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1. Introduction

Relative compactness in the space of probability measures is a key tool in the

study of weak convergence. A family F of probability measures on the general

metric space S is said to be tight if for each positive e, there is a compact set K

such that PðKÞ > 1� e for all P in F. According to Prohorov’s theorem, tight-

ness is always a su‰cient condition for relative compactness and is also necessary

if S is separable and complete.

The space C½0; 1� of continuous functions is a classical framework for many

regularities and limit theorems in the theory of stochastic processes. The C½0; 1�-
weak convergence of a sequence of stochastic processes Xn, gives useful results

about the convergence in distribution of continuous functionals of the paths. In

many situations the processes Xn are known to have almost surely paths with at

least some Hölder regularity and the same happens for the limiting process X .

The recent developments in the theory of wavelets and their applications in

probability and statistics show the interest in using more sophisticated function

spaces like the Hölder space Ca½0; 1�, 0 < a < 1, and Besov spaces.

*The authors wish to express their sincere thanks to Prof. M. Ait Ouahra for his suggestions to submit
this work to Portugaliae Mathematica.



Our aim in this paper is to prove that some additive functionals of local times

of symmetric stable processes of index 1 < aa 2 satisfy certain Hölder conditions

in Lp-norms which are more precise than the classical Hölder conditions in the

uniform norm. We generalize also some limit theorems obtained, in the space of

continuous functions, by Rosen [15] for symmetric stable process of index

1 < aa 2 and Yor [19] for Brownian mtion, a ¼ 2. These will be done by recall-

ing notions of anisotropic Besov spaces, we use a result of Kamont [13] who has

proved the characterization of these spaces in terms of the coe‰cients of the

expansion of a continuous function with respect to a basis which consists of tensor

products of Schauder functions. For the one-parameter Besov spaces, Ciesielski

et al. [12] have shown by using the techniques of constructive approximation of

functions that Besov spaces are isomorphic to spaces of real sequences. These

characterizations make the Besov topology easy to handle, and many applications

have been given in stochastic calculus, such as the regularities of some additive

functionals of local times of symmetric stable process of index 1 < aa 2 (see for

example Ait Ouahra et al. [2] and [4]).

Most of the estimates in this paper contain unspecified positive finite constants.

We use the same symbol Cp for these constants, even when they vary from one line

to the next.

Throughout this paper, X ¼ fXt j tb 0g denotes the real-valued symmetric

stable process of index 1 < aa 2, which is known to have a jointly continuous

local time fLðt; xÞ j tb 0; x a Rg (see Barlow [5] and Boylan [11]).

We have the well known regularity property of the local time and we refer to

Marcus and Rosen [14] for a proof.

Lemma 1.1. For any integer pb 1, there exists a constant 0 < Cp < l such that

for all 0a t; sa 1 and all x; y a R,

kLðt; xÞ � Lðs; xÞk2paCpjt� sjða�1Þ=a; ð1Þ

kLðt; xÞ � Lðt; yÞk2paCpt
ða�1Þ=2ajx� yjða�1Þ=2; ð2Þ

where k � k2p ¼ ðEj � j2pÞ1=2p.

The following lemma gives a regularity property of the local time as a random

function of two variables, its proof can be found in Ait Ouahra and Eddahbi [3].

Lemma 1.2. For any integer pb 1, there exists a constant 0 < Cp < l such that

for all 0a t; sa 1 and all x; y a R,

kLðt; xÞ � Lðs; xÞ � Lðt; yÞ þ Lðs; yÞk2paCpjt� sjða�1Þ=2ajx� yjða�1Þ=2: ð3Þ
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Remark 1.3. (1) Using (3) and the fact that a.s. Lð0; xÞ ¼ 0, we get the spatial

Hölder regularity of local time:

kLðt; xÞ � Lðt; yÞk2paCpjx� yjða�1Þ=2: ð4Þ

(2) Notice that for a ¼ 2, X is a Brownian motion. Trotter [17] has proved

the existence of an a.s. continuous version of the Brownian local time lðt; xÞ as a
random function of two variables. Moreover, by Boufoussi and Roynette [10], for

each t > 0 fixed, the random function lðt; �Þ satisfies the Hölder condition ð4Þ with
exponent 1

2 , and by Boufoussi [7], the function ðt; xÞ ! lðt; xÞ satisfies the mixed

Hölder condition ð3Þ with exponent 1
4 in time and exponent 1

2 in space.

In Sections 2 and 3, we study the Hölder properties of some additive function-

als of the local time Lðt; xÞ. We first recall the definition of slowly varying func-

tions and some properties. For more details about slowly varying functions, we

refer the reader to Bingham et al. [6].

Definition 1.4. We say that a measurable function l : Rþ ! Rþ is slowly varying

at infinity if for all t positive, we have

lim
x!l

lðtxÞ
lðxÞ ¼ 1:

We are interested in the behavior of l at þl, then we can assume for example

that l is bounded on each interval of the form ½0; a�, where a > 0.

The following theorem called Potter’s Theorem has played a central role in the

proof of our main results of regularities.

Theorem 1.5. (1) If l is slowly varying function, then for any chosen constants

A > 1 and x > 0, there exists X ¼ XðA; xÞ such that

lðyÞ
lðxÞ aAmax

y

x

� �x

;
y

x

� ��x
( )

ðxbX ; ybXÞ:

(2) If moreover l is bounded away from 0 and l on every compact subset of

½0;þl½ , then for every x > 0, there exists A 0 ¼ A 0ðxÞ > 1 such that

lðyÞ
lðxÞ aA 0 max

y

x

� �x

;
y

x

� ��x
( )

ðx > 0; y > 0Þ:

We now introduce certain generalized fractional derivative transforms which

play a central role in the sequel.
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For any g a �0; b½ and g a Cb BL1ðRÞ, we define

K
l; g
e gðxÞ :¼ 1

Gð�gÞ

ðþl

0

lðyÞ gðxe yÞ � gðxÞ
y1þg

dy:

Note that lðxÞ ¼ oðxbÞ as x ! þl for any b > 0 (see Bingham et al. [6], Prop.

1.3.6), so when g > 0,
Ð þl
1

lðyÞ
y1þg < þl. Consequently, if g a Cb BL1ðRÞ for

some g a �0; b½, then K
l; g
e gðxÞ defined bounded continuous functions.

But for g ¼ 0, since 1
y
is not integrable at þl, K l;0

e is defined by

K
l;0
e gðxÞ :¼ �

ðþl

0

lðyÞ
gðxe yÞ � 1�0;1½ðyÞgðxÞ

y
dy;

for any g a Cb BL1ðRÞ and b > 0.

We put

K l; g :¼ K
l; g
þ � K l; g

� ;

for the symmetric generalized fractional derivatives.

Remark 1.6. If we take lC 1, we recover the definitions of fractional derivative

and Hilbert transform denoted by D
g
e and D0

e (see Yamada [18], Samko et al. [16]

and the references therein).

Following the same arguments used in the proof of Lemma 1 in Ait Ouahra

and Eddahbi [3] in the case of fractional derivatives of local time of symmetric

stable process, we get the following time regularities.

Lemma 1.7. (1) Let 0 < g < a�1
2 and K a fK l; g

e ;K l; gg. Then, for any integer

pb 1, there exists a constant 0 < Cp < l such that for all 0a t; sa 1 and all

x; y a R,

kKLðt; �ÞðxÞ � KLðs; �ÞðxÞk2paCpjt� sjða�1Þ=a�g=a:

(2) In case g ¼ 0 and under the assumption
Ð þl
1

lðyÞ
y
dy < l, we get

kKLðt; �ÞðxÞ � KLðs; �ÞðxÞk2paCpjt� sjx;

where 0 < x < a�1
a
.

Proof. We treat only the case K ¼ K
l; g
þ , the other cases are similar. Here we

distinguish two cases.
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(1) Case g > 0. Let b ¼ jt� sj1=a. By the definition of K l; g
þ , we have

kK l; g
þ Lðt; �ÞðxÞ � K

l; g
þ Lðs; �ÞðxÞk2p

a
1

jGð�gÞj

ð b
0

lðuÞ
kLðt; xþ uÞ � Lðs; xþ uÞ � Lðt; xÞ þ Lðs; xÞk2p

u1þg
du

þ 1

jGð�gÞj

ðþl

b

lðuÞ
kLðt; xþ uÞ � Lðs; xþ uÞ � Lðt; xÞ þ Lðs; xÞk2p

u1þg
du

:¼ I1 þ I2:

We estimate I1 and I2 separately.

Estimate of I1:

Since l is bounded on every compact subset of ½0;þl½; it follows from (3)

that

I1aCpjt� sjða�1Þ=2a
bða�1Þ=2�g

aCpjt� sjða�1Þ=a�g=a:

Now we return to estimate I2:

Potter’s Theorem with 0 < x < g implies the existence of AðxÞ > 1 such that

lðuÞaAðxÞlðbÞ u

b

� �x
:

Combining this fact with (1), we obtain

I2aCpjt� sjða�1Þ=a�g=a:

The proof of this case is done.

(2) Case g ¼ 0. By the definition of K l;0
þ , we have

kK l;0
þ Lðt; �ÞðxÞ � K l;0

þ Lðs; �ÞðxÞk2pa: J1 þ J2;

where

J1 ¼
ð1
0

lðyÞ
kLðt; xþ yÞ � Lðt; xÞ � Lðs; xþ yÞ þ Lðs; xÞk2p

y
dy;

and

J2 ¼
ðþl

1

lðyÞ
kLðt; xþ yÞ � Lðs; xþ yÞk2p

y
dy:
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Now let b ¼ jt� sj2x=ða�1Þ. Using (1), (4) and the fact that l is bounded on every

compact subset of ½0;þl½; we get

J1aCp

ð b
0

kLðt; xþ yÞ � Lðt; xÞk2p þ kLðs; xþ yÞ � Lðs; xÞk2p
y

dy

þ Cp

ð1
b

kLðt; xþ yÞ � Lðs; xþ yÞk2p þ kLðt; xÞ � Lðs; xÞk2p
y

dy

aCp

h ð b
0

yða�1Þ=2�1 dyþ jt� sjða�1Þ=a log
1

jt� sj2x=ða�1Þ

i
:

Then

J1aCpjt� sjx 1þ 2x

ða� 1Þ
�
a�1
a

� x
� j jt� sjða�1Þ=a�x logjt� sjða�1Þ=a�xj

 !

aCpjt� sjx;

where we have used in the last estimation the elementary inequality: for any

x a �0; 1�, we have jx logðxÞja e�1.

We now deal with J2. Thanks to ð1Þ and the assumption
Ð þl
1

lðyÞ
y
dy < l, we

obtain

J2aCpjt� sjða�1Þ=a:

which gives the desired estimate for g ¼ 0. r

In the same way we obtain the following space regularities.

Lemma 1.8. (1) Let 0 < g < a�1
2 and K a fK l; g

e ;K l; gg. Then for any integer pb 1,

there exist a constant 0 < Cp < l such that for any 0a ta 1, all x; y a ½�M;M�,

kKLðt; �ÞðxÞ � KLðt; �ÞðyÞk2paCpt
ða�1Þ=2ajx� yjða�1Þ=2�g:

(2) In the case g ¼ 0 and under the assumption
Ð þl
1

lðyÞ
y
dy < l, we get

kKLðt; �ÞðxÞ � KLðt; �ÞðyÞk2paCpt
ða�1Þ=2ajx� yjða�1Þ=2:

M is a finite positive constant.

Proof. We treat only the case K ¼ K l; g, the other cases are similar. Here we dis-

tinguish two cases.
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(1) Case g > 0. Let b ¼ jx� yj. By the definition of K l; g, we have

kK l; gLðt; �ÞðxÞ � K l; gLðt; �ÞðyÞk2p

a
1

jGð�gÞj

ð b
0

lðuÞ

�
kLðt; xþ uÞ � Lðt; x� uÞk2p þ kLðt; yþ uÞ � Lðt; y� uÞk2p

u1þg
du

þ 1

jGð�gÞj

ðþl

b

lðuÞ

�
kLðt; xþ uÞ � Lðt; x� uÞk2p þ kLðt; yþ uÞ � Lðt; y� uÞk2p

u1þg
du

:¼ K1 þ K2:

We estimate K1 and K2 separately.

Estimate of K1:

Since l is bounded on every compact subset of ½0;þl½; it follows from (2) that,

K1aCpt
ða�1Þ=2a

ð b
0

uða�1Þ=2

u1þg
du

aCpt
ða�1Þ=2ajx� yjða�1Þ=2�g:

Now we return to estimate K2:

Potter’s Theorem with 0 < x < g implies the existence of AðxÞ > 1 such that

lðuÞaAðxÞlðbÞ u

b

� �x
:

Combining this fact with (2), we obtain

K2aCpt
ða�1Þ=2ajx� yjða�1Þ=2�g:

The proof of this case is done.

(2) Case g ¼ 0. Let us give the proof for K l;0
þ . The other case can be derived

similarly and by linearity. By the definition of K l;0
þ , we have

kK l;0
þ Lðt; �ÞðxÞ � K

l;0
þ Lðt; �ÞðyÞk2pa: L1 þ L2;

where

L1 ¼
ð1
0

lðuÞ
kLðt; xþ uÞ � Lðt; xÞ � Lðt; yþ uÞ þ Lðt; yÞk2p

u
du;

327Regularities and limit theorems in some anisotropic Besov spaces



and

L2 ¼
ðþl

1

lðuÞ
kLðt; xþ uÞ � Lðt; yþ uÞk2p

u
du:

Let us deal with L1. We have

L1a

ð b
0

kLðt; xþ uÞ � Lðt; xÞk2p þ kLðt; yþ uÞ � Lðt; yÞk2p
u

du

þ
ð1
b

kLðt; xþ uÞ � Lðt; xÞk2p þ kLðt; yþ uÞ � Lðt; yÞk2p
u

du:

We consider the two cases jx� yj > 1
e
and jx� yja 1

e
.

(a) Case jx� yj > 1
e
. Using (2) and choosing 1

e
< b < jx� yj, we have

L1aCpt
ða�1Þ=2ajx� yjða�1Þ=2:

(b) Case jx� yja 1
e
. By choosing 0 < b < jx� yj, (2) yields

L1aCpt
ða�1Þ=2ajx� yjða�1Þ=2:

Therefore, we deduce that

L1aCpt
ða�1Þ=2ajx� yjða�1Þ=2:

Now we deal with L2. Thanks to ð2Þ and the assumption
Ð þl
1

lðyÞ
y
dy < l, we

obtain

L2aCpt
ða�1Þ=2ajx� yjða�1Þ=2:

which gives the desired estimate for g ¼ 0. r

As a consequence of Lemma 1.8 and the Markov property of symmetric stable

processes, we get the following mixed regularities in time and space. (For more

detail about proof, we refer to Ait Ouahra and Eddahbi [3], Theorem 1, for local

time, and Ait Ouahra [1], p. 13, for fractional derivative of local time of symmetric

stable process of index 1 < aa 2.)

Lemma 1.9. (1) Let 0 < g < a�1
2 and K a fK l; g

e ;K l; gg. For any integer pb 1,

there exists a constant 0 < Cp < l such that, for all 0a t; sa 1 and all x; y a
½�M;M�,
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kKLðt; �ÞðxÞ � KLðt; �ÞðyÞ � KLðs; �ÞðxÞ þ KLðs; �ÞðyÞk2p
aCjt� sjða�1Þ=2ajx� yjða�1Þ=2�g:

(2) In the case g ¼ 0 and under the assumption
Ð þl
1

lðyÞ
y
dy < l, we get

kKLðt; �ÞðxÞ � KLðt; �ÞðyÞ � KLðs; �ÞðxÞ þ KLðs; �ÞðyÞk2p
aCjt� sjða�1Þ=2ajx� yjða�1Þ=a:

2. Besov spaces

We will firstly present a brief survey of Besov spaces. For more details, we refer

the reader to Boufoussi [7] and Ciesielski et al. [12].

Let I ¼ ½0; 1�. We denote by LpðIÞ, 1a p < þl, the space of Lebesgue inte-

grable real-valued functions defined on I with exponent p. The modulus of con-

tinuity of a Borel function f : I ! R in LpðIÞ norm is defined for all h a R by

opð f ; tÞ ¼ sup
0ahat

kDh f kp;

where

Dh f ðtÞ ¼ 1½0;1�h�ðtÞ½ f ðtþ hÞ � f ðtÞ�:

Definition 2.1. The Besov space denoted by B
om; n
p;l, 1a p < þl, is a non-

separable Banach space of real-valued continuous functions f on I , endowed

with the norm

k f kom; n

p;l ¼ k f kp þ sup
0<ta1

opð f ; tÞ
om; nðtÞ

;

where

om; nðtÞ ¼ tm 1þ log
1

t

� � !n
;

for any 0 < m < 1 and n > 0.

Ciesielski et al. [12] showed by using the techniques of constructive approxima-

tion of functions that Besov spaces are isomorphic to spaces of real sequences.

These characterizations allows us to prove in the sequel some results of regularities

of some additive functionals of local times of symmetric stable processes of index

1 < aa 2.
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The Schauder basis on I is defined by

j0ðtÞ ¼ 1½0;1�ðtÞ; j1ðtÞ ¼ t1½0;1�ðtÞ;
n ¼ 2 j þ k; jb 0; k ¼ 1; . . . ; 2 j;

jj;kðtÞ ¼ jnðtÞ ¼ 21� j=2Fð2 j t� kÞ;

8><
>:

where FðuÞ ¼ u1½0;1=2�ðuÞ þ ð1� uÞ1�1=2;1�ðuÞ.
In this basis, the decomposition and the coe‰cients of continuous functions f

on I are respectively given by

f ðtÞ ¼
Xl
n¼0

Cnð f ÞjnðtÞ:

and

C0ð f Þ ¼ f ð0Þ; C1ð f Þ ¼ f ð1Þ � f ð0Þ;
n ¼ 2 j þ k; jb 0; k ¼ 1; . . . ; 2 j;

Cnð f Þ ¼ 2 j=2
�
2f
�
2k�1
2 jþ1

�
� f

�
2k�2
2 jþ1

�
� f

�
2k
2 jþ1

��
:

8><
>:

We consider the separable Banach subspace of B
om; n
p;l, 1a p < þl, defined by

B
om; n;0
p;l ¼

�
f a B

om; n
p;l jopð f ; tÞ ¼ o

�
om; nðtÞ

�
ðt # 0Þ

�
:

The following characterization theorem is due to Ciesielski et al. [12], Theorem

III.2.

Theorem 2.2. The subspace B
om; n;0
p;l , 1a p < þl, corresponds to the sequences�

Cnð f Þ
�
n
such that

lim
j!þl

2�jð1=2�mþ1=pÞ

ð1þ jÞn
h X2 jþ1

n¼2 jþ1

jCnð f Þjp
i1=p

¼ 0:

For the proof of our results, we need the following tightness criterion in the

subspace B
om; n;0
p;l , 2a p < þl (see Ait Ouahra et al. [2], Lemma 4.3).

Theorem 2.3. Let fX n
t j t a ½0; 1�gnb1 be a sequence of stochastic processes

satisfying:

(1) X n
0 ¼ 0 for all nb 1.

(2) For all 2a p < þl, there exists a constant 0 < Cp < þl such that

EjX n
t � X n

s j
p
aCpjt� sjpm for all t; s a ½0; 1�;
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where 0 < m < 1. Then the sequence fX n
t j t a ½0; 1�g is tight in B

om; n;0
p;l for all

n > 0 and p > maxðm�1; n�1Þ.

Following the same arguments used in the proof of Lemma 9 in Ait Ouahra

et al. [4], we have

Lemma 2.4. (1) Let 0 < g < a�1
2 and K a fK g

e;K
gg. The trajectory t !

KLðt; �ÞðxÞ belongs a.s. to B
oða�1Þ=a�g=a; n;0
p;l , 1a p < þl, for any n > 1

p
and all

jxjaM.

(2) In the case g ¼ 0 and under the assumption
Ð þl
1

lðyÞ
y
dy < l, the trajec-

tory t ! KLðt; �ÞðxÞ belongs a.s. to B
ox; n;0
p;l , 1a p < þl, for any n > 1

p
and all

jxjaM, where 0 < x < a�1
a
.

(3) Let 0 < g < a�1
2 , and K a fK g

e;K
gg. The mapping x ! KLðt; �ÞðxÞ belongs

a.s. to B
oða�1Þ=2�g; n;0
p;l , 1a p < þl, for any n > 1

p
and all t a I .

(4) In the case g ¼ 0 and under the assumption
Ð þl
1

lðyÞ
y
dy < l, the mapping

x ! KLðt; �ÞðxÞ belongs a.s. to B
oða�1Þ=2; n;0
p;l , 1a p < þl, for any n > 1

p
and all

t a I , where M is a positive finite constant.

Proof. We are going to prove (1) since the other cases follow in the same manner.

By Theorem 2.3, it su‰ces to show that a.s.

lim
j!þl

2�jð1=2�ðða�1Þ=a�g=aÞþ1=pÞ

ð1þ jÞn
h X2 jþ1

n¼2 jþ1

jCnðKLðt; �ÞðxÞjp
i1=p

¼ 0;

where

CnðKLðt; �ÞðxÞ

¼ 2 j=2 2KL
2k � 1

2 jþ1
; �

� �
ðxÞ � KL

2k � 2

2 jþ1
; �

� �
ðxÞ � KL

2k

2 jþ1
; �

� �
ðxÞ

 !
:

For any l > 0, we set

I ¼ P

�
sup
jb0

2�jð1=2�ðða�1Þ=a�g=aÞþ1=pÞ

ð1þ jÞn
� X2 jþ1

n¼2 jþ1

jCnðKLðt; �ÞðxÞjp
�1=p

> l

�
:

By Tchebychev’s inequality, we have

I a
1

lp

X
jb0

2�jpð1=2�ðða�1Þ=a�g=aÞþ1=pÞ

ð1þ jÞpn
X2 jþ1

n¼2 jþ1

EjCnðKLðt; �ÞðxÞjp:
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In view of the definition of CnðKLðt; �ÞðxÞ and Lemma 1.7, we deduce that

I a
C

lp

X
jb0

1

ð1þ jÞpn < l for all n >
1

p
:

The result is a simple application of the Borel–Cantelli lemma. r

In the following we generalize, in Besov spaces, the results obtained in the

space of continuous functions by Rosen [15] in the case of symmetric stable pro-

cesses of index 1 < aa 2 and by Yor [19] in the case of Brownian motion. The

fractional Brownian motion is obtained as a limit in law of linear local times of

symmetric stable processes. To state this result, let fBH
t ðxÞ j tb 0; x a Rg denote

a fractional Brownian sheet with index H a �0; 1½. It the continuous centered

Gaussian process with covariance function

E
�
BH
t ðxÞ;BH

s ðyÞ
�
¼ ðsbtÞ 1

2
ðjxjH þ jyjH � jx� yjHÞ:

Let ptðx; yÞ be the transition probability density for the symmetric stable processes

and write ptð0; x� yÞ ¼ ptðx� yÞ ¼ ptðjx� yjÞ. The a-potential density is de-

fined by

uaðxÞ ¼
ðþl

0

e�atptðxÞ dt:

Theorem 2.5. Let z an independent exponential random variable of mean 1. Then

as e ! 0 the sequence of processes

1

eða�1Þ=2
�
Lðz; exÞ � Lðz; 0Þ

�
j x a R

	 

;

converges in law to the process

f2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cau1ð0Þ

q
Ba�1
z ðxÞ j x a Rg

in the Besov space B
oða�1Þ=2; n;0
p;l , 2a p < þl, for all n > 1

p
. Ba�1 is independent of z,

where

ca ¼
ðþl

0

p1ð0Þ � p1
1

s1=a

� � !
ds

s1=a
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and

u1ð0Þ ¼ 1

2p

ð
dp

1þ jpja

is the 1-potential at 0.

Proof. By Theorem 1.3 in Rosen [15], we have the convergence of the finite-

dimensional distributions. It remains to show tightness.

By virtue of (4), for any 1a p < þl, we obtain

E½Lðz; exÞ � Lðz; eyÞ�2p ¼
ðþl

0

e�sE½Lðs; exÞ � Lðs; eyÞ�2p ds

aCpðejx� yjÞ2pðða�1Þ=2Þ:

This together with Theorem 2.3 completes the proof of Theorem 2.5. r

3. Anisotropic Besov spaces

Now we denote by LpðI 2Þ the space of Lebesgue integrable functions with expo-

nent p ð1a p < lÞ. For any function f : I 2 ! R, any h a R, the progressive

di¤erence in direction x1 (resp. x2), is defined by

Dh;1 f ðx1; x2Þ ¼ f ðx1 þ h; x2Þ � f ðx1; x2Þ;
Dh;2 f ðx1; x2Þ ¼ f ðx1; x2 þ hÞ � f ðx1; x2Þ:

For any ðh1; h2Þ a R2, we set

Dh1;h2 f ¼ Dh1;1 � Dh2;2 f ;

D2
h; i f ¼ Dh; i � Dh; i f ; i ¼ 1; 2:

For any Borel function f : I 2 ! R such that f a LpðI 2Þ, one can measure its

smoothness by its modulus of continuity computed in LpðI 2Þ norm.

To this end let us define, for any t a I and ðt1; t2Þ a I 2,

oð1;0Þ�pð f ; t1Þ ¼ sup
jh1jat

1

kDh1;1 f kp;

oð0;1Þ�pð f ; t2Þ ¼ sup
jh2jat2

kDh2;2 f kp;

oð1;1Þ�pð f ; t1; t2Þ ¼ sup
jh1jat1; jh2jat2

kDh1;h2 f kp:
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Definition 3.1. Let 0 < a1; a2 < 1 and n a R. The anisotropic Besov space, de-

noted by Lippða1; a2; nÞ, 1a p < þl, is a non-separable Banach space of real-

valued continuous functions f on I 2, endowed with the norm

k f ko
a1 ; a2
n

b :¼ k f kp þ sup
0<t1a1

oð1;0Þ:pð f ; t1Þ
oa1;a2

n ðt1; 1Þ

þ sup
0<t2a1

oð1;0Þ:pð f ; t2Þ
oa1;a2

n ð1; t2Þ
þ sup

0<t1; t2a1

oð1;1Þ:pð f ; t1; t2Þ
oa1;a2

n ðt1; t2Þ
;

where

oa1;a2
n ðt1; t2Þ ¼ ta11 ta22 1þ log

1

t1t2

� � !n
:

We consider the separable Banach subspace of Lippða1; a2; nÞ, 1a p < þl,

defined by

Lip�
p ða1; a2; nÞ :¼

�
f a Lippða1; a2; bÞ joð1;0Þ�pð f ; t1Þ ¼ o

�
oa1;a2

n ðt1; 1Þ
�
as t1 ! 0;

oð0;1Þ:pð f ; t2Þ ¼ o
�
oa1;a2

n ð1; t2Þ
�
as t2 ! 0;

oð1;1Þ:pð f ; t1; t2Þ ¼ o
�
oa1;a2

n ðt1; t2Þ
�
as t1bt2 ! 0

�
;

where t1bt2 :¼ minðt1; t2Þ.
Now, for any continuous functions f on I 2, we have the decomposition

f ðt1; t2Þ ¼
Xl
m¼0

X
maxðn;n 0Þ¼m

Cn;n 0 ð f Þjn n jn 0 ðt1; t2Þ;

where Cn;n 0 ð f Þ ¼ C1
n � C2

n ð f Þ with

C1
n ð f ÞðtÞ ¼ Cn

�
f ð:; tÞ

�
;

C2
n ð f ÞðtÞ ¼ Cn

�
f ðt; �Þ

�
:

	

In order to state our main results, we need the following characterization theorem.

(See Kamont [13], Theorem A.2, who described anisotropic Besov spaces in terms

of the coe‰cients of the expansion of a continuous function with respect to a basis

which consists of tensor products of Schauder functions.)
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Theorem 3.2. The subspace Lip�
p ða1; a2; nÞ, 1a p < þl, corresponds to the se-

quences
�
Cn;n 0 ð f Þ

�
such that

lim
j!þl

2�jð1=2�a1þ1=pÞ

ð1þ jÞn
h X2 jþ1

n¼2 jþ1

jCn; l 0 ð f Þjp
i1=p

¼ 0; l 0 ¼ 0; 1;

lim
j!þl

2�jð1=2�a2þ1=pÞ

ð1þ jÞn
h X2 jþ1

n¼2 jþ1

jCl;nð f Þjp
i1=p

¼ 0; l ¼ 0; 1;

lim
j; j 0!þl

2�jð1=2�a1þ1=pÞ2�j 0ð1=2�a2þ1=pÞ

ð1þ j þ j 0Þn
h X2 jþ1

n¼2 jþ1

X2 j 0þ1

n 0¼2 j 0þ1

jCn;n 0 ð f Þjp
i1=p

¼ 0:

The first result of this section is the following.

Theorem 3.3. (1) The trajectory ðt; xÞ ! Lðt; xÞ belongs a.s. to anisotropic Besov

space Lip�
p

�
a�1
2a ; a�1

2 ; n
�
, 1a p < þl, for any n > 1

p
.

(2) Let 0 < g < a�1
2 , and K a fK g

e;K
gg. The trajectory ðt; xÞ ! KLðt; �ÞðxÞ

belongs a.s. to Lip�
p

�
a�1
2a ; a�1

2 � g; n
�
, 1a p < þl, for any n > 1

p
.

(3) In the case g ¼ 0 and under the assumption
Ð þl
1

lðyÞ
y
dy < l, the trajec-

tory ðt; xÞ ! KLðt; �ÞðxÞ belongs a.s. to Lip�
p

�
a�1
2a ; a�1

2 ; n
�
, 1a p < þl, for any

n > 1
p
.

Proof. We are going to prove (1) since the other cases follow in the same manner.

Notice that a.s., for all x a R, Lð0; xÞ ¼ 0, thus C0;nðLÞ ¼ 0. Therefore by Theo-

rem 3.2, it su‰ces to show that

lim
j!þl

2�jð1=2�ða�1Þ=2þ1=pÞ

ð1þ jÞb
h X2 jþ1

n¼2 jþ1

jC1;nðLÞjp
i1=p

¼ 0;

lim
j!þl

2�jð1=2�ða�1Þ=2aþ1=pÞ

ð1þ jÞn
h X2 jþ1

n¼2 jþ1

jCn;0ðLÞjp
i1=p

¼ 0;

lim
j!þl

2�jð1=2�ða�1Þ=2aþ1=pÞ

ð1þ jÞn
h X2 jþ1

n¼2 jþ1

jCn;1ðLÞjp
i1=p

¼ 0;

lim
j; j 0!þl

2�jð1=2�ða�1Þ=2aþ1=pÞ2�j 0ð1=2�ða�1Þ=2þ1=pÞ

ð1þ j þ j 0Þn
h X2 jþ1

n¼2 jþ1

X2 j 0þ1

n 0¼2 j 0þ1

jCn;n 0 ðLÞjp
i1=p

¼ 0:

where
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C1;nðLÞ ¼ 2 j=2 2L 1;
2k 0 � 1

2 j 0

� �
� L 1;

2k 0 � 2

2 j 0

� �
� L 1;

2k 0

2 j 0

� �� 

;

Cn;0ðLÞ ¼ 2 j=2 2L
2k � 1

2 j
; 0

� �
� L

2k � 2

2 j
; 0

� �
� L

2k

2 j
; 0

� �� 

;

Cn;1ðLÞ ¼ 2 j=2 2L
2k � 1

2 j
; 1

� �
� L

2k � 2

2 j
; 1

� �
� L

2k

2 j
; 1

� �� 

:

The first three inequalities follow immediately by the same arguments used in

proof of Lemma 2.4. We will now prove the last inequality. We write

2�ðð jþ j 0Þ=2ÞCn;n 0 ðLÞ

¼ D2
1=2 jþ1;1 � D2

1=2 jþ1;2L
2k � 2

2 jþ1
;
2k 0 � 2

2 j 0þ1

� �

¼ 4L
2k � 1

2 jþ1
;
2k 0 � 1

2 j 0þ1

� �
� 2L

2k � 1

2 jþ1
;
2k 0 � 2

2 j 0þ1

� �
� 2L

2k

2 jþ1
;
2k 0 � 1

2 j 0þ1

� �

� 2L
2k � 1

2 jþ1
;
2k 0

2 j 0þ1

� �
� 2L

2k � 2

2 jþ1
;
2k 0 � 1

2 j 0þ1

� �
þ L

2k

2 jþ1
;
2k 0 � 2

2 j 0þ1

� �

þ L
2k

2 jþ1
;
2k 0

2 j 0þ1

� �
þ L

2k � 2

2 jþ1
;
2k 0

2 j 0þ1

� �
þ f

2k � 2

2 jþ1
;
2k 0 � 2

2 j 0þ1

� �

:¼ 2En;n 0 ðLÞ þ 2Fn;n 0 ðLÞ þ Gn;n 0 ðLÞ;

where

En;n 0 ðLÞ ¼ L
2k � 1

2 jþ1
;
2k 0 � 1

2 j 0þ1

� �
� L

2k � 1

2 jþ1
;
2k 0 � 2

2 j 0þ1

� �

� L
2k

2 jþ1
;
2k 0 � 1

2 j 0þ1

� �
þ L

2k

2 jþ1
;
2k 0 � 2

2 j 0þ1

� �
;

Fn;n 0 ðLÞ ¼ L
2k � 1

2 jþ1
;
2k 0 � 1

2 j 0þ1

� �
� L

2k � 1

2 jþ1
;
2k 0

2 j 0þ1

� �

� L
2k � 2

2 jþ1
;
2k 0 � 1

2 j 0þ1

� �
þ L

2k � 2

2 jþ1
;
2k 0

2 j 0þ1

� �
;

Gn;n 0 ðLÞ ¼ L
2k

2 jþ1
;
2k 0

2 j 0þ1

� �
� L

2k

2 jþ1
;
2k 0 � 2

2 j 0þ1

� �

� L
2k � 2

2 jþ1
;
2k 0

2 j 0þ1

� �
þ L

2k � 2

2 jþ1
;
2k 0 � 2

2 j 0þ1

� �
:

It su‰ces then to show that
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lim
j; j 0!þl

2�jð�ðða�1Þ=2aÞþ1=pÞ2�j 0ð�ðða�1Þ=2Þþ1=pÞ

ð1þ j þ j 0Þn
h X2 jþ1

n¼2 jþ1

X2 j 0þ1

n 0¼2 j 0þ1

jEn;n 0 ðLÞjp
i1=p

¼ 0;

lim
j; j 0!þl

2�jð�ðða�1Þ=2aÞþ1=pÞ2�j 0ð�ðða�1Þ=2Þþ1=pÞ

ð1þ j þ j 0Þn
h X2 jþ1

n¼2 jþ1

X2 j 0þ1

n 0¼2 j 0þ1

jFn;n 0 ðLÞjp
i1=p

¼ 0;

lim
j; j 0!þl

2�jð�ðða�1Þ=2aÞþ1=pÞ2�j 0ð�ðða�1Þ=2Þþ1=pÞ

ð1þ j þ j 0Þn
h X2 jþ1

n¼2 jþ1

X2 j 0þ1

n 0¼2 j 0þ1

jGn;n 0 ðLÞjp
i1=p

¼ 0:

Let us for example give the proof of the first equality.

For any l > 0, we set

I ¼ P

�
sup
jb0

sup
j 0b0

2�jð�ðða�1Þ=2aÞþ1=pÞ2�j 0ð�ðða�1Þ=2Þþ1=pÞ

ð1þ j þ j 0Þn

�
h X2 jþ1

n¼2 jþ1

X2 j 0þ1

n 0¼2 j 0þ1

jEn;n 0 ðLÞjp
i1=p

> l

�
:

By Tchebychev’s inequality, we have

I a
1

lp

X
jb0

X
j 0b0

2�jð�ðða�1Þ=2aÞþ1=pÞ2�j 0ð�ðða�1Þ=2Þþ1=pÞ

ð1þ j þ j 0Þn
X2 jþ1

n¼2 jþ1

X2 j 0þ1

n 0¼2 j 0þ1

EjEn;n 0 ðLÞjp:

In view of the definition of En;n 0 ðLÞ and (3), we deduce that

I a
C

lp

X
jb0

X
j 0b0

1

ð1þ j þ j 0Þpn < l for all n >
1

p
:

The result is a simple application of the Borel–Cantelli lemma. This completes the

proof of Theorem 3.3. r

For the proof of the next theorem, we need the following tightness criterion

in the subspace Lip�
p ða1; a2; nÞ, 2a p < þl (see Boufoussi and Lakhel [9],

Lemma 2.5).

Theorem 3.4. Let fX n
s; t j ðs; tÞ a ½0; 1�2gnb1 be a sequence of random fields

satisfying:

(1) X n
�;0 ¼ X n

0; : ¼ x for some a R.

(2) For all 2a p < þl, there exists a constant 0 < Cp < þl such that

EjX n
s; t � X n

s 0; t � X n
s; t 0 þ X n

s 0; t 0 j
p
aCpjs� s 0ja1 pjt� t 0ja2 p for all t; s a ½0; 1�;
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where 0 < a1; a2 < 1: Then the sequence fX ngnb1 is tight in Lip�
p ða1; a2; nÞ for

all n > 2
p
.

Now we are ready to state and prove our second result.

Theorem 3.5. The sequence of processes

1

eða�1Þ=2
�
Lðt; exÞ � Lðt; 0Þ

�
j ðt; xÞ a ½0; 1�2

	 


converges in law as e ! 0 to the process

f2 ffiffiffiffiffi
ca

p
Ba�1
Lðt;0ÞðxÞ j ðt; xÞ a ½0; 1�2g

in Lip�
p

�
a�1
2a ; a�1

2 ; n
�
, 2a p < þl, for all n > 2

p
.

Proof. By Theorem 1.2 of Rosen [15], we have the convergence of the finite-

dimensional distributions. The tightness follows from (1) and Theorem 3.4. r

Remark 3.6. In Section 3, the local time Lðt; xÞ is analyzed in both its variables

through the anisotropic Besov Space, in contrast to Section 2 where one is inter-

ested in the regularity in t.
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