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Abstract. We consider, for a fixed odd prime number p, monic polynomials in one variable
over the finite field F, which are equal to the sum of their monic divisors. Call them perfect
polynomials. We prove that the exponents of each irreducible factor of any perfect polyno-
mial having no root in F, and p irreducible factors are all less than p — 1. We completely
characterize those perfect polynomials for which each irreducible factor has degree two and
all exponents do not exceed two.
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1. Introduction

Let p be a prime number. For a monic polynomial 4 € [, [x] let

a(4) = Z d
d | A,d monic

be the sum of all monic divisors of A (1 and 4 included). Observe that 4 and a(A4)
have the same degree. Let us call w(A4) the number of distinct monic irreducible
polynomials that divide 4. The function sigma is multiplicative on co-prime poly-
nomials while the function omega is additive (on co-prime polynomials), a fact
that shall be used many times without more reference in the rest of the paper.

A perfect polynomial is a monic polynomial A such that:

a(d) = A.

This notion is a good function field analogue of the notion of a multiperfect
natural number # that satisfies: n divides o(n). For example, 120 is a multiperfect
number since 120 divides 360 = ¢(120). Indeed, since deg(4) = deg(a(A4)), if a
monic polynomial 4 € F,[x] divides 6(A4), then both are forced to be equal.
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We say that a polynomial 4 is odd (resp. even) if it has no root in [F, (that is:
ged(A,x? — x) = 1) (resp. it is not odd). So, the even polynomials are the poly-
nomials with at least one divisor D of (the usual) absolute value equal to p, i.e.,
|D| := p%eP) = p: for example, T = x” +x is even since x divides 7, with
x| = p.

Throughout the paper, we shall assume that “a polynomial” means a monic
polynomial and that the notion of polynomial irreducibility is defined over F,.
For some recent results about even or splitting perfect polynomials see e.g. [10]
and the references therein. Important results about perfect polynomials appear
in the work of Canaday ([4]) and Beard et al. ([3], [1]). However, little is known
about odd perfect polynomials.

Observe that any odd perfect polynomial in F,[x] must be a perfect square. In-
deed, if A4 is odd perfect, then

g(A) =A#0 modx. (1)

If A is not a square, then there exists an irreducible polynomial P and an integer
m such that: 4 = P>"*1. C, where C € F,[x], deg(P) > 2 and ged(P, C) = 1. So,
a(A) = a(P?*1) . ¢(C) = 0 mod o(P*"*!). Since P(0) = 1, we have o(P>"*!) =
14+ P+ -+ P! =0modx. Thus, 5(4) =0 modx, which contradicts (1).

Also trivially, there is no odd perfect polynomial over F, with w(4) = 1.
Canaday [4], Theorem 17, proved the inexistence of odd perfect polynomials
over F, with two irreducible factors, i.e., with w(4) =2. We proved in [7], [9]
(resp. [8]) the inexistence of odd perfect polynomials over F, with w(A4) € {3,4}
(resp. over F3 with w(4) = 3).

A perfect polynomial over F, must have nmp minimal irreducible divisors
(see Lemma 2.1), so trivially there is no perfect polynomial over [, with less
than p irreducible factors. However, we prove in [5] that there exist odd perfect
polynomials over [, for infinitely many values of p. We elaborated on Link’s
construction (described in [12] and more detailed in [2]) of an explicit odd
perfect polynomial of degree 11 over ;. More precisely, we were able to find
odd perfect polynomials A over [, with w(A4) = p for primes p congruent to
11 or 17 modulo 24.

The question that arises naturally is the following: For a given odd prime
number p, how can we describe the odd perfect polynomials over [, with exactly
p irreducible factors?

Motivated by Link’s construction mentioned above, we will consider the small-
est possible unknown case, besides some general results displayed in Theorem 1.1.
Namely, we would like (see Theorem 1.2) to determine all odd perfect polynomials
of the form 4 = P{" ... P,’, where for any j, deg(P;) =2 and a; € {1,2}.

Our main objective is to prove the following results:
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Theorem 1.1. Let p be an odd prime number. Let A= P{'... P, be an odd
perfect polynomial over F,, with p irreducible factors. Then

i) a; is even for at least one j € {1,...,p},

ii) aj < p—2forany je{l,...,p},

iii) aj+ 14 p— 1 for at least one j € {1,..., p},

V) a; < p — 3 whenever xP — x does not divide P; — 1.

Theorem 1.2. Let p be an odd prime number. Let A= P{"... P, be an odd
perfect polynomial over [F,, such that for any j, P; is irreducible, deg(P;) = 2 and
aj € {1,2}. Then A is perfect over [, if and only if

4 =2 for any j.
either (p = 11 mod 24) or (p = 17 mod 24).

In this case such a polynomial is unique and equals [, ¢, ((x+ a)® =3/ 8)2.

Note that if p = 3, then conditions i) and ii) of Theorem 1.1 imply that a; = 2
and a; =1 for at least one j € {1,2,3}, which is impossible. So again we get
Theorem 2.10 in [8]: There exists no odd perfect polynomial over F; with 3
irreducible factors.

2. Preliminaries

2.1. Some useful facts. We denote as usual by N (resp. by N*¥) the set of non-

negative integers (resp. of positive integers). For a set S we denote by #S the car-

dinal of S. For polynomials 4, B € F,[x], we write A" || B if A" | B but A" y B.
A basic but important result is

Lemma 2.1 ([6], Lemma 2.5). Let p be a prime number. Let A € [,[x| be a perfect
polynomial. Then the number of irreducible divisors of A, having minimal degree, is
a multiple of p.

We immediately get

Corollary 2.2. If A € F,[x] is a perfect polynomial with exactly p irreducible
factors Py, ..., Py, then deg(Py) = - -- = deg(P)).

According to Corollary 2.2, we are interested to know the factorization of
a(P?) into irreducible divisors of the same degree as P, for any polynomial P
and for any positive integer a such that P || A4.
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We generalize Lemma 6 in [4] (that covered the case p = 2):

Lemma 2.3. Let p be a prime number and let P € F,[x] be an irreducible poly-
nomial. If o(P*) = Q1" ... Q;", where Qy is irreducible, gcd(P, Q) = 1, deg(P) =
deg(Qy), for any I, and p k¥ a+ 1, then ¢; € {0, 1} for any .

Proof. If ¢; > 2 for some /, then put
l+---4+P'=0"C wherem=c¢ and Q = Q,.
We get
Pl —1=(P-1)Q"C. (2)
Then by taking derivatives on both sides of (2), one has
0# (a+1)PP' = Q" ' (P'OC+ (P —1)(mQ'C+ QC"))
so that, with the observation that ged(P, Q) = 1,
0" | P,

Thus, we get the contradiction

deg(P) < (m — 1)deg(P) = (m — 1) deg(Q) < deg(P’) < deg(P). O

2.2. Notations. Given an odd prime number p, an irreducible polynomial
P e [F,[x] and an integer @ € N*, we would like to understand, as mentioned
in Section 2.1, how ¢(P?) =1+ P+ --- + P? may be factorized into irreducible
divisors of the same degree as P:

o(P) = Q" ...Q%  with deg(P) = deg(Q;) for any /.

We may write a := Np”" — 1 for some N, n € N, such that N > 1 and p/ N. In
that case we put d :=gcd(N,p — 1) and denote by Ly the splitting field of
x™ — 1 over F,, which is a strict subset of the algebraic closure F, of [F,.

Moreover, since p f N, the polynomial x" — 1 has no multiple root (in Ly). It
is well known that the set Qy of N-th roots of unity in [F, consists exactly of d
elements:

Qyi={peF,:u" =1}, #Qy=d=ged(N,p—1).

Consider the Frobenius map: ¢,(t) = ¢ for t € Ly, acting over Ly. The action
is extended trivially to Ly[x] by sending x to x. The Galois group G of the exten-
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sion Ly over [, is generated by ¢,. The Galois group G, of the extension ring
Ly|[x] over [,[x] is isomorphic to G and acts as G on the coefficients of any ele-
ment A € Ly|x].

We say that two elements 7,u € Ly are conjugate if t = p(u) for some p € G.
In the same manner, two polynomials A, B € Ly[x] are conjugate if A = p(B) for
some p € G,.

Finally, we put for u € Ly and for R € Ly|x]:

Conj(u) := {4 € Ly : 2 and u are conjugate},
Conj(R) := {S € Ly[x] : S and R are conjugate}.

Throughout Sections 2.3 and 2.4, we keep the notations
a=Np"—1, d=gcd(N,p—1) withN,neN, N>1and ptN.

2.3. The case N | p — 1. In Section 3, we will very often use the following obvi-
ous fact:

Lemma 2.4. Let P € F,[x| be an odd irreducible polynomial. Then there exists
w € F\{0} such that P — u is even and hence reducible over [F,.

Proof. Tt suffices to remark that the monomial x always divides P — P(0). O

We give now some information on w(g(P“)) for an irreducible polynomial
P € Fp[x] such that any irreducible divisor of ¢(P“) has the same degree as P.

Lemma 2.5. If N|p—1 and if PeF,[x]| is irreducible such that o(P®) =
.. 0 with t = w(a(P)), deg(P) = deg(Q)) for any j and Q; irreducible,

then t € {N —1,N} and for any j there exists y; € Qy such that Q; = P — p;,

¢=p"—=lifw=1and c;=p"if i, # 1.

Proof. Since N | p — 1 and p ¥ N, the polynomial xV — 1 splits over F, and has no
multiple root. Hence,

atl _ | N _ )P )
I+x+ o +xi=2 _& ) = [ c—w*,

x—1 x—1 ey

where ¢; = p" —land ¢, = p"if u# 1. So,

n

a a (PN_l)p <
HeQy
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Still by hypothesis, any irreducible divisor of a(P?) is of degree deg(P), so each
P — u must be irreducible whenever ¢, > 1. Thus, r=N —1 (resp. N) if n =0
(resp. n > 1). 0

2.4. The case N } p — 1. In this section we will give detailed information on
the possible irreducible factors of S = ¢(P?) in the extension field Ly and its
consequences on the irreducible factors of S in the ground field [F,.

First of all, recall that #Qy =d and d < N because Ny p—1. We may
write

QN: {f] - 1752)"'?5(1} < [FP'

Now we factor x¥ — 1 over [,:

N1 =[IL(x~¢&)-Bi...B, (3)
where each B; is odd and irreducible, for 1 < j <r=w(x" —1) —d.
Furthermore, for any j € {1,...,r}, B; splits over Ly, namely,
there exists u; € Ly\F, such that B; = H (x—2). 4)
/€ Conj( ;)

It follows that, for any j,

v := deg(B;) = #Conj(y;) = 2. (5)
Thus, one has
o(x%) = L x - xt = DT (g gl
where 41 =1ifd =1, 41 =(x—-&)...(x=¢y),if d > 2,
Ay =B;...B,, (6)

#; and y; are not conjugate if i # j.
Aj is of degree vy +---+ v, =N —d.

We get two intermediate results:

Lemma 2.6. We suppose that Ny p—1 and d > 2. Let A € F)[x] be odd and
perfect with w(A) = p. If P?|| A for some odd irreducible polynomial P, then

P—¢&, ..., P—¢&,; are all irreducible divisors of A.

Moreover, P — 1 is also irreducible and divides A if n > 1.
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Proof. By substituting x by P in (6), we see that P — &,, ..., P — &, divide a(P?)
and thus divide g(4) = 4. Tt follows by Corollary 2.2 that P —¢&,,...,P— ¢,
must be irreducible. If n > 1, we may add the polynomial P — 1. O

Lemma 2.7. We suppose that N ¥ p — 1. Let P € F,[x] be odd irreducible such that
o(P") = Q)" ...Qf", where t = w(a(P")), deg(P) = deg(Q)) for any € {1,...,1t}.
Then P — y; is reducible over Ly for any j e {1,...,r}.

Proof. By substituting x by P in (6), we have

n

a(PY) = (P— 1)"" "1 (41 (P))"" (42(P))"",
where

4:(P)=Bi(P)...B(P), B(P)= [[ (P-4
/€ Conj( )

If P — g is irreducible over Ly for some j, then the polynomial B;(P) is irreduc-
ible over [, and divides o(P“), with deg(B;(P)) > deg(P). But this is impossible.
U

According to Lemma 2.6, we may put without loss of generality:

Or=P—1,...,0;,:=P—-¢,ifn>1,
Ql ::P—éz,...,Qd_] :P—fdlfl’l:()

In other words, the number of irreducible divisors of o(P?), of the form
P — & € Fy[x], is exactly

d — 1+ min(1,n).
More precise results follow.

Lemma 2.8. With the same hypothesis and notations as in Lemma 2.7, for any
k >d + min(1,n), there exist j € {1,...,r} and | € {1,...,w;} such that Vj is an
irreducible divisor of P — w; and Qi = [ scconj(v;) S-

Proof. We recall that

n

o(PY) = (P~ 1)"" 1 (41(P))"" (42(P))"",
where

Ay(P)=By(P)...B(P), Bi(P)= [[ (P-4,
/.€ Conj( 1)
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Put, for any j e {1,...,r},
P— W= I/jyljl . I//iz‘;] and R/l = H S,
. SeConj(Vy)
where each V7 is irreducible over Ly, w; is the number of irreducible divisors
(in Ly[x]) of P—y; and y; > 1 for any /€ {1,...,w;}. Then each R; lies on
F,[x] and is irreducible (over [F,). We see that

B(P) =R ... R

SRy
Hence, R; divides A>(P) and o(P“). Thus, we may put Qr = Ry which is of
degree v; deg(V}). ]

Lemma 2.9. With the same hypothesis and notations as in (the proof of ) Lemma
2.8, we have

i) deg(Ry) = vydeg(Vy), deg(Vy) = deg(Vix) = 1, for any I,k € {1,...,w;},
ii) (71 + -+ )by = deg(P) = deg(Ry) = v;b; where b; := deg(Vy),

i) vy =y + - +yj,t_f0rany]e{1,...,r},

iv) ¢ = yup" if Ok = Ry

Proof. i) For any [,k € {1,...,w;}, we have
deg(Rjr) = #Conj(Vyr) - deg(Vir) = #Conj(y) - deg(Vy) = v; deg(Vy),
vy deg(V) = deg(Ry) = deg(P) = deg(Rj) = v; deg(Vjk)-

So, deg(Vj) = deg(Vjk).

ii) Slnce P—w=V; mo oy

Viw, and Rjr = [ scconj(y,) S, We obtain

(yjl +oeet ij,>bj = deg(P) - deg(le) = Ulbj

iii) follows from ii).

iv) is obtained from the fact that the exponent of R in the factorization of
a(P?) is exactly y; p".

Note that v; > 2 for any j € {1,...,r}, but b; may equal 1 for some j,

{Qusmin(i,ms - O} ={Ry: 1 < j<r,1 <1 <w},

t r Wi r

Zzyjlp _pnz it +ij/,):pnzujz(]\/_
-1 =

I=d+min(l, n)

d—1+min(1,n)

t
Zc;: Z ag+N-=-d)p"=p"—1+d-1)p"+(N—-d)p"=a. [
=1

=1
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Corollary 2.10. With the same hypothesis and notations as in (the proof of)
Lemma 2.8,

i) a(P?) has at most N irreducible distinct divisors if n > 1.

ii) o(P?) has exactly N — 1 irreducible distinct divisors if n = 0.
Proof. First of all, we have, for any j,
L i e Vpw, = Uj-
i) If n > 1, the irreducible distinct divisors of g(P?) are:

P_lap_fZa"wP_éda
R117-~-7R1w1a

er; e '7Rrw,.~
So there are d + wy + - - - + w, such divisors with
d+wi+-—+w,<d+v+--+v,=d+ (N—d)=N.

ii) If n =0, then P — 1 does not divide g(P“), and by Lemma 2.3, o(P?) is
square free. Thus, y; =1 for any j, /.

Therefore, w; =y + -+ + Vv, = Uj for any j. Thus, the number of irreducible
distinct divisors of g(P?) is

d—14w+-+w=d-1+v+--4+v,=d—1+(N-d)=N-1. O

3. The proof of Theorem 1.1

By using notations from Section 2.2, we obtain our main results including several
sufficient conditions for non perfection as stated in Corollary 3.4.

Propositions 3.1 and 3.2 give the first and second part of our theorem. Corol-
lary 3.51iv) gives the third part. The last part is obtained from Proposition 3.6.

Proposition 3.1. There are no odd perfect polynomials A € F,[x] with p irre-
ducible divisors Py,...,P,, of the form A= P{" ... Py, where a; is odd for any
ied{l,....p}

Proof. Since a; is odd, P; + 1 divides ¢(P{'). P;+ 1 cannot be composite since
any of its irreducible factors should have degree < d. So P; + 1 is an irreducible
divisor of A. By applying the same argument to P; + 1, we see that P; + 2 is
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also an irreducible divisor of 4, and so on. Thus, {Py,...,P,} = {P1, P +1,
Py +2,...,Pi+(p—1)} and hence P — p is irreducible for any x € F,. This
contradicts Lemma 2.4. ]

Proposition 3.2. There are no odd perfect polynomials A € F,[x] with p irreducible
divisors P, ..., P,, of the form A = P{" ... P, where for any i € {1,...,p},

ai:Nipni_lv Ni7nieNaNizlap*NivNiLD_l'
Proof. Since N;|p — 1, we may write

o) = ] (Pi= .

ﬂEQN,

Hence,

a=o(a)=[Lote) =TT IT (Pi - )

i ﬂEQN,»

Therefore, we may put

a=Tla=T]TI@-9"%

i &¢eF,

where b: € N (may be equal to 0) and P; — P; ¢ [, if i # j.

It follows that, for any i # j, ged(4;, 4;) = 1 = ged(4;,0(4;)). We see that
A is perfect if and only if each A; is perfect. Hence w(4;) =p, i=1 and
#Qu =p—1, Ny =p—1. So each P — p is irreducible for any u € F,. This
contradicts Lemma 2.4. ]

Proposition 3.3. Let A= P{'... Py’ be an odd perfect polynomial with p irre-
ducible divisors, with a; = Nip" — 1, N;,nj e N, N; > 1, p /' N,.

If n; =0 for some I, then Ny —1<p—2 and n; =0 for any j such that P,
divides a(P;" ).
Proof f Nj|p—1then N;—1<p—2.

We suppose that N; ¥ p—1. If n; =0, then by Corollary 2.10, N;—1 <
w(A)=p. So, Ny—1<p—1. Since p t N;, we must have N; — 1 < p —2.

If j € {1,...,r} such that P;| o(P{"), then the exponent of P; in g(4) is at least

j
p"" — 1, and the exponent of P;in Aisa; = N;—1 < p—2. So we must have

pU—1<aq<p-2.

Thus, n; must be equal to 0. ]
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Corollary 3.4. Let A = P{'...P," € F,[x] be an odd polynomial, with w(A4) = p
and deg(Py) = --- = deg(P,). Then A is not perfect if at least one of the following
conditions holds:

i) There exists j such that v; does not divide deg(P1).
ii) There exists j such that o(x%) is irreducible over [, and N; — 1 y deg(P1).
iii) There exists j such that aj = Np" — 1, a(x%) = (x — 1)”" "' AP 4%", where A, is

irreducible (over F,) and N — d y deg(P), d = ged(N, p — 1).

iv) ag=---=a,=Np"—1with(n>1)or (ged(N,p—1) >2).
V) Forany j,a; = N;p" — 1 with (n; > 1 for any j) or (N; = N,gcd(N,p—1) >2

for any j).

Proof. Observe that ii) and iii) follow from i), and v) implies iv). It suffices to
prove i) and v).

i) We will proceed by proving the contrapositive: If 4 is perfect, then by
Lemma 2.9, we must have deg(P;) = v;b; for any j. So v; divides deg(P;).

v) If n; > 1 for any j, then after re-indexing, we have P, =P, — 1, P3 =
P,—1=P —2,....,P, =P — (p—1). So Py — pis irreducible for any u € F,.
This contradicts Lemma 2.4.

If for any j, N;= N and gcd(N,p — 1) =d > 2, then after re-indexing, we
have P, =Py —¢&, P3y=P—2&,...,P, =P — (p—1)& and Py which are
both irreducible. This again contradicts Lemma 2.4. |

By part v) of Corollary 3.4, if A is perfect then the set A = {i : n; = 0} is not
empty. More precisely, we get

Corollary 3.5. Let A= P{"...P,’ be an odd perfect polynomial over F,, with
w(A) = p, and for each i, a; = Nip" — 1, Ni,n; e N, N; > 1, p ¥ N;. Then
i) for any i ¢ A, there exists j ¢ A such that P = P; — 1.
i) A={1,2,...,p} (that is, for any i, n; = 0),
ili) for any i, P; — 1 does not divide o(P{"),
) foranyi,a;=N;,—1<p—2.

Proof. Here, N; may divide p — 1 for some i.
i) If n; > 1, then

o(P{) =~——F—=(Pi— 1)”""71 -C  for some polynomial C,

where p" —1>p—1>1. Hence, P; — 1 must be irreducible. Put P; = P; — 1.
If j € A, then the exponent of P;in Ais N; — 1 and N; — 1 < p — 2 by Proposition
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3.3, the exponent of P; in g(A4) is at least p" —1. So p—2>N;—1>
p" — 1> p—1, which is impossible.

ii) We prove that for any 7, n; = 0. If not, let 7 such that n; > 1. Then i ¢ A.
Put P, = P;—1. We have ij ¢ A. By putting P, = P;, — 1 = P; —2, we have
i ¢ A, and so on. The polynomials P, P;—1,P;—2,...,P;—(p—1) are all
irreducible. This contradicts Lemma 2.4.

ii) follows from ii).

iv) follows from ii) and from Proposition 3.3. O

Proposition 3.6. Let A = P{'...P," be an odd perfect polynomial over F,, with
w(A) = p such that xP — x does not divide Py — 1. Then a; < p — 3.

Proof. We know, by Corollary 3.5-iv), that a; < p — 2. If a; = p — 2, then

R U
Pi—1  P-1

o(P) = =(Pr=2)... (P —(p—1)).

Since x” —x 4t (Py—1), we have P;(¢) #1 for some e, So Pi(¢) e
{2,3,...,p =1}, (a(P{"))(¢) =0, and x — & divides o(A4) = A. This contradicts
the fact that 4 is odd. ]

4. The proof of Theorem 1.2

We did some computational work to find some perfect polynomials satisfying the
hypothesis of this theorem, but despite several attempts, we did not find any. The
main difficulty appeared to be the random nature of the irreducible factors of A.
More precisely, if we try to build an odd perfect polynomial A4 with p irreduc-
ible factors, we begin by taking an irreducible polynomial R; = (x + cl)2 —d, of
degree 2 such that Ry || 4 or R} || 4.

e If R, || A, then we apply the sigma function o, o(R;) =1+ R, = (x +¢;)> —
(dy — 1) = Ry, which must be an irreducible divisor of 6(4) = 4. We do not
know whether R, || 4 or R3 || 4.

If R, || A, then as above we get Ry = 6(Ry) = 1 + Ry = (x +¢1)> — (d) — 2).
Again we do not know the exponents e € {1,2} such that R§ || 4.

If R? || 4, then o(R?) = R3R4, where R; and Ry are irreducible divisors of A.
For each j € {3,4}, we get two cases as above.

e If R?|| A4, then o(R?) = RyR;3, where R, and R; are irreducible divisors of A4.
We obtain similar results.

Hence, if we apply several times the sigma function g, we see immediately that
we obtain a kind of graph where each vertex is of degree 2 (i.e., there are two edges
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incident to each vertex). This indicates that the computation time, necessary to
consider all cases, may grow too fast.

Observe, that if m is the greatest integer such that for any 1 < j <m, R;|| 4
and Rj;1 = o(R;) = 1 + R;, then by repeating the procedure m times from R; to
Rm-‘rl;

R — O'(R]) =Ry— - — O'(Rm) = Rm+17

we see that the m + 1 elements di,d, — 1,d; — 2,...,d; —m of F, must be all non-
square. The maximum value of such an m is bounded above by ,/p (see [11]), a
nice result that, unfortunately, we were unable to apply here.

However, we were able to refine our method so that it leads us to consider two
main cases:

(aj = 1for atleast one j € {1,...,p}) and (a; =2 for any ).
We need the following obvious fact (for which we omit a proof):
Lemma 4.1. i) Any irreducible polynomial P over [F, of degree 2 may be written as
P=(x+ a)2 —f  wherea, f €, and f is not a square.

ii) For any odd irreducible polynomials P and Q over F,, a(P*) = o(Q?) if and
only if P = Q.

We see that we must deal with irreducible polynomials of degree 2, which may
be written (Lemma 4.1) as: T, s(x) = (x + a)’ — f, where a, f € F, and f is not
a square. We must indicate how (7, ;) and o((T,, f)z) are factorized into a
product of irreducible polynomials of the same kind.

We shall give some preliminary results in order to prove Theorem 1.2. Suffi-
ciency follows from Proposition 4.12. We obtain necessity by Proposition 4.4 and
Corollary 4.14.

Now we prove a crucial result:

Lemma 4.2. Let p be an odd prime number such that (=3) is not a square in [F,.
Let P=x*>—f, Pi=(x+ aj)z — fj and Py = (x+ ak)2 — fi be odd irreducible.
Then PP, = a(P?) if and only if the following conditions are satisfied:

j;' :fka ap = —da; # OfOV any jaka
1 —f+ f2isasquare: 1 — f+ f> =0’ ae Fp,
2f — 1 —2a is not a square and f; + o. is a square,

Y12
=" =4~

=3 L 2 1 _ r 3 1
fj*@,f*]‘j‘i’aj +jffj_@+§.
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Proof. Sufficiency is obtained by direct computations.
Necessity: We have

g(P) =1+ P+ P =(1—f+ %)+ (1-2)x" +x%,
PP = Aj + Bux + Cax* + (2a; + 2ar)x> + x*,

where A = (af = fj)(a; = fi), B = 2ax(a} — f;) + 2a;(ai = f),

Ci = 4aja + (a} — ;) + (ai — o).
Therefore,

aj+ax = 0,
2ak(aj2 — f) +2a;(a — fi) =0,
daja + (@ — f) + (af — fi) = 1 -2,
(af — )@ —fi)=1—f+f~

Hence, either

ar =a; =0,
fitfe=2 -1, (7)
Sifi=1=f+/%
or

ak:_aj#o7
Ji= I,
2a} +2f;=2f — 1,

(@ =) =1—f+1%
In the first case f; and f; satisfy the quadratic equation
?—Q2f —t+1—f+f*=0.

Thus, its discriminant A = (2f — 1) —4(1 — f + f2) = —3 must be a square in
[F,, which contradicts our hypothesis on p.
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Thus, the second case must hold. It follows that

l—f—&—fzisasquare:1—f+f2:a27a:aj2_fje[pp,
fi + o« = a is a square,

12
Ji="—

Since f; is not a square, we see that 2/ — 1 — 2o is not a square. By (8), we get

) 1 -3
f:fj+ajz+_ and fj:ﬁ D

2 6aj

Corollary 4.3. Let p be an odd prime number such that (—3) is not a square in [,
Let P;= (x+a)* — f;, P = (x+aj)2 — fj and P, = (x + ar)? — fi be odd irre-
ducible polynomials such that P;Py = o(P?). Then

aj+tay
ff:ﬁ67ak#qiaai:/2 )

d?
=3 k1l 3 41 = s —
Jj_%i,f,_ﬁ+4+2_fj 16ﬁ+2,wheredjk—a/ ay.

Proof. Put Pi=Pi(x —a)=x>—fi, Pi=(x4+a—a)*—f, Pr=(x+a—
a,~)2—fk. We get

P,P; = o(P?).
The result follows from Lemma 4.2. |

For the rest of the paper, we keep the notations:

A=P{"...Pr  where deg(P;) =2 and 4; € {1,2} for any i.

4.1. The case a; = 1 for at least one j € {1,..., p}. We prove the following
result:

Proposition 4.4. There exists no odd perfect polynomial with p irreducible factors
Pi,...,P,, of the form A= P{" ... Py, where for any i, deg(P;) =2, a; € {1,2},

and a;. = 1 for some k.

4.1.1. The case @; = 1 for any i € {1,..., p}. In this case, after re-indexing, we
may write:

Py=0o(P)=P +1,Py=P,+1=P +2,....,P,=P, | +1 =P +p—1.

Hence, P, P+ 1,..., P + p — 1 are all irreducible. This contradicts Lemma 2.4.
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4.1.2. The case: a; =1, a; =2 for some j, ke {1,...,p}. We remark that
1+ 1=2 always divides p — 1. If 2+ 1 =3 divides p — 1, then, by Theorem
1.11ii), 4 is not perfect. It remains the case p = 2 mod 3.

We also adopt the following convention: we denote P <« Q to mean that P and
Q verify PQ = o(R?) for some R.

We immediately obtain from Corollary 4.3:

Corollary 4.5. If P — Q and if P= (x+a)> — f, Q= (x+b)> — g, where f, g
are not square in [y, then f = g.

Lemma 4.6. The polynomial A may be written as
A=Ay... A,

where Aj = R;(R;+ 1) ... (R; + my)(R; + m; + 1)26}% .Gy forany je{l,....r},
and either R; — 1 is of exponent 2 or R; — 1 does not divide A.

Proof. We may write

A=P ... PP} .. P,

By putting R; = P;, we see that R + 1 = o(R;) divides g(4) = 4. If Ry + 1is of
exponent 1, then we continue the process. After a finite number (say m; + 1) of
steps, the exponent of Ry +my + 1 equals 2. Observe that 1 <m; +1<s < p.
We may suppose that

Pi=Ry, P,=Ri+1,..., Py 11 =R +my.
Now we may apply the process to Ry = Py, 42. After my + 1 steps we get

Pm1+2 - R27 teey Pnu+2+mz - RZ + my

and so on. Altogether, we obtain

Il<(m+1)+m+1)+--4+m+1)=s5<p. O

Lemma 4.7. If A is perfect, if C* divides A, and if C # R; +m; + 1 for any j <r,
then there exist Cy, Cy such that Cy <+ C < C,.

Proof. 1t follows from the fact that C must appear two times in g(A4) = A. The
case C = R; + m; + 1 is excluded since C | o(R; + m;). O
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Corollary 4.8. With the same hypothesis and notations as in Lemma 4.6, for any
Jj < r, one has the following graph:

Ritmj+1 e Gieo Gy S,
where S; is of exponent 1 and each Cyy is of exponent 2.

Corollary 4.9. With the same hypothesis and notations as in Lemma 4.6, there
exists v < r such that, after re-indexing, one has the following graphs:

Ri+mi+ 1< Cp - Cpyy < 8,
Ro+my+1 Cyy - Cyyy = S,

Rv—‘rmv‘i‘l(—)Cle"'(_) thHSU:Rh
where S =R+ 1, S =Rs+b,....S 1 =R, +1,1,0< 1, <m,.

Corollary 4.10. There exists no odd perfect polynomial with p irreducible factors
Pi,...,P, of the form A= P{'... Py, where for any j, deg(P;) =2, and a = 1,
a; =2 for some k, L.

Proof. Put Ry +my+1=x>—g, Ri+m+1=(x—d)>—gjand S; = (x — 5;)°

— hj, where g, g;, h; are not square in F,. We obtain from Corollary 4.5
gr=9=h, h=g, h=g=g+m+l

Moreover, for 2 < j<w, hj_y =g; +m; +1—[;_; since S;_1 = R; +[;_. There-
fore,

g=h=gp+tm+l-L=h+m+1-L=g+m+1-hb+tm+1-1
and so on. We get

g=go+m+ 1)+ +m+1)— (L 4+ +1_1)
=g+ m+D)+m+1)+ -+ m+1) =l ++ 1)

But this is impossible since
I<(m+D)+--+m+1)—(h+-+1L)<p. O

In the next section we prove that there exists at most one odd perfect poly-
nomial having exactly p irreducible divisors, each factor being of degree 2 with
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exponent 2. We give the exact conditions on p that guarantee the existence of
such polynomials. These polynomials were first constructed in [5].

4.2. The case a; = 2 for any j € {1,..., p}. Our proof is inspired by the proof
of Theorem 2 in [5], which in turn is obtained by generalizing Link’s construction
in [12] and [2]. We recall this theorem here together with the main ideas to get it.
But first, we need the following elementary fact.

Lemma 4.11. Let p be an odd prime number. Then (—2) is a square in F, and
(=3) is not if and only if

p=11or17 mod24.

Proof. We consider the Legendre symbol (;). We have, by using Gauss’s law of
quadratic reciprocity:

-(3)-G)6)
= (=) 2P DB s (p=1 mod8)or (p=3 mod8),
-G-6)0

— (—1)P V221D (1;)) _ (13”) s (p=2 mod3).

Thus,

-2 _
<p>:1and <p3>:1 <~ (p=1lor3 mod8)and (p =2 mod3)

< p=11lorl17 mod24. O

Proposition 4.12 ([5], Theorem 2). Let p be prime number such that p =11 or
17 mod24. Then the polynomial A = Hae[Fp((x +a)? - 3/8)2 is odd and perfect
over [

Proof. By Lemma 4.11, we may write —2 = &2 for some o € [,, whereas 3/8 =
(—3)/«® is not a square. So, for any a € [, the polynomial 7, = (x + a)* —3/8
is irreducible (over F,). We remark that

o(T3) =1+ (x* =3/8) + (x* =3/8)" = Tpp - Typr,
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and

U(A) - H O-(Taz) - H (TaJrot/Z : Tafot/Z) = H Ty - H T, = A. O

ael, ael, beF, cel,

To finish the proof of Theorem 1.2, it remains to prove two things (which are
given by Corollary 4.14):

the polynomial [T, ¢ ((x + a)? =3/ 8)2 is the only one that is odd and perfect
over [, with all degrees and exponents equal to 2 if p = 11 or 17 mod 24,

if p does not satisfy p =11 or 17 mod 24, then there exists no such odd perfect
polynomial over [F,.

Lemma 4.13. Let A= P}... P} be an odd perfect polynomial with p irreducible
divisors Py, ..., P, such that, for any j, P; = (x + aj)2 — i Then for any i, there
exists a unique 4-tuple (j, k,1,m) such that

]7617 k¢{lvj}7 l¢{la]}7 m¢{lvk}a Ple:O-(Plz)7 PlPk:a(Przn)

Proof. Existence and uniqueness follow from the fact that each P; appears exactly
two times in 4 = g(A4). O

Corollary 4.14. Let A = P} ... P[f be an odd polynomial with p irreducible divisors
Py, ..., Py, such that, for any j, P; = (x + aj)2 — fj, with a;, f; € F,, f; not a square.
Then A is perfect if and only if
{eilher (p=11 mod24) or (p =17 mod24),
Ji=fi=f=3/8 forany jk.
Proof. Sufficiency is obtained from Proposition 4.12.
Necessity: We remark, from Theorem 1.11iii), that p must satisfy p =2 mod 3

so that (—3) is not a square in [F,. By Corollary 4.3 and Lemma 4.13, for any 1/,
there exists a unique pair (J, k) such that

We then obtain a graph of the form j «» i < k. Hence, by Corollary 4.5, we have
f; = fi = fi. After re-indexing, we get, for any / € {1,... ,‘%3 ,

31«2 2021422044,
2043-2l+1-2/-1, p—-lopesp-2

Thus, for any / € {1, . ,'%3}, we have

S =fh=Nh=/= ==l
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It follows that f; = fi for any j,k € {1,..., p}. By putting f; = fi = f, Lemma
4.2 gives

/i = fi = fforany j k,
1—f+/?isasquare: 1 — [ + [ =a? o€ [,
2f — 1 — 2o is not a square and f + o is a square,

_ 2041
f=="

We may write 4 = [ ., ((x+ o' —f )2. Since 4 is perfect, we can write

o((¥ =) = ((x+a) = ) ((x+6)° = 1),
and we obtain by comparing coefficients (see (8) with a; = a, f; = f)

b= —a, —24>—-1=0, (az—f)zzl—f—l—f2.

Therefore,
ad=-1/2, -3/4+2f =0,
and thus
(~2) = (1/a)* is a square in B, f = 3/8, 2= ~7/8 since f =~ .

Now, since f = 3/8 = (—3)(1/(—2))3, with (—2) a square and f not a square, we
see that (—3) is not a square in [,. By Lemma 4.11 we obtain

p=11lor17 mod?24. O
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