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Abstract. We prove strong convergence of a semi-discrete finite difference method for the
KdV and modified KdV equations. We extend existing results to non-smooth data
(namely, in L?), without size restrictions. Our approach uses a fourth order (in space) sta-
bilization term and a special conservative discretization of the nonlinear term. Conver-
gence follows from a smoothing effect and energy estimates. We illustrate our results with
numerical experiments, including a numerical investigation of an open problem related to
uniqueness posed by Y. Tsutsumi.
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1. Introduction

This paper is concerned with the study of a numerical approximation of the
equation

O+ u+ pourtt =0, p#0, k=12, (1.1)

with u = u(x,1), x € R, t > 0. When k = 1, the equation (1.1) is referred to as
the Korteweg—de Vries (KdV) equation, and when k& =2 as the modified KdV
(mKdV) equation.

As is well-known, the KdV equation describes the unidirectional propagation
of small-but-finite amplitude waves in a nonlinear dispersive medium. It appears
in several physical contexts, such as shallow water waves and ion-acoustic waves
in a cold plasma. Also, the modified KdV equation has been used to describe
acoustic waves and Alfén waves in plasmas without collisions. For a more com-
plete description of the physical contexts concerning the Korteweg—de Vries equa-
tion and its generalizations, see [24] and the references therein.
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A large amount of work on the KdV equation was initially directed toward the
study of solitary waves, i.e., solutions of the form u(x,t) = U(x — ct), especially
the so-called soliton solutions, a class of solitary waves which preserve the form
through nonlinear interaction (see [24], [18] for surveys on solitons). One of the
most relevant results in soliton theory was the development of the inverse scatter-
ing method, initially applied to the KdV equation by Gardner et al. [7] and, in a
general form, by Lax [15]. This technique was also used to obtain solutions of the
KdV equation with low regularity [4], [5], [6].

Here, we concentrate on the numerical approximation of the solution of the
Cauchy problem

O+ u+pourt =0, p#0,k=1,2, (1.2a)
u(x,0) =p(x), ¢elL? (1.2b)

The mathematical problem of well-posedness for (1.2a),(1.2b) has been extensively
studied. We refer to the pioneering results in [1], [2], [22] and the improvements in
[12], [13]. In these works, local well-posedness is proved in the Sobolev spaces H*,
s > 3/2, for generalized KAV (gKdV), in which the term d,u**! is replaced by
0V (u).

Existence and uniqueness was also obtained in [8], [9] with initial data in
weighed L? and H' spaces. In our numerical approach, we follow the energy
method used in those papers.

More recently, following the introduction by Bourgain [3] of certain Fourier
spaces, the well-posedness result is strongly improved for data in negative Sobolev
spaces (see the monograph [17] and the references therein), and uniqueness of
solution in L? is proved in [26)].

Regarding the numerical solution of the KdV equation, convergence results
have been proven for a linearized equation [10] and for smooth solutions [20].
However (to our knowledge), the problem of proving rigorous convergence of nu-
merical schemes without smoothness assumptions has only attracted attention in
more recent years. Nixon [19] proves the convergence of approximate solutions
for a discretized version of gKdV, but for small L? initial data, only. That work
is the numerical counterpart of [14]. We refer also to the recent work by Pazoto
et al. [21], dealing with the numerical treatment of the mKdV equation with criti-
cal exponent and a damping term, which shares some techniques with the present
work. Finally, we refer to the recent work by Holden et al. [11], of which we
learned as the present paper was already submitted for publication. There, the
authors prove some results of a similar nature to ours by employing a fully dis-
crete, implicit discretization.

Thus, to the best of our knowledge (apart from the mentioned results in [11]),
the problem of rigorous convergence of numerical schemes for the KdV and
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mKdV equations with general data in L? has remained unsolved. The purpose of
this paper is to fill that gap.

Although the techniques we use to prove our convergence result are based on
the ones in [9] (namely, the use of a fourth order stabilization term), their applica-
tion to the numerical case is not trivial. Indeed, it is essential to use a special non-
conservative discretization of the nonlinear term in (1.1). This idea dates back at
least to [10], and is also used in [21]. Moreover, to obtain the necessary estimates
for the numerical approximation, additional technical difficulties related to inter-
polators are encountered, with which we deal below.

An outline of the paper follows. After some notations and definitions in Sec-
tion 2, we prove our main convergence result in Section 3. In Section 4 we present
some numerical experiments to illustrate our convergence results and test the
accuracy of our scheme.

Finally, in Section 5, we investigate numerically an open question posed by
Y. Tsutsumi [25] relating to the uniqueness of solution to the Cauchy problem
for the KdV equation with measure initial data. This is done by means of the
Miura transformation (see [25]), which relates solutions of the KdV equation
with measure initial data to solutions of the mKdV equation with L? initial data.
As explained in more detail in Section 5, the numerical evidence we provide sug-
gests that the Cauchy problem for the KdV equation with measure initial data is
ill-posed. Note that, importantly, these numerical simulations involve discontin-
uous initial data in L? only, and, as such, are not covered by previous convergence
results.

2. Notations and definitions

Let i denote our discretization parameter. We denote by u = u; k(1) the (semi-
discrete) difference approximation of u(x;,t), x; = jh, j € Z. For h > 0, we define
the Banach spaces

0@ ={G) 5 e R IR, = Dbzl < o).

Jjez

For p =2, we denote the usual scalar product by

(z,w), E hzjw;,

Jjez

z=(z), w=(w;). Let us also introduce the following standard notations for
finite difference operators. For u = (u;),
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1 1
Dyuy =3 (w1 — ), Dy =5 (t; = v-1),

(D+ + D*)uja

N =

1
Douj = 5 (uj1 = uj-1) =
1
Ahu]- = D+D_Uj = D_D+uj = 2 (I/lj_H — Zuj + uj_l),
Also, denote the translation operators by

(ug); =1, (u-); =y

We obtain the following formulas for the discrete differentiation of a product,

D, (vu) = vDiu+uiDiv
D_(vu) =vD_u+u_D_v

Dy (vu) = vDou + % (uyDiv+u_D_v)
Ap(vu) = vApu + uApv + DyvDyu+ D_vD_u.
Also, the difference operators verify in /7
(Dyu,v), = —(u,D_v),,  (Dou,v), = —(u, Dov),,
and so
(Apu,v), = (u, Apv),,.

We will also need to denote for a sequence (u;) and for a function w

w2 gy = hlwl”,  R>0,
[jh| <R

Wl 2 = Wllo—r Ry O<R<+o0.

Finally, we introduce the continuous piecewise linear interpolator

Uil — Uj
Plu(x) =+ (x = x) L= xe (x,501),

)
Xl =

and the piecewise constant interpolator (Pu)(x) = u;, x € (xj,xj41).

(2.2)
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3. Convergence results

In this section, we prove our main result, Theorem 3.3, which establishes the con-
vergence of a numerical approximation of problem (1.2).
Let us consider the semi-discrete finite difference scheme

d owypmson gk ik hyk+1 2 h_
7 + D’u +/3’k—+2[(u )" Dou” + Do(u")" "] + hAju" =0,  (3.1a)
u(0) = ¢, (3.1b)

where D3u; = D,DyD_u; and A} =D.D _D,D_ denotes the difference bi-
laplacian, and «” denotes the unknown grid function (u]');_,, u/(1) being the
approximation of the solution of (1.2) at the point (x;, 7).

The term #Aju" is introduced in our scheme in order to obtain the uniform (in
h) stability estimates necessary for the convergence proof. This term corresponds
to the parabolic regularization used in [8] for the continuous problem. Also, the

formally consistent discretization

k+1

1o ) Do + Do) (32)

ﬂaxl/tk+l " ﬁ

is based on a corresponding one in [10] and is also essential in our proof. See also
[21] for an application of the same idea in a different setting.
The following first result holds.

Proposition 3.1. Let h > 0. Then, for each initial data ¢" € (7(Z), there exists a
unique global solution u" (1) € C(R;/}(Z)) of (3.1).

Proof. Let S;(t) = e~ D be the unitary group generated by the discrete operator
—D? in the space /7(Z). The problem (3.1a),(3.1b) can be written in the usual
semigroup framework, as an integral equation in {}f(Z):

(1) = Sy()g" + J; Sp(t — 8)Ju" (s) ds := D(u") (3.3)

where

k+1

3 [(uh)kDouh —}—Do(uh)kﬂ] _ hA/%llh.

I = —p

Now, for R > ||¢"||, and T > 0 we consider the space

B£ = {W € C([O, T};/hz(z)) : ||W||Lw([o,T];/hz(z)) = R}-
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By (3.3) and since /7 (Z) = £;°(Z) it is now a simple matter to prove that for T > 0
small enough, the map u" € B} — ®(u") is a strict contraction on the complete
metric space BX. Thus, by the Banach fixed-point theorem, we obtain a unique
local solution " of the problem (3.1a),(3.1b) in the space C([0, T];47(Z)).

The global existence is an immediate consequence of the uniform bounds on
the /7 norm, established below in Lemma 3.5. O

Let Pf denote the continuous piecewise linear interpolator and let ¢ € L*(R)
be the initial data for the problem (1.2). Also, we denote by C,,(I; X) the space
of weakly continuous functions from the interval / to the Banach space X.

It is now convenient to introduce the notion of weak solution to the Cauchy
problem (1.2a),(1.2b).

Definition 3.2. Let ¢ € L?>(R). A function u(x, ), x € R, t > 0, is a solution to
the Cauchy problem (1.2a),(1.2b) if

Loue LY ((0,0); LA(R)),

loc

2. For each test function ¢ € Z(R x (0, 00)) one has
J u(0p + X)) + pu*topdxde = 0, (3.4)
R?

3. u(t) — gpin L*(R) as t — 0 a.e.
We now state the main result of this paper.

Theorem 3.3 (Convergence of approximate solutions). Let ¢" € /7(Z) be the
initial data for the discretized problem (3.1), such that Plg" — ¢ in L*(R) when
h — 0. Then, for each T > 0, the sequence Pl'u" satisfies

Pl —u  in L*([0, T); H (R))  weak,
Piu" —u in L*([0, T]; L (R))
with u a solution of (1.2). Moreover, u satisfies
ue (L* 0 C) ([0, T): Lie(R)), (3.5)
[u(@lly < llolly — and —|u(?) =gl =0 ash— 0.

The proof will be postponed to the next section.

3.1. Main estimates. First, let us record some inequalities which will be of use
throughout. Let v = (v)) € 4/(Z), q € [1, c0]. From (2.2) we derive
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1PYv — Pgoll, g < Chl[Dovlly g s 0<R< o0,

1P{v = Pgoll, r < Cllvlly gy 0 < R<o0,qel,+o0],
for some C independent of 4. As a consequence, we obtain
1Pl x < CIPGOll, g = Clivlly rpy Yo 4/(Z),0 < R<+00.  (3.7)
We will need the following inequalities,
Lemma 3.4. Let ¢ € /7 (Z). Then,
161l < Clél,31Dsl,)s (3.8)

191, < 3 1D<dl (39)

Proof. The inequality (3.8) is a consequence of the Gagliardo-Niremberg inequal-
ity and 0P} = PI'D.:

I¢ll.. = IP{gll.. < ClIPglly*IVPIgl,”
< CliglL)y 1911y
while (3.9) is a consequence of the (continuous) inequality ¢, < 1|¢'|;. O
We are now ready to state our first stability estimate.
Lemma 3.5. Let u" (1) be a solution of (3.1). Then, for all t > 0, it holds
1Dl < 0" 5 (3.10)
In particular, u" is a global solution of (3.1).

Proof. In the next proofs, we will, for simplicity, omit / from the notation. Take
the /2-scalar product of the equation (3.1a) with u = u” to get

d k+1. k k+1 2 _
<Eu, u> +ﬂk ) [(u*Dou,u) + (Dou* ", u)] + h(Aju,u) = 0.

Now

(Aju,u) = (Agu, Apu) = || Ajulf3,

(u*Dou,u) = (!, Dou) = — (Do, u),
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and so

d
Ellu(f)llﬁ = —h|[ A3 <0, (3.11)

from which the conclusion follows. Notice how the discretization (3.2) leads to
the non-increase of the /2 norm. O]

The next lemma is a fundamental identity which, as we will see in Proposition
3.7 below, implies a smoothing effect inherent to the equation: even though the
initial data is only in /?(Z), the solution of (3.1) is actually in a more regular space
(uniformly in /), namely, H, .

Let p: R — R be a bounded, strictly increasing, smooth function, with all its
derivatives bounded. Write p; = p(x;), j € Z. For simplicity, we do not distin-
guish in our notation the continuous and the discrete p.

Lemma 3.6. Let u" = u" (1) be the solution of the discrete problem (3.1). Then, u"
satisfies the identity

1 1
: % 10"+ (D" Dy pD ) + 3 (D, D_pD.u")
+h(D D_u", pD,.D_u")
h h
=—3 (D.D_u" D, pD_u") + 3 (D u"D_p,D,D_u")
— (D_u", u"DyD_p) — (D, D_u",D_pD_u")
—h(DyD_u", D, pD u") — h(D.D_u" u"D,D_p)
k+1
'gkiiz((uh)/‘+l,u’+’D+p+ufD_p). (3.12)
Proof. We take (3.1a), multiply by hpjuf’, and sum over j € Z to obtain

4
dt

k+1
k+2

+ h(A}u, pu) = 0. (3.13)

1p"2ul)? + (D3u, pu) + B [(u* Dou, pu) + (Do, pu)]

N —

We find from (2.1)

(D*u, pu) = (D+DoyD_u, pu) = —(DoD_u, D_(pu))
= —(DoD_u, pD_u) — (DoD_u,u_D_p) = A+ B.
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Since
1
A= (D_u, pDyD_u) + (Du,i (Dip(D_u), + Dp(Du))),
we obtain
1 1
24 = D,u,§D+pD+u + D,u,ED,p(D,u)_

and so

1

A= Z[(D u, D pDyu) + (Dsu, Dy pD_u)

1

§(D+u D, pD_u)

1

=3[(Du =D u,D.pD )+ (D, D pD 1)

h 1

E(DJrD u, Dy pD_u) +§(D,u,D+pD,u).
Similarly,

1
B = (D_u,u_DyD_p) Uy [Diu-D p+ D_u_(D_p)_]
1 1
= (D_u,u_DyD_p) + §(D u D+pD_u)+§(D+u,D_uD_p).
Since
(Diu,D_pD_u) = (D+u, D_pDiu) — h(Diu, D_pD,D_u),

we obtain

1
B = (D_u,u_DyD_p) + 5 (D_u,D.pD_u)

h
(Diu,D_pD. u) —E(DJru D_pD,D_u).

l\)l'—‘

For the term in (3.13) corresponding to the discrete bi-laplacian, we derive

(Atu, pu) = —(D_DyD_u,p_D_u+uD_p)
—(D_DiD_u,p_D_u) — (D_D_ D_u,uD_p)
= (DyD_u,pD.D_u)+ (D.D_u,D_pD_u)
+ (DyD_u,D pD u)+ (DyD_u,uD,D_p).

31
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As to the remaining term in (3.13), we find
(u* Dou, pu) + (Dou**, pu) = (Dou, pu**) — (uk’Ll,Do(pu))

1
= _(”HI’E (uyDyp+ qu))~

All these results together give (3.12). This completes the proof of Lemma 3.6.
O

As a consequence of the two preceding lemmas, we now prove the following
result which states that, at the discrete level, " is in HILC.

Proposition 3.7. Let u" be solution of the discretized problem (3.1) with initial data
p=0¢"e /hz(Z). Then, for each T > 0 and for each R > 0, there exists a constant
C=C(R,T,|l¢lly,) such that, for all h > 0,

T
J > hDyulPdr < C. (3.14)
0 [jh|<R

Proof. We apply Lemma 3.6 with a bounded, strictly increasing, smooth function
p, with all its derivatives bounded, and such that, moreover, p(x) > 1 for all x,
and p’(x) =1 for x € [-R, R]. Let us rewrite the identity (3.12), with obvious
notation, as

1d 1
3 SIpY Pt 3+ (D, D, pD_w") + 5 (Do, D_pD.u)

+h(D D_u", pD,D_u") = 4} +--- + 4. (3.15)
Now observe that under our assumptions on p, the terms on the left-hand side

(except the first) are non-negative, so we must bound the terms A;.
The terms A; and A, are similar and yield

h h _
S|(DsD_u, D pD_u")| < S||(DD-u")p' 2| p~' 2Dy pD "],

h : 2 Ch 125 b2
< 131D+ D-u")p' 2y + 7 l(D+p) D"
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for all # > 0, where we have used the properties of p. Also, the terms A4 and 45
are similar and give

WD.D_u",D_pD_u") = h(D,D_u",D_pD u") — h*(D.D_u",D_pD,D_u")

=B+ B».

The term By is similar to A4, while
|B,| < Ch*(D.D_u", pD, D_u").

For the term A3, we remark that

(D_u", u" DoD_p) = (D_u" — D_u" ,u" DyD_p) + (D_u" ,u" DyD_p)
= h(D_D_u" u" DyD_p) — (u",D_u"DyD_p)
— (u",u"D,DyD_p)
and so
(D_u",u" DoD_p)| < Ch[p"> Dy D_u"||,|lu"||, + Cllu"||3
< CI)lp' DD} + Gollu]3.

The term Ag = h(D.D_u" u"D,D_p) is easily estimated using the Cauchy-
Schwarz inequality. Finally, for the last term

Ay =EEE L (e D p it pp),

let us consider only k = 2, since the case k = 1 is easier. Setting ¢ = (D. p) /2 and
h

u =u", we obtain
|, u. Dy p)| < Cllull3llge’l.,
and from (3.9) it follows
lgw? ||, < II(D-q)u> + g(uD-u+ u-D-u)ll; < Cllul3 + llgD-ull,lull-
Hence,
|0, us D p)| < Cllu3 + Clul3l| (D1 p) Dl

C
1/2 2 6 4
<ell(Dyp)'*D_ull5 +— llully + Cllul,

for any ¢ > 0.
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Choosing &, # small enough, and for some small enough /4y (which does not
depend on R, T or ¢), we find, after integrating (3.15) on [0, 7'] and using the pre-
vious estimates,

T
J Z h\Diuﬂzdl < C(R,T,|pl],)-
0 =R

This completes the proof of Proposition 3.7. O

3.2. Proof of Theorem 3.3. The proof of Theorem 3.3 relies on Aubin’s com-
pactness result, which we state here, in a simplified form, for the reader’s conve-
nience.

Lemma 3.8 ([16], p. 58). Let 1 < p < oo, T > 0, and consider reflexive Banach
spaces By = B = By such that By is compactly embedded in B. Then, the space

dv

:ve L*0,T;B
{U vE (a ) 0),611[

e L”(0, T;Bl)}

is compactly embedded in L*(0, T; B).
In order to apply Lemma 3.8, we will use the following estimates.

Lemma 3.9. Let u” be given by (3.1a),(3.1b) and let T,R > 0. Then, there exists
p > 1 such that

T
h2
JO |Pu” i (—r,ryd1 < C, (3.16)

[

uniformly in h, with C = C(R, T, ||¢ll,,;)-

ﬁ P{luh

0 di < C, (3.17)

H-5(—R,R)

Proof. First of all, note that since 6xP{’ = PgD+, it follows from Lemma 3.5 and
Proposition 3.7 that the estimate (3.16) holds for each R > 0.

Let us now prove the estimate (3.17). Let u” be given by (3.1a),(3.1b). We
apply the piecewise linear continuous interpolator PJ to the equation (3.1a) to
obtain

k+1
k+2
+ hPIAM" = 0, (3.18)

d
— Pl + PID*u" + B

w7 (P{’[(uh)kDouh] + P{1D0(uh)k+l)
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with u" = u”(¢). We begin by estimating the term P!D3u”, for which it is con-

venient to consider the decomposition P = (P! — Pl) + P} and analyze the two
resulting terms. For each test function ¢ € Z(—R, R) we have

A+l
(PoD*" 4) = J PED3u"§ dx
A <R *%

= Z D, DyD_uj er P(x) dx

[jh| <R Xj

- Y Dy J % ($(x — 20) — Bl — ) — $(x) + $(x + ) dx

[jh|<R Xj

and so (by Taylor expansion of ¢)

(PeD*u", ¢)| < C > hID_u[|g".,
[/l <R

/
< (X HD-wl) Wl

[/h| <R

Hence, by Proposition 3.7, we have
T
JO ||P(];D3uhHH*3(—R7R) dt < C (319)
Next, if x € (xj,xj:1) and v; = D3u;, we easily find

S
(P = P)o"(x) = (x — ) =, —,

and so, with obvious notation,
Xj+1
(P — PDY! g) = 3 D+D3ujj (x — x,)p(x) di
[jh| <R ~j

1
= E (l){,D:;Llj7 Aj)

1
= — Z (D,Llj, D()D,D,A]').

A straightforward computation gives
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DoD_D_4;

= %JXH‘ (¢(X +h) = 2¢(x) + 2¢(x — 2h) — ¢(x — 3h)) (x —x;) dx

Xj
from which we obtain by Taylor expansion of ¢ and Proposition 3.7
T

T
jo (P! — PEYD3 )| < cj S WD 4"

0 |jn[<R

T 1/2
< Clolisnn | (3 HD-wl) " a

[jh|<R

o, dt

< Clldll gs—r )

From this and (3.19) we obtain the estimate
T
J [PID* " ||} 4 g gy dt < C. (3.20)
0
In an entirely similar way, we arrive at
! 2
JO IPYAU" 75 r rydt < C. (3.21)

It remains to estimate the nonlinear terms in (3.18). Choose a smooth function
0: R — R such that 6(x) =1 if |[x| < R and 0(x) =0 if |[x| > R+ 1. Using (3.6)
and (3.8) we derive, for R >0, k = 1,2,

|PL") Dot l13 5, g0 < 1Dt 1y, 110" 15
< C|| Dot |5 gy 4l 0|57

< |[Dot ||y gy 4(C+ CIDa 571D

<C+ C||D+uh||§/,§if’/,?,

with C = C([[¢||, , R). Choosing p = 12/(3k +5) > 1, we obtain from Proposi-
tion 3.7

T

T
|, 1RGN D e < €+ € [ 1D 1=
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Since ||(Pf — P(’})uh||3/2 < C||P{)’uh||3/2 (cf. (3.6)), we conclude that

T
JO ||P{’[(u”)kDouh]||{;/2 dt<C, k=1,2. (3.22)

k+1

For the remaining nonlinear term P7Do(u")*"", we split it as above into

(Pl — Pl) + Pl. First, note that
k1 k1 K k)2
PG @) ], < ClOu" 155 < Clow 1% < C+ CIDwu |57, e (3.23)

and, by (3.7), the same estimate is obtained for ||P}(u")""!

P(’)’DQ = (3fo7, we obtain for k = 1,2

Hz,, g~ Next, since

T T
iy k+114/k ~ ph k+1)14/k
[, 1PED I gy = [ 10PN gy
r Ph Iy k+1 4/kd
< . [Py (u”)" ) g dt
T ni2
<C+ CL [ D+u (|5 gyy pdt < C.

We now need to estimate (P} — P{})Do(uh)kﬂ. With computations similar to the
ones after (3.19), we find

‘((P Ph)D k+1 ‘ <C Z h| j|k+1||¢//||

|jh|<R
h, hyk+1
< CIPGW") ™l o813 g,y

and by (3.23),
’ h h k+1 4/k r hy 2
|| P8 = PP I gy < € C | UD€
Thus we conclude that
T
J || P! Do (u" )"“||4/k Rd<C k=12 (3.24)
0

The desired estimate (3.17), with p =12/(3k +5) > 1, now follows from the
estimates (3.18), (3.20), (3.21), (3.22), and (3.24). This completes the proof of
Lemma 3.9. O
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Proof of Theorem 3.3. In view of the estimates in Lemma 3.9, we apply Lemma
3.8 with p=12/(3k+5), By=H'(-R,R), B=LY(—R,R), qe (l,0], and
By = H73(—R,R) (note that By = B with compact embedding). We conclude
that, up to a subsequence, Pju’ converges weakly in L*(0,7;H'(—R, R)) and
strongly in L?(0, T; LY(—R, R)). Using a diagonal argument, we obtain for a fur-
ther subsequence

Pl —u inL*([0,T); H'(-R,R))  weak,

(3.25)
Plu" —u inL*([0,T);LY(-R,R)), R>0,qe(l,o],

for some u € L* (0, T; L*(R)) n L*(0, T; H,..(R)), as h — 0. Also, from (3.6) and
Proposition 3.7 we can conclude that

Piu" —u inL*(0,T;LY(—R,R)), 1<g<2. (3.26)

Now we must prove that u is a weak solution of the problem (1.2a),(1.2b), in
the sense of Definition 3.2. Let us apply the piecewise constant interpolator Pg to
the discrete equation (3.1a):

k+1
k+2

+ hPIAJu" = 0. (3.27)

d
— Plu" + PID3" + p——

o (PO Do) + PEDy ("))

First, consider the linear terms. We take a test function ¢ € (R x (0, c0)) and
compute in the sense of distributions

(PLD*u", ¢) = J ZD%,,J (x, 1) dxdt

JjezZ

=] ] @ dsar

0 jez
= —(Pgu",03¢) + O(h) — —(u,03¢) = (3u, )

ash — 0. The term hPhA2 Iis treated similarly and tends to zero as 4 — 0 in the
sense of distributions.

Now consider the nonlinear terms. Note that PDy = 0,P!' and write P! =
(Pl — P) + P} Using (3.6) and (3.8) we find

h k+1 k+1
I(PE = PO g < CHID ") s < CAOU+ D15/ 70 0)

and so

(P! — P =0 (3.28)
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in LY3(0,T; L} .(R)) as h — 0. Since P}l commutes with the nonlinearity, it fol-
lows from (3.26) that

PIuM T =M in L0, T L (R)). (3.29)
Hence, we deduce from (3.28),(3.29) that
PEDo(u") ! = 8, PP — okt
in the sense of distributions. For the other nonlinear term, we note that
P[(u")*Dou") = P (u")* Pl Dyu". We have
PIuM* —u* in £2(0, T; LY (R))

and, from (3.25),

loc

P!Dou" = 6,P{u" — du  in L*(0,T; L} (R)).
Therefore,
P Dou") — wkou in L'(0, T; L] (R)).

Multiplying (3.27) by a test function in Z(R x (0, %0)), the above convergences
allow us to conclude that u verifies the property (3.4) of Definition 3.2.

It remains to prove the weak L?(R)-valued continuity property, (3.5), and that
u(t) — ¢ in L>(R) as t — 0 a.e. To prove the weak continuity property, we re-
mark that, for ¢ € 2(R), t € [0, T),

=P d h
(Pyu"(1+ p) = Plu (1), ¢) = J (Z : ¢) ds

and, from (3.17), we get
|(Pfuh(t +p) — Plu(z), 9)| < Cp

with C = C(T, ¢), and so the family ¢ — Plu"(z) is uniformly bounded in L? (see
(3.7)) and weakly equicontinuous. Therefore, the Arzela—Ascoli Theorem implies
that u € C,,([0, 20); L*(R)).
Finally, since [[u(?)|, < ||¢||, a.e. in #, we have
lu(0) = gl13 < (O3 = 2(u(0), 0) + loll5
<2|lgll3 — 2(u(1), 9) — 0

for almost every t — 0*. This completes the proof of Theorem 3.3. O
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4. Numerical experiments

4.1. A fully discrete, fully implicit scheme. In this section, we present some
numerical experiments to test the accuracy of our scheme and to illustrate our
results. In order to fully discretize the semi-discrete equations (3.1a), we use a
fully implicit Euler scheme, as follows. Given a time step 7, a space step /4, and
J € N, solve for each n =1, 2,... the system of J — 1 equations

ujn+1 —y" k + 1

J +D3ujg1+1+ u'-Hl)kDou}Hl—i—Do(u;'H)kH]

T k+2[(]
+;7hA}2,u]’.““=0, j=1,...J -1, (4.1)

with boundary conditions

u(r)H—l _ u;z-&-l _ 0,
where u}' ~ u(a + jh,nt) for some a € R. The computational domain is thus the
interval [a,a + Jh]. We have set f = | and introduced a new viscosity parameter
n > 0 allowing us to explicitly control the amount of viscosity in the scheme.

As is standard in the numerical simulation of dispersive equations, we consider
a sufficiently large spatial domain and initial data exponentially small outside
some bounded region, ensuring that spurious wave reflection at the boundary of
the domain remains negligible.

Written in full, the scheme (4.1) reads

uhttl oy 1
J J n+l n+l1 n+l o ntl
. 373 (' —2ully +2u’) —u'y)

k+1

k k+1 k+1
+ 3t 2y (0D O ) - G - )
—Q—i(unﬂ /TR NP s NI R unH) —0
D ERNAL i+ i -1 T 2) =Y
uf™ = uft =0.

Due to the nonlinear terms, it is necessary to perform a Newton iteration at each
time step, which we carry out with a tolerance of 107° in the simulations below.
To solve the pentadiagonal linear system at each iteration of Newton’s method,
we employ a standard LU decomposition method. Notice that the Jacobian ma-
trix needed for Newton’s method is easily computed explicitly from the method.

4.2. Comparison with exact solutions. The first step is to test our scheme
with the known soliton solutions of the KdV equation (1.1) [17], p. 140.
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These read
1 k 1/k
u(x,t) = 3 (k + 2)c? sech® (5 clx—d— c%))] (4.2)

for arbitrary ¢ > 0, d € R, and consist of traveling waves with speed ¢>. We ob-
serve in passing that these exact solutions actually solve the equation (1.1) and not
the slightly different version in [17], p. 139.

In Figures 1 and 2, we present the relative L*([0, 7]; L*(R)) error between the
exact solution (4.2) with ¢ =1, d = 20, and the computed solution, for 7' = 10,
computed on the domain x € (10, 50), as a function of the spatial step /, respec-
tively, for k = 1 and k = 2. Note that for the values of 4 presented here, the num-
ber of spatial points varies between 5000 and 45000. As can be readily seen from
the plot, we observe a convergence of order one, that is, proportional to /. In Fig-
ure 3 we present the result of varying 7 for a fixed value of 7 = 0.004, correspond-
ing to 10000 spatial points, and we observe the same linear convergence rate.

In Figure 4 we show the evolution of the /7 norm of the discrete solution, com-
puted with 10000 spatial points on the interval [0, 50] (thus 4 = 0.005) upto T'=5
with 7 = 0.0001. The viscosity parameter was chosen as 7 = 0.001. This quantity
should not increase, according to (3.10). Some decrease is observed, due to the
dissipation in the scheme. Of course ideally there should be no decrease of the dis-
crete L? norm of the approximate solution, since the exact solution does not
dissipate. However, we stress again that the results presented here serve to illus-

Relative LA2-LA2 error, T = 10, tau = .0001, eta =1, k = 1 (KdV)

0016 Relative L"2 error
elative error —H—
0.014 pral

0.012

0.01

0.008

0.006

0.004 /B/

0.002

Relative L"2-L"2 error

0 0.001 0.002 0.003 0.004 0.005 0.006 0.007 0.008
h

Figure 1. Relative L*([0, T]; L?(R)) error as a function of the spatial step /4, k =1 (KdV
equation).
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Relative L*2-L"2 error, T = 10, tau = .0001, eta = 1, k = 2 (mKdV)

0.18 T \ T
Relative L2 error —83—
0.16 K1

0.14

0.12

0.1

0.08
0.06 Izl

0.04 z/z/
0.02 =
0 0001 0002 0003 0004 0005 0006 0007 0.008
h

Relative L"2-L"2 error

Figure 2. Relative L*([0, T]; L*(R)) error as a function of the spatial step, k = 2 (mKdV
equation).

0.008
0.0075 /E !
0.007
0.0065
0.006
0.0055
0.005
0.0045
0.004

LA2 Error

0.0035

0.003@’2'

0 0.001 0.002 0.003 0.004 0.005 0.006 0.007 0.008 0.009 0.01

Time step tau

Figure 3. Relative L*([0, 7]; L*(R)) error as a function of the time step, k =1 (KdV
equation).

trate our rigorous convergence results, and we do not claim that the proposed
scheme is particularly efficient. Still, observe that for 7' =5 the decrease in the
/7 norm is very small.

One advantage of the present method is that it allows direct control of the
amount of dissipation my means of the parameter # in (4.1). We first note that
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Figure 4. /7 norm of the approximate solution.
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Figure 5. Relative L? error at 7 = 10 as a function of the viscosity parameter 7 (KdV

equation).

our convergence results remain valid for any # > 0 (but not for 7 = 0). As would
be expected, reducing the value of # provides a sharper, less dissipative approxi-
mation. This is confirmed by our simulations, and in Figure 5 we present the >
error at 7' = 10 for various values of 7. Interestingly, setting # = 0 sometimes pro-
vides a very good approximation, but not always, which is perhaps a consequence

of the instability of the scheme without dissipation.
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It would be of interest, but falls outside the scope of the present paper, to
investigate the behavior of the present scheme if in (4.1) the factor 4 multi-
plying the double laplacian is replaced by some power 4*. One can then en-
deavor to find the optimal power «, as was done by Sepulveda [24] for a related
problem.

5. On an open question of Y. Tsutsumi

In [25], the Cauchy problem for the KdV equation (1.1) with measure initial data
is considered. In that work, the author addresses the open question of uniqueness
of solution to the Cauchy problem for the KdV equation with measure initial data
in the following way.

It is well known that a solution of the mKdV equation with L? initial data
may be transformed, by the Miura transform u — .#(u) = 0,u + u?, into a so-
lution of the KdV equation with a measure as initial data. Now, the family of
functions

0,y J e+ Dx+c’ '
() =14 (5.1)
i x <0,

with ¢ < —1, all verify .#(u°) = 5(0), where 6 denotes the Dirac delta. Therefore,
if u.(x, 1) is the solution of the mKdV equation with initial data u°(x), the ques-
tion arises whether the Miura transform maps each of these different solutions
to the same solution of the KdV equation with (0) as initial data, or if, on the
contrary, .4 (uc(x, t)) varies with ¢, which would establish non-uniqueness. If
the latter case is observed numerically, it would support the conjecture that the
Cauchy problem for the KdV equation with measure initial data does not enjoy
the uniqueness property.

We have investigated this question numerically, and found that our numerical
experiments support this lack of uniqueness conjecture. Thus, we have considered
the mKdV equation with initial data given by u (see (5.1)) and Dirichlet bound-
ary conditions for various values of ¢ < —1, computed the solution u.(x, ¢) up to
some time 7" > 0, applied the Miura transform .# (uc(x, t)), and finally compared
the solutions obtained.

We have observed a clear dependence of .# (uc(x, Z)) as ¢ < —1 varies, see Fig-
ure 6. This provides strong numerical evidence in support of a non-uniqueness
property for the KdV equation with measure initial data and also a non-trivial
test of the robustness of our numerical method: recall that the initial data (5.1)
are discontinuous functions in L? only.
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Miura transform of solution, c=-1, ¢=-5, c=-20, c¢=-500, 30000 points, dt = 0.001, h = 1/30, T = 5 (zoom)
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Figure 6. Miura transform of solution for various values of ¢. 7 =5, 30000 spatial points,
7 =0.001.

Note that the simulations in Figure 6 were computed with an accuracy of
30000 spatial points. In this case, the boundary conditions are a delicate prob-
lem, since the initial data decays only as x~'. For this reason, we chose the large
computational domain [—500, 500], giving a value of # = 1/30. We have also per-
formed the computations with a coarser grid of 5000 points, and have found that
the variation in the results does not affect the overall qualitative aspect of the
solution. In other words, the lack of uniqueness conjecture is supported by our
numerical experiments.

We have verified as well that the result does not depend on the viscosity
parameter 5 appearing in (4.1). The simulations presented take # = 0.001, but
considering larger values of # (up to # =0.1) gives virtually indistinguishable
results.

In fact, it is easy to check that the more general family

W), (x) = (e (52)
x+c’ x<0

verifies ./ (ugx) = N(c,&)dp, with N = (¢c+¢—1)/c. The same remarks about
uniqueness apply, and so as a last test we have carried out simulations with
(c,e) = (—1/4,1/4) and (c,¢) = (—1,—2) (for which N(c,¢) = 4), performing the
same comparison of the Miura transform of the computed solutions.
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For these simulations we have taken a fine grid of 50000 spatial points,
which corresponds to 2 = 0.02. The viscosity parameter is # = 0.001. In Fig-
ure 7 we plot the Miura transform of the solution for two different values
of (¢,¢), with T =10, and 10000 and 50000 spatial points for each value of
(c,e).

Again, some variation with /i is observed for the same values of (c, ¢), which is
natural since the scheme includes dissipation. But the main thing to note are the
appearance of two distinct solutions, one for each set of values of the pair (c,¢),
clearly apparent in Figure 7. The same distinction between the two solutions is
also apparent for intermediate values of the number of grid points, whose solu-
tions are seen to lie smoothly between the ones presented here.

Moreover, in an effort to show that the boundary effects are negligible, we per-
formed very precise simulations reported in Figures 8§ and 9 with an accuracy of
150000 spatial points on the interval [—1000, 1000], and = = 0.0001. As far as we
can tell, the boundary effects remain negligible. Further confirmation is given in
Figure 10. Here, we compare the approximation in Figure 8 with an approxima-
tion of the same problem on the smaller interval [—500, 500] and with only 10000
spatial points (thus, with zero boundary conditions at different points). As can be
seen form the figure, the two solutions are clearly similar, suggesting that bound-
ary effects contribute little to the solution.

We can therefore conclude that our numerical experiments strongly indicate
lack of uniqueness for the Cauchy problem for the KdV equation with a measure
initial data.

Miura transform of solution, (c,eps)=(-1,-2) and (-1/4,1/4); 10000 and 50000 points, dt = 0.001, T = 10 (zoom)
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Figure 7. Miura transform of solution for various values of ¢, &. 7' = 10, 10000 and 50000
spatial points. 7 = 0.001.
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0.8 \
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0.7 - (ceps)=(-1,-2) ----
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0.1
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Miura transform of solution to mKdv

Figure 8. Miura transform of solution for various values of ¢, &, x € [—1000, 1000] (zoom).
T =5, 150,000 spatial points. 7 = 0.0001.
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Figure 9. Miura transform of solution (global view). 7 =15, 150,000 spatial points.
7 =0.0001.
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Figure 10. Miura transform of solution, comparison between 150,000 points on
[—1000, 1000] (2 = 0.0133) and 10000 points on [—500, 500] (& = 0.1), T =5, = = 0.0001.
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