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Abstract. We prove the existence of infinitely many periodic (harmonic and subharmonic)
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infinity. The proof relies on the Poincaré—Birkhoff fixed point theorem.
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1. Introduction

In this note, we consider the problem of the existence of periodic (harmonic and
subharmonic) solutions to the planar Hamiltonian system

Jz' =V.H(t,z), z=(x,y)eR? (1.1)

being J = (§ !) the standard symplectic matrix and H : R x R* — R a (regular
enough) function which is 7-periodic in the first variable. We focus on the case
in which the vector field V.H (, z) satisfies a superlinearity condition at infinity.

Superlinear planar problems have been widely investigated dealing with the
scalar undamped second order equation

u" +g(t,u) =0, ueR, (1.2)
with ¢g(z, x) satisfying the classical superlinearity condition at infinity, namely

. t, ) )
‘ ‘hm 9(,x) =400, uniformly in 7 € [0, T].
X|—+00 X

Classical results in this setting—[14], [15] for the “unforced” case g(#,0) = 0 (see
Section 4) and [7], [8], [12], [19], [20] for the general one—guarantee the existence
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of infinitely many periodic, harmonic and subharmonic, solutions. The proofs are
performed via some refined versions of the Poincaré—Birkhoff fixed point theorem
and, as a consequence, the solutions found are accompanied by a sharp nodal
characterization. We emphasize the fact that such a technique of proof, based
on the Poincaré—Birkhoff theorem, provides a unifying setting to deal at the
same time with harmonic and subharmonic solutions.

In the case of a general (superlinear) Hamiltonian system (1.1), far fewer re-
sults are available in literature. Due to the variational structure of the equation,
critical point theory can be successfully applied (even in dimension greater than
two) leading to the existence of infinitely many 7-periodic solutions (we cite [1],
[17] for the first works in this direction). Despite the great range of applicability
from the point of view of the space dimension, however, results obtained via
critical point techniques, when applied to planar problems, do not provide in-
formation about the nodal properties of the solutions and, as a major drawback,
they usually do not consider (at least in a direct way) the problem of subharmonic
solutions.

We finally remark that, when dealing with first order differential systems (and,
of course, with an Hamiltonian system like (1.1)), there is not a standard definition
of superlinearity (incidentally, notice also that when Hamiltonian systems are
considered the term “superquadraticity’ is sometimes preferred, referring to the
assumption on H(¢,z)). In particular, it is worth noticing that most of the super-
linearity conditions considered in literature (like the Ambrosetti-Rabinowitz one
(2.8), see Remark 2.4) require both the components of the vector field JV.H(¢,z)
to be superlinear. As a consequence, results concerning superlinear Hamiltonian
systems often do not apply to superlinear second order equations (1.2), which are
written in Hamiltonian form as

X'=y, Y=gty

Here, as our starting point, we take the paper [5], where, for a (possibly) non-
Hamiltonian planar system, a suitable superlinearity condition is introduced
and used in order to prove the existence of at least one 7T-periodic solution
([5], Theorem 4). Such a superlinearity condition, which is suggested by the use
of some systems of modified polar coordinates in the plane, is fulfilled in the
case of superlinear second order equations (see Remark 2.4). The proof of
([5], Theorem 4) exploits topological degree arguments and, as remarked in ([5],
p- 389), the result is optimal from the point of view of the multiplicity, since in
the general (non-Hamiltonian) case no more than one 7T-periodic solution can be
expected.

The aim of this brief note is to show that, in the Hamiltonian case (1.1),
the (essentially) same assumptions of [5] imply the existence of infinitely many
kT-periodic solutions, for every integer k > 1. Information about the nodal
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properties of the solutions is provided, too. We refer to Section 2 for the precise
statement of the main result, Theorem 2.3.

The proof (see Section 3) is performed via the Poincaré—Birkhoff fixed point
theorem (in the version by W. Y. Ding [10]), similarly as in [8], [12], dealing with
the second order case. In view of the previous discussion, hence, our Theorem 2.3
includes some classical results concerning superlinear scalar equations and extends
them to a general planar Hamiltonian system (1.1).

In Section 4, we finally give some further remarks about the unforced case,
namely V.H(z,0) = 0.

Notation. If z;,z, € R%, we will write (z; | z2> to denote the Euclidean scalar
product of zj, z, and |z;| to denote the Euclidean norm in R2.

2. Preliminaries and statement of the main result

Throughout the paper, we will denote by 2 the class made up by the C'-functions
V : R? — R which are positive and positively homogeneous of degree 2, i.e. for
every 4 > 0 and z # 0,

0< V(iz) =22V (2).

For V e 2, we set

AV = J dxdy
(rxy)<1)

Such a class of functions appears in the formulation of the superlinearity condi-
tion, for V.H(t, z), at infinity (see assumption (H») of Theorem 2.3 below).

Moreover, it allows the definition of suitable systems of deformed polar coor-
dinates and of a modified rotation number, which plays an essential role in our
proof. We recall here the precise definition, as given in ([23], p. 17).

Definition 2.1. Let V' € 2 and let z: [t], 5] — R? be an absolutely continuous
path, with z(¢) # 0 for every ¢ € [t1, 2]. The V-modified rotation number of z(z)
is defined as

dt.

Roty (2(1); [11,12]) = — J LI ()] 2(0))

24y ), V(=)

It is clear that the standard (clockwise) rotation number (that is, the normal-
ized clockwise angular displacement of the curve z(¢) around the origin, in the
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time interval [¢1, 72]) corresponds to the choice V(z) = |z|?, and it will be simply
denoted by Rot.

We remark that such a modified rotation number is implicitly used already in
[5], to count the number of revolutions of some closed paths. In this paper, we will
estimate modified rotation numbers of non-closed paths also, so that we need
the following crucial extra property, which is proved in ([2], Proposition 2.1) as a
consequence of some ideas developed in [23].

Proposition 2.2. Let V € 2 and let z : [t, 1] — R* be an absolutely continuous
path, with z(t) # 0 for every t € [t|,t2]. Then, for every j € Z,

Roty (z(1); (11, 12]) > j <= Rot(z(1); [11,12]) > j
ROtV(Z(Z); [[1,12]) < J &= ROt(Z(Z); [[1,12]) < J.

Roughly speaking, despite the fact that, in general, the values (on the same
path) of Roty and Rot are different one from the other, Roty counts the same
number of complete clockwise turns around the origin as Rot.

We are now ready to state our main result, concerning the existence of har-
monic and subharmonic solutions to the planar Hamiltonian system

J2' =V.H(t,z) z=(x,y)eR% (2.1)

We will always assume that H : R x R> — R is T-periodic in the first variable
(with 7 > 0 fixed) and differentiable in the second one, with V.H(t,z) an L!-
Carathéodory function, that is to say, V.H(z,-) is continuous for a.e. 7 € [0, T,
V.H(-,z) is measurable for every z € R?> and for every r > 0 there exists {, €
L'(0,T) such that |V.H(t,z)| < {.(¢) for a.e. t € [0, T] and for every z € R? with
lz| <r.

Theorem 2.3. Assume that the uniqueness for the solutions to the Cauchy problems
associated with (2.1) is guaranteed. Moreover, suppose that:

(Hy) there exists a C'-function K : R x R*> — R, T-periodic in the first variable,
with K(t,z) > 0 for every t e Rand z € R? and such that

lim K(t,z) = +oo,  uniformly int € [0, T],

|z| =+

satisfying the following condition: for every ti,t; € R and for every
z:t1, 12 — R? solving (2.1), there exists ¢ € L'(ty,t2) such that, for a.e.
telt, b,

‘%K(z,z(r))’ < c(NK(1,2(2)); (2.2)
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(H,) there exist sequences (Vy,), = 2, (ay), = L' (0, T) such that, for every n € N,

n

lim infw >ay(t), uniformly fora.e.t€[0,T], (2.3)
‘Z|~>+OC I/n(Z)
and

=+ . (2.4)

Then, for every integer k > 1, equation (2.1) has infinitely many kT-periodic
solutions. More precisely, for every integer k > 1, there exists an integer j;| such
that, for every integer j > j;, equation (2.1) has two kT-periodic solutions z,g}(t),
zl(czj(t) such that, for i = 1,2, '

Rot(z,(1); [0, kT]) = . (2.5)
Moreover, for every k > 1 and i = 1,2,

lim |zk ()] = +o0,  uniformly int €0, T). (2.6)

=t

Initial values, at time # = 0, of such kT -periodic solutions will be provided as
fixed points of the k-th iterate of the Poincaré map V¥ associated with (2.1) (see
Section 3 for the details); formula (2.5), of course, has to be meant as an informa-
tion about the nodal properties of the periodic solutions found.

For k=1, Theorem 2.3 in particular gives the existence of infinitely many
T-periodic solutions (i.e., harmonic solutions) to the planar Hamiltonian system
(2.1). On the other hand, when k > 1, it is easy to see that (see, for instance, [9],
pp. 523-524), whenever k, j are relatively prime integers (namely, their greatest

common divisor is 1), then the k7-periodic solutions Z/E,I;(Z), z,(fj),(t) are not

IT-periodic for any integer / = 1,...,k — 1. In this case, z,(:;(z), z,gj),(t) are said to
be subharmonic solutions of order k to (2.1) and they correspond to fixed points
of W* which are not fixed points of ¥/ for any /=1,...,k —1. Notice that,
if we restrict ourselves to the pairs (k, j) with k, j relatively prime, the periodic
solutions provided by Theorem 2.3 are pairwise distinct.

We finally remark that, as pointed out in the proof of ([22], Theorem 5), it is
possible to show that the subharmonlc solutlons z,ilz(t) zkzj( ) do not belong to the
same periodicity class, i.e. z,(:)( ) # 2 ( + IT) for every integer / =1,... . k— 1.
This corresponds to the fact that the orbits of z; := Z,El)( ) and z; := z,((zj)(O)
namely O) := {z;,¥(z)),...,¥* (1)} and Oy := {z;,¥(z2),..., PK" 1(22)} are

disjoint.
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We now make some comments about the assumptions and the range of ap-
plicability of Theorem 2.3. When we refer to the scalar undamped second order
equation

u" +g(t,u) =0, uel, (2.7)

with g : R x R — R a function which is T-periodic in the first variable, we will
always tacitly mean that it is written as the equivalent planar Hamiltonian
system (2.1), with the position H(z,x, y) = 3y* + L]"gg(t, &) dé.

Remark 2.4. Assumption (H>) is a superlinearity condition for V.H(z, z) at infin-
ity and, as anticipated in the Introduction, it is (essentially) the same condition of
([5], Theorem 4). We also notice that the dual version of it (i.e., a sublinearity con-
dition) has been recently used, together with the Poincaré—Birkhoff fixed point
theorem, in ([2], Theorem 3.1).

For what concerns the range of applicability of (H), here we just limit our-
selves to emphasize that it is more general than the Ambrosetti-Rabinowitz condi-
tion (0 < k< 1/2, R>0)

0< H(t,z) <k{V.H(t,z)|z), foreverytel0,T],|z| =R, (2.8)

which is often employed when system (2.1) is treated with variational techniques
(see for instance [1], [17]). Indeed, from (2.8) we get that H(r,z) > alz|'/* for
every 1 € [0,T], |z| = R (with a > 0), so that (H,) is satisfied with V,(z) = |z|?
and a,(¢) = n. It is also worth mentioning that from the proof of Theorem 2.3 it
will be clear that condition (2.3) of (H,) can be weakened to hold in an L' sense.
Precisely, we can require the following:

for every &> 0, there exist R, >0 and n, € L'(0,T), with fOT In,(2)|dt <&, such
that, for almost every t € [0, T, and every |z| > R,,

(V.H(t,z)|z)

Vn(Z) = an([) - 77(:([)'

In particular, if (2.1) comes from the second order equation (2.7), then (this
weaker version of ) (H,) is satisfied whenever g(t, x) is L!-Carathéodory and ful-
fills the standard superlinearity condition, namely

IGE))
[x|=>+0 X

= +o0, uniformly for a.e. t € [0, T]. (2.9)

Indeed, in this case it is easy to see that, for every integer n, there exists
r, € L'(0, T) such that, for every z = (x, y) € R?

(V.H(t,z)|z) > nx?* + y2 — 1(2),
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so that (H,) holds true with the choices V;(x, y) = nx? + y? and a,(f) = 1. We
refer to ([5], Example 4) for a similar computation. Notice that, when g(z, x) is
continuous, then r,(¢) = r, so that (H,) suffices.

Remark 2.5. We now turn our attention to assumption (H,). First of all, observe
that, since K(z,z) is of class C' and z : |#), 1, — R? is (locally) absolutely contin-
uous, then K (7,z(7)) is (locally) absolutely continuous too, with, for a.e. ¢ € |11, 12|,

d 0 /
EK(t, z(1)) = 6—ZK(t,z(t)) +(V.K(1,z(1)) | 2 (1))

Condition (H;) is used here to get the global continuability for the solutions to
(2.1). Indeed, it is well known that, when V. H (z, z) satisfies the superlinearity con-
dition (H>), the global continuability can fail, even when (2.1) comes from the sec-
ond order equation (2.7) (see [6]). On the other hand, it is worth noticing that
when, roughly speaking, H(¢,z) — +oo for |z| — 400, then (H)) is often satisfied.
In particular, we emphasize the following special cases.
1) If H(z,z) is regular and, uniformly in 7 € [0, T},
lim H(t,z) = +o0, (2.10)
|z] =400

then assumption (/) is satisfied, provided that there exists ¢, M > 0 such that, for
every t € Rand |z| > M,

0

T H(t,z)| < cH(t,z). (2.11)

In this case, the natural choice is K(¢,z) = H(t,z) + d, for some positive constant
d large enough. Indeed, by (2.10) we have that H(z,z) is bounded from below, so
that K(z,z) > 0 if d is suitably chosen. As a consequence, by possibly enlarging
the constant ¢ appearing in (2.11), we have that for every 1 € Rand z € R,

‘;K(z,z) < cK(t,z).

Hence, for every z : |11, [ — R? solving (2.1), we have that

d
7 K(t, Z(l))‘

%H(z 2(1)) + (V-H (1, 2(1)) IZ/(1)>’
0 / /
=[S K(12(0) + 20| = (r)>‘

0
= EK(I z(t ))

so that (H) is satisfied.
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For the second order equation (2.7), with [ g(z,&) dé — +oo for |x| — 40,
such a choice leads (modulo regularity assumptions) to

J:%g(t, &dé < cj:g(t, &)dé,  forevery |x| > M. (2.12)

Hence, Theorem 2.3 applies to the superlinear second order equation (2.7) (i.e.,
with g(z, x) satisfying (2.9)), provided that (2.12) is fulfilled, including ([15], Theo-
rem 1’). We remark that is seems to be an open problem to prove the same result
for (2.7) with g(¢, x) satisfying only the superlinearity assumption (2.9).

2) If V.H(t,z) = VS(z) + f(¢) for a C'-function S : R*> — R such that

lim S(z) = +oo,

‘Z‘—>+OC

then (H,) is satisfied provided that there exists ¢ € L'(0, T) and M > 0 such that,
forevery e Rand |z| > M

[KS (@) [IVS(2))] < ¢(1)S(2). (2.13)

In such a case the choice is given by K(t,z) = S(z) +d, for d > 0 large enough
and the proof of this fact goes similarly as before. Indeed, this is precisely the as-
sumption required in ([5], Theorem 4) in order to ensure the validity of the elastic
property (see condition (E) in the proof of Theorem 2.3).

We finally observe that the situation considered here includes as a special case
the forced Duffing equation

u" + h(u) = p(1), (2.14)

with [ (&) dé — +oo for |x| — +o0. Indeed, with the choice S(z) =3y*+
o h(&)d¢ and f (1) = (p(1),0), relation (2.13) is easily seen to be satisfied (we
refer to [8], p. 334 for a similar computation). Hence, Theorem 2.3 applies
to the forced superlinear Duffing equation (2.14) (i.e., with /(x)/x — +oo for
|x| — +00), including [7]. It has to be noticed, however, that in such a case a
more general result, replacing the superlinearity condition on /(x) with a weaker
assumption on the time map of the autonomous equation u” + /(u) = 0, has been
proved in [§].

3. Proof of the main result

As a first step, we show that assumption (H,) implies the global continuability for
the solutions to the differential system (2.1). To this aim, let z(¢) be a solution of
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(2.1) and let J = R be its maximal interval of definition. We are going to show
that supJ = +o0; for the backward continuability, the argument is the same.
Suppose by contradiction that supJ < +oo and choose ¢* € J; in view of (2.2),
Gronwall’s lemma implies that, for every t € J N ]t*, + 0],

K(1,2(1)) < K(t*, () el <),

We deduce that K(z,z(¢)) is bounded in any (left) neighborhood of supJ; since
K(t,z) — +o0 for |z| — +oco, uniformly in ¢ € [0, T], |z(¢)| turns out to be bounded
too, a contradiction.

As a consequence, we can define the Poincaré map W associated with the dif-
ferential equation (2.1), that is,

¥:R?5z0 z(T;2),

where z(-;Z) means the solution to (2.1) such that z(0;Z) = Z. It is well known
that, in view of the T-periodicity of V.H(-,z), (initial values, at time =0, of)
kT-periodic solutions to (2.1) (for every integer k > 1) correspond to fixed points
of W*, the k-th iterate of ¥. To find fixed points of Wk we will use a suitable
version of the Poincaré—Birkhoff fixed point theorem, following closely the argu-
ment in [12]. Indeed, we have that ¥ is a global homeomorphism of the plane
onto itself; moreover, in view of the Hamiltonian structure of (2.1), Liouville’s
theorem implies that W* is area preserving. We thus have to show that a “twist
condition” is satisfied for a suitable annulus.

From now on, k > 1 is a fixed integer. As a preliminary step for our argument,
we recall that the global continuability for the solutions to (2.1) implies the follow-
ing “elastic property” (see for instance [12], Proposition 3.2):

(E) for every t; >0 and for every My >0, there exists My > M such that
|z(t;2)| = M for every t € [0, 1] and for every |z| > M.

According to (E), fix a constant r > 0 such that, for |Z| > r, then z(¢;Z) # 0 for
every ¢ € [0,kT] and define j; as the smallest integer such that

Rot(z(1;2);[0,kT]) < ji, forevery |z| =r (3.1)
(in view of the continuous dependence of the solutions to (2.1) from the initial con-
ditions, Rot(z(#;-); [0,kT1) is a continuous function).

Fix now an integer j > j;: we claim that there exists R > r such that

Rot(z(#;2);[0,kT]) > j,  forevery |Z| = R. (3.2)
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Indeed, in view of (2.4), let n € Ny and 7, > 0 be such that

2/];/“ (LT a,(t) dt — 17,1T> > .

By condition (2.3), there exists R > r such that, for a.e. # € [0, 7] and |z| > R,

(V.H(t,z)|z)

V,,(Z) > an([) — Ny-

Let us choose (using (E) again) R > R such that, for |Z| = R, then |z(¢;Z)| > R for
every t € [0, kT]; then

dt

r zZ(t;2)) | z(t; 2
Roty, (2(t;2); [0, T)) :2/11/ L <VZH(; ((Zly(t.);)l) (1:2))

T
> 2:% L an(t)di — KL S
In view of Proposition 2.2, we have that (3.2) holds true, as claimed.

Taking into account (3.1) and (3.2), the existence of two kT -periodic solutions
z,gi.(l), z,(fzi(t) to (2.1) satisfying (2.5) follows from the Poincaré—Birkhoff fixed
point theorem, in the version given in [10] (see Remark 3.1). Finally, (2.5) and
the continuity of the rotation number imply that lim;_., |z,%(0)| = 4o (for
i = 1,2) so that, using again (E), relation (2.6) holds true.

Remark 3.1. Tt is worth noticing that we are referring, here, to the paper [10],
which establishes a version of the Poincaré—Birkhoff theorem for a standard
annulus, and not to the most known [11], dealing with some topological annuli
also. Indeed, such a more general version of the Poincaré—Birkhoff theorem hides,
probably, some difficulties, in view of the recent counterexamples given in [16] (see
[13] for more information about this point). The result for a standard annulus, on
the other hand, seems to be well established and we refer also to the paper [21],
where an independent proof is given (see in particular [21], Corollaries 2 and 3
for a detailed description of the application of the Poincaré—Birkhoff theorem to
planar Hamiltonian systems).

4. Further remarks for the unforced case

We conclude the paper with some remarks dealing with the “unforced case”,
namely when

V.H(1,0) = 0. (4.1)
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For the second order equation (2.7), such a situation has been considered first by
Hartman [14] and Jacobowitz [15], by the use of suitable versions of the Poincaré—
Birkhoff theorem again.

As it is clear, condition (4.1) is not in contradiction with (H;) and (H;), so
that Theorem 2.3 can still be applied, giving the existence of infinitely many kT -
periodic solutions for every k > 1. On the other hand, in the unforced case, typi-
cal results are obtained by exploiting some kind of gap between the behavior of
the nonlinearity at zero and at infinity. In particular, when the Poincaré—Birkhoff
fixed point theorem is employed, one can choose the inner boundary of the annu-
lus (that is, » > 0 in formula (3.1)) in order to reflect the behavior of small-norm
solutions, leading to a more careful estimate of j;. For instance, we can state the
following:

assume that there exists b € L'(0, T) such that

(V.H(t,z)|

lim sup ‘2 2 < b(t), uniformly for a.e.t € [0,T); (4.2)

|z]—0 |z
then ji < &% (k/(2n) [ b(1) di), where, for a € R, by & (a) we mean the least inte-
ger strictly greater then a.

Notice that (4.2) is satisfied if H(z,z) is twice differentiable in the second variable,
with D?H(t,z) an L'-Caratheodory function. Other estimates for Ji could be
given in terms of the Maslov index of the linear system Jz' = D2H(t,0)z, on the
lines of [18].

Remark 4.1. It is worth noticing that, in order to satisfy (H;), the second possi-
bility described in Remark 2.5 is now no longer possible (unless f(¢) = 0, i.e. the
problem is autonomous). Hence, the more natural condition of global continu-
ability comes here from (2.10) and (2.11). Observe in particular that, in the special
case of a scalar second order equation with weight like

u" +q(t)f(u) =0, (4.3)

being f(x)x > 0 for every x # 0, assumption (H;) is always satisfied whenever
q(t) is of class C' and ¢(z) > 0 for every ¢ € R. Indeed, with the usual position
H(t,x,y) =3y*+ q(t)F(x), being F(x) = [ f(&) d&, we have, for a suitable con-
stant ¢ > 0,

QH(I, z)

A

Py =|¢' (t)F(x)| < cq(t)F(x) < cH(t,z).

(As shown in [6], ¢(¢) locally of bounded variation turns out to be sufficient for the
global continuability of the solutions to (4.3).)
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On the other hand, it has to be remarked that the hypothesis of global continu-
ability is avoided in [14] using a priori-bounds techniques and a truncation argu-
ment, which are possible in view of (4.1). We do not know if this is the case for a
general planar Hamiltonian system, without further conditions.

Remark 4.2. For a planar Hamiltonian system satisfying (4.1) the existence of
infinitely many Dirichlet solutions (i.e., x(0) = x(7) = 0), with the same nodal
characterization of Theorem 2.3, has been recently proved in [4], assuming (H,)
of Theorem 2.3 (precisely, (2.10) and (2.11) in Remark 2.5) and D?H (t, z) positive
definite, with

lim gy, (DZH(t,2)) = +o0,  uniformly in ¢ € [0, 7).

|z| =400

Here by u,,;,(A) we mean the least (real) eigenvalue of a (real) symmetric matrix
A. Tt is easily seen that such a condition implies (H;) of Theorem 2.3; indeed,

(V.H(t,z)|z) = < ( J; D*H(t,sz) ds)z | z>
> umm(f D2H(1,52) ds ) 2|,
0

so that (H,) holds true with V,(z) = |z|* and a,(7) = n.

Actually, it is possible to see that ([4], Theorem 2.1) holds true also assuming
the weaker condition (H3). On the other hand, the proof in [4], which is based on
global bifurcation techniques, works also for some classes of non-Hamiltonian
planar systems (see [4], Remark 2.4 as well as the generalization to planar Dirac-
type system given in [3]).

Acknowledgement. The author is grateful to Professor Anna Capietto for suggest-
ing this research and for useful discussions during the preparation of the paper.
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