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Abstract. In this note we provide an explicit interpretation of a class of ðq� 1Þ-gerbes with
multi-layered connections in terms of transgression of a fibrewise closed q-form on a
fibration to a closed ðqþ 1Þ-form on the base manifold, with the basic example of the
Euler class of an oriented vector bundle in mind (qb 0). Picken’s and Ferreira–Gothen’s
n-gerbopoles are discussed from this point of view. Furthermore, string structures (à la
Cocquereaux–Pilch and à la Spera–Wurzbacher) are briefly addressed and recast within
the proposed framework.
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1. Introduction

The concept of (abelian) n-gerbe together with its related di¤erential geometric

apparatus of multi-layered connections and curvature has been introduced by

N. Hitchin and K. Chatterjee ([9], [3]) and further investigated, among others, by

R. Picken and A. Ferreira and P. Gothen ([12], [7]). It is essentially cohomologi-

cal (an integral ðnþ 2Þ-cohomology class on a manifold M). However, one would

like to understand it in geometric terms. This is the original motivation of the

groundbreaking work of J. L. Brylinski aimed at generalizing the Weil–Kostant

theorem, the cornerstone of geometric quantization ([2]), to 3-cohomology classes.

In this note we give a construction of ðq� 1Þ-gerbes via transgressing a fibre-

wise closed q-form o on a fibration to a closed ðqþ 1Þ-form t on the base mani-

fold, emphasizing the basic example of the Euler class of an oriented sphere bun-

dle (see [1], and Section 2 as well). Indeed, the various elements of the associated

*The author is indebted to MIUR (grant ex 60% funds) for financial support. He is also grateful to a
referee for the careful reading and critical observations.



Čech–de Rham complex successively arising onward to a D-cocycle (the final

obstruction to the latter being t), actually yield a multi-layered connection, with

(generalized) curvature given by (pull-back of ) t itself. When viewed in this

way, a ðq� 1Þ-gerbe may arise as the obstruction to patching a family of ðq� 2Þ-
gerbes together; the collating formula in [1] then yields an explicit expression for

a q-form c restricting fibrewise to o. The q-form c is in fact the last and most

relevant part of the multi-layered connection. This interpretation stems from the

fact that the first Chern class of a complex line bundle, i.e., the Euler class of the

associated real (oriented) vector bundle, arises as the obstruction to gluing to-

gether fibrewise angular forms on the corresponding principal S1-bundle (cf. [1]).

A similar interpretation (see [2], [13]) can be devised for the GLSW-construction

of fibrations in pre-symplectic manifolds (with the pre-symplectic forms defining

the same cohomology class), yielding a gerbe (1-gerbe in the new terminology),

i.e., a closed 3-form on the base manifold measuring the failure of constructing a

closed 2-form on the total space restricting fibrewise to the given forms, or, equiv-

alently, via the Weil–Kostant theorem, to find a complex line bundle on the total

space restricting fibrewise to the WK-line bundles (one assumes the fibres simply

connected, so their first cohomology vanishes). An interpretation of string struc-

tures in these terms has been given in [13] and it will be briefly reviewed in Sec-

tion 4 of the present note, together with the Cocquereaux–Pilch one ([5]). The

latter goes through the interpretation of the Chern–Simons form on a principal

G-bundle again as a generalized connection (actually the last piece of a multi-

layered connection). In Section 3 we address the issue of constructing n-gerbopoles

in the above manner, this leading directly to the question of realizing the (positive)

generator of Hnþ2ðSnþ2;ZÞ as the Euler class of an oriented vector bundle. The

answer to this is known, and we get, in particular, a ‘‘gerby’’ interpretation of the

three basic Hopf fibrations.

2. Gerbes via transgression

All objects are assumed to be smooth. We closely follow [1]. One can formulate

the concepts below in condensed form in terms of Leray’s spectral sequence, but

we stick to a more concrete description which turns out to be perfectly tailored

to our purposes. Let p : E ! M be a fibration over a manifold with base M

(equipped with a good covering U, yielding the covering p�1U on E), typical

fibre F , total space E. Recall (see e.g. [1]) that a (de Rham) q-cohomology class

o a HqðF Þ is transgressive if it is represented by the restriction of a global q-form

c on E such that

dc ¼ p�t
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for some ðqþ 1Þ-form t on the base M. Since p� is injective, t is actually closed

and thus defines a de Rham cohomology class in Hqþ1ðMÞ. Now, if o is trangres-

sive, it can be extended to a cochain

a ¼ a0 þ a1 þ � � � þ aq

(with a0 ¼ o) in the double complex C �ðp�1U;W�Þ (Čech–de Rham) such that

Da ¼ p�b

for a Čech cocycle b (where D ¼ D 0 þD 00 ¼ dþ ð�1Þ�d is of course the total

di¤erential). The collating formula ([1]) then yields an explicit expression for the

sought for t, related to b:

c ¼
Xq

i¼0

ð�1Þ iðD 00KÞ iai þ ð�1Þqþ1
KðD 00KÞqp�b;

where K is a homotopy operator relative to d, i.e., dK þ Kd ¼ 1, defined in [1]

and

dc ¼ ð�1Þqþ1ðD 00KÞqþ1p�bCp�t;

where t ¼ ð�D 00KÞqþ1b is a closed global form on M (this explicit Čech–de Rham

isomorphism is given in [1], Prop. 9.8).

We can treat c directly as a generalized (abelian) connection (q-connection),

with curvature dc ¼ p�t, i.e., the pull-back of a ðqþ 1)-form on the base. Here

a0 is o: more precisely, extend o to oU on U � F , U a U, requiring that on non

empty overlaps, the cohomology classes defined by the oU ’s agree (a sort of

generalized orientability condition). Now, upon examining the constructions of

[12], [7], we see immediately that the following holds:

Theorem 2.1. (i) In the above notation, given a transgressive element o a HqðF Þ,
the cochain a is actually a ðq� 1Þ-gerbe equipped with a multi-layered connection,

whose curvature is t.

(ii) In particular, if the j-th cohomology of F vanishes for j ¼ 1; 2; . . . ; q� 1,

any o a HqðFÞ is transgressive, so it gives rise to a ðq� 1Þ-gerbe with multi-layered

connection.

(iii) In particular, (minus) the Euler class eðEÞ of an oriented sphere bundle E

of rank q becomes the curvature (and Chern class) of a ðq� 1Þ-gerbe with multi-

layered connection, manufactured from the angular form on the fibre and terminat-

ing with the global angular form.
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Proof. This is just a matter of ‘‘bookkeeping’’: given a good covering of M, pull-

ing back to a covering of E, and given local forms o0;q in the ensuing Čech-de

Rham complex yielding the same cohomology classes on non trivial overlaps

(actually, ½o�), one forms the ‘‘zig-zag’’ cochain

o0;q þ o1;q�1 þ � � � þ oq;0

(we shifted to the notation o j;q� j :¼ aj for further clarity) and doq;0 yields a class

b in �HHðM;RÞ (or in �HHðM;ZÞ, had we started from an integral class). Comparison

with [12] and [7] yields (shorthand notation, and up to minor di¤erences)

oq;0 ¼ log g; o j;q� j ¼ A j

i.e.,

G ¼ expoq;0 þ o1;q�1 þ � � � þ o j;q� j þ � � � þ oq;0 � p�t ðF � GÞ

or

G ¼ oq;0 þ o1;q�1 þ � � � ;o j;q� j þ � � � ;oq;0 � p�t: ðPÞ

In particular, a posteriori, the o0;q ¼ Aq can be taken to be the restrictions

of c. Part (iii) is then clear from [1].

It is important to observe that the Picken and Ferreira-Gothen forms are

defined on the base manifold M, whereas those pertaining to the Čech-de Rham

complex live on the total space E; therefore, in order to properly compare the two

constructions, the latter are to be pulled back to M via local trivializing sections.

This way of proceeding is akin to the construction of local connection forms on

the base manifold from a principal connection form on the total space.

Notice that since b becomes t, via the Čech–de Rham isomorphism, the latter

is actually the Chern class of the ðq� 1Þ-gerbe with connection above ([12], [7]).

r

The cohomology vanishing condition (ii) is fulfilled in many relevant examples

(see also below and Section 4).

3. Gerbopoles via Euler classes

According to Picken and Ferreira-Gothen (see also [2]) an n-gerbopole is an

n-gerbe with connection realizing the positive generator of Hnþ2ðSnþ2;ZÞ; the

cases n ¼ 0 and n ¼ 1 yield, respectively, the monopole and the gerbopole discussed

by Picken ([12], see also [2])). Now examination of the inductive procedure set up
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in [7], leads to the idea of interpreting it within the above formalism. In particular,

one may ask the question of realizing the (positive) generator of Hnþ2ðSnþ2;ZÞ as
the Euler class of an oriented vector bundle of rank nþ 2 (after considering its

associated sphere bundle of rank nþ 1 via the introduction of a bundle metric).

The answer to this is known, and we get, in particular:

Theorem 3.1 (Realization of gerbopoles via Euler classes of oriented vector

bundles). Let t0 be the standard generator of H nþ2ðSnþ2;ZÞ. Then:

(i) No realization of t0 is possible on odd-dimensional spheres. This is true in

particular for the original 1-gerbopole of Picken ([12]).

On even-dimensional spheres:

(ii) t0 can be realized only for n ¼ 0; 2; 6 (this corresponding to the three basic

Hopf fibrations).

(iii) The same holds for odd multiples of t0.

(iv) Even multiples of t0 can always be realized.

Proof. The proof is just a rephrasal of the discussion of the Euler class in [11]

or [8]. r

Theorem 3.1 yields, in particular, a possibly interesting ‘‘gerby’’ intepretation

of the basic Hopf fibrations S1 ! S3 ! S2, S3 ! S7 ! S4, S7 ! S15 ! S8; see

also Section 4.

4. String structures revisited

In this section we briefly review well known examples of gerbes emphasizing the

transgression point of view.

4.1. The first Pontrjagin class as a 2-gerbe. As a further application of the ba-

sic construction in Section 2, we consider a principal bundle G ! P ! M, with G a

compact, connected, simple, simply connected Lie group. Then p1ðGÞ ¼ p2ðGÞ ¼ 0

and p3ðGÞ ¼ Z. Therefore HiðG;ZÞ ¼ 0 for i ¼ 1; 2, and H 3ðG;ZÞ ¼ Z is gener-

ated by a canonical 3-form n. Transgression to M is then possible and yields the

first Pontrjagin class p1ðPÞ as the curvature of a multi-layered connection terminat-

ing with the Chern-Simons form CSðYÞ (Y being a connection on G ! P ! M

with curvature W, cf. [4], [5]):

dCSðYÞ ¼ p1ðWÞ

(shorthand notation, both forms live in the total space P). In particular, the

first two Hopf fibrations can be read within this framework as the monopole and

the instanton bundles, with G ¼ Uð1Þ and G ¼ SUð2ÞGS3, respectively. Also,
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for dimM ¼ 3, the Chern Simons action is the holonomy of the Chern-Simons

form viewed as a gerbe connection (folklore).

4.2. String structures à la Cocquereaux–Pilch. This comes from pulling back

the above setting to LM via the map E :¼
Ð
S 1 ev, given by evaluation of a loop

at t a S1 followed by fibre integration. ‘‘Loopification’’ of all objects determines

a transition from the above 2-gerbe to the 1-gerbe obstructing the emergence of a

string structure ([10]—see [5] for full details). Schematically, one gets a principal

bundle LG ! LP ! LM (up to subtleties extensively discussed in [13]), and

fibrewise one has the canonical 2-form o defining a central extension 1 ! S1 !
~LLG ! LG ! 1, which eventually becomes the (fibrewise restriction) of a

‘‘Chern–Simons loop form’’ LCS on the total space whose di¤erential dLCS is

the pull-back of a 3-form on LM cohomologous to the pull-back E ��p1ðWÞ
�
of

p1ðWÞ (viewed as a 4-form on M), ([5]).

4.3. String structures à la Spera–Wurzbacher. Consider the (restricted) iso-

tropic Grassmannian fibration over LM (see [13]). The typical fibre I0
res is simply

connected, so we can transgress the canonical symplectic form thereon, yielding an

obstruction in H 3ðLM;ZÞ potentially forbidding the existence of a closed 2-form

on the total space restricting fibrewise to the latter or equivalently, the existence

of a global complex line bundle restricting fibrewise to the Pfa‰an bundles over

fibres (this is indeed a GLSW point of view [6], [2]). Actually, as it was already

shown in [13], everything applies, in general, to a smooth fibration p : Y ! X

with presymplectic 1-connected fibres Yx whose presymplectic forms define the

same cohomology class (in order to ensure that H 1ðYxÞ ¼ 0 and to start the

transgression procedure). An analogous GLSW portrait can actually be depicted

for the previous example as well.
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