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Abstract. We consider the Kerr–Debye model, describing the electromagnetic wave propa-
gation in a nonlinear medium exhibiting a finite response time. This model is quasilinear
hyperbolic and endowed with a dissipative entropy. We consider the Cauchy problem in
the three-dimensional case and show that, if the initial data are su‰ciently small, the solu-
tions are global in time.
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1. Introduction

The domain of nonlinear optics involves activities of physical modelling, experi-

mentations, mathematical analysis, and numerical simulations (see [5] and [11]

for instance). Some interesting applications can be found in the domains of lasers,

propagation through optic fibers, design of optic devices, and interactions between

lasers and plasmas. A model for the nonlinear optical phenomena in isotropic

crystal is the following nonlinear Maxwell’s system.

qtD� curlH ¼ 0; qtBþ curlE ¼ 0; divD ¼ divB ¼ 0;

where the electromagnetic field ðE;HÞ is linked to the electric and magnetic

displacements D and B by the constitutive relations

B ¼ m0H; D ¼ e0E þ P:

*The author is grateful to Denise Aregba, Gilles Carbou and Bernard Hanouzet for encouragements
and many helpful discussions.



The polarization P is nonlinear and m0, e0 are the free space permeability and

permittivity.

If the medium exhibits an instantaneous response we have a Kerr model:

P ¼ PK ¼ e0erjEj2E:

If the medium exhibits a finite response time t we consider the Kerr–Debye model

in which P is given by

P ¼ PKD ¼ e0wE;

where

qtwþ
1

t
w ¼ 1

t
erjEj2:

See for example [22] or [26] for details.

In this paper we are interested in studying the existence of smooth solutions for

the Cauchy problem of the Kerr–Debye model. For the convenience of the reader

we study this problem with m0 ¼ e0 ¼ er ¼ 1 and t ¼ 1. That is we deal with the

Cauchy problem

qtD� curlH ¼ 0;

qtH þ curlE ¼ 0;

qtw ¼ jEj2 � w;

D ¼ ð1þ wÞE;

8>>><
>>>:

ð1:1Þ

for ðt; xÞ a Rþ � R3 together with the initial data

ðD;H; wÞð0; xÞ ¼ ðD0;H 0; w0ÞðxÞ; ð1:2Þ

with the divergence free relations

divD ¼ divH ¼ 0 for tb 0: ð1:3Þ

We note that if the initial data are divergence free, then so are ðD;HÞ. More-

over, if w is initially positive, then w remains positive for all positive times.

The energy density given by

EKDðD;H; wÞ ¼ 1

2
ð1þ wÞ�1jDj2 þ 1

2
jHj2 þ 1

4
w2

is a strictly convex entropy in the domain fwb 0g (with associated flux E �H ¼
ð1þ wÞ�1

D�H). So (1.1) is a quasilinear hyperbolic symmetrizable system.
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Therefore the classical existence results in Sobolev spaces in [15] ensure that the

problem (1.1)–(1.2) has a unique local (in time) smooth solution for smooth

data, and we have the following result (see also [18]).

Proposition 1.1. Let V 0 ¼ ðE0;H 0; w0Þ a W s;2ðR3Þ, s a N, s > 3
2 þ 1. We assume

that w0b 0. Then there exists a maximal smooth solution ðE;H; wÞ to the Kerr–

Debye problem (1.1)–(1.2), whose lifespan is denoted by T ?, and such that

V ¼ ðE;H; wÞ a C0
�
½0;T?Þ;W s;2

�
BC1

�
½0;T?Þ;W s�1;2

�
;

where we denote by Wm;p :¼ Wm;pðR3Þ the usual Sobolev space, m a N, 1a

pal, with norm k � km;p.

We are interested in the problem of globality of this solution, i.e., do we have

T ? ¼ þl?

For some general hyperbolic symmetrisable n-dimensional systems, the local

smooth solutions may develop singularities in finite time, even when the initial

data are smooth and small (see [21], for example). Despite these general consider-

ations, sometimes dissipative mechanisms due to the source term can prevent the

formation of singularities, at least for some restricted classes of initial data.

We remark that the Kerr–Debye system is partially dissipative with the prop-

erty (see [12]):

d

dt

ð
R3

EKDðD;H; wÞ dx ¼ � 1

2

ð
R3
ðjEj2 � wÞ2 dx:

In the multidimensional case of partially dissipative hyperbolic systems, many

results are known about the global existence of solutions: see, for instance, [13] for

the one-dimensional case and [25] for the general case. The authors study the

interplay between the source term and the flux under the so-called Shizuta–

Kawashima ([SK]) condition introduced first by Shizuta and Kawashima in [23].

This condition concerns the linearized system around a constant equilibrium state.

If it is satisfied, the global existence is obtained in [13] and [25]. Also, it is possible

to obtain informations about the asymptotic behavior of solutions, see [4]. If the

linearized system is of the form

qtU þ
Xm
j¼1

A jqjU ¼ BU ; ð1:4Þ

where U ¼ ðu; vÞ a Rn1 � Rn2 , n ¼ n1 þ n2 and B ¼
�
0 0
0 D

�
with D a Rn1�n2 is

negative-definite, the [SK] condition writes: no vector ðX ; 0Þ a Rn1 � Rn2 is eigen-

vector of ðI þ
Pm

j¼1 xjA
jÞ.
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In the 3-D case of the Kerr–Debye model (1.1) the linearized system around

the null constant equilibrium writes:

qt
E

H

� �
þ 0 �curl

curl 0

� �
E

H

� �
¼ 0; qtw ¼ �w;

i.e., the dissipative variable w and the variable ðE;HÞ are completely uncoupled.

Therefore the Shizuta–Kawashima condition does not hold. In [3], K. Beauchard

and E. Zuazua prove the existence of global small solutions assuming the existence

of a family of constant equilibria fulfilling [SK] converging to zero. This assump-

tion is not satisfied in our case. Consequently, we can not apply neither the results

in [25] nor the results in [3] to our model (1.1).

Recently, in [24], a global existence result for smooth solutions to the Euler–

Maxwell system was obtained. This system verifies a stability condition which is

a modified version of the original one formulated in [23] (see [24] and references

therein for details). Nevertheless, this condition is not satisfied by our system.

For the same system, see also [10] for other global existence results and decay

estimates.

Finally, we point out that, in [19], C. Mascia and R. Natalini started a general

study in the one-dimensional case for relaxation hyperbolic systems that violate

the [SK] condition. This investigation is motivated by the fact that this condition

is not satisfied by various physical systems, still possessing dissipative entropies, as

the one-dimensional Kerr–Debye system (see [9]). In the present work, we deal

with the three-dimensional Kerr–Debye system so that the methods used in [19]

are not relevant.

For our model (1.1), we expect that we could consider the influence of other

factors, like the existence of linearly degenerate fields or, in several space dimen-

sions, the well-known faster time decay of the linear system, even for the nondissi-

pative case. In this framework we can mention the work of Reinhard Racke [20],

in which he proves an existence result of global small solutions for some nonlinear

wave equations. This result is mainly based on a decay estimates for the linear

wave equation. This general result yields the global existence of solutions for the

Kerr model in the three-dimensional case; see [20] §11.6.

Using both the partial dissipative character of the Kerr–Debye model (1.1) and

the dispersion of the Maxwell equations in the 3-D case, we obtain, in the present

paper, the following theorem of existence of global solutions.

Theorem 1.2 (Global existence). There exist an integer sb 7 and a d > 0 such that

the following holds:

if the initial data V 0 ¼ ðE0;H 0; w0Þ satisfies

kV 0ks;2 þ kV 0ks;6=5 < d; with w0b 0 and divH 0 ¼ div½ð1þ w0ÞE0� ¼ 0;
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then there exists a unique solution V for the Cauchy problem (1.1)–(1.3), with

V ¼ ðE;H; wÞ a C0
�
½0;lÞ;W s;2

�
BC1

�
½0;lÞ;W s;2

�
:

Moreover, we have

kVðtÞkl þ kVðtÞk6 ¼ Oðt�2=3Þ; kVðtÞks;2 ¼ Oð1Þ as t ! l:

As in [16], [17] and [20], our proof consists in combining the local existence

theorem given in Proposition 1.1 with a priori estimate in appropriate Lp-norm.

Therefore we proceed in two principal steps: the first is to get a high energy esti-

mate, by using variational methods on a symmetric form. The second step is to

obtain a weighted a priori estimate, based on Lp � Lq decay estimates for the

linear wave equation.

The main di‰culty here, is that the degree of vanishing of the nonlinearity near

zero is not great enough for the Kerr–Debye model (1.1) in its three variables. To

overcome this di‰culty we use the following new ideas. First, we treat the model

(1.1) by splitting it into two parts: the Maxwell equations and the ordinary di¤er-

ential equation (ODE) satisfied by w. The Maxwell part is estimated by classical

variational method while w is estimated by solving the ODE. Secondly, we remark

that in this step, the weighted norm appearing in the weighted a priori estimate is

used to control w. In previous related papers [16], [17] and [20], the introduction of

a weight in the high energy estimates was not necessary.

Third new idea: we use di¤erent variables for the high energy estimate and for

the weighted a priori estimate. On the one hand we use ðE;HÞ to obtain a sym-

metric form for Maxwell equations, so we are able to perform an energy estimate.

On the other hand, with the variable ðD;HÞ we transform the Maxwell equations

in a wave equation using the divergence free conditions. This transformation is

crucial to obtain a weighted a priori estimate. At this step again, the key point is

the choice of adapted weights for the variable w.

There are some mathematical studies on the Kerr–Debye Model. The Kerr–

Debye system is a quasilinear hyperbolic system with source term and it is totally

linearly degenerate, i.e., each characteristic field is linearly degenerate. So we can

expect that, if the lifespan T ? is finite, the behavior of the smooth solution is anal-

ogous to the semilinear case. Indeed this result has been proved in the 1-D case in

[7]: if T ? is finite then the solution and its gradient explode, so no shock wave can

appear. In fact, using more precise dissipative properties for the Kerr–Debye

model it is proved in [9], without smallness condition, that T ? ¼ þl for the one-

dimensional Cauchy problem.

For the initial-boundary value problem (IBVP), a result of global existence of

smooth solution, without smallness condition, in the 1-D and 2-D TE cases for the
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Kerr–Debye model is proved in [8]. By adapting the proof of this result on the

Cauchy problem in the 2-D TE case, a similar global existence result can be also

easily obtained.

However in the 2-D TM and the 3-D cases of both the Cauchy problem and

the IBVP, the situation is di¤erent: we are unable to obtain similar properties as in

the 1-D and the 2-D TE cases. Nevertheless, in the 3-D case of the Cauchy prob-

lem we obtain, in the present work, a result of global existence of smooth solution

with small initial data, while the global existence of solutions for the 2-D TM

Kerr–Debye model in all cases remains an open problem.

Concerning the study of the behavior of the smooth solutions when the re-

sponse time t tends to zero, the convergence of smooth solutions of Kerr–Debye

system towards a smooth solution of Kerr system is proved, in [12] for the Cauchy

problem and in [8] for the IBVP.

Besides, there are related results. Recently, in [2] Aregba and Hanouzet

studied the Kerr–Debye shock profiles for the 1-D and 3-D Kerr system. They

determine the plane discontinuities of the full vector 3-D Kerr system and their

admissibility in the sense of Liu and the sense of Lax. Then they characterize the

large amplitude Kerr shocks giving rise to the existence of Kerr–Debye relaxation

profiles.

In the domain of numerical methods, we can mention the work of P. Huynh

[14] around a finite element method in a nonlinear Kerr medium, and the recent

work of Aregba–Berthon [1], which presents a 1-D finite volume schemes for

Kerr–Debye model.

This paper is organized as follows. In Section 2 and Section 3 we prove

respectively a high energy estimate and a weighted a priori estimate for small

data. Section 4 is devoted to end the proof of Theorem 1.2.

Notations. We denote by x ¼ ðx1; x2; x3Þ the cartesian variables in R3. The

partial derivative is denoted in the following way: qi ¼ q=qxi , qt ¼ q=qt, and for

a ¼ ða1; a2; a3Þ a N3, ‘a ¼ qjaj=ðq1Þa1ðq2Þa2ðq3Þa3 , jaj ¼ a1 þ a2 þ a3.

In this paper we use c to denote various positive constants without confusion.

2. High energy estimate

In this section we prove an energy estimate for small solutions of (1.1)–(1.2). This

result will be proved by classical variational estimates. For that we use the vari-

able V ¼ ðE;H; wÞ. Indeed with E and H we transform the nonlinear Maxwell

equations in symmetric hyperbolic form. We estimate w by solving the third

equation in (1.1). Therefore we have to define for u a Wm;p the norm: jujm;pðtÞ ¼
kukLlð0; t;W m; pÞ:

We begin this section with two preliminary results.
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Lemma 2.1. Let m a N and pb 2. Then there exists a constant c ¼ cðm; nÞ > 0

such that for all f ; g a Wm;pBLl and a a Nn
0 , jaj ¼ m, the following inequalities

hold:

k‘að fgÞkpa cðk f klk‘mgkp þ k‘mf kpkgklÞ; ð2:1Þ

k‘að fgÞ � f‘agkpa cðk‘f klk‘m�1gkp þ k‘mf kpkgklÞ: ð2:2Þ

Proof. See [18], Section 2.1, Proposition 2.1. r

This lemma will be used repeatedly in the sequel.

Lemma 2.2. Let a > 0, f ; g a C0ð½0; a�Þ such that f ; gb 0 and let v : ½0; a� ! R,

vb 0. If

v2ðtÞa v20 þ
ð t

0

�
f ðrÞv2ðrÞ þ gðrÞvðrÞ

�
dr for all t a ½0; a�;

then

vðtÞa 1

2

h
v0 exp

� ð t

0

f ðrÞ dr
�
þ
ð t

0

gðrÞ exp
� ð t

r

f ðtÞ dt
�i

dr:

This result is classical, so we omit the proof.

In the rest of this paper, we use the notation

Ms1ðtÞ :¼ max
0atat

ð1þ tÞ2=3kðE;HÞðtÞks1;6;

where s1 a N will be defined below.

Proposition 2.3. Let V ¼ ðU ; wÞ ¼ ðE;H; wÞ be the local solution of the initial

value problem (1.1)–(1.2) with the initial data V 0 ¼ ðE 0;H 0; w0Þ. We denote by

T ? the lifespan of this solution. Let s; s1 a N such that 2a s1a s� 1. Then there

exist a constant c independent of T ? and a da inff1; 1=cg su‰ciently small such

that if

kV 0ks;2a d=2 and w0b 0; ð2:3Þ

then

kVðtÞks;2a ckV 0ks;2
��
1þM 2

s1
ðtÞ

�
expfcM 2

s1
ðtÞg

�
for all t a ½0; ~TT �; ð2:4Þ

where ~TT > 0 is defined by

~TT ¼ maxfT < T ? such that jV js;2ðTÞa dg:

395Global small solutions of the Kerr–Debye model



Proof. Using the variable V ¼ ðU ; wÞ ¼ ðE;H; wÞ, the system (1.1) becomes

ð1þ wÞqtE þ ðqtwÞE � curlH ¼ 0; ðiÞ
qtH þ curlE ¼ 0; ðiiÞ
qtw ¼ jEj2 � w; ðiiiÞ

8><
>: ð2:5Þ

with the initial data

ðE;H; wÞð0; xÞ ¼ ðE0;H 0; w0ÞðxÞ for x a R3:

We apply ‘a; jaj ¼ ma s to system (2.5) and then take the inner product of

(2.5.i) with E and (2.5.ii) with H. Thus, summing up the two terms, we obtain

ð
R3
ð1þ wÞqt‘aE � ‘aE dxþ

ð
R3

qt‘
aH � ‘aH dx

¼ �
ð
R3

‘aðqtwEÞ � ‘aE dx

�
ð
R3

	
‘a

�
ð1þ wÞqtE

�
� ð1þ wÞqt‘aE



� ‘aE dx: ð2:6Þ

We have

ð
R3
ð1þ wÞqt‘aE � ‘aE dx ¼ 1

2

d

dt

ð
R3
ð1þ wÞj‘aEj2 dx� 1

2

ð
R3

qtwj‘aEj2 dx:

So replacing it in (2.6) we obtain:

1

2

d

dt

ð
R3
fð1þ wÞj‘aEj2 þ j‘aHj2g dx

¼ 1

2

ð
R3

qtwj‘aEj2 dx�
ð
R3

‘aðqtwEÞ � ‘aE dx

�
ð
R3

	
‘a

�
ð1þ wÞqtE

�
� ð1þ wÞqt‘aE



‘aE dx

¼ I1 þ I2 þ I3: ð2:7Þ

Let us now estimate the right-hand side terms in (2.7) for all t a ½0; ~TT �:
first we have

jI1ja
1

2
kqtwkl:k‘aEk22 :
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Solving (2.5.iii) we get

wðtÞ ¼ w0e�t þ
ð t

0

eðs�tÞjEðsÞj2 ds ð2:8Þ

and

qtwðtÞ ¼ jEj2ðtÞ � w0e�t �
ð t

0

eðs�tÞjEðsÞj2 ds: ð2:9Þ

This implies

kqtwklðtÞa k jEðtÞj2kl þ kw0kle�t þ
ð t

0

eðt�tÞk jEðtÞj2kl dt:

Observing that for 2a s1a s� 1, by Sobolev’s inequalities, we have

W s;2 ,! W s1;6 ,! W 1;l: ð2:10Þ

From this we get for all t a ½0; ~TT �,

kUðtÞk1;la ckUðtÞks1;6a cð1þ tÞ�2=3
Ms1ðtÞ; ð2:11Þ

and

kw0k1;la max
0atat

kVðtÞk1;la cjV js;2ðtÞa 1: ð2:12Þ

From that we get

kqtwklðtÞa ð1þ tÞ�4=3
M 2

s1
ðtÞ þ e�t þ

ð t

0

eðt�tÞð1þ tÞ�4=3
M 2

s1
ðtÞ dt

a ð1þ tÞ�4=3
M 2

s1
ðtÞ þ e�t þM 2

s1
ðtÞ

ð t

0

eðt�tÞð1þ tÞ�4=3
dt;

and from the fact that, for ra 0,

ð t

0

eðt�tÞð1þ tÞr dta cð1þ tÞr; ð2:13Þ

we arrive at

kqtwklðtÞa c
�
e�t þ ð1þ tÞ�4=3

M 2
s1
ðtÞ

�
:
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This estimate yields

jI1jðtÞa c
�
e�t þ ð1þ tÞ�4=3

M 2
s1
ðtÞ

�
jEj2m;2ðtÞ: ð2:14Þ

In the same way we have

jI2ja k‘aðqtwEÞk2k‘aEk2:

By (2.1) we have

k‘aðqtwEÞk2a cðk‘aqtwk2 � kEkl þ k‘aEk2 � kqtwklÞ:

From (2.9) and (2.1) we get

k‘aqtwk2ðtÞa k‘ajEðtÞj2k2 þ k‘aw0k2e�t þ
ð t

0

eðt�tÞk‘ajEðtÞj2k2 dt

and

k‘ajEj2k2a ckEklk‘aEk2:

Thus,

k‘aqtwk2ðtÞa ckEklk‘aEk2 þ k‘aw0k2e�t þ c

ð t

0

eðt�tÞkEðtÞklk‘aEðtÞk2 dt

a cð1þ tÞ�2=3
Ms1ðtÞj‘aEj2ðtÞ þ k‘aw0k2e�t

þ cj‘aEj2ðtÞ
ð t

0

eðt�tÞð1þ tÞ�2=3
Ms1ðtÞ dt

a c
�
k‘aw0k2e�t þ ð1þ tÞ�2=3

Ms1ðtÞ
�
j‘aEj2ðtÞ:

Thus

k‘aqtwk2:kEklðtÞa k‘aw0k2e�tkEklðtÞ þ ð1þ tÞ�2=3
Ms1ðtÞj‘aEj2ðtÞkEðtÞkl

a k‘aw0k2e�t þ ð1þ tÞ�4=3
M 2

s1
ðtÞj‘aEj2ðtÞ:

Here we have applied inequalities (2.11) and (2.12) on kEklðtÞ.
The second term in the right-hand side is the same as in the estimate of I1, so

we obtain

jI2jðtÞa c
��
e�t þ ð1þ tÞ�4=3

M 2
s1
ðtÞ

�
jEj2m;2ðtÞ þ kw0km;2e

�tjEjm;2ðtÞ
�
: ð2:15Þ
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In the same way we have

jI3ja
��‘a

�
ð1þ wÞqtE

�
� ð1þ wÞqt‘aE

��
2
k‘aEk2:

By (2.2) we obtain

��‘a
�
ð1þ wÞqtE

�
� ð1þ wÞqt‘aE

��
2

a c
�
k‘ð1þ wÞklk‘m�1qtEk2 þ k‘mð1þ wÞk2kqtEkl

�
:

From (2.8), (2.12) and (2.1) we get

k‘ð1þ wÞkla k‘w0kle�t þ ð1þ tÞ�4=3
M 2

s1
ðtÞa e�t þ ð1þ tÞ�4=3

M 2
s1
ðtÞ:

Equation (2.5.i) yields

qtE ¼ curlH � qtwE � wqtE

and

k‘m�1qtEk2a k‘mHk2 þ k‘m�1ðqtwEÞk2 þ k‘m�1ðwqtEÞk2:

Using (2.12) in the same way as above, we prove

k‘m�1ðqtwEÞk2a cðk‘m�1w0k2kEkl þ k‘m�1Ek2Þ

a cðk‘m�1w0k2 þ kEkm;2Þ

a cjU jm;2ðtÞ

and

k‘m�1ðwqtEÞk2a c
�
ðk‘m�1w0k2 þ k‘m�1Ek2ÞkqtEkl þ k‘m�1qtEk2kwkl

�
a cðk‘m�1w0k2 þ k‘m�1Ek2 þ k‘m�1qtEk2kwklÞ

a c
�
jU jm;2ðtÞ þ k‘m�1qtEk2kwkl

�
:

Now taking

da inff1; 1=2cg;

by (2.12) we get

kwkla da 1=2c:
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Then the last inequalities yield

k‘m�1qtEk2a cjU jm;2ðtÞ: ð2:16Þ

So we obtain

jI3jðtÞa c
��
e�t þ ð1þ tÞ�4=3

M 2
s1
ðtÞ

�
jU j2m;2ðtÞ

þ
�
e�t þ ð1þ tÞ�4=3

M 2
s1
ðtÞ

�
kw0km;2jU jm;2ðtÞ

�
: ð2:17Þ

Combining (2.7), (2.14), (2.15) and (2.17), we obtain the estimate

1

2

d

dt

ð
R3
fð1þ wÞj‘aEj2 þ j‘aHj2g dx

a c
�
e�t þ ð1þ tÞ�4=3

M 2
s1
ðtÞ

��
jU j2m;2ðtÞ þ kw0km;2jU jm;2ðtÞ

�
:

We sum up these inequalities for jaj ¼ ma s and we integrate in time. Since

wb 0, we obtain

jU j2s;2ðtÞa ckU 0k2s;2 þ c

ð t

0

�
gðtÞjU j2s;2ðtÞ þ gðtÞkw0ks;2jU js;2ðtÞ

�
dt; ð2:18Þ

where gðtÞ ¼
�
e�t þ ð1þ tÞ�4=3

M 2
s1
ðtÞ

�
.

We apply Lemma 2.2 to (2.18) (replacing v with jU js;2). Next we use (2.1) to

estimate jwjs;2. So we obtain (2.4). r

3. Weighted a priori estimate

In this section we prove a weighted a priori estimate which will be combined with

the energy estimate (2.4) to obtain an a priori bound in the W s;2-norm of the

solution of (1.1)–(1.3) for small data. The proof is based on a decay estimate for

the linear wave equation. For that we will use the variable ðD;H; wÞ. In fact with

the divergence free conditions (1.3) we can transform the Maxwell equations into

nonlinear wave equation.

Proposition 3.1. Let V ¼ ðU ; wÞ ¼ ðE;H; wÞ be the local solution of the initial

value problem (1.1)–(1.3) and let s0; s1 a N satisfy

3a s1a s0 � 4:

We assume that

V 0 a W s0;2BW s1þ3;6=5:
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Then for all M0 > 0 there exists 0 < d1ðM0Þa d=2, independent of ~TT (d and ~TT
defined in Proposition 2.3), such that the following holds:

If

kV 0ks0;2 þ kV 0ks1þ3;6=5a d1 and kw0ks0;3=2a d1;

with w0b 0 and divH 0 ¼ div½ð1þ w0ÞE0� ¼ 0, then

Ms1ðtÞ ¼ max
0atat

ð1þ tÞ2=3kUðtÞks1;6aM0 for all t a ½0; ~TT �:

Proof. Using the variable v ¼ ðD;H; wÞ, the first two equations of the system (1.1)

become

ðiÞ qtD� curlH ¼ 0;

ðiiÞ qtH þ curlD ¼ curlðwEÞ:
ð3:1Þ

We recall that, by these equations we get divD ¼ divH ¼ 0 for all tb 0.

We denote by f ðtÞ ¼
�
0; curl ðwEÞ

�
. Let u ¼ ðD;HÞ be the solution of (3.1).

Using the representation of Duhamel, we can write u as

uðtÞ ¼ etLu0 þ
ð t

0

eðt�tÞLf ðtÞ dt :¼ u1ðtÞ þ u2ðtÞ; 0a t < ~TT ; ð3:2Þ

where L is the operator defined by

L ¼ 0 curl

�curl 0

� �
: ð3:3Þ

In order to obtain kUks1;6, we must first estimate u in the norm k ks1;6. We need to

use the following two lemmas.

Lemma 3.2 (emigroup estimate). Let U ¼ ðD;HÞ the solution of the linear

problem

qtU ¼ LU ;

Uðt ¼ 0Þ ¼ U 0;

divD0 ¼ divH 0 ¼ 0;

8><
>: ð3:4Þ

where L is the operator defined in (3.3), and let 1 < pa 2a q < l, 1=pþ 1=q ¼ 1,

Nq > 3ð1� 2=qÞ. Then there is a constant c ¼ cðpÞ such that for all U 0 a WNq;p,

and for all tb 0:

kUðtÞkqa cð1þ tÞ�ð1�2=qÞkU 0kNq;p
:
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Proof. L2 � L2 estimate: From a classical result on Maxwell equations we have

kðD;HÞk2 ¼ kðD0;H 0Þk2; tb 0: ð3:5Þ

Ll �W 3;1 estimate: Using the divergence free condition we transform easily

(3.4) in the linear wave equation

Utt � DU ¼ 0;

U 0 ¼ ðD0;H 0Þ;
qtUðt ¼ 0Þ ¼ U 1 ¼ ðcurlH 0;�curlD0Þ:

8><
>: ð3:6Þ

So each component Ui ð for i ¼ 1; . . . ; 6Þ of U can be written in the form

UiðtÞ ¼ wðtÞU 1
i þ qt

�
wðtÞU 0

i

�
;

where the operator wðtÞ is defined by (see [20], p. 15)

�
wðtÞg

�
ðxÞ :¼ uðt; xÞ;

with u the solution of

utt � Du ¼ 0;

uðt ¼ 0Þ ¼ 0; qtuðt ¼ 0Þ ¼ g:

�

Thus, by the Kircho¤ representation formula of wðtÞ (see for instance [20],

Theorem 2.1), we get for i ¼ 1; . . . ; 6,

kUiðtÞkla cð1þ tÞ�1ðkU 0
i k3;1 þ kU 1

i k2;1Þ for all tb 0;

and using (3.6), we obtain

kUðtÞkla cð1þ tÞ�1kU 0k3;1 for all tb 0: ð3:7Þ

So by interpolation (see for example [20], Theorem A.10) we obtain from (3.5) and

(3.7)

kUðtÞkqa cð1þ tÞ�ð1�2=qÞkU 0kNq;p
for all tb 0: r

Now we have to estimate the nonlinear term, f ðtÞ ¼
�
0; curlðwEÞ

�
.
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Lemma 3.3. There exists c > 0 such that

k f ðtÞks1þ3;6=5a c
�
kw0ks0;3=2e

�tMs1ðtÞ þ
�
e�t þ ð1þ tÞ�4=3

M 2
s1
ðtÞ

�
jU js0;2ðtÞ

�
:

Proof. Using the special form of f we obtain

k f ðtÞks1þ3;6=5 ¼ kcurl ðwEÞks1þ3;6=5

a ckwEks1þ4;6=5

a c
X

0ajajas1þ4

k‘aðwEÞk6=5

a c
X

0ajajþjbjas1þ4

k‘aw‘bEk6=5:

We have the three following cases to consider:

• First let jajb s1 þ 1. Then jbja s1.

This implies that

k‘aw‘bEk6=5a k‘awk3=2k‘bEk6:

By (2.8), we have

k‘awk3=2a k‘aw0k3=2e�t þ
ð t

0

k‘aðjEj2Þk3=2eðt�tÞ dt; ð3:8Þ

with

k‘aðjEj2Þk3=2a c
X

0ajbjþjgjajaj
k‘bE‘gEk3=2

a ckEks1;6kEks0;2a cð1þ tÞ�2=3
Ms1ðtÞjEjs0;2ðtÞ:

Then, plugging this in (3.8) and using (2.13), we obtain in this case

k f ðtÞks1þ3;6=5

a c½kw0ks0;3=2e
�tð1þ tÞ�2=3

Ms1ðtÞ þ ð1þ tÞ�4=3
M 2

s1
ðtÞjEjs0;2ðtÞ�: ð3:9Þ

• Secondly let jbjb s1 þ 1. Then jaja s1 and

k‘aw‘bEk6=5a k‘awk3k‘bEk2:
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In the same way as in the first case we have

k‘awk3a k‘aw0k3e�t þ
ð t

0

k‘aðjEj2Þk3eðs�tÞ ds

and

k‘aðjEj2Þk3a cð1þ tÞ�4=3
M 2

s1
ðtÞ:

We remark that, by (2.10), we have

kV 0ks1;l þ kV 0ks1;6=5a cda 1;

so, by interpolating

k‘aw0k3a 1;

we then get

k f ðtÞks1þ3;6=5a c½e�t þ ð1þ tÞ�4=3
M 2

s1
ðtÞ�jEjs0;2ðtÞ: ð3:10Þ

• Finally let jaja s1 and jbja s1. Here we can proceed exactly as in two

previous cases.

From (3.9) and (3.10) we end the proof of Lemma 5. r

End of the proof of Proposition 3.1. According to Lemma 3.2, let q ¼ 6

ðp ¼ 6=5Þ. Then by (3.2) u1 satisfies

ku1ðtÞks1;6a cð1þ tÞ�ð1�2=6Þku0ks1þ3;6=5

a cð1þ tÞ�ð1�2=6ÞkU 0ks1þ3;6=5a cð1þ tÞ�2=3d1; ð3:11Þ

and, using Lemma 3.3, u2 satisfies

ku2ðtÞks1;6a c

ð t

0

ð1þ t� rÞ�2=3k f ðrÞks1þ3;6=5 dr

a c

ð t

0

ð1þ t� rÞ�2=3kw0ks0;3=2e
�rMs1ðrÞjU js0;2ðrÞ

þ c

ð t

0

ð1þ t� rÞ�2=3�
e�r þ ð1þ rÞ�4=3

M 2
s1
ðrÞ

�
jU js0;2ðrÞ: ð3:12Þ
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According to Proposition 2.3, we get

ku2ðtÞks1;6

a c

ð t

0

ð1þ t� rÞ�2=3
e�rkw0ks0;3=2Ms1ðrÞ dr

þ c

ð t

0

ð1þ t� rÞ�2=3
e�rku0ks0;2

�
1þM 2

s1
ðrÞ

�
expfcM 2

s1
ðrÞg dr

þ c

ð t

0

ð1þ t� rÞ�2=3ð1þ rÞ�4=3
M 2

s1
ðrÞku0ks0;2

�
1þM 2

s1
ðrÞ

�
expfcM 2

s1
ðrÞg dr

a cð1þ tÞ�2=3d1Ms1ðtÞ
ð t

0

ð1þ t� rÞ�2=3
e�rð1þ tÞ2=3 dr

þ cð1þ tÞ�2=3d1
�
1þM 2

s1
ðtÞ

�
expfcM 2

s1
ðtÞg

�
ð t

0

ð1þ t� rÞ�2=3ð1þ tÞ2=3
�
e�r þ ð1þ rÞ�4=3

M 2
s1
ðrÞ

�
dr:

Now we remark that there exists k < l such that

ð t

0

ð1þ t� rÞ�2=3
e�rð1þ tÞ2=3 drþ

ð t

0

ð1þ t� rÞ�2=3ð1þ tÞ2=3ð1þ rÞ�4=3
dra k:

Thus

ku2ðtÞks1;6a cð1þ tÞ�2=3d1
�
Ms1ðtÞ þ

�
1þM 2

s1
ðtÞ

�2
expfcM 2

s1
ðtÞg

�
:

Combining (3.11) and (3.12) we get the following estimate for u:

kuðtÞks1;6a cð1þ tÞ�2=3d1 þ cð1þ tÞ�2=3d1
�
Ms1ðtÞ þ

�
1þM 2

s1
ðtÞ

�2
expfcM 2

s1
ðtÞg

�
:

This implies that

max
0atat

ð1þ tÞ2=3kuðtÞks1;6

a cd1
�
1þMs1ðtÞ þ

�
1þM 2

s1
ðtÞ

�2
expfcM 2

s1
ðtÞg

�
; 0a ta ~TT : ð3:13Þ

Writing

E ¼ D� wE;

and using the same technique as in the estimate (2.16), we obtain

max
0atat

ð1þ tÞ2=3kEðtÞks1;6a c max
0atat

ð1þ tÞ2=3kDðtÞks1;6:
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This leads to

max
0atat

ð1þ tÞ2=3kUðtÞks1;6 ¼ Ms1ðtÞa c max
0atat

ð1þ tÞ2=3kuðtÞks1;6;

and by (3.13) we get

Ms1ðtÞa cd1
�
1þMs1ðtÞ þ

�
1þM 2

s1
ðtÞ

�2
expfcM 2

s1
ðtÞg

�
; 0a ta ~TT : ð3:14Þ

We intoduce x ¼ Ms1ðtÞ and the real-valued function j defined for xb 0 by

jðxÞ :¼ cd1
�
1þ xþ ð1þ x2Þ2ecx2�� x:

We have

jð0Þ ¼ cd1 > 0; j 0ð0Þ ¼ cd1 � 1:

So j has a first positive zero at x0 with j 0ðx0Þ < 0 if d1 is su‰ciently small

(d1 ¼ d1ðcÞ) and

0 ¼ jðx0Þ ¼ cd1
�
1þ x0 þ ð1þ x2

0Þ
2
ecx

2
0

�
� x0:

This implies that

d1 ¼
x0

c
�
1þ x0 þ ð1þ x2

0Þ
2
ecx

2
0

� < x0

c
;

whence (without loss of generality we can take k < c)

Ms1ð0Þ ¼ ku0ks1;6a kku0ks0;2a kd1 < x0: ð3:15Þ

The relation (3.14) implies that

j
�
Ms1ðtÞ

�
b 0; 0a ta ~TT ;

which together with (3.15) and a continuous dependence argument leads to

Ms1ðtÞax0; 0a ta ~TT : ð3:16Þ

Then we conclude the proof with

M0 :¼ x0 ¼ x0ðd1Þ: r

406 M. Kanso



4. Proof of Theorem 1.2

The results in Proposition 2.3 and Proposition 3.1 easily lead to the following a

priori bound:

Proposition 4.1. Let V ¼ ðE;H; wÞ be the maximal small solution of the initial

value problem (1.1)–(1.3) on ½0;T?Þ. Then there exist a constant cb 1, an

integer sb 7 and d > 0 su‰ciently small such that if kV 0ks;2 þ kV 0ks;6=5a d=2,

kw0ks;3=2a d=2, with w0b 0 and divH 0 ¼ div½ð1þ w0ÞE0� ¼ 0, then

kVðtÞks;2a ckV 0ks;2½ð1þM 2
0 Þ expfcM 2

0 g� for all t a ½0; ~TT �;

where ~TT is defined by

~TT ¼ maxfT < T ? such that jV js;2ðTÞa dg:

Remark 4.2. We can write, without loss of generality,

kVðtÞks;2a cM0kV 0ks;2 for all t a ½0; ~TT �: ð4:1Þ

Remark 4.3. The condition

kw0ks;3=2a d=2

is automatically satisfied by interpolation between W s;2 and W s;6=5 spaces.

Therefore we have an a priori estimate in the W s;2-norm of the solution of

(1.1)–(1.3).

We suppose that T ? < þl. Then from the definition of ~TT we get

jV js;2ð ~TTÞ ¼ d: ð4:2Þ

Choosing

M0 ¼ 1=c;

and using (4.1) we obtain

kVðtÞks;2a cM0da
1

2
d for all t a ½0; ~TT �;

which is contradictory with (4.2). So T ? ¼ þl.

In particular, we obtain

kVðtÞks;2 < cM 2
0 for all 0a t < l;
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and with (2.11) and Proposition 3.1,

kUðtÞkla cð1þ tÞ�2=3
Ms1ðtÞa cM0ð1þ tÞ�2=3 for all 0a t < l:

We prove that w satisfies this last estimate using (2.8) and the fact that e�ta

ð1þ tÞ�2=3 for tb 0. This concludes the proof of Theorem 1.2.

Remark 4.4. In the one and two dimensional cases of the Kerr and Kerr–Debye

models, this method of proof is not applicable. Indeed, we do not have enough

decay in the linear wave equation to ensure the convergence of integrals.
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Bordeaux 1, Bordeaux 1999.

[15] T. Kato, The Cauchy problem for quasi-linear symmetric hyperbolic systems. Arch.
Rational Mech. Anal. 58 (1975), 181–205. Zbl 0343.35056 MR 0390516

[16] S. Klainerman and G. Ponce, Global, small amplitude solutions to nonlinear evolution
equations. Comm. Pure Appl. Math. 36 (1983), 133–141. Zbl 0509.35009 MR 680085

[17] O. Liess, Global existence for the nonlinear equations of crystal optics. Journées
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