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Abstract. In this paper, we shall define the concepts of completion and complete part with
respect to n-ary ðH;GÞ-hypergroups. Moreover, we present a way to obtain a new n-ary
hypergroup, starting with other n-ary hypergroups. Finally, we introduce the fundamental
relation of an n-ary hypergroup and prove some results. Examples in known classes of
n-ary ðH;GÞ-hypergroups are also investigated.
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1. Introduction and preliminaries

Algebraic hyperstructures are a suitable generalization of classical algebraic struc-

tures. In a classical algebraic structure, the composition of two elements is an

element, while in an algebraic hyperstructure, the composition of two elements is

a set. More exactly, if H is a non-empty set and }�ðHÞ is the set of all non-empty

subsets of H, then we consider the maps of the following type:

fi : H �H ! }�ðHÞ;

where i a f1; 2; . . . ; ng. The maps fi are called (binary) hyperoperations. For all

x, y of H, fiðx; yÞ is called the (binary) hyperproduct of x and y. The algebraic

system ðH; f1; . . . ; fnÞ is called a (binary) hyperstructure, where usually n ¼ 1 or

n ¼ 2. Under certain conditions, imposed on the maps fi, we obtain the so-called

semihypergroups, hypergroups, hyperrings or hyperfields. Since 1934, when Marty

[26] introduced for the first time the notion of a hypergroup, the hyperstructure

theory had applications to several domains. Several books have been written on

this topic, for example see [5], [6], [11], [32]. A recent book on hyperstructures [6]

outlines applications in rough set theory, cryptography, codes, automata, proba-

bility, geometry, lattices, binary relations, graphs and hypergraphs.



Let H be a non-empty set and let }�ðHÞ be the set of all non-empty subsets of

H. A hyperoperation on H is a map � : H �H ! }�ðHÞ and the couple ðH; �Þ is
called a hypergroupoid. If A and B are non-empty subsets of H, then we write

A � B ¼ 6fa � b j a a A; b a Bg; x � A ¼ fxg � A and A � x ¼ A � fxg:

A hypergroupoid ðH; �Þ is called a semihypergroup if for all x, y, z of H we have

ðx � yÞ � z ¼ x � ðy � zÞ, which means that

6
u A x�y

u � z ¼ 6
v A y�z

x � v:

We say that a semihypergroup ðH; �Þ is a hypergroup if for all x a H, we have

x �H ¼ H � x ¼ H. If a hypergroup H contains an element e with the property

that, for all x in H, one has x a xe (resp. x a ex), we say that e is a right identity

(resp. left identity) of H. If xe ¼ fxg (resp. ex ¼ fxg), for all x in H, then e is

a right scalar identity (resp. left scalar identity). The element e is said to be an

identity (resp. scalar identity) if it is both right and left identity (resp. right and

left scalar identity). If H is a hypergroup with identity e, then an element x 0 a H

is called inverse of an element x a H if e a xx 0Bx 0x. A hypergroup H is said to

be of type U on the right if it fulfills the following conditions:

(U1) H has a right scalar identity e;

(U2) for all x; y a H, x a xy ) y ¼ e.

In [16], Fasino and Freni exploited the aforementioned properties in order to

complete the classification of hypergroups of type U . The class of n�-complete

hypergroups is introduced by De Salvo and Lo Faro [14]. Several properties

and examples are found and a geometric interpretation is given by means of

hypergraphs. The class of g�n -complete hypergroups is studied by Davvaz and

Karimian [10]. In [7], Cristea and Ştefǎnescu found su‰cient and necessary con-

ditions for partial hypergroupoids associated with binary relations in order to

be reduced hypergroups. They also determined when the cartesian product of

two hypergroupoids associated with a binary relation is a reduced hypergroup.

A convolution on a hypergroup, especially in the generalization called Hv-group

is given by Vougiouklis [34]. In [20], Hošková and Chvalina presented trans-

formation hyperstructures, namely semihypergroups and hypergroups, acting on

tolerance spaces. One knows the construction of a hypergroup K having as core

a fixed hypergroup H. In [13], the aforesaid construction is generalized to a large

class of hypergroups obtained from a group and from a family of fixed sets, and

its properties are analyzed especially in the finite case. Also see [2], [1], [4], [28],

[30], [33].

260 S. M. Anvariyeh, B. Davvaz and S. Mirvakili



As a generalization of the notion of a group, the notion of an n-ary group

(n-group) was introduced by Dörnate in 1928 [15]. In 1940, Post published an ex-

tensive study of n-groups in which the well-known Post’s Coset Theorem appeared

[29]. Hosszú [21] and Gluskin [19] described n-groups for ¼ 3 using one group,

one automorphism of this group and a constant. Notice that if ðG; �Þ is a group

and n > 2, then we obtain an n-ary group ðG; f Þ, where f ðx1; . . . ; xnÞ ¼ x1 . . . xn,

but for every n > 2 there are n-groups which are not of this form. The reader will

find in [31] a deep discussion of n-group theory.

Recently, research about n-ary hyperstructures has been initiated by Davvaz

and Vougiouklis, who introduced these structures in [12]. They were studied by

Anvariyeh, Davvaz, Dudek, Ghadiri, Leoreanu-Fotea Mirvakili, Vougiouklis,

Zhan and others, see [3], [8], [9], [18], [24], [25], [23], [27], [35]. n-ary hypergroups

are a generalization of hypergroups in the sense of Marty. Also, we can consider

n-ary hypergroups as a nice generalization of n-ary groups.

In this paper, the notion of n-ary ðH;GÞ-hypergroups, as a subclass of n-ary

hypergroups and generalization of n-ary ðH;GÞ-groups is defined. In fact, the

n-ary ðH;GÞ-hypergroup is an n-ary hypergroup in the general sense can be

obtained using an n-ary group and a family of fixed sets. In addition, we in-

troduce the completion of an n-ary hypergroup and prove some results in this

respect. Finally, examples in known classes of n-ary ðH;GÞ-hypergroups are also
investigated.

Let H be a non-empty set. A mapping h : Hn ! }�ðHÞ is called an n-ary

hyperoperation and n is called the arity of hyperoperation.

Let h be an n-ary hyperoperation on H and A1; . . . ;An be non-empty subsets

of H. We define

hðA1; . . . ;AnÞ ¼ 6fhðx1; . . . ; xnÞ j xi a Ai; i ¼ 1; . . . ; ng:

We shall use the following abbreviated notation: the sequence xi; xiþ1; . . . ; xj will

be denoted by x
j
i . Also, for every a a H, we write hða; . . . ; a|fflfflfflffl{zfflfflfflffl}

n

Þ ¼ hð a
ðnÞ
Þ and for

j < i, x j
i is the empty set. In this convention for j < i, x j

i is the empty set and also

hðx1; . . . ; xi; yiþ1; . . . ; yj; xjþ1; . . . ; xnÞ

is written as hðxi
1; y

j
iþ1; x

n
jþ1Þ:

A non-empty set H with an n-ary hyperoperation h : Hn ! }�ðHÞ is called

an n-ary hypergroupoid and is denoted by ðH; hÞ.
An n-ary hypergroupoid ðH; hÞ is an n-ary semihypergroup if and only if the

following associative axiom holds:

h
�
xi�1
1 ; hðxnþi�1

i Þ; x2n�1
nþi

�
¼ h

�
x
j�1
1 ; hðxnþ j�1

j Þ; x2n�1
nþ j

�
;

for every i; j a f1; 2; . . . ; ng and x1; x2; . . . ; x2n�1 a H.
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An n-ary semihypergroup ðH; hÞ, in which the equation b a hðai�1
1 ; xi; a

n
iþ1Þ has

a solution xi a H for every a1; . . . ; ai�1; aiþ1; . . . ; an; b a H and 1a ia n, is called

an n-ary hypergroup. An n-ary hypergroup ðH; hÞ is called an n-ary group if for

every an
1 , hðan

1 Þ is singleton.

Example 1. Let H be a set and jHj > 3. Suppose that u; v a H and uA v. Define

an n-ary hyperoperation f as follows:

f ðxn
1 Þ ¼

H � fug; if ðxn
1 Þ ¼ ðu; v

ðn�1Þ
Þ;

H; if xn
1 a H and ðxn

1 ÞA ðu; v
ðn�1Þ

Þ:

8<
:

Then f
�
xi�1
1 ; f ðxnþi�1

i Þ; x2n�1
nþi

�
¼ H for every i; j a f1; . . . ; ng and x2n�1

1 a H.

Hence, f is associative and ðH; f Þ is a non-commutative n-ary hypergroup.

Example 2 ([9]). Let Z4 be the additive group of order 4 and let H ¼ Z4A fyg
and xn

1 a Z4. Define the commutative n-ary hyperoperation f as follows:

if ðx1 þ x2 þ � � � þ xn þ 2Þ ¼ 0 ðmod 4Þ, then f ðxn
1 Þ ¼ f0; yg,

if ðx1 þ x2 þ � � � þ xn þ 2ÞA 0 ðmod4Þ, then

f ðxn
1 Þ ¼ ðx1 þ x2 þ � � � þ xn þ 2Þ ðmod 4Þ and f ðy

ðiÞ
; xn

iþ1Þ ¼ f ð0
ðiÞ
; xn

iþ1Þ.

Then ðH; f Þ is a commutative n-ary hypergroup.

Example 3. Let ðG; �Þ be an abelian group. We define a ternary (3-ary) hyper-

operation on G in the following way:

f ðx; y; zÞ ¼ x � y�1 � z; for all x; y; z a G:

Then ðG; f Þ is a ternary (3-ary) group.

Example 4. Let G ¼ ðZ16; �Þ and H ¼ 2Z16. Now we define a ternary(3-ary)

hyperoperation on H in the following way:

f ðx; y; zÞ ¼ x � y � zþ 4; for all x; y; z a H:

f is associative since for every x5
1 a R we have

f
�
f ðx3

1Þ; x5
4

�
¼ f

�
x1; f ðx4

2Þ; x5
�
¼ f

�
x2
1 ; f ðx5

3Þ
�
¼ 4:

It is not di‰cult to see that ðH; f Þ is a ternary group.

An element e a H is called a neutral element if x ¼ hð e
ði�1Þ

; x; e
ðn�iÞ

Þ, for every

1a ia n and for every x a H:
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Example 5. Let ðH; a ;þÞ be a totally ordered group and xn
1 a H. Set k a

fi j xi ¼ maxfx1; . . . ; xngg and c ¼ cardfi j xi ¼ maxfx1; . . . ; xngg. Now suppose

that

f ðx1; . . . ; xnÞ ¼
ft a H j taxkg; if c > 1;

xk; if c ¼ 1:

�

It follows that ðH; f Þ is an n-ary hypergroup. If e ¼ minfx j x a Hg, then e is a

neutral element of H.

An element e a H called a weak neutral element if x a hð e
ði�1Þ

; x; e
ðn�iÞ

Þ, for every
1a ia n and for every x a H:

Example 6. Let ðH; f Þ be the n-ary hypergroup in Example 2. For n ¼ 3 it has

two weak neutral elements 1 and 3, for n ¼ 4 it has only one weak neutral element

2, for n ¼ 5 it has no weak neutral elements. Also, it has not a weak neutral ele-

ment for every n.

Let ðA; f Þ and ðB; gÞ be two n-ary hypergroups. A homomorphism from A to

B is a mapping f : A ! B such that f
�
f ðan

1 Þ
�
¼ f

�
fða1Þ; . . . ; fðanÞ

�
holds for all

an
1 a A:

According to [17], an n-ary polygroup is an n-ary hypergroup ðP; f Þ such that

the following axioms hold for all 1a i; ja n and x; xn
1 a P:

1. There exists a unique element 0 a P such that x ¼ f ð 0
ði�1Þ

; x; 0
ðn�iÞ

Þ,
2. There exists an unitary operation � on P such that x a f ðxn

1 Þ implies xi a
f ð�xi�1; . . . ;�x1; x;�xn; . . . ;�xiþ1Þ.

It clear that every 2-ary polygroup is a polygroup. Also, every n-ary group with a

scaler neutral element is an n-ary polygroup.

Also, Leoreanu in [22] defined a canonical n-ary hypergroup. A canonical

n-ary hypergroup is a commutative n-ary polygroup.

Let ðH; f Þ be a commutative n-ary hypergroup and a; bn
1 a H, set a=bn

1 ¼
fx j a a f ðx; bn

1 Þg. H is said to an n-join space [25] if for any a, c, bn
1 , d

n
1 of H the

following implication holds:

a=bn
1 B c=d n

1 A j ¼) f ða; d n
1 ÞB f ðc; bn

1 ÞA j:

2. n-ary (H ,G )-hypergroups

Definition 2.1. Let ðH; f Þ be an n-ary hypergroup and ðG; hÞ be an n-ary group

with a neutral element e. Also, let fAggg AG be a family of non-empty subsets
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indexed in G such that for all x; y a G, xA y, AxBAy ¼ j, and Ae ¼ H. We set

K ¼ 6
g AG Ag and we define the hyperoperation f in K in the following way:

f ðxn
1 Þ ¼ f ðxn

1 Þ for all ðxn
1 Þ a Hn;

f ðxn
1 Þ ¼ Ahðgn

1
Þ for all ðxn

1 Þ a Ag1 � � � � � Agn AHn:

Theorem 2.2. The structure ðK ; f Þ is an n-ary hypergroup.

Proof. Since ðH; f Þ and ðG; hÞ are associative, so ðK ; f Þ has the associative

property.

If y a K and xi�1
1 ; xn

iþ1 a H, since ðH; f Þ is an n-ary hypergroup, then the

equation y a f ðxi�1
1 ; x; xn

iþ1Þ has the solution x ¼ b a H.

Now let y a f ðxi�1
1 ; x; xn

iþ1Þ and xj B H for 1a ja n. Hence, there exists

gj a Aj, such that xj a Agj . Since ðG; hÞ is an n-ary group, the equation

z a hðgi�1
1 ; t; gn

iþ1Þ has the solution t ¼ c a G and so y a f ðxi�1
1 ; x; xn

iþ1Þ ¼ Az ¼
Ahðgi�1

1
; c;gn

iþ1
Þ. r

Definition 2.3. The n-ary hypergroup ðK ; f Þ in Theorem 2.2, is called an n-ary

ðH;GÞ-hypergroup with support K ¼ 6
g AG Ag.

Example 7. Let G ¼ f0; 1; 2g with a ternary operation hðx1; x2; x3Þ ¼ x1 þ x2 þ x3
and H ¼ f0; 1g with a commutative ternary hyperoperation f defined as follows:

f ð0; 0; 0Þ ¼ 0; f ð1; 0; 0Þ ¼ f ð1; 1; 0Þ ¼ f ð1; 1; 1Þ ¼ H:

It is easy to see that ðG; hÞ is a ternary group and ðH; f Þ is a ternary hypergroup.

Let A0 ¼ H, A1 ¼ fa; bg and A2 ¼ fcg. Now, f is a commutative ternary hyper-

operation defined as follows:

f ð0; 0; 0Þ ¼ 0; f ð1; 0; 0Þ ¼ f ð1; 1; 0Þ ¼ f ð1; 1; 1Þ ¼ H;

f ð0; 0; aÞ ¼ f ð0; 0; bÞ ¼ f ð0; 1; aÞ ¼ f ð0; 1; bÞ ¼ f ð1; 1; aÞ ¼ f ð1; 1; bÞ ¼ A1;

f ð0; 0; cÞ ¼ f ð0; 1; cÞ ¼ f ð1; 1; cÞ ¼ A2;

f ð0; a; aÞ ¼ f ð0; a; bÞ ¼ f ð0; b; bÞ ¼ f ð1; a; aÞ ¼ f ð1; a; bÞ ¼ f ð1; b; bÞ ¼ A2;

f ð0; a; cÞ ¼ f ð0; b; cÞ ¼ f ð1; a; cÞ ¼ f ð1; b; cÞ ¼ H;

f ð1; c; cÞ ¼ f ð0; c; cÞ ¼ A1; and f ðc; c; cÞ ¼ H;

f ðx1; x2; x3Þ ¼ H; f ðx1; x2; cÞ ¼ A1; f ðx1; c; cÞ ¼ A2 for all x1; x2; x3 a A2;

and ðK ¼ f0; 1; a; b; cg; f Þ is a ternary hypergroup.
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In the paper, we consider cardG > 1, because in the opposite case the n-ary

hypergroup K is identified with H.

Lemma 2.4. The n-ary hypergroup ðK ; f Þ is weak commutative if and only if the

n-ary hypergroup ðH; f Þ is weak commutative and the n-ary group ðG; hÞ is com-

mutative.

Proof. This is obvious. r

Lemma 2.5. The n-ary hypergroup ðK ; f Þ is commutative if and only if the n-ary

hypergroup ðH; f Þ and the n-ary group ðG; hÞ are commutative.

Proof. For all x; y a G, if xA y, AxBAy ¼ j, then by Lemma 2.4 the proof is

obvious. r

Lemma 2.6.

(1) If an n-ary hypergroup ðH; f Þ has a weak neutral element, then the n-ary

ðH;GÞ-hypergroup ðK ; f Þ has a weak neutral element.

(2) If n ¼ 2, then the converse of ð1Þ is true, too.

Proof. (1) Let e a H be a weak neutral element of ðH; f Þ and x a K . If

x a Ae ¼ H, then we obtain

x a f ð e
ði�1Þ

; x; e
ðn�iÞ

Þ ¼ f ð e
ði�1Þ

; x; e
ðn�iÞ

Þ:

If x a Ag and gA e, then

x a Ag ¼ A
hð e

ði�1Þ
;g; e

ðn�iÞ
Þ
¼ f ð e

ði�1Þ
; x; e

ðn�iÞ
Þ:

Therefore, e a K is a weak neutral element of ðK ; f Þ:
(2) Let e a K be a weak neutral element of ðK ; f Þ. If e a H ¼ Ae, then e is a

weak neutral element of ðH; f Þ. Now let there exists g a G � feg such that e a Ag.

So, for every x a H, x a f ðx; eÞ ¼ Ahðe;gÞ ¼ Ag, which contradicts x a H ¼ Ae.

r

Example 8. The part ð2Þ of Lemma 2.6 is not true for n > 2. Let H be a set such

that jHjb 3 and e; a a H. For every x; y a H, we define a hyperoperation þ as

follows:

xþ y ¼ e if ðx; yÞ ¼ ðe; eÞ or xA eA y;

H � feg if ðx; yÞA ðe; eÞ and x ¼ e or y ¼ e:

�

Set f ðx; y; zÞ ¼ aþ xþ yþ z. Then ðH; f Þ has not any weak neutral element.

In fact, for every x a H, f ðe; x; xÞ ¼ H � feg. If ðG ¼ Z2; hÞ with hðx; y; zÞ ¼
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xþ yþ z is a 3-ary group, A0 ¼ H and A1 ¼ f1g, then 1 is a weak neutral element

of K , since for every x a H, f ð1; 1; xÞ ¼ Ahð1;1;0Þ ¼ A0 and so, x a f ð1; 1; xÞ and
f ð1; 1; 1Þ ¼ Ahð1;1;1Þ ¼ A1 ¼ f1g:

Lemma 2.7. The n-ary hypergroup ðK ; f Þ has a neutral element if and only if for

every s a G � feg, As is singleton and the n-ary hypergroup ðH; f Þ has a neutral

element.

Proof. Let e a K be a neutral element. Then we show that jHj ¼ 1 or e a Ae ¼ H.

Also, we have e a Ag and gA e. Then, for every s a G and x a As, we have

fxg ¼ f ð e
ðn�1Þ

; xÞ ¼ A
hð g

ðn�1Þ
; sÞ
:

Now we have x a As which implies that

As ¼ A
hð g

ðn�1Þ
;0Þ

¼ fxg

and so for every s a G, As is singleton. In particular, Ae ¼ H is singleton and

x a H is a neutral element of ðH; f Þ. Hence, if jHj > 1, then e a H and e is a

neutral element of ðH; f Þ. If e a H, then for every s a G � feg and x a As we get

fxg ¼ f ð e
ðn�1Þ

; xÞ ¼ A
hð e

ðn�1Þ
; sÞ

¼ As:

Hence, As is singleton for every sA e:

Conversely, let e a H be a neutral element and Ag be singleton for every gA e

in G. For every x a K �H there exists gA e such that Ag ¼ fxg, so we have

f ð e
ði�1Þ

; x; e
ðn�iÞ

Þ ¼ A
hð e

ði�1Þ
;g; e

ðn�iÞ
Þ
¼ Ag ¼ fxg:

Therefore, e is a neutral element of ðK ; f Þ. r

Corollary 2.8. If jHj > 1, then every neutral element of an n-ary ðH;GÞ-
hypergroup is a neutral element of H:

Remark 1. An n-ary ðH;GÞ-hypergroup is called an n-ary ð1;GÞ-hypergroup if H

is singleton.

Remark 2. Let H ¼ f0g and ðG; hÞ ¼ ðZ2; hÞ such that for every x; y; z a Z2,

hðx; y; zÞ ¼ xþ yþ z ðmod 2Þ. Let A0 ¼ f0g and A1 ¼ f1g. It is not di‰cult to

see that ðK ; f ÞG ðG; hÞ. Now, ðK ; f Þ has two neutral elements and 1 B H. This

example shows that every neutral element of an n-ary ð1;GÞ-hypergroup is not

belong to H.
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Theorem 2.9. Let ðG; hÞ have a unique neutral element. Then ðK ; f Þ is an n-ary

polygroup if and only if for every s a G � feg, As is singleton and ðH; f Þ is an

n-ary polygroup and ðG; hÞ is an n-ary group with polygroup properties.

Proof. ð)Þ Let ðK ; f Þ be an n-ary polygroup and e a K be a neutral element. If

jHj > 1, then by Lemma 2.7 and Corollary 2.8, e a H and Ag is singleton for

every g a G � feg. So ðH; f Þ is an n-ary subpolygroup of ðK ; f Þ. Since f jH ¼ f ,

hence ðH; f Þ is an n-ary polygroup. Now let g; gn
1 a G, g ¼ hðgn

1 Þ and x a Ag

where xi a Agi . Then x a Ag ¼ Ahðgn
1
Þ ¼ f ðxn

1 Þ. Since ðK ; f Þ is an n-ary polygroup,

we have

xi a f ðx�1
i�1; . . . ; x

�1
1 ; x; x�1

n ; . . . ; x�1
iþ1Þ ¼ Ahðg�1

i�1
;...;g�1

1
;g;g�1

n ;...;g�1
iþ1

Þ:

But, xi a Agi and so

Agi ¼ Ahðg�1
i�1

;...;g�1
1

;g;g�1
n ;...;g�1

iþ1
Þ

and gi ¼ hðg�1
i�1; . . . ; g

�1
1 ; g; g�1

n ; . . . ; g�1
iþ1Þ. Therefore, ðG; hÞ is an n-ary group with

polygroup properties. If jHj ¼ 1, then ðK ; f ÞG ðG; hÞ and the implication is

immediate.

ð(Þ Let x; xn
1 a K and x a f ðxn

1 Þ. If x; xn
1 a H, then x a f ðxn

1 Þ ¼ f ðxn
1 Þ and

so

xi a f ðx�1
i�1; . . . ; x

�1
1 ; x; x�1

n ; . . . ; x�1
iþ1Þ ¼ f ðx�1

i�1; . . . ; x
�1
1 ; x; x�1

n ; . . . ; x�1
iþ1Þ:

Let x a Ag and xi a Agi . Then x a f ðxn
1 Þ ¼ Ahðgn

1
Þ and x a Ag implies that

Ag ¼ Ahðgn
1
Þ and g ¼ hðgn

1 Þ. Hence, gi a hðg�1
i�1; . . . ; g

�1
1 ; g; g�1

n ; . . . ; g�1
iþ1Þ and thus

xi a Agi ¼ Ahðg�1
i�1

;...;g�1
1

;g;g�1
n ;...;g�1

iþ1
Þ ¼ f ðx�1

i�1; . . . ; x
�1
1 ; x; x�1

n ; . . . ; x�1
iþ1Þ:

Moreover, Lemma 2.7, implies that the neutral element of H is a neutral element

of K and ðK ; f Þ is an n-ary polygroup. r

Corollary 2.10. Let ðG; hÞ have a unique neutral element. Then ðK ; f Þ is a canon-

ical n-ary hypergroup if and only if for every s a G � feg, As is singleton and ðH; f Þ
is a canonical n-ary hypergroup and ðG; hÞ is a canonical n-ary group.

Proof. By Theorem 2.9 and Lemma 2.5, the implication is immediate. r

Example 9. Let H ¼ fe; ag with a commutative 3-ary hyperoperation f as

follows:

f ðe; e; eÞ ¼ e; f ðe; e; aÞ ¼ a; f ðe; a; aÞ ¼ f ða; a; aÞ ¼ H:
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Let ðG; hÞ ¼ ðZ2; hÞ such that for every x; y; z a Z2, hðx; y; zÞ ¼ xþ yþ z ðmod 2Þ
and set A0 ¼ H and A1 ¼ f1g. Then ðK ; f Þ is a 3-ary polygroup, but ðG; hÞ is not.
Indeed, ðG; hÞ has two neutral elements and it is not a 3-ary polygroup.

Theorem 2.11. The n-ary ðH;GÞ-hypergroup ðK ; f Þ is a join n-space if and only if

H and G are join n-spaces.

Proof. ð)Þ Let x; xn�1
1 ; y; yn�1

1 a H and ðx=xn�1
1 ÞH B ðy=yn�1

1 ÞH A j. By defini-

tion of f , we have ðx=xn�1
1 ÞK B ðy=yn�1

1 ÞK A j which implies that f ðx; yn�1
1 ÞB

f ðy; xn�1
1 ÞA j and so f ðx; yn�1

1 ÞB f ðy; xn�1
1 ÞA j:

ð(Þ Let x; xn�1
1 ; y; yn�1

1 a K and ðx=xn�1
1 ÞK B ðy=yn�1

1 ÞK A j. If x; xn�1
1 a H,

y a Al and yi a Ali , where i ¼ 1; . . . ; n� 1, then x=xn�1
1 JAe and so y=yn�1

1 B
AeA j. So there exists u a Ae such that x a f ðu; xn�1

1 Þ and y a f ðu; yn�1
1 Þ. Then

Al ¼ Ahðe; l n�1
1

Þ. If yn�1
1 a H, then y a H and implication is immediate. Suppose

that ðyn�1
1 Þ B Hn�1. Then f ðx; yn�1

1 Þ ¼ Ahðe; l n�1
1

Þ. If y a H ¼ Ae, then f ðy; xn
1 ÞJ

Ae ¼ Al and if y a Al , lA 0, then f ðy; xn
1 Þ ¼ A

hðl; e
ðn�1Þ

Þ
¼ Al . Since l ¼ hðe; l n�1

1 Þ,
we have f ðy; xn

1 ÞB f ðx; yn
1 ÞA j. One comes to the same conclusion when

y; yn�1
1 a H and x a Ag and xi a Agi . In the same way the remaining cases are

discussed. r

Given the n-ary semihypergroups ðH; f Þ and ðK ; gÞ. We say that ðK ; gÞ is an
enlargement of ðH; f Þ if
(1) HJK ;

(2) f ðxn
1 ÞJ gðxn

1 Þ for all xn
1 a Hn.

Example 10. Let ðK ; gÞ be an n-ary hypergroup and ðH; gÞ be a sub n-ary

hypergroup. Then ðK ; gÞ is an enlargement ðH; gÞ. In particular, every n-ary

ðH;GÞ-hypergroup ðK ; f Þ is an enlargement of ðH; f Þ.

Suppose that H ¼ ðH; f ; e;�1 Þ, and G ¼ ðG; g; e;�1 Þ are n-ary polygroups,

whose elements have been renamed so that HBG ¼ feg, where e is the neutral

element of both H and G. A new system H½G� ¼ ðM; k; e;�1 Þ, called the

extension of H by G (or extension of n-ary polygroups of H and G), is formed

in the following way. Set M ¼ HAG and let e�1 ¼ e and for all x a M, we

set kð e
ði�1Þ

; x; e
ðn�1Þ

Þ ¼ x. In fact, e is a neutral element of k. Now, for all xn
1 a M,

set

yi ¼
e; if xi a A;

xi; if xi a B;

�
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and define

kðxn
1 Þ ¼

f ðxn
1 Þ; xn

1 a H;

gðyn
1 Þ; if fxn

1gQH and e B gðyn
1 Þ;

gðyn
1 ÞAH; if fxn

1gQH and e a gðyn
1 Þ:

8><
>:

Theorem 2.12. H½G� ¼ ðM; k; e;�1 Þ is an n-ary polygroup.

Proof. The properties of A and B as n-ary polygroups, with tedious and rarely

long computations guarantee that the extension A½B� ¼ ðM; h; 0;�Þ has the

n-ary polygroup properties. r

The above theorem is an extension of Comer’s theorem in [4].

Theorem 2.13. Let H ¼ ðH; f ; e;�1 Þ be an n-ary polygroup and G ¼ ðG; g; e;�1 Þ
be an n-ary group with polygroup properties whose elements have been renamed

so that HBG ¼ feg, where e is the neutral element of both H and G. Set

Ag ¼ fgg for every g a G � feg. Then H½G� ¼ ðM; kÞ is an enlargement n-ary

ðH;GÞ-hypergroup ðK ; f Þ:

Proof. We have K ¼ 6
g AG Ag ¼ HAG ¼ M. Also, suppose that xn

1 a K . Then,

for xn
1 a H, we have f ðxn

1 Þ ¼ f ðxn
1 Þ ¼ kðxn

1 Þ. By definition of f and k we have

kðxn
1 Þ ¼ f ðxn

1 Þ or kðxn
1 Þ ¼ f ðxn

1 ÞAH. Therefore, for every xn
1 a M ¼ K we have

f ðxn
1 ÞJ kðxn

1 Þ. r

Example 11. Suppose that A ¼ f0; ag and B ¼ f0; 1; 2g. Let A ¼ ðA; f ; 0;�Þ
and B ¼ ðB; g; 0;�Þ be two commutative 3-ary polygroups such that for all

x a AAB, �x ¼ x, f ð0; a; aÞ ¼ f ða; a; aÞ ¼ f0; ag and g be a 3-ary hyperopera-

tion as follows:

gð0; 1; 2Þ ¼ gð1; 1; 1Þ ¼ gð2; 2; 2Þ ¼ f1; 2g; gð0; 1; 1Þ ¼ f0; 2g;
gð1; 1; 2Þ ¼ gð0; 2; 2Þ ¼ f0; 1g and gð1; 2; 2Þ ¼ f0; 1; 2g:

Then we haveM ¼ AAB ¼ f0; a; 1; 2g and a 3-ary polygroupA½B� ¼ ðM; h; 0;�Þ
such that hðx3

1Þ ¼ f ðx3
1Þ for every x3

1 a A and

hð0; 1; 1Þ ¼ hða; 1; 1Þ ¼ f0; a; 2g; hð1; 1; 2Þ ¼ hð0; 2; 2Þ ¼ hða; 2; 2Þ ¼ f0; a; 1g;
hð1; 2; 2Þ ¼ f0; a; 1; 2g; hð0; 1; 2Þ ¼ hða; 1; 2Þ ¼ hð1; 1; 1Þ ¼ hð2; 2; 2Þ ¼ f1; 2g;
hð0; a; xÞ ¼ x; Ex a B; hða; a; xÞ ¼ f0; ag; Ex a B:

Also, B½A� ¼ ðM; k; 0;�Þ is a 3-ary polygroup with the 3-ary hyperoperation k

as follows:
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kðx3
1Þ ¼ gðx3

1Þ for all x3
1 a B;

kðx; y; aÞ ¼ a for all x; y a B;

kðx; a; aÞ ¼ f0; a; 1; 2g for all x a M:

Definition 2.14. If ðH; f Þ is an n-ary hypergroup, then the relation g is defined

g ¼ 6
kb1

gk;

where g1 is the diagonal relation, and for every integer k > 1, gk is the relation

defined as follows:

If m ¼ kðn� 1Þ þ 1, then there exist am
1 a H and s a Sn such that

xgk y () x a fðkÞðam
1 Þ and y a fðkÞðasðmÞ

sð1Þ Þ:

In fact, if uk ¼ fðkÞðam
1 Þ and us

k ¼ fðkÞðasðmÞ
sð1Þ Þ, then

x a uk and y a us
k if and only if xgky:

Remark 3. The relation gk in Definition 2.14 is called bk relation if s ¼ Id

(identity map). In the other words, xbky if and only if there exist am
1 a H and an

integer k > 1, such that x; y a fðkÞðam
1 Þ.

Theorem 2.15. If ðK ; f Þ is an n-ary ðH;GÞ-hypergroup, with support K ¼
6

g AG Ag, then K=bK GG.

Proof. Define f : K=bK ! G by bKðagÞ 7! g, where ag a Ag. It is clear that f is

an n-ary group epimorphism. Now let f
�
bKðagÞ

�
¼ f

�
bKðag 0 Þ

�
. Then g ¼ g 0

and so bKðagÞ ¼ bKðag 0 Þ. Therefore, f is an isomorphism. r

Theorem 2.16. If ðK ; f Þ is an n-ary ðH;GÞ-hypergroup, with support

K ¼ 6
g AG Ag, then K=gK GG=gG.

Proof. Define f : K=gK ! G=gG by gKðagÞ 7! gGðgÞ, where ag a Ag. Then f is a

group epimorphism. Since ker f ¼ fgKða0Þg, hence f is one to one and therefore

f is an isomorphism. r

For 1a ia n, we denote Si, the set of i-scalars of the n-ary ðH;GÞ-hypergroup
with respect to the n-ary hyperoperation f as follows:

Si ¼
�
x a K

�� card� f ðxi�1
1 ; x; xn

iþ1Þ
�
¼ 1 for all xi�1

1 ; xn
iþ1 a K

�
:
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Theorem 2.17. Let ðK ; f Þ be an n-ary ðH;GÞ-hypergroup. Then:

(1) If there exists i a f1; . . . ; ng such that Si B ðK �HÞA j, then ðK ; f Þ is an n-ary

group.

(2) If there exists i a f1; . . . ; ng such that Si A j and Si B ðK �HÞ ¼ j, then

cardAg ¼ 1 for every g a G � feg.

Proof. (1) Let u a Si B ðK �HÞ. So there exists gi a G such that u a Agi AH.

Let a a G, so there exist gi�1
1 ; gn

iþ1 a G such that a ¼ hðgi�1
1 ; gi; g

n
iþ1Þ. If uk a Agk ,

kA i, then

f ðuk�1
1 ; u; un

kþ1Þ ¼ Ahðgi�1
1

;gi ;g
n
iþ1
Þ ¼ Aa:

But u a Si and therefore Aa is singleton.

(2) By hypothesis, we have Si JH. Moreover, if u a Si, then for all

a a G � f0g, there exist gi�1
1 ; gn

iþ1 a G such that a ¼ hðgi�1
1 ; gi; g

n
iþ1Þ and so if

uk a Agk , kA i, then f ðuk�1
1 ; u; un

kþ1Þ ¼ Ahðg i�1
1

;gi ;g
n
iþ1
Þ ¼ Aa is singleton. Therefore,

for every gA 0 we have cardAg ¼ 1. r

Let ðH; �Þ be a hypergroup. Define f ðxn
1 Þ ¼ x1 � � � � � xn for every xn

1 a H.

Hence, dernðHÞ ¼ ðH; f Þ is an n-ary hypergroup. Now we have the following

theorem:

Theorem 2.18. Let ðH; �Þ be a hypergroup, ðG; �Þ be a group and ðK ; �Þ be the

ðH;GÞ-hypergroup. Then the n-ary
�
dernðHÞ; dernðGÞ

�
-hypergroup ðK ; f Þ coin-

cides with the n-ary hypergroup dernðKÞ ¼ ðK ; hÞ, such that hðxn
1 Þ ¼ x1 � � � � � xn

for every xn
1 a K :

Proof. By definition we have

x � y ¼
x � y; x; y a H;

Ai�j; ðx; yÞ a Ai � Aj AH 2;

�

f ðxn
1 Þ ¼

f ðxn
1 Þ; for all ðxn

1 Þ a Hn;

Ahðgn
1
Þ; for all ðxn

1 Þ a Ag1 � � � � � Agn AHn:

(

It is not di‰cult to see that hðxn
1 Þ ¼ f ðxn

1 Þ for every xn
1 a K . r

Let A be a subset of an n-ary hypergroupoid ðH; f Þ. Then, for every

m ¼ lðn� 1Þ þ 1 where l a N, the m-ary hyperoperation given by

fðlÞðxlðn�1Þþ1
1 Þ ¼ f

�
f
�
. . . ; f

�
f ðxn

1 Þ; x2n�1
nþ1

�
; . . .

�
; x

lðn�1Þþ1
ðl�1Þðn�1Þþ2

�
;

is denoted by fðlÞ.
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A is called a complete part if the following implication is valid:

fðlÞðxlðn�1Þþ1
1 ÞBAA j ) fðlÞðxlðn�1Þþ1

1 ÞJA:

Let A be a non-empty subset of H. The intersection of the subsets of H which are

complete parts and contain A is called the closure of A in H and it is denoted by

CðAÞ (or CHðAÞ).

Lemma 2.19. The relation xKy , x a CðfygÞ is an equivalence relation.

Proof. This is straightforward. r

Let ðG; gÞ be an n-ary group, e be a neutral element of G and j be a homomor-

phism of n-ary hypergroup ðH; f Þ in ðG; gÞ. Set ker j ¼ fx a H j kðxÞ ¼ eg. If

fH : H ! H=K is the canonical projection, then we denote the ker fH by oH .

Definition 2.20. Let ðH; f Þ be an n-ary hypergroup. We define for every

an
1 a Hn, kða1; . . . ; anÞ ¼ CH

�
f ða1; . . . ; anÞ

�
. Then ðH; kÞ is an n-ary hypergroup

which is called the completion of ðH; f Þ and denoted by DðHÞ.

3. Enlargement of an n-ary hypergroup

Definition 3.1. Let ðH; f Þ be an n-ary hypergroupoid and fAðxÞgx AH be a family

of non-empty sets such that for every ðx; yÞ a H 2, xA y implies AðxÞBAðyÞ ¼ j.
Set KH ¼ 6

x AH AðxÞ and define

gðaÞ ¼ x () a a AðxÞ for all a a KH :

Now we define the following n-ary hyperoperation in KH

hðan
1 Þ ¼ 6

z A f ðgða1Þ;...;gðanÞÞ

�
AðzÞ

�
for all an

1 a KH :

Remark 4. For every x a H, if x a AðxÞ, then ðKH ; hÞ is an enlargement of

ðH; f Þ.

Theorem 3.2. (1) ðH; f Þ is an n-ary semihypergroup if and only if ðKH ; hÞ is an

n-ary semihypergroup.

(2) ðH; f Þ is an n-ary hypergroup if and only if ðKH ; hÞ is an n-ary hypergroup.
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Proof. (1) Let ðH; f Þ be an n-ary semihypergroup. Then, for every a2n�1
1 a KH

such that gðaiÞ ¼ xi, we have

h
�
ai�1
1 ; hðanþi�1

i Þ; a2n�1
nþi

�
¼ 6

z A fð2Þðx2n�1
1

Þ

�
AðzÞ

�
:

Therefore, ðKH ; hÞ is an n-ary semihypergroup.

Conversely, let ðKH ; hÞ be an n-ary semihypergroup and

u a f
�
xi�1
1 ; f ðxnþi�1

i Þ; x2n�1
nþi

�
. Then there exists v a f ðxnþi�1

i Þ such that

u a f ðxi�1
1 ; v; x2n�1

nþi Þ. So,

AðvÞJ 6
w A f ðxnþi�1

i
Þ

�
AðwÞ

�
and AðuÞJ 6

z A f ðxi�1
1

; v;x2n�1
nþi

Þ

�
AðzÞ

�
:

Now let ai a AðxiÞ, b a AðvÞ and c a AðuÞ. Then

hðanþi�1
i Þ ¼ 6

w A f ðxnþi�1
i

Þ

�
AðwÞ

�

and

hðai�1
1 ; b; a2n�1

nþi Þ ¼ 6
z A f ðxi�1

1
; v;x2n�1

nþi
Þ

�
AðzÞ

�
:

Therefore, c a h
�
ai�1
1 ; hðanþi�1

i Þ; a2n�1
nþi

�
¼ h

�
a
j�1
1 ; hðanþ j�1

j Þ; a2n�1
nþ j

�
. Hence, there

exists d a hðanþ j�1
j Þ such that c a hða j�1

1 ; d; a2n�1
nþ j Þ. But

hðanþ j�1
j Þ ¼ 6

t A f ðxnþ j�1
j

Þ

�
AðtÞ

�
;

so there exists r a f ðxnþ j�1
j Þ such that d a AðrÞ. Then

hða j�1
1 ; d; a2n�1

nþ j Þ ¼ 6
s A f ðx j�1

1
; r;x2n�1

nþ j
Þ

�
AðsÞ

�
;

from which q a f ðx j�1
1 ; r; x2n�1

nþ j Þ exists such that c a AðqÞ. But c a AðuÞBAðqÞ
implies that u ¼ q. For this reason u a f

�
x
j�1
1 ; f ðxnþ j�1

j Þ; x2n�1
nþ j

�
. Analogously

one proves

f
�
x
j�1
1 ; f ðxnþ j�1

j Þ; x2n�1
nþ j

�
J f

�
xi�1
1 ; f ðxnþi�1

i Þ; x2n�1
nþi

�
:

(2) We first prove that the implication ). Let ak a AðxkÞ, where k ¼ 1; . . . ; n.

Let 1a ia n. Hence, there exists x a H such that xi a f ðxi�1
1 ; x; xn

iþ1Þ. If
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a a AðxÞ, then

hðai�1
1 ; a;An

iþ1Þ ¼ 6
w A f ðxi�1

1
;x;xn

iþ1
Þ

�
AðwÞ

�
;

therefore ai a hðai�1
1 ; a;An

iþ1Þ.
Conversely, let xn

1 a H and aj a AðxjÞ. Then, for every 1a ia n, a a KH ,

exists such that ai a hðai�1
1 ; a;An

iþ1Þ. Suppose that a a AðxÞ. Then

hðai�1
1 ; a;An

iþ1Þ ¼ 6
w A f ðxi�1

1
;x;xn

iþ1
Þ

�
AðwÞ

�
:

From ai a hðai�1
1 ; a;An

iþ1Þ it follows that y a f ðxi�1
1 ; x; xn

iþ1Þ exists such that ai a
AðyÞ. Therefore, ai a AðxiÞBAðyÞ implies that xi ¼ y and xi a f ðxi�1

1 ; x; xn
iþ1Þ.
r

We set KðPÞ :¼ 6
x AP AðxÞ, where jAPJH. It is clear that KðPÞ ¼ g�1ðPÞ

and if an
1 a KH , then

hðan
1 Þ ¼ K

�
f
�
gða1Þ; . . . ; gðanÞ

��
¼ g�1

�
f
�
gða1Þ; . . . ; gðanÞ

��
¼ g�1g

�
hðan

1 Þ
�

since f
�
gða1Þ; . . . ; gðanÞ

�
¼ g

�
hðan

1 Þ
�
. Hence g is an epimorphism.

Let ðH; f Þ be an n-ary hypergroup, we say that H is regular if it has at least

one neutral element. The element a 0 is inverse of a if f ða; a 0; e
ðn�2Þ

Þ ¼ e. If ðH; f Þ
is regular, we denoted by EH ¼ EðHÞ the set of the identities, and for every a a H,

by iðaÞ the set of the inverses of a.

Theorem 3.3. Let ðH; f Þ be an n-ary hypergroup. Then

(1) EðKHÞ ¼ KðEHÞ;
(2) iðaÞ ¼ K

�
i
�
gðaÞ

��
¼ g�1

�
i
�
gðaÞ

��
for every a a KH.

Proof. (1) It is obvious.

(2) Indeed, for an
1 a KH , one has

c a hðan
1 Þ () c a g�1g

�
hðan

1 Þ
�
() gðcÞ a g

�
hðan

1 Þ
�
¼ h

�
gða1Þ; . . . ; gðanÞ

�
: r

Theorem 3.4. Let ðH; f Þ be an n-ary hypergroup. If P is a complete part of H,

then KðPÞ is a complete part of ðKH ; hÞ.

Proof. Let xt
1 a KH , where t ¼ lðn� 1Þ þ 1 and u a hðlÞðxt

1ÞBKðPÞA j. Then

there exist zt1 a H such that xi a AðziÞ. Hence,

u a 6
zi A fðlÞðz t1Þ

AðziÞ;
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so zr a flðzt1Þ exists such that u a AðzrÞ. Since u a KðPÞ, there exists zk a P such

that u a AðzkÞ, for this reason zr ¼ zk a flðzt1ÞBP. This follows for the complete-

ness of P, fðlÞðzt1ÞJP.

Now suppose that

v a hðlÞðxt
1Þ ¼ 6

y A fðlÞðz t1Þ
Ay:

Then there exists w a fðlÞðzt1Þ such that v a AðwÞ. Since fðlÞðzt1ÞJP, we have

AðwÞJKðPÞ. Therefore, v a KðPÞ. r

Theorem 3.5. Let P be a non-empty subset of an n-ary semihypergroup H. Then P

is a sub n-ary hypergroup of H if and only if KðPÞ is a sub n-ary hypergroup of KH.

Proof. Let ðP; f Þ be a sub n-ary hypergroup of H. It is immediate that KðPÞ
is a sub n-ary semihypergroup. Let b a hðai�1

1 ; xi; a
n
iþ1Þ and there exist

c; ci�1
1 ; cniþ1; y a P such that b a AðcÞ, aj a AðcjÞ ð j ¼ 1; . . . ; i � 1; i þ 1; . . . ; nÞ

and xi a AðyiÞ. The hypothesis implies the equation c a f ðci�1
1 ; yi; c

n
iþ1Þ has a

solution z a H. If q a AðzÞ, we have

hðai�1
1 ; q; an

iþ1Þ ¼ 6
t A f ðc i�1

1
; z; cn

iþ1
Þ
AðtÞ:

Therefore, AðcÞJ hðai�1
1 ; q; an

iþ1Þ and for this reason b a AðcÞJ hðai�1
1 ; q; an

iþ1Þ.
Conversely, let KðPÞ be a sub n-ary hypergroup of KH . If x; xn

1 a P, then

AðxiÞJKðPÞ ð1a ia nÞ. Let u a f ðxi�1
1 ; x; xn

iþ1Þ, am a AðxmÞ (i ¼ 1; . . . ; i � 1;

i þ 1; . . . ; n) and a a AðxÞ. Then

hðai�1
1 ; a; an

iþ1Þ ¼ 6
t A f ðxi�1

1
;x;xn

iþ1
Þ
AðtÞJKðPÞ:

Since AðuÞJKðPÞ, there exists p a P such that AðuÞ ¼ AðpÞ. Therefore, u ¼ p

and P is a sub n-ary hypergroup of H.

Let b a f ðxi�1
1 ; x; xn

iþ1Þ. Since AðxÞ;AðxiÞJKðPÞ, for every ai a AðxiÞ,
y a AðxÞ and a a AðbÞ, there exists z a KðPÞ such that the equation

a a hðai�1
1 ; y; an

iþ1Þ has a solution z a KðPÞ. Hence, c a P exists such that

z a AðcÞ. For this reason

hðai�1
1 ; z; an

iþ1Þ ¼ 6
s A f ðxi�1

1
; c;xn

iþ1
Þ
AðsÞ

and so there exists t a f ðxi�1
1 ; c; xn

iþ1Þ and a a AðtÞ. This implies that b ¼ t a
f ðxi�1

1 ; c; xn
iþ1Þ. r

275Construction of n-ary ðH;GÞ-hypergroups



Theorem 3.6. Let ðx; yÞ a H 2 and ðu; vÞ a AðxÞ � AðyÞ. If ubKH
v, then xbHy.

Proof. Let ubKH
v. Then at

1 a KH , with t ¼ lðn� 1Þ þ 1 exist such that ak a AðxkÞ.
Then, we have

fu; vgJ 6
w A fðlÞðxt

1
Þ
AðtÞ:

So fw1;w2gJ fðlÞðxt
1Þ exists such that u a Aðw1Þ, v a Aðw2Þ. Clearly, w1bHw2 and

so w1 ¼ x, w2 ¼ y. Therefore, xbHy. r

Theorem 3.7. Let ðx; yÞ a H 2 and ðu; vÞ a AðxÞ � AðyÞ. If ubKH
v, then

AðxÞbKn
AðyÞ.

Proof. The hypothesis implies that m a N and at
1 a H exists such that fx; ygJ

flðxt
1Þ. For every ðb1; . . . ; btÞ a Aða1Þ � � � � � AðamÞ, we have

hlðbt
1Þ ¼ 6

v A fðlÞðat
1
Þ
AðvÞ:

So, AðxÞAAðyÞJ hðlÞðbt
1Þ and thus AðxÞbKn

AðyÞ. The inverse implication fol-

lows from Theorem 2.15. r

Theorem 3.8. For every a a AðxÞ, we have CKH
ðaÞ ¼ 6

w ACH ðxÞ AðwÞ.

Proof. Let u a CKH
ðaÞ. Then ubKn

a. Now let u a AðyÞ, since u a AðxÞ and

a a AðxÞ by Theorem 3.7, y a CHðxÞ and

AðyÞJ 6
w ACH ðxÞ

AðwÞ;

so

CKH
ðaÞJ 6

w ACH ðxÞ
AðwÞ:

Conversely, suppose that

u a 6
w ACH ðxÞ

AðwÞ:

Then v a CHðxÞ exists such that u a AðvÞ. By Theorem 3.7, this follows that

AðvÞb �
kþ1AðxÞ. Thus, ub�

ka. r
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Theorem 3.9. We have DðKHÞ ¼ KDðHÞ.

Proof. Let k and h be two n-ary hyperoperations in DðKHÞ and KDðHÞ, respec-
tively. Then, for every an

1 a KH with ai a AðxiÞ, we have

kðan
1 Þ ¼ CKH

�
hðan

1 Þ
�
¼ CKH

�
e 6
w A f ðxn

1
Þ
AðwÞ

	

and

hðan
1 Þ ¼ 6

z ACH ð f ðxn
1
ÞÞ
AðzÞ:

Let u a kðan
1 Þ. Then there exists

v a 6
w A f ðxn

1
Þ
AðwÞ

such that u a CKH
ðvÞ, and there exists z a f ðxn

1 Þ such that v a AðzÞ. By Theorem

3.8, we obtain

CKH
ðvÞ ¼ 6

w ACH ðzÞ
AðwÞ:

So there exists w a CHðzÞ such that u a AðwÞ, since CHðzÞ ¼ CH

�
f ðxn

1 Þ
�
, hence

u a hðan
1 Þ.

Conversely, let u a hðan
1 Þ. Then there exists w a CH

�
f ðxn

1 Þ
�

such that

u a AðwÞ. So there exists z a f ðxn
1 Þ with w a CHðzÞ. Now let v a AðzÞ. By Theo-

rem 3.7, AðwÞJCKH
ðvÞ and therefore u a CKH

ðvÞ. On the other hand,

CKH
ðvÞJCKH

�
AðzÞ

�
JCKH

�
6

t A f ðxn
1
Þ
AðtÞ

	
¼ kðan

1 Þ:

Thus, u a kðan
1 Þ. r

Theorem 3.10. Let ðH; f Þ be an n-ary hypergroup. Then:

(1) oKH
¼ oDðKH Þ ¼ oKDH

.

(2) oKH
¼ KðoHÞ.

Proof. (1) This follows from Definition 2.20 and Theorem 3.9.

(2) Let x a oH and a a AðxÞ. Then

KðoHÞ ¼ K
�
CHðxÞ

�
¼ 6

t ACH ðxÞ
AðtÞ:
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By Theorem 3.8, we have

CKH
ðaÞ ¼ 6

t ACH ðxÞ
AðtÞ ¼ KðoHÞ:

By Theorems 3.4 and 3.5, we have KðoHÞ is a complete part sub n-ary hyper-

group of KH and so oKH
JKðoHÞ. Therefore, oKH

JCKH
ðaÞ which implies that

KðoHÞ ¼ CKH
ðaÞ ¼ oKH

. r

Definition 3.11. Let ðG; f Þ be an n-ary hypergroup. We say K is a closed sub

n-ary hypergroup if for every y; xi�1
1 ; xn

iþ1 a K and y a f ðxi�1
1 ; x; xn

iþ1Þ follows

x a K .

If ðG; f Þ is an n-ary hypergroup and AJG, we set

3A4 ¼ 6
am
1
AA

fðlÞðam
1 Þ;

where m ¼ lðn� 1Þ þ 1 and fð0Þða1Þ ¼ fa1g. Let A be a subset of an n-ary hyper-

group ðG; f Þ. Then A is said to be free or independent if either A ¼ j or for every

x a A, x B 3A� fxg4. A non-free subset is also called dependent. A subset A of

G generates H if 3A4 ¼ H. In such a case, A is called a set of generators of H. A

free set of generator is called a base. We shall denote VG the set 3j4.
An n-ary hypergroup ðG; f Þ is called cambist if for every x; y a G and

A a }ðGÞ, the following implication is satisfied x a 3AA fyg4, x B 3A4 )
y a 3AA fxg4.

Theorem 3.12. Let ðG; f Þ be an n-ary group, H be an n-ary hypergroup without

closed proper sub n-ary hypergroups and K be the n-ary ðH;GÞ-hypergroup. Then:

(1) VK ¼ H,

(2) for every A a }ðKÞ, a subset B of G exists such that 3A4 ¼ Kð3B4Þ. Moreover,

if 3A4AK, then for all z a K � 3A4, there exists j a G � 3B4 such that

33A4A fzg4 ¼ Kð3BA f jg4Þ.
(3) K is a cambist n-ary hypergroup if and only if G is a cambist n-ary group.

Proof. (1) Since H has not closed proper sub n-ary hypergroup, by Theorem 2.15,

H is closed in K and we have VK ¼ H.

(2) By Theorems 2.15 and 3.5, a sub n-ary hypergroup G 0 of G exists such

that 3A4 ¼ KðG 0Þ. Let 3A4AK and z a K � 3A4. Let B the subset of

G ¼ fi a G jAi BAA jg. Now we show that if i a B, then Ai B3A4A j. But

3A4 ¼ KðG 0Þ is a complete part by Theorem 3.4, and Ai ¼ f ðxi�1
1 ; y; xn

iþ1Þ for

any xi�1
1 ; xn

iþ1 a H and y a Ai. Then Ai J 3A4 from which i a G 0 and hence

BJG 0. Therefore, 3B4JG 0, whence Kð3B4ÞJKðG 0Þ and consequently, since
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Kð3B4Þ is closed, so 3A4 ¼ Kð3B4Þ. Since z B 3A4, it follows that j a G exists

such that z a Ai and i B 3B4 (if j a 3B4, thus z a Kð3B4Þ ¼ 3A4Þ. On the other

hand, it is clear that 3AB fzg4 ¼ Kð3BA f jg4Þ and (2) is proved.

(3) Let G be cambist and x; y a K such that x a 3AA fyg4, x B 3A4. By

(2), subset B of G exists such that 3A4 ¼ Kð3B4Þ. Since x B 3A4, we have

y B 3A4. Let y a Ai, so j B 3B4 and 3AA fyg4 ¼ Kð3BA f jg4Þ. It is clear that

s a 3BA f jg4 exists such that x a Ai, where s B 3B4 (since x B 3A4). Since G

is cambist, j a 3BA fsg4. Finally, y a Aj JKð3BA fsg4Þ ¼ 3AA fxg4 and con-

sequently K is cambist. r
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