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Periodic solutions for a third-order differential equation
without asymptotic behavior on the potential

Anderson Luis Albuquerque de Araujo
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Abstract. We consider the third-order differential equation u”" + au” + g(u’) + cu = p(t),
where ¢g : R — R is a continuous function. We prove the existence of w-periodic solution
for this equation, using coincidence degree theories.
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1. Introduction

We consider the third-order differential equation

n

u" +au” + g(u') + cu= p(1), (1)
where ¢ : R — R is continuous, p € C(R, R) is w-periodic, a € R, ¢ € R\{0}.
In [3], J. O. C. Ezeilo and P. Omari studied problem (1), with p: [0,27] — R
belongs to L'(0,2x) and periodic boundary conditions

u(0) =u2n), u'(0)=u'(2n), u"(0)=u"(27n),

assuming that g satisfies the condition

e h (o) = 2 < om0 - ) @)

for |s| > r > 0, where m € N and /1% : [0, +c0[ — R are two functions such that

lim |s|h*(]s]) = +oo. (3)

|s| =400



86 A. L. A. de Araujo

We observe that conditions (2) and (3) imply, for |s| large enough, that 99 fies

strictly between m2 and (m + 1)°. A
Moreover liminf|y_ @ or lim SUP|5| 4 oo &:)
(m+ 1)* but “slowly” on account of condition (3).
In [5], F. M. Minhos studied problem (1), with p:[0,27] — R belongs to
L'(0,27) and periodic boundary conditions

2

main attain either m= or

u(0) =u(2n), u'(0)=u'(2n), u"(0)=1u"(27),
assuming that g and G, defined by G(u) = [ g(s) ds, satisfies the conditions

m* < liminf@ < limsup@ <(m+1)*
e R

and

2 2
m? < timsup22®  limine 290
§——+00 S s+ s

< (m+1)*%

F. M. Minhos [5] improves a result due to J. O. C. Ezeilo and P. Omari [3],
weakening the condition on the oscillation of g.

In [1], P. Amster, P. De Napoli and M. C. Mariani studied the problem (1)
with condition corresponds to the resonant case in g, p € L?(0,2r) and periodic
boundary conditions

u(0) =u(2n), u'(0)=u'(2n), u"(0)=u"(27).
Our main theorem is:

Theorem 1.1. Consider g : R — R continuous, a,c € R\{0}, such that
¢
- <0. 4
o< (4)

Then the equation

u" +au" +gu') + cu = p(1), (5)
has a solution for every p € C(R,R), w-periodic.

Note that the hypothesis in Theorem 1.1 about the potential ¢ is only the con-
tinuity.
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Example 1.2. Consider the equation (1) with a = =2, ¢ =2, g(s) = V1 + s* and
p(t) = cos(t). Theorem 1.1 states that the equation

u" —2u" 4+ /1 + (w)* + 2u = cos()

has a nontrivial 2z-periodic solution. Note that g(s) = V1 + s* does not satisfy
the hypotheses of [3] and [5].

Corollary 1.3. Consider the same assumptions of Theorem 1.1, with ¢(0) # 0.
Then the equation

n

u" +au" +gu') + cu=0,

has a nontrivial w-periodic solution.

2. Some tools from coincidence degree theory

The method to be used in this paper involves the applications of operators of index
zero and fixed points theories. In order to make this presentation as self-contained
as possible we introduce a few concepts and results about the operators of index
zero as follows. For more details see R. E. Gaines and J. L. Mawhin [4].

Definition 2.1. Let X, Y be real Banach spaces, L : Dom(L) < X — Y be a lin-
ear mapping, and N : X — Y be a continuous mapping. The mapping L is said to
be a Fredholm mapping of index zero if

dim(Ker(L)) = codim(Im(L)) < 40
and Im(L) is closed in Y.

Suppose that X and Y are Banach spaces, L : Dom(L) =« X — Y is a linear
Fredholm operator of index 0 with range Im(L) and null space Ker(L), Y, is a
complement of Im(L) in Y, X is a complement of Ker(L) in X. Thus, we have
the decomposition X = Ker(L) ® X, and ¥ =Im(L) ® Y>. Let P: X — Ker(L)
be the projection parallel to X, and Q: Y — Y, the projection parallel to Y>.
Hence Im(P) =Ker(L) and Im(L) = Ker(Q). Let Kp:Im(L) — Dom(L) N
Ker(P) be the inverse of L restricted to Dom(L) n Ker(P) and Kp o = Kp(I — Q).

Definition 2.2. The mapping N is said to be L-compact on Q if Q is an open
bounded subset of X, ON(Q) is bounded and Kp(I — Q)N : Q — X is compact.

Since Im(Q) is isomorphic to Ker(L), there exists an isomorphism J : Im(Q) —
Ker(L).
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We will be interested to prove the existence of solutions for the operator
equation

Lu = Nu, (6)

where u € Dom(L) N Q verifying the equation (6).
The following result is due to R. E. Gaines and J. L. Mawhin [4].

Proposition 2.3 (Mawhin’s Continuation Theorem). Let L be a Fredholm map-
ping of index 0 and let N be L-compact on Q. Suppose that

(1) foreach 2 € (0,1), u € 0Q,
Lu # ANu,
(2) ONu # 0 for each u € Ker L N 0Q and
deg(JON,Q nKerL,0) # 0,

where J : Im Q — Ker L is an isomorphism.
Then the equation Lu = Nu has at least one solution in Dom L N Q.

In the following lemma we recall some inequalities which will be very useful
for obtaining an important a priori estimation for the Mawhin’s continuation

theorem. See C. Bereanu [2].

Lemma 2.4. (i) For any u € C*(R, R), w-periodic one has

J:(u’(z))zdt < (%)2

(ii) For any u € C*(R, R), w-periodic one has

Jw(u”(t))2 dt.

0

], < j (1) di.

3. Proof of Theorem 1.1

Proof. Consider the following Banach spaces

X ={u|ue C*R,R),u(t +w) = u(t) for all t € R}
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and
Y ={u|lue C(R,R),u(t+ w) =u(t) for all t € R},

with the norms

luly = max{ul,,, ], [u"],.},

where |u| = max;co,q|u(?)|.
If Dom(L) = {u e X |ue C}(R,R)}, we define a linear operator L : Dom(L)
X — Yby

Lu=u"

We also define a nonlinear operator N : X — Y by setting
Nu=—au" — g(u') — cu+ p(t).

It is not difficult to see that

Ker(L)=R and Im(L)= {u |ue Y,Jw

. u(s)ds = 0}.

Thus the operator L is a Fredholm operator with index zero.
Define the continuous projector P: X — Ker(L) and the averaging projector
Q:Y — Y by setting

and

Hence, Im(P) =Ker(L), Ker(Q)=Im(L) and Kp:Im(L)— Dom(L)n
Ker P the inverse of L|p o z)~ker ps 1S giVe by

¢ 12 ® 8] t[e s [
Kpo(t) = (5—%> Jo L v(s2) ds, ds) —EL Jo L v(s3) ds3 dsy ds;

t sy rS2
JrJ J j v(s3) dss ds; ds .

0J0 JO
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Then QN : X — Y and Kp(I — Q)N : X — X read

w (&)

1
uds+—J p(s)ds,
@ Jo

onute) =~ | “gtuyas - £ |

0

t 12 w S t ® (S 52
Kp(I — O)Nu(t) == — — Nu(sy) dsy ds ——J J J Nu(s3) ds3 ds, ds
ot = 0N = (53 [ Natswy st = L[| [ uton s s
LSy f$2 th t2w t3
+L Jo Jo Nu(s3) ds3 dsy dsy — QNu {12_44—6}

Clearly, ON and Kp(I — Q)N are continuous. By using the Arzela—Ascoli
theorem, it is not difficult to prove that Kp(I — Q)N(Q) is compact for any open
bounded set Q = X. Moreover, ON(Q) is bounded. Therefore N is L-compact
on Q with any open bounded set Q c X.

We will show that there is some positive number Ry, to be given later, such

that the assumptions of Proposition 2.3 are satisfied in set
Qo :={ue X||u, < Ro}.
For each 1 € (0, 1), consider u solution of the equation
u" +aiu” + Jgu') + ciu = Ip(1). (7)

Multiplying equation (7) by u”, using integration by parts and the boundary
conditions #'(0) = u'(w) and u"(0) = u”(w) we conclude that

w

(u”(t))2 dt + 4 deju’(f) g(s)dsdt — clj (u'(t))2 dt

0 dt)o 0

(4]

0

J:;;lt((u"(t))z) dt+a/1J

- zjo POy (1) dt,

bl Jw(u“(z))2 dr — 2/1 Jw(u/(t))z =)t Jw PO (1) dt.

0 0 aljo

From 0 < A < 1 and (4) we conclude that
| @y ars o[ oo s o 0P | weora
T a 0 B 2(12 0 2 0

Therefore,



A third-order differential equation 91

that is,

Jw(u"(t))zdt < IJw \p(0)|> dt =: M. (8)

2
0 asJo

By Lemma 2.4, we have

and
v 1/2 1/2
/ n
'), < L " (1) dt < ' M,2.

Now we take

Goropr = sup  g(s)]. (10)
: se[—wl/lel/z

wl/lel/Z]

Multiplying the equation (7) by u, using integration by parts and boundary
conditions #(0) = u(w) and u”(0) = u”(w) we conclude that

- Jw u" (' (t) dt — al Jw(u’(t))2 dt + }ujw g(u' (1)) u(r) dt + ¢ Jw(u(t))2 dt
0 0 0 0
= /IJO p(t)u(t) dt
Note that

J, o ar=3 |G W) @ =5 ()’ - @) =0

0
So
—al Jw(u’(l))z di+ 1 Jw o (' (0))u(r) dt + Jw(u(l))z di= J " () dr
0 0 0 0

From 0 < 4 < I, the Cauchy—Schwarz inequality, (9) and (10) and the last
equality we conclude that

J:(u(t))zdt§M3. (11)
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Now, multiplying equation (7) by u” and using that u”(0) = u” (), we have

J (u”/(z))2 dr + /IJ g(u'(0)u" (1) dt + cﬂvj u(tyu" (1) dt = iJ p(Hu (1) dt.

0 0 0 0

From 0 < 4 < 1, the Cauchy—Schwarz inequality, (10) and (11), we conclude that
J ("(1))* dt < My, (12)
0

where M, is independent of /.
If u is a solution of (7), by (8), (9), (11) and (12) we conclude that

(&) w

(u'(t))zdt-i-J

0

(" (1)) dr + Jw(u”/(t)) 2 di

0

»
oo = | (0) e+ |
< My + My + M3 + My,
with M| + M, + M3 + M, independent of /, i.e., u € H*(0,w) and
4]l 30,0 < (M1 + Mo + M3 + My)'/. (13)

As H?(0,w) is immersed continuously in C?(0, ), there exists a constant C > 0
such that

uly, < Cllullgs,, forallue H*0,w). (14)
Therefore, if u is a solution of (7), it follows from (13) and (14) that
ul, < C(My + My + M3 + My)"?. (15)

Take M5 > 0 large enough such that

1 1 (@
(o0 =3 | e ar)| < s (16)
We consider
Ry > max{Ms, C(M, + My + M; + My)"/*}. (17)

We define
Q) := {u € X| \u|2 < Ro}.

By (15) and (17), for each 1 € (0,1), u € 9Qy,

Lu # JNu.
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Now we have two cases:
First case, when ¢ > 0. Take u € Ker L n 0Qq; we have u = Ry or u = —Ry. If
u = Ry, by (16) and (17) we have

w

1
uds+—J p(s)dt
@ Jo

w w

onut) =~ [ “guas - £ |

0 0

w

= —9(0) — cRy +%L p(s)dt <0. (18)

If u = —Ry, by (16) and (17) we have
1 w
ONu(t) = —g(0) + cRo + 5] p(s)dt > 0. (19)
0

Furthermore, define a continuous function H (u, ) by

w w w

H(u,p) = —(1 —u)u—l—,u(—%J g(u' (1)) dt—éjo udH—éL p(s) dt), welo1].

0

It follows from (18) and (19) that
H(u, 1) #0  forall u e 0Qyn Ker L.

Hence, using the homotopy invariance theorem, we have

w

deg(QN,QO(_\KeI'L,O):deg(_lj q(”l(t)) dl—ij ud[
 Jo  Jo

1 w
+—J p(s)dt,QomKerL,O)
@ Jo

= deg(—u,QynKerL,0) = —1 #0.

Second case, when ¢ < 0. We have to ue€ KerLn 0y, that u= Ry or
u=—Ry. If u= Ry, by (16) and (17) we have

ONu(t) = le g(u')ds — éjw uds + éjw p(s)dt

@ Jo 0 0

= —g(0) — ¢Ry +%J: p(s)dt > 0. (20)

If u = —Ry, by (16) and (17) we have

w

ONu(t) = —g(0) + cRy + éjo ps)dt <O0. (21)
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Furthermore, define a continuous function H(u, i) by

w

Hup) = (1 —u)uﬂt(—éj

0 g (1)) di — ﬁjwudt+ljwp(s) dz), weo,1].

 Jo w Jo
It follows from (20) and (21) that

H(u,p) #0  forallu e 0QynKer L.

Hence, using the homotopy invariance theorem, we have

deg(QN,QoﬂKerL,O) :deg(_lj C](u/(l)) dl—£J udt
 Jo  Jo

1 w

+ —J p(s)dt,QynKer L, 0)
wJo

=deg(u, QynKer L,0)=1 # 0.

In view of the discussion above, we conclude from Proposition 2.3 that equa-
tion (5) has a solution in Dom(L) n €. O
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