"0) strongly in X7 as
e — 0. Moreover, (u,v") solves (51)—(54) with i = hy and by (80) one has for
all x € (0,1)

(uh", vh“)(T, x) = (0,0).
This concludes the proof. ]

Now we are in the position to state the main null controllability result for semi-
linear degenerate cascade systems.
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Theorem 3.3. For every (up,vy) € L*(0,1) x L*(0,1), the semilinear degenerate
parabolic system (51)—(54) is null controllable.

Proof. By Proposition 2.3, the system (13)—(16) considered on (0,%) x (0, 1) with
initial data (ug,vo) € L*(0,1) x L?(0,1) has a solution (Y,Z) € X7/,. So, for
some 7y € (0,7/2), (Y,Z)(t) € H} x H}. Consider now the following system

U, — ( 1(x) VX) + Fi(t,x,U) = h(t,x)1,, (t,x) € (t,T) x (0,1), (81)
Vi— (a(x)Vy)  + Fa(t,x, U, V) =0, (z, x) € (1, T) x (0,1), (82)

Ui,0)=U(t,1)=V(,0)=V(,1)=0, te(t,T), (83)
Ul(ty,x) = Y(to,x), V(ty,x)=Z(to,x), xe(0,1). (84)

By Theorem 3.2 there exists a control /iy € L*((fy, T) x (0,1)) such that the sys-
tem (81)—(84) has a solution (U, V) satisfying (U, V)(T,x) = 0 for all x € (0, 1).
One defines

Y in [O, Z()], Z in [0, l()], 0 in [07 l‘(ﬂ,
U= ) = . and h:= .
U in [t, T], V' in [to, T], hy in [t, T).
Hence (u,v) is a solution of the system (51)—(54) and satisfies (u,v)(7,x) = 0 for
all x € (0,1). This completes the proof. ]

4. Appendix

As in [1], [7], we give the proof of the Caccioppoli’s inequality for linear cascade
systems with two degeneracies.

Lemma 4.1. Let o' € w. Then there exists a positive constant C such that

T T
J J [U2(t,x) + V2(t,x)]e*? dx dt < CJ J [U?(t,x) + V2(t,x)]e*? dx dt.
0 Jo’ 0 Jo

Proof. Let y € € (0, 1) such that suppy =« w and y =1 on w’. We have

0= JT d ” 12e®0(U? + Vz)dx]dt
dt
Tl Tl
= 2J J s 2e® (U? + V?)dx dt — 2J J 12e®%a) (x)(Uy)* dxdr
0 Jo 0 Jo

1
J 22e*0ic, V2 dx dt dt
0

—2JTJ1(X2€2“"”’) {(X) U, dx — ZJ

0
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T ¢l T ¢l
fzj J12e2s’”fclU2dxdt—2J J 2eX0h UV dx dt
0 Jo 0 Jo

Tl Tl
- ZJ J 12 ay(x) (Vi) dxdt — 2 J J (1*e*") ay(x)VV, dxdt.
0 Jo 0 Jo

Therefore

T (1
J J e (ay Ul + ar V) dx dt
0 Jo

T

T (1 1
= J J 5@ 2e® (U + V) dxdt — J Jo (72" (a UU, + ax VVy) dx dt

0 0

T Tl
- J J 720 (e U + eaV?) dx dt — J J 2eM0pUV dx dt.
0 Jo 0 Jo

Then, using (H1) and the fact that 2UU, = (U?),, UV < U*+ V2, a;, ¢;, &
and their derivatives are bounded and that ¢ is supported in w and ¢ =1 in @/,
we deduce the estimate

T T

minfan (). (0} |

J 6,2‘3'%(UX2+VX2)dxdt£CJ
0 Jo’

j e (U? + V) dxdt
0 Jo

This ends the proof. |

5. Conclusion

In this paper, we studied the null controllability of cascade semilinear systems
with two different degeneracies, using the Carleman estimate obtained in [1]. It
is known in the literature that general coupled non degenerate systems can be
transformed to cascade systems. This fact is also true for degenerate coupled sys-
tems with the same degeneracy. But this is not true in the case of two different
degeneracies, because the exponential of weight functions can be compared as
done in this paper, but will not never be equivalent. In a forthcoming paper, we
deal with this problem by a different way.
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