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1. Introduction

Riemann showed in 1857 that the local system defined by the multiform solutions

of the hypergeometric equation can be reconstructed, up to isomorphism, from the

knowledge of the local monodromies around its singular points 0, 1 and l. In

modern terminology, a local system on a projective smooth connected curve X

over C minus a nonempty finite subset S of X is called (physically) rigid, if it is

determined, up to isomorphism, by the local monodromies around each point of

S. N. Katz gave necessary and su‰cient conditions for the rigidity of local sys-

tems, when X is the Riemann sphere, based on a cohomological invariant, called

the rigidity index (see [9]). He showed in addition that in characteristic p > 0, this

index is preserved under Fourier transform when the local system is a perverse

sheaf such that neither its support nor the support of its Fourier transform is punc-

tual (cf. [9] Theorem 3.0.2). Moreover, he conjectured that ‘‘it should be true that

Fourier transform preserves the index of rigidity in the D-module context’’ (op. cit.

p. 10). This conjecture was proved some years later by S. Bloch and H. Esnault

in [2]. A di¤erent and purely algebraic proof of this result is given in this paper in

the case of irreducible regular holonomic DP1 ½�flg�-modules.

The paper is organized as follows. Section 1 reviews some results on rigidity.

Section 2 recalls the notion of minimal extension for holonomic DP1 -modules and

introduces the analogue notion of rigidity in the context of holonomic DP1 -

modules. Section 3 recalls the definition of Fourier transform and then computes



the rigidity index of the Fourier transform, for irreducible regular holonomic

DP1 ½�flg�-modules. Section 4 recalls a dictionary between germs of holonomic

D-modules and pairs of vector spaces (quivers). The last section is devoted to

the proof of the main result (Theorem 5.1). The appendix contains a detailed

proof of Theorem A.1, which have been postponed there for ease of readability.

This new result necessary for the proof of Theorem 5.1 relates the monodromy of

regular holonomic DP1 ½�l�-modules at 0 and the monodromy of its Fourier

transform at l. General references for this paper are [3], [4], [11], [13], [16], [18],

[19], [23].

2. Rigidity index and minimal extensions

Let M be a holonomic D-module on a Riemann surface X and let S ¼
fx0; . . . ; xngHX be a finite set. The following notation will be used throughout

the paper.

• M � ¼: HomDX

�
oX ; Ext

1
DX
ðM ;DX Þ

�
denotes the dual of M ;

• H½S�ðMÞ denotes the torsion submodule of M supported on S (see [20], §1).

Definition 2.1. One says that a holonomic D-module N on X is a minimal exten-

sion of M along S and denote it Mmin, if:

i) OX½�S�nOX
M ¼ OX½�S�nOX

N ,

ii) N has neither nonzero submodules nor nonzero quotients with support on a

subset of S.

Proposition 2.2 ([16], Theorem 2.7.6 and Theorem 2.7.3). A minimal extension of

M along S exists and is given by

Mmin ¼
��
M=H½S�ðMÞ

��
=H½S�

��
M=H½S�ðMÞ

�����
:

Moreover, the minimal extension along S is unique up to isomorphism.

Corollary 2.3. The D-modules M and M ½�S� have the same minimal extension

along S, i.e., Mmin ¼M ½�S�min.

Taking into account that for each holonomic D-module M on a Riemann sur-

face X with singularities on S one has suppðMÞHS, i¤ M ¼ H½S�ðMÞ (cf. [16],
Lemma 2.7.8), the notion of minimal extension can also be defined for germs of

Dx ¼: Cfxg3qx4 (resp. D̂Dx ¼: C½½x��3qx4) -modules in the following way.

Definition 2.4. Let M , N be holonomic Dx (resp. D̂Dx) -modules. One says that N

is a minimal extension of M and denote it Mmin if:
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i) M ½x�1� ¼ N ½x�1�,
ii) N has neither submodules nor quotients isomorphic to Dx=Dx � xk (resp.

D̂Dx=D̂Dx � xk) for some k a Nþ.

Let M be a holonomic Dx-module and let M̂M ¼: C½½x��nCfxgM denote its

formalized.

Proposition 2.5 ([16], Theorem 2.7.11). The minimal extension commutes with the

formalized, that is, if M is a holonomic Dx-module, then dMminMminU ðM̂MÞmin.

Let us now recall a result of N. Katz [9] leading to the definition of rigidity

index of holonomic D-modules. Set U ¼ P1nS. Set n ¼ rankðLÞ and set k ¼ ]S.

Let j : U ,! P1 be the open inclusion. Given a local system L on U denote by

r : p1ðU ; xÞ ! EndCðLxÞ its monodromy representation. Set Txi ¼ rðgiÞ, where
gi is a small loop in U around xi. Let ZðTxiÞ ¼

: fA a EndCðLsiÞ jATxi ¼ TxiAg
be the commuting algebra of Txi .

Definition 2.6. L is irreducible, if L has no non-trivial submodules.

Definition 2.7 (Rigidity index for local systems). The Euler–Poincaré characteris-

tic w
�
ðP1Þan; j� EndðLÞ

�
equals ð2� kÞn2 þ

P
i dimZðTxiÞ and is called the rigidity

index of L.

Theorem 2.8 ([9], Theorem 1.1.2). If L is irreducible, L is ( physically) rigid if and

only if w
�
ðP1Þan; j� EndðLÞ

�
¼ 2.

It is well known that if M is a regular holonomic DX -module with singularities

on S, the local system L ¼: HomDX
ðOX ;MÞjXnS satisfies the following (cf. [20], §1,

pp. 1265–1266), where DRð Þ denotes the de Rham complex,

DR
��
EndOX

ðM ½�S�Þ
�
min

�
¼ j� EndðLÞ:

Definition 2.9. M is irreducible, if M has no non-trivial submodules.

These facts motivate the following definition.

Definition 2.10 (Rigidity index for holonomic DP1 -modules). Let M be an irre-

ducible holonomic DP1 -module and let S be the set of its singular points. One

calls rigidity index of M to the invariant,

rigðMÞ ¼: w
�
P1;DR

��
EndO

P1
ðM ½�S�Þ

�
min

��
:
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3. Rigidity index and Fourier transform

Let A1 ¼: C½t�3qt4 denote the Weyl algebra in the variable t and consider the

isomorphism of Weyl algebras,

F : C½t�3qt4! C½t 0�3qt 04; t 7! �qt 0 ; qt 7! t 0:

This isomorphism induces on every C½t�3qt4-module M a structure of C½t 0�3qt 04-
module denoted FM and is called the Fourier transform of M.

GAGA provides an equivalence between the categories of holonomic A1-

modules, holonomic algebraic D
alg

P1 ½�flg�-modules and holonomic analytic

DP1 ½�flg� ¼: D ana
P1 ½�flg�-modules (see [14], chap. I, §4). This is done the

following way. Let M be a holonomic A1-module with singularities on

S ¼ fx1; . . . ; xkgHC, where kb 1. Denote by M alg the D
alg

P1 ½�flg�-module

O
alg

P1 ½�flg�nC½t�M, with P1 covered by charts with local coordinates t and t 0

and transition map t ¼ t 0�1 on their intersection. (Likewise, let t 0 be the coordi-

nate at 0, t the coordinate at l and t 0 ¼ t�1 the transition map.) This way

M algðCÞ ¼M. For this reason, FM denotes the analytic DP1 ½�flg�-module

associated to FM.

Proposition 3.1 ([22], Proposition V, 2.2). Let M be an holonomic A1-module. If

M has a regular singularity at infinity, then its Fourier transform FM has singu-

larities only at t 0 ¼ 0 and t 0 ¼l. The former is regular and the later is possibly

irregular.

Lemma 3.2. If M is a regular holonomic A1-module (including at l), the Newton

polygon of the irregular part of FM at l is either null or has slope 1.

Proof. It is a consequence of [14], Proposition V, 1.2. r

Let M be a regular holonomic DP1 ½�S�-module with singularities on S ¼:

flgAS. Set x0 ¼: l. Let ðN̂N ; ‘̂‘Þ denote the formalized at l of the meromor-

phic connexion determined by FM ½�f0;lg� (cf. [18], Theorem 4.3.2). Let

ðN̂N ; ‘̂‘ÞU 0
k

i¼1
ÊE ji n ðR̂Ri; ‘̂‘iÞ; ð1Þ

be the Turrittin decomposition of ðN̂N ; ‘̂‘Þ with ðR̂Ri; ‘̂‘iÞ regular meromorphic con-

nexions (cf. Turrittin [24], Levelt [10], and [16], Theorem 1.9.5 and Lemma 1.9.6).

Let T̂Ti denote the monodromy of ðR̂Ri; ‘̂‘iÞ and let ni be the dimension of R̂Ri,

i ¼ 1; . . . ; k. Let ji denote �xi=x. Let T̂T0 denote the monodromy at 0 of the local
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system HomD
P1
ðOP1 ; FMÞjC� .1 Let ið Þ denote the Malgrange–Komatsu irregular-

ity of a Dx-module (see [18], chap. II, §1.3).

Corollary 3.3. The irregularity of the term ÊE ji n ðR̂Ri; ‘̂‘iÞ of the decomposition of

Turrittin (1) equals 0 if ji ¼ 0 and equals ni otherwise.

Proof. The result follows from Lemma 3.2, because the irregularity can be read

o¤ from the Newton polygon of the meromorphic connexion ðN̂N ; ‘̂‘Þ (cf. [18],
fig. 8, pp. 53–54). r

Theorem 3.4. If M is a regular holonomic DP1 ½�flg�-module with singularities on

SHP1, the rigidity index of FM is given by

rigðFMÞ ¼ dimZðT̂T0Þ þ
Xk
i¼1

dimZðT̂TiÞ þ
Xk
i¼1

n2i �
�Xk

i¼1
ni

�2
: ð2Þ

In order to prove theorem above, let us first prove the following auxiliary

result.

Lemma 3.5. Let ðN̂N ; ‘̂‘Þ be the formalized at l of the meromorphic connexion as-

sociated to the Fourier transform of a regular holonomic DP1 ½�flg�-module with

singularities on S. Assume moreover that j1 ¼ 0 on the Turrittin decomposition

of ðN̂N ; ‘̂‘Þ (ðR̂R1; ‘̂‘1Þ might be 0). The following holds:

i) wðN̂Nmin;C½½t��Þ ¼ dimfe j T̂T1e ¼ eg.
ii) w

�
EndÔOt

ðN̂N Þmin;C½½t��
�
¼

Pk
i¼1 dimZðT̂TiÞ.

iii) i
�
EndO t

ðN Þ
�
¼ ð

Pk
i¼1 niÞ

2 �
Pk

i¼1 n
2
i .

Proof. i) For each term of decomposition (1), either i ¼ 1 or i > 1. If i > 1, the

holonomic D̂Dt-module N̂Ni ¼: ÊE ji n ðR̂Ri; ‘̂‘iÞ has no regular component. Therefore,

N̂Ni U N̂Ni½t�1� (cf. [18], Theorem 6.3.1) and the multiplication by t is bijective.

Hence H½0�ðN̂NiÞ ¼ 0 and H½0�ðN̂N �i Þ ¼ 0. Thus, by Proposition 2.2, ðN̂NiÞmin ¼ N̂Ni½t�1�.
Thanks to these isomorphisms, one has wðN̂Nmin;C½½t��Þ ¼ w

�
ðN̂N1Þmin;C½½t��

�
, because

wðN̂Ni½t�1�;C½½t��Þ ¼ 0, for i > 1. If i ¼ 1, possibly after a change of basis and coor-

dinate system, one has the isomorphism,

ðR̂R1; ‘̂‘1ÞU C½½t��n; t d

dt
�A1

� �
; n ¼ dim R̂R1:

1The notation ^ is also traditionally used to denote the Fourier transform. Here it is only and exclu-
sively used on T̂T0 to stress the fact that this is a monodromy on the Fourier transform.
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By Proposition 2.3, both N̂N1 and N̂N1½t�1� have the same minimal extension.

Hence, one may compute the minimal extension of N̂N1½t�1� instead of N̂N1. There

is a meromorphic change of bases, which transforms A1 into a constant ma-

trix in the Jordan canonical form, say J ¼ J1a � � �a Jm, with n1 þ � � � þ nm ¼ n.

Thus,

ðR̂R1½t�1�; ‘̂‘1ÞU 0
m

j¼1
C½½t��nj ; t d

dt
� Jj

� �
:

If aj is the eigenvalue of the Jordan block Jj, one has the isomorphism,

N̂N1½t�1�U 0
m

j¼1
C½½t��½t�1�3qt4=C½½t��½t�1�3qt4:ðtqt � ajÞnj :

If aj B Z, the Bernstein polynomial bðtÞ of N̂N1j ¼: C½½t��3qt4=ðtqt � ajÞnj equals

ðt� ajÞnj . Therefore, for each k a N, bðkÞA 0. Hence, the multiplication by t

C½½t��3qt4=ðtqt � ajÞnj !
t:

C½½t��3qt4=ðtqt � ajÞnj

is a bijective map, i.e., N̂N1j is a meromorphic connexion (cf. [18], Lemma 4.2.7).

In particular, one has H½0�ðN̂N1jÞ ¼ 0 and H½0�
�
ðN̂N1jÞ�

�
¼ 0. Thus ðN̂N1jÞmin ¼ N̂N1j.

Since wðN̂N1j½t�1�;C½½t��Þ ¼ 0 for each aj B Z,

wðN̂Nmin;C½½t��Þ ¼
X
aj AZ

w
�
ðN̂N1jÞmin;C½½t��

�
:

If aj a Z, one can assume aj ¼ 0. In fact after the change of basis B ¼ t�aj1, the
matrix Jj is transformed into

BJjB
�1 þ tqB=qtB�1 ¼ Jj � aj1:

In this case, N̂Nj ¼ C½½t��3qt4=ðtqtÞnj and therefore ðN̂NjÞmin ¼ C½½t��3qt4=Rj , where

Rj ¼ qtðtqtÞnj�1. As f1; log t; . . . ; lognj�1 tg is a fundamental system of solutions

the di¤erential equation Rjy ¼ 0, the kernel of Rj in C½½t�� is 314. Hence,

dim kerRj ¼ 1. Given that ðl þ 1Þ�njt lþ1 is a solution of the di¤erential

equation Rjy ¼ t l , dim cokerRj ¼ 0. In brief wðN̂Nmin;C½½t��Þ ¼ ]fJj j aj a Zg, so

wðN̂Nmin;C½½t��Þ ¼ dimfe j T̂T1e ¼ eg.
ii) The Turrittin decomposition (1), ðN̂N ; ‘̂‘ÞU0k

i¼1 ÊE
ji n R̂Ri, implies that

274 A. Paiva



�
HomÔOt

�
0
k

i¼1
ÊE ji n R̂Ri;0

k

i¼1
ÊE ji n R̂Ri

�
; ‘̂‘

�

U 0
k

i¼1
0
k

j¼1

�
HomÔOt

ðÊE ji n R̂Ri; ÊE
jj n R̂RjÞ; ‘̂‘

�

U 0
k

i¼1
0
k

j¼1

�
HomÔOt

ðR̂Ri; ÊE
jj�ji n R̂RjÞ; ‘̂‘

�

U 0
k

i¼1
0
k

j¼1

�
HomÔOt

ðR̂Ri; R̂RjÞn ÊE jj�ji ; ‘̂‘
�
: ð3Þ

Hence by i),

w
�
EndðN̂N Þmin;C½½t��

�
¼ dimfM ¼M1a � � �aMk j adT̂T1

a � � �a adT̂Tk
M ¼Mg

¼
Xk
i¼1

dimZðT̂TiÞ:

iii) Each term ðR̂Ri; ‘̂‘iÞ of (1) is a regular meromorphic connexion. By Corol-

lary 3.3 the irregularity of ÊE ji n ðR̂Ri; ‘̂‘iÞ equals 0, if i ¼ 1 and equals ni ¼
rankðR̂RiÞ ¼ rankðT̂TiÞ otherwise. Applying the same reasoning to the Turrittin

decomposition of the endomorphisms of N̂N , i.e., to the identity (3), one has,

i
�
EndOt

ðN Þmin

�
¼

Xk
i; j¼1
iA j

rank
�
HomÔOt

ðR̂Ri; R̂RjÞ
�
¼

�Xk
i¼1

ni

�2
�
Xk
i¼1

n2i : r

Proof of Theorem 3.4. This proof relies on triangulated categories. For an

overview on this subject, see [8], chap. 1, §5. Let E be the DP1 -module

EndO
P1
ðFM ½�f0;lg�Þ. Let F � be the de Rham complex DRðEminÞ on P1 and

let j : C� ,! P1 be the open inclusion. Let h : j! j
�1F � ! F � the open inclusion.

By taking the mapping cone of h, denoted by CðhÞ, the morphism h fits in the

distinguished triangle below

j! j
�1F � !h F � ! CðhÞ !; ð4Þ

which yields the identity, where wð Þ denotes the Euler–Poincaré index (see [8],

Exercise I.32),

wðF �Þ ¼ wð j! j�1F �Þ þ w
�
CðhÞ

�
: ð5Þ
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By Proposition 3.1 f0;lg are the only singularities of F � and therefore P1nf0;lg
is homotopic to S1. Setting L ¼: h0ð j�1F �Þ, one gets

wð j! j�1F �Þ ¼ ð1� 1Þ rankL ¼ 0 and w
�
CðhÞ

�
¼ w

�
CðhÞ0

�
þ w

�
CðhÞl

�
;

because ð1; 1Þ are the Betti numbers of S1. Thus,

wðF �Þ ¼ w
�
CðhÞ0

�
þ w

�
CðhÞl

�
: ð6Þ

To compute w
�
CðhÞ0

�
, take a disk DHC centered at 0, the inclusion

i : D� ,! D and set G � ¼: DRðEminjDÞ. By Proposition 3.1, EminjD is a regular holo-

nomic DD-module. Therefore, G � ¼ i� EndðL 0Þ with L 0 ¼ HomD
P1
ðOP1 ; FMÞjD� .

Since G � is a perverse sheaf on D, it gives rise to the short exact sequence

0 �! i!i
�1G � �!

hjD
G � �! ðcoker hjDÞ �! 0: ð7Þ

Thus,

wðG �Þ ¼ wði!i�1G �Þ þ wðcoker hjDÞ:

Since h0ði�1G �Þ ¼ EndðL 0Þ, wði!i�1G �Þ ¼ ð1� 1Þ rank EndðL 0Þ ¼ 0, because D� is

homotopic to S1. Therefore wðG �Þ ¼ w
�
ðcoker hjDÞ0

�
. The exact sequence (7) im-

plies that G �0 ¼ ðcoker hjDÞ0. Moreover, G �0 ¼ fM a EndðEÞ jTEndðL 0ÞðMÞ ¼Mg,
where E ¼ h0ðDnRþ;L 0Þ, TEndðL 0Þ ¼ adT̂T0

and T̂T0 is the monodromy of L 0 at 0.
Thus G �0 ¼ fM a EndðEÞ j T̂T0M ¼MT̂T0g ¼: ZðT̂T0Þ. By Mayer-Vietoris, one shows

that wðcoker h0Þ ¼ wðcoker hjDÞ. On the other hand, the restriction of the distin-

guished triangle (4) to D yields the identity wðG �Þ ¼ w
�
CðhÞ0

�
. Hence,

w
�
CðhÞ0

�
¼ dimZðT̂T0Þ: ð8Þ

By the identity (5), one has wðF �lÞ ¼ wð j! j�1F �lÞ þ w
�
CðhÞl

�
. Without loss

of generality l is purely irregular, as the regular part reduces to the previous

case. Since ð j! j�1F �Þl ¼ 0, wðF �lÞ ¼ w
�
CðhÞl

�
. On the other hand, wðF �lÞ ¼

w
�
ðEminÞl;Cftg

�
. Therefore by definition of irregularity

wðF �lÞ ¼ w
� dðEminÞðEminÞl;C½½t��

�
� i

�
ðEminÞl

�
: ð9Þ

Owing to Lemma 3.5 and Proposition 2.5

w
� dðEminÞðEminÞl;C½½t��

�
¼

Xk
i¼1

dimZðT̂TiÞ: ð10Þ
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Furthermore, by Lemma 3.5

i
�
ðEminÞl

�
¼

�Xk
i¼1

ni

�2
�
Xk
i¼1

n2i : ð11Þ

The identity (2) is now an immediate consequence of (6), (8), (9), (10) and (11).

r

4. An equivalence of categories

The previous two sections showed that both the rigidity index of a regular holo-

nomic DP1 ½�flg�-module as well as the rigidity index of its Fourier transform

can be expressed in terms of the monodromy at its singular points (cf. Theorems

2.8 and 3.4). With this in mind, the category C of quivers consisting of pairs of

vector spaces linked by morphisms seems the natural choice for a dictionary, be-

cause the monodromy figures there prominently. For details on the category C,

refer to [18], chap. I, {6.2.3, or [3], [23]. Furthermore, not only the category C

is equivalent to the category of regular holonomic D t-modules, but also dually

equivalent to the category of germs of complexes of perverse sheaves. For the

equivalence, refer to [18], chap. I, §6, and Theorem I 6.2.5. For the duality, refer

to [5], §II and Theorem II.2.3.

Theorem 4.1 ([16], Proposition 2.4.5). For every complex of perverse sheaves F �

on a disk D centered at 0 one has the following quivers in the category C, where

j!ðLÞ j�ðLÞ Rj�ðLÞ

i)
E E

1E

T�1E

ii)
E F, where FHE

T�1E

inc

iii)
E E

T�1E

1E

j : D� ,! D is the inclusion map, E ¼: h0
�
F �ðDnRþÞ

�
and T is the monodromy of

the local system L ¼: h0ðF �jD �Þ.

A distinct proof of Theorem 4.1 with a slightly change of notation can also be

found in [17], Proposition 4.7.

Proposition 4.2. The quiver in statement iii) of theorem above is the representative

in the category C of the germs of localized regular holonomic D t-modules.
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Proof. By [18], Theorem I 6.2.5, each regular holonomic D t-module is represented

by a quiver u : E > F : v in the category C. Since left multiplication by t is bijec-

tive for localized holonomic D t-modules, v is an isomorphism (see [22], proof of

Proposition V, 2.2 (2)). The result then follows by diagram chasing. r

The following theorem shows that the notion of minimal extension in the cat-

egory C is meaningful.

Theorem 4.3 ([16], Proposition 2.7.13). Let D be a disk centered at the origin,

j : D� ,! D the inclusion map and let L be a locally constant sheaf on D�. If F �

is a complex of perverse sheaves on D such that F �jD� ¼ L, then:

i) There exists h : j�L ! F � morphism of complexes of perverse sheaves such that

hjD� ¼ idL,

ii) j�L has neither non trivial subobjects nor quotients with support at the origin.

An alternative proof can be found in [7]. For i), cf. [7] Proposition 8.2.5(i). For

ii), cf. [7] Proposition 8.2.7.

Definition 4.4 (Minimal extension for perverse sheaves). Let D be a disk centered

at the origin and let j : D� ,! D be the inclusion. Take F � a complex of perverse

sheaves on D and set L ¼ h0ðF �jD � Þ. One calls minimal extension of F � the com-

plex j�L.

Definition 4.5 (Minimal extension for quivers). Let u : E > F : v be a quiver.

One defines the minimal extension of this quiver via the equivalence of catego-

ries between germs of holonomic Dx-modules and quivers (see [18], Theorem I,

6.2.5).

Proposition 4.6. If the quiver u : E > F : v is isomorphic to its minimal extension,

then dimZðv � uÞ � dimZðu � vÞ ¼
�
dimkerðv � uÞ

�2
.

Proof. By diagram chasing u : E > F : v is equivalent to E !! - imðv � uÞ with

the natural arrows. Let a1; . . . ; ak be the distinct eigenvalues of v � u and let

E ¼ E1a � � �aEk be the decomposition of E in terms of the eigenspaces of v � u.
By choosing a convenient Jordan basis v � u is represented by J ¼ J1a � � �a Jk,

where J1; . . . ; Jk are the Jordan matrices associated to the eigenvalues a1; . . . ; ak
respectively. Furthermore, in such basis each Ji is block diagonal, i.e., Ji ¼
Ji1a � � �a Jili . By [15], 6.4.7, not only dimZðJÞ ¼ dimZðJ1Þ þ � � � þ dimZðJkÞ,
but also the corresponding blocks Cij of each matrix C commuting with Ji has

one of the following shapes:
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Cij ¼

0 � � � 0 c
ij
1 c

ij
2 c

ij
3 � � � cijnj

0 � � � 0 0 c
ij
1 c

ij
2 � � � c

ij
nj�1

0 � � � 0 0 0 c
ij
1 � � � c

ij
nj�2

..

. . .
. ..

. ..
. ..

. ..
. . .

. ..
.

0 � � � 0 0 0 0 � � � c
ij
1

2
666666664

3
777777775
; Cij ¼

c
ij
1 c

ij
2 c

ij
3 � � � cijnj

0 c
ij
1 c

ij
2 � � � c

ij
nj�1

0 0 c
ij
1 � � � c

ij
nj�2

..

. ..
. ..

. . .
. ..

.

0 0 0 � � � c
ij
1

0 0 0 � � � 0

..

. ..
. ..

. . .
. ..

.

0 0 0 � � � 0

2
66666666666666664

3
77777777777777775

:

Therefore,

dimZðJiÞ ¼
X
jk

minfdimEij ; dimEikg: ð12Þ

Let F ¼ F1a � � �aFk be the corresponding Jordan decomposition associated

to u � v, (notice that Fij might be 0). As v � u is onto, dimEij ¼ dimFij, if ai A 0

and dimEij ¼ dimFij þ 1 otherwise. Let i0 be the index for which ai0 ¼ 0. Thus,

dimZðv � uÞ � dimZðu � vÞ ¼
X
ijk

minfdimEij; dimEikg �minfdimFij ; dimFikg

¼
X
i¼i0; jk

1

¼
�
dimkerðv � uÞ

�2
: r

Let us now turn our attention to the final preparatory material for the proof

of the main theorem. So far, one has already seen two distinct notations for the

monodromy. On the one hand, the monodromy of a local system associated to M

at the (regular) singular point xi a S is denoted by Txi (cf. Theorem 2.8). On the

other hand, the germ Mxi is represented by a quiver in the category C,

TEi
� 1 Ei Fi TFi

� 1; ð13Þ
ui

vi

but Txi ¼ TEi
. Likewise for the germ FM0 (cf. footnote on p. 4) where T̂T0 ¼ TÊE:

TÊE � 1 ÊE F̂F TF̂F � 1: ð14Þ
u

v

279Rigidity index preservation of regular holonomic D-modules



The proof of the main theorem hinges on the irreducibility of the starting D-

module M . The irreducibility of M implies that Mmin ¼M (if MminA 0). By

Theorem 4.1 ii) and Definition 4.4, for each xi a S the quiver (13) is equivalent to

Txi � 1 Ei Fi TFi
� 1: ð15Þ

Txi
�1

inc

Recall that x0 ¼: l. Since M is localized at l, one has by Theorem 4.1 iii),

El ¼ Fl. The same holds for the germ FM0, because the Fourier transform pre-

serves the irreducibility (cf. [4] Proposition 5 2.1),

T̂T0 � 1 ÊE F̂F TF̂F � 1: ð16Þ
T̂T0�1

inc

As M is holonomic, M ¼ A1=I . In particular, if one takes a division basis

ðPp; . . . ;PqÞ of I , then dimEi ¼ degqx Pp. For a proof, see [23] Theorem I.1.1.

Without loss of generality one can assume Ei ¼ E. Thus the quivers in (15) can

be rewritten as follows

Txi � 1 E Fi TFi
� 1: ð17Þ

Txi
�1

inc

There is also the information provided by the Turrittin decomposition of the

Fourier transform at infinity. Let ðN̂N ; ‘̂‘Þ be the formalized of the meromorphic

connexion ðN ;‘Þ ¼: FM ½�flg�. Its Turrittin decomposition is

ðN̂N ; ‘̂‘ÞU 0
k

i¼1
ÊE ji n ðR̂Ri; ‘̂‘iÞ:

By Proposition 4.2 iii), each meromorphic connexion ðR̂Ri; ‘̂‘iÞ is equivalent to

TF̂Fi
� 1 F̂Fi F̂Fi TF̂Fi

� 1; ð18Þ
TF̂Fi
�1

with T̂Ti ¼: TF̂Fi
(see Theorem 3.4).

When M is an irreducible regular holonomic DP1 ½�flg�-module, the Fi’s and

TFi
’s in (17) are ‘‘preserved’’ by Fourier transform in the sense of the following

two lemmas.

280 A. Paiva



Lemma 4.7. If FMmin ¼ FM , then ðF̂F; T̂TF̂FÞ is isomorphic to ðE;TlÞ, i.e., FM0 is

equivalent to

T̂T0 � 1 ÊE F̂F Tl � 1:

T̂T0�1

inc

Proof. It is an easy corollary of Theorem A.1, because the monodromy is defined

up to conjugation. r

Lemma 4.8. If Mmin ¼M , then for each xi a SBC ðFi;TFi
Þ is isomorphic to

ðÊEi; T̂TiÞ, i.e., Mxi is equivalent to

Txi � 1 E Fi T̂Ti � 1:

Txi
�1

inc

Before proving Lemma 4.8, let us present some notations and then state the

necessary results for its proof. Let EP1 ¼: C½qt; q�1t �nC½qt�DP1 denote the sheaf

of micro-di¤erential operators on P1. Given a holonomic A1-module M one

shall denote by M ¼: O ana
P1 nC½t�M the corresponding D ana

P1 -module. Notice that

M jC ¼M jC. Therefore Mx ¼Mx, for each x a C.

Lemma 4.9 ([22], Lemma V, 3.3). The microlocalized module M m ¼: EP1 nD
P1
M

has support in the set S of singular points of M .

As a corollary of this lemma, GðC;M mÞ ¼0
c ASBC

M m
c .

Proposition 4.10 ([22], Proposition V, 3.4). At any singular point c of M , the germ

E c=t nM m
c is a ðk̂k ¼: C½½t��½t�1�; ‘̂‘Þ-vector bundle with regular singularities.

Proposition 4.11 ([22], Proposition V, 3.6). The composed C½½t��-linear mapping

ĜG ¼: k̂knC½t�1�
FM! GðC; k̂knC½qt�M Þ ! GðC;M mÞ

is an isomorphism.

Proof of Lemma 4.8. Thanks to Lemma 4.9, for each xi a SBC the microlocali-

zation morphism m gives rise to the exact sequence of holonomic Dxi -modules

0! ker m ,!Mxi !
m ðMxiÞ

m ! coker m! 0: ð19Þ

As ker mUDxi=Dxi :ðqxiÞ
k (resp. coker mUDxi=Dxi :ðqxiÞ

k 0 ) for a given k a N

(resp. k 0 a N), ker m (resp. coker m) is equivalent to Ck > 0 (resp. Ck 0 > 0). By
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Proposition 4.10, ðMxiÞ
m is a regular meromorphic connexion therefore proposi-

tions 4.2 and 4.11 imply that it is equivalent to the quiver (18). Thus the exact

sequence (19) is equivalent to the exact sequence of quivers

0 ���! Ck K��! E �����!a
F̂Fi ���! Ck 0 ���! 0

0 ���! 0 ���! Fi �����!P

b
F̂Fi ���! 0 ���! 0:

j Txi
�1 1 T̂Ti�1

Since the rows are exact, b is an isomorphism. Furthermore the commutativity

of this diagram implies that a � j ¼ b and b � ðTxi � 1Þ ¼ ðT̂Ti � 1Þ � a. Thus

b � ðTxi � 1Þ � j ¼ ðT̂Ti � 1Þ � a � j. Hence b � Txi ¼ T̂Ti � b. r

Corollary 4.12. dimZðTxiÞ � dimZðT̂TiÞ ¼
�
dimkerðTxi � 1Þ

�2 ¼ ðdimE�
dim F̂FiÞ2.

Proof. As the quiver Txi � 1 : E !! - Fi : j is minimal, it follows from Proposi-

tion 4.6 that dimZðTxiÞ � dimZðT̂TiÞ ¼
�
dimkerðTxi � 1Þ

�2
. On the other hand,

dim kerðTxi � 1Þ þ dim imðTxi � 1Þ ¼ dimE. Since Txi � 1 : E! Fi is onto,

dimFi ¼ dim imðTxi � 1Þ. Therefore,
�
dim kerðTxi � 1Þ

�2 ¼ ðdimE� dim F̂FiÞ2.
r

Corollary 4.13. dimZðTlÞ � dimZðT̂T0Þ ¼ �
�
dimkerðT̂T0 � 1Þ

�2 ¼ �ðdim F̂F�
dimFlÞ2.

Proof. Similar to Corollary 4.12. r

Corollary 4.14. dimkerðT̂T0 � 1Þ ¼ dim ÊE� dimE ¼
Pk

i¼1 dim F̂Fi � dimE.

Proof. Thanks to Lemma 4.7, T̂T0 � 1 : ÊE! F̂F is onto. Therefore dim kerðT̂T0 � 1Þ
¼ dim ÊE� dim F̂F. This Lemma also implies that dim F̂F ¼ dimFl ¼ dimE, be-

cause M is regular and localized at infinity. It follows from Proposition 4.11

that dim kerðT̂T0 � 1Þ ¼
Pk

i¼1 dim F̂Fi � dim F̂F. r

5. Main result

The main result of this paper can now be proved.

Theorem 5.1. The Fourier transform preserves the rigidity index of irreducible

regular holonomic DP1 ½�flg�-modules with nonzero minimal extension.

Proof. Let M be an irreducible regular holonomic DP1 ½�flg�-module and let

S be the set of its singular points. The irreducibility condition ensures that
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Mmin ¼M , unless H½S�ðMÞ ¼M (cf. Proposition 2.2). It follows from Theorem

3.4 that,

rigðFMÞ ¼ dimZðT̂T0Þ þ
Xk
i¼1

dimZðT̂TiÞ þ
Xk
i¼1
ðdim F̂FiÞ2 � ðdim ÊEÞ2:

Thanks to corollaries 4.12 and 4.13 the equality above can be rewritten as follows,

rigðFMÞ ¼ dimZðTlÞ þ
�
dimkerðT̂T0 � 1Þ

�2
þ
Xk
i¼1

�
dimZðTxiÞ �

�
dimkerðTxi � 1Þ

�2	þXk
i¼1
ðdim F̂FiÞ2 � ðdim ÊEÞ2:

By corollaries 4.14 and 4.12, one has

rigðFMÞ ¼ dimZðTlÞ þ ðdim ÊE� dimEÞ2

þ
Xk
i¼1
½dimZðTxiÞ � ðdimE� dim F̂FiÞ2� þ

Xk

i¼1
ðdim F̂FiÞ2 � ðdim ÊEÞ2

¼ dimZðTlÞ þ
Xk
i¼1

dimZðTxiÞ þ ðdim ÊE� dimEÞ2

�
Xk
i¼1
½ðdimEÞ2 � 2 dimEdim F̂Fi þ ðdim F̂FiÞ2�

þ
Xk
i¼1
ðdim F̂FiÞ2 � ðdim ÊEÞ2

¼ dimZðTlÞ þ
Xk
i¼1

dimZðTxiÞ þ ðdim ÊE� dimEÞ2

� kðdimEÞ2 þ 2 dimE
Xk
i¼1

dim F̂Fi � ðdim ÊEÞ2

¼ dimZðTlÞ þ
Xk
i¼1

dimZðTxiÞ þ ðdim ÊEÞ2 � 2 dim ÊE dimE

þ ðdimEÞ2 � kðdimEÞ2 þ 2 dimEdim ÊE� ðdim ÊEÞ2

¼
�
2� ðk þ 1Þ

�
ðdimEÞ2 þ dimZðTlÞ þ

Xk
i¼1

dimZðTxiÞ

¼ rigðMÞ: r
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A. Appendix

The purpose of this appendix is to give a proof of the following theorem:

Theorem A.1. Let M be a regular holonomic DP1 ½�flg�-module and FM its

Fourier transform. If El > Fl (resp. ÊE > F̂F) is the quiver equivalent to Ml

(resp. FM0), then F̂F ¼ Fl and TF̂F ¼ Tl.

The proof relies on V -filtrations and on [18], Theorem I, 6.2.5.

B. Outline of the proof

The proof is inspired by the methods used by C. Sabbah in [19] §2 to characterize

the Fourier transform in a cohomological way. Let A1, A01 and ÂA1 be respec-

tively the a‰ne line with a‰ne coordinate t, t 0 and t respectively and let A1, A
0
1,

ÂA1 be the respective Weyl algebras. Throughout the appendix one uses the follow-

ing notations:

• M denotes the holonomic D alg

A1 -module M algjA1 .

• M 0 denotes the holonomic D alg

A01
-module M algjA01 .

• p, p̂p denote the canonical projections A1  p A1 � ÂA1 !p̂p ÂA1.

• q, q̂q denote the canonical projections A01  q A01 � ÂA1 !q̂q ÂA1.

Let M½t� ¼MnC C½t� ¼ pþM be the inverse image of M ¼ GðA1;MÞ on

A1 � ÂA1 with its natural structure of C½t; t�3qt; qt4-module. For a detailed ac-

count on inverse and direct images, refer to [1], [4], [6]. Put M 0 ¼: GðA01;M 0Þ.
Analogously let M 0½t� ¼M 0nC C½t� ¼ qþM 0 be the inverse image of M 0 on

A01 � ÂA1 endowed with its natural structure of C½t 0; t 0�1; t�3qt 0 ; qt4-module.

With the these notations one has

GðA1 � ÂA1; pþM Þ ¼M½t�;

GðA01 � ÂA1; qþM 0Þ ¼M 0½t�:

M½t� can be identified to the C½t; t�-module M½t�nC½t; t� e
�tt with the following

twisted actions of qt� ¼: qt � t and qt� ¼: qt � t, for m a M½t�:

qtðmn e�ttÞ ¼ ½ðqt � tÞm�n e�tt; qtðmn e�ttÞ ¼ ½ðqt � tÞm�n e�tt:

Similarly, M 0½t� can be identified to the C½t 0; t 0�1; t�-module M 0½t�nC½t 0; t 0�1; t� e
�t=t 0

with the twisted actions of qt 0 � ¼: qt 0 þ tt 0�2 and qt� ¼: qt � t 0�1, for m a M 0½t�:
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qt 0 ðmn e�t=t
0 Þ ¼ ½ðqt 0 þ tt 0�2Þm�n e�t=t

0
;

qtðmn e�t=t
0 Þ ¼ ½ðqt � t 0�1Þm�n e�t=t

0
:

Thanks to these identifications one has

GðA1 � ÂA1; pþM n
O

alg

A1�ÂA1

O
alg

A1�ÂA1 e
�ttÞ ¼M½t�;

GðA01 � ÂA1; qþM 0n
O

alg

A01�ÂA1

O
alg

A01�ÂA1 e
�t=t 0 Þ ¼M 0½t�:

Thus the direct images are respectively the complexes,

G
�
ÂA1; p̂pþðpþM n

O
alg

A1�ÂA1

O
alg

A1�ÂA1 e
�ttÞ

�
¼M½t� !qt� M½t�; ð20Þ

G
�
ÂA1; q̂qþðqþM 0n

O
alg

A01�ÂA1

O
alg

A01�ÂA1 e
�t=t 0 Þ

�
¼M 0½t� !

qt 0 �
M 0½t�; ð21Þ

where the right hand term of each complex has degree 0 and have cohomology in

degree 0 only.

Owing to the following two lemmas, the complexes (20), (21) give rise respec-

tively to the following short exact sequences:

0!M½t� !qt� M½t� !p FM! 0; ð22Þ
0!M 0½t� !

qt 0 �
M 0½t� !p

0
FM½t�1� ! 0: ð23Þ

Therefore,

FM ¼ H0
�
ÂA1; p̂pþðpþM n

O
alg

A1�ÂA1

O
alg

A1�ÂA1 e
�ttÞ

�
;

FM½t�1� ¼ H0
�
ÂA1; q̂qþðqþM 0n

O
alg

A01�ÂA1

O
alg

A01�ÂA1 e
�t=t 0 Þ

�
:

Lemma ([16], Lemma 2.6.18). Let M be an A1-module with the twisted action

qt� ¼ qt � t : M½t� !M½t�;
Xn

i¼0
t i nmi 7!

Xn

i¼0
t i n qtmi �

Xn

i¼0
t iþ1 nmi:

This map satisfies the following conditions:

i) is a map of C½t�3qt�4-modules,

ii) is injective,

iii) cokerðqt � tÞ ¼ FM (and therefore qt ¼ t in FM).
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Proof. This lemma is essentially a restatement of [19], §§2.1. r

Lemma ([16], Lemma 2.6.20). Let M 0 be an A 01½t 0�1�-module with the twisted

action

qt 0 � ¼ qt 0 þ t=t 02 : M 0½t� !M 0½t�;Xn

i¼0
t i nmi 7!

Xn

i¼0
t i n qt 0mi þ

Xn

i¼0
t iþ1 n t 0�2mi:

This map satisfies the following conditions:

i) it is a map of C½t�3qt�4-modules,

ii) it is injective,

iii) cokerðqt 0 þ t=t 02Þ ¼ FM½t�1�.

Proof. The proof is similar to the preceding lemma. r

The key idea behind the proof of Lemma A.1 is to first take the compacti-

fication P1  �
p
P1

P1 � ÂA1 �!
p
ÂA1

ÂA1. The reason for this lies in the fact that the

map pÂA1 is proper and therefore its direct image preserves the V -filtration for

each degree of cohomology (cf. Theorem C.5). Then one uses the V -filtration to

prove Lemma A.1. For a nice overview on V -filtrations in dimension refer to [18]

§I.6. In higher dimensions, refer to [11] or [13] lecture 7.

Let us therefore take a close look at pÂA1þ
�
pþ
P1ð jþM ½t�1�Þ

�
, where j : U0 ,! P1

is the inclusion, U0 ¼: Cð¼ A1Þ and Ul ¼: P1nf0g. jþM ½t�1� is the sheaf having

the following sections:

GðU0; jþM ½t�1�Þ ¼M½t�1�;

GðUl; jþM ½t�1�Þ ¼M½t�1� ðwith the actions of t 0 and qt 0 Þ;

GðU0BUl; jþM ½t�1�Þ ¼M½t�1�:

pþ
P1ð jþM Þ is the sheaf having the following sections:

G
�
U0; p

þ
P1ð jþM ½t�1�Þ

�
¼M½t�1�½t�;

G
�
Ul; pþ

P1ð jþM ½t�1�Þ
�
¼M½t�1�½t� ðwith the actions of t 0 and qt 0 �Þ;

G
�
U0BUl; pþ

P1ð jþM ½t�1�Þ
�
¼M½t�1�½t�:

pÂA1þ
�
pþ
P1ð jþM Þ

�
gives rise to the double complex
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M½t�1�½t�aM½t�1�½t� ���!d M½t�1�½t�

qt�

???y qt 0 �

???y qt�

???y
M½t�1�½t�aM½t�1�½t� ���!d M½t�1�½t�;

where the rows are Čech complexes, the columns are relative de Rham complexes.

d is the onto map ðm1;m2Þ 7! m1 �m2 and ker dUM½t�1�½t� (with the actions of t 0

and qt 0 �). This complex is quasi-isomorphic to

ker d M½t�1�½t�???yqt 0 � U

???yqt 0 �

ker d M½t�1�½t�

The complex above gives rise to the short exact sequence (23). The preservation of

the V -filtration for each degree of cohomology (cf. Theorem C.5) implies, for each

k a Z, that

p 0½tVkðM 0½t�Þ� ¼ VkðFM½t�1�Þ:

C. Monodromy at infinity and Fourier transform

This section relates the quiver El > Fl associated to Ml and the quiver ÊE > F̂F

associated to FM0. This is done by computing the canonical V -filtration of

M 0½t� and then using the preservation of the V -filtration by proper direct images

[Theorem C.5] to compute the V -filtration of FM0. Before computing the ca-

nonical V -filtration of M 0½t�, let us state and prove the following two auxiliary

lemmas.

Lemma C.1 ([16], Lemma 2.6.19). Let M be an holonomic A1-module and

p ¼
Pn

i¼0 t
i nmi a M½t�, then p ¼ 0 i¤ mi ¼ 0 for i ¼ 0; . . . ; n.

Proof. Both f1; . . . ; tng and fm0; . . . ;mng span finite dimensional C-vector spaces

whose tensor product is contained in M½t� and so its dimension is also finite. r

Lemma C.2. If M 0 is a holonomic A 01-module localized at t 0 ¼ 0, then M 0½t� is
microlocalized at t ¼ 0, i.e., left multiplication by qt� is bijective.

Proof. By Lemma C.1, left multiplication by qt� is injective. As for each i a N

and m a M 0, qt �
�P i

j¼0
i!

ði� jÞ! t
i�j n ð�t 0jþ1mÞ

�
¼ t i nm, multiplication by qt� is

onto, so it is bijective. r
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Heren denotes the external product. For more details on external products, refer

to [4], chap. 13.

Lemma C.3. Let VkM
0, k a Z, be the canonical V-filtration of M 0 along t 0 ¼ 0

and let b 0ðsÞ a C½s� be its Bernstein polynomial. Then the family of vector spaces
tUkðM 0½t�Þ,

tUkðM 0½t�Þ ¼
P

ib0ðqt 0 �Þ
ið1nVkþ1M

0Þ if kb 0;

tk tU0ðM 0½t�Þ if k < 0;




is the canonical V-filtration of M 0½t� along t ¼ 0. Furthermore, for each k a Z,
tUkðM 0½t�Þ ¼ ðqt�Þk tU0ðM 0½t�Þ.

Proof. Firstly, one shows that tU0ðM 0½t�Þ is a left A 01 nV0ÂA1-module. By

construction, tU0ðM 0½t�Þ ¼:
P

ib0ðqt 0 �Þ
ið1nV1M

0Þ is closed under the action

of qt 0 �. As t 0VkM
0HVk�1M

0, is also closed under the action of t 0. More-

over, t ¼ qt 0 � �qt 0 and tqt � ð1nV1M
0Þ ¼ ðqt 0 � �qt 0 Þt 0ð1nV1M

0Þ. Recall that

qt 0 � ¼: qt 0 þ tt 0�2 and qt� ¼: qt � t 0�1. Therefore tU0ðM 0½t�Þ is also closed under

the actions of t and tqt�.
Secondly, one shows that tU0ðM 0½t�Þ is a A 01 nV0ÂA1-module of finite type.

Since VkM
0 is a good filtration, there exists an A 01-module map j : 0n

i¼1 A
0
1 !M 0

and k1; . . . ; kn a Z such that j
�
Vkð0n

i¼1 A
0
1Þ ¼

: 0n

i¼1VkþkiA
0
1

�
¼ VkM

0. In par-

ticular V1M
0 is a V0 A

0
1-module of finite type. Let e1; . . . ; es be a finite set of gen-

erators of V1M
0 over V0 A

0
1. Let us now show that 1n e1; . . . ; 1n es generate

tU0ðM 0½t�Þ under the action of A 01 nV0ÂA1. Note that for each m a M 0 and i a N

½tqt � þqt 0 � t 0 þ i�ðqt 0 �Þ ið1nmÞ ¼ ðqt 0 �Þ ið1n qt 0 t
0mÞ:

Hence

C½tqt � þqt 0 � t 0 þ i�ðqt 0 �Þ ið1nmÞ ¼ ðqt 0 �Þ ið1nC½qt 0 t0�mÞ:

Therefore

C½tqt � þqt 0 � t0�ðqt 0 �Þ ið1nmÞ ¼ ðqt 0 �Þ ið1nC½t 0qt 0 �mÞ:

Consequently

Xs

j¼1
C½tqt � þqt 0 � t0�C½qt 0 ��C½t 0�ð1n ejÞ ¼

X
ib0

ðqt 0 �Þ i
�
1n

Xs

j¼1
C½t 0qt 0 �C½t 0�ej

�

¼
X
ib0

ðqt 0 �Þ ið1nV1M
0Þ:
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As the actions of A 01nV0ÂA1 and C½tqt � þqt 0 � t0�C½qt 0 ��C½t 0� on 1nm generate the

same set, 1n e1; . . . ; 1n es generate
tU0ðM 0½t�Þ under the action of A 01 nV0ÂA1.

Next, one shows that tUkðM 0½t�Þ ¼ ðqt�Þk tU0ðM 0½t�Þ for each k a Z. This is a

consequence of t 0�kV0M
0 ¼ VkM

0, for each k a Z. The later can be proved using

a partition analogous to the following one (cf. [16], proof of Lemma 2.6.13). As

qt � ð1nVkM
0Þ ¼ ð1n t 0�1VkM

0Þ;

qt �
X
ib0

ðqt 0 �Þ ið1nVkM
0Þ ¼

X
ib0

ðqt 0 �Þ ið1nVkþ1M
0Þ:

Therefore tUkþ1ðM 0½t�Þ ¼ qt � tUkðM 0½t�Þ þ tUkðM 0½t�Þ ¼ ðqt�Þkþ1U0ðM 0½t�Þ, for

every kb 0. It remains to be shown that tUkðM 0½t�Þ ¼ ðqt�ÞkU0ðM 0½t�Þ, for

every ka 0. In order to prove it, one takes the partition
�
WiðM 0½t�nf0gÞ

�
i AZ
¼:

tUiðM 0½t�ÞntUi�1ðM 0½t�Þ, which satisfies the following conditions:

i) 6
i AZ WiðM 0½t�nf0gÞ ¼M 0½t�nf0g.

ii) For each i; j a Z, if iA j, then WiðM 0½t�nf0gÞBWjðM 0½t�nf0gÞ ¼ j.

Let m a WiðM 0½t�nf0gÞ. By construction, mA 0. Thus ðqt�Þ�1m a M 0½t�nf0g, be-
cause M 0½t� is a holonomic ÂA1-module microlocalized in t ¼ 0 (cf. Lemma C.2).

By i), there exists only one i a Z such that ðqt�Þ�1m a WiðM 0½t�nf0gÞ. Therefore,

m a Wiþ1ðM 0½t�nf0gÞ. Moreover, by ii), i þ 1 ¼ k. Hence, for each k a Z,

ðqt�Þ�1tUkM
0½t�H tUk�1M

0½t�. Consequently ðqt�Þ�1tUkM
0½t� ¼ tUk�1M

0½t� so,
for each k a N, tU�kM

0½t� ¼ ðqt�Þ�k tU0M
0½t�.

By construction, tUkðM 0½t�Þ ¼ ðA 01 nVkÂA1ÞtU0ðM 0½t�Þ. Thus, it is an increas-

ing filtration compatible with the action of A 01 nVkÂA1. Besides, it is exhaustive

because

6
k AZ

tUkðM 0½t�Þ ¼ A 01 n ÂA1

X
ib0

ðqt 0 �Þ ið1nV1M
0Þ

¼ A 01C½t�
X
ib0

ðqt 0 �Þ ið1nM 0ÞIM 0½t�:

Finally, let us now compute the Bernstein polynomial in order to show that
tUkðM 0½t�Þ is the canonical V -filtration. Notice that for each kb 1, one has the

congruence modulo tUk�1ðM 0½t�Þ:

tqt � tUkðM 0½t�Þ ¼
X
ib0

ðqt 0 �Þ iðqt 0 � �qt 0 Þt 02
�
1n ð�t 0�1ÞVkþ1M

0�
H

X
ib0

ðqt 0 �Þ i
�
1n ðqt 0 t 0ÞVkþ1M

0�þX
ib0

ðqt 0 �Þ iþ1ð1n t 0Vkþ1M
0Þ

C
X
ib0

ðqt 0 �Þ i
�
1n ðt 0qt 0 þ 1ÞVkþ1M

0�:
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Therefore, for each aðsÞ a C½s�, one has the congruence modulo tUk�1ðM 0½t�Þ

aðtqt�ÞtUkðM 0½t�ÞC
X
ib0

ðqt 0 �Þ i
�
1n aðt 0qt 0 þ 1ÞVkþ1M

0�:
In particular, the congruence holds for aðsÞ ¼ b 0ðsÞ. Hence,

b 0ðtqt � þkÞtUkðM 0½t�ÞC
X
ib0

ðqt 0 �Þ i
�
1n b 0ðt 0qt 0 þ k þ 1ÞVkþ1M

0�C 0:

Consequently,

b 0ðtqt � þkÞtUkðM 0½t�ÞH tUk�1ðM 0½t�Þ:

Thus,

b 0ðtqt � þ1ÞtU1ðM 0½t�ÞH tU0ðM 0½t�Þ:

As a result of this,

ðqt�Þ�1b 0ðtqt � þ1ÞtU1ðM 0½t�ÞH ðqt�Þ�1tU0ðM 0½t�Þ:

In other words,

b 0ðtqt�Þðqt�Þ�1tU1ðM 0½t�ÞH ðqt�Þ�1tU0ðM 0½t�Þ:

Hence, b 0ðtqt�ÞtU0ðM 0½t�ÞH tU�1ðM 0½t�Þ. By recurrence, for each k a Z�,

b 0ðtqt � þkÞtUkðM 0½t�ÞH tUk�1ðM 0½t�Þ:

Let bðsÞ a C½s� the Bernstein polynomial of tUkðM 0½t�Þ. The inclusion above im-

plies that bðsÞ divides b 0ðsÞ. Put ½1nVkM
0� ¼: tUkðM 0½t�Þ=im qt 0 �. As for each

kb 1, bðtqt � þkÞ½1nVkþ1M
0�H ½1nVkM

0�,

bðt 0qt 0 þ k þ 1ÞVkþ1M
0HVkM

0:

Therefore, for each lb 0, t 0lbðt 0qt 0 þ k þ 1ÞVkþ1M
0H t 0lVkM

0. In other words,

for each k a Z, bðt 0qt 0 þ k � l þ 1ÞVk�lþ1M
0HVk�lM

0. Hence, for each k a Z,

bðt 0qt 0 þ k þ 1ÞVkþ1M
0HVkM

0:

Given that b 0ðsÞ a C½s� is the monic polynomial of smallest degree amongst those

satisfying the inclusion above, bðsÞ ¼ b 0ðsÞ. As both V -filtrations VkM
0, UkðM 0½t�Þ

have the same Bernstein polynomial and VkM
0 is the canonical V -filtration of M 0,

then UkðM 0½t�Þ is the canonical V -filtration of M 0½t�. r
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Let tVkðM 0½t�Þ be the canonical V -filtration of M 0½t� along t ¼ 0. Accord-

ingly, the quotient tV1ðM 0½t�Þ=tV0ðM 0½t�Þ is an A 01-module with the endomor-

phism induced by tqt�. Conversely, Fl ¼: V�1M
0=V�2M

0 is a C-vector space with

an endomorphism induced by the action of t 0qt 0 . As a result, Fl nA 01=A
0
1:t
0 is an

A 01-module with an endomorphism induced by the action of t 0qt 0 on Fl.

Lemma C.4. The two A 01-modules above, equipped with the respective endomor-

phisms, are isomorphic.

Proof. See point (ii) (6) in the proof of [21], Proposition 4.1. r

Theorem C.5 ([13], Theorem 7.5.5 (1)). Let f : X ! X 0 be a holomorphic map

between complex analytic manifolds and let t a C be a new variable. Put F ¼
f � 1C : X � C! X 0 � C. Let M be a right DX�C-module equipped with the

canonical V-filtration V�M (relative to the hypersurface Y ¼ X � f0g). Then

V�M defines canonically and functorially a V-filtration U�H
iðFþMÞ. Moreover,

if F is proper on the support of M , U�H
iðFþMÞ is a good V-filtration.

Now one has all the required conditions which enable us to prove Theorem A.1.

Proof of Theorem A.1. By taking X 0 ¼ f0g in theorem above, f0g � ÂA1 can be

identified to ÂA1 and F to pÂA1 : P1 � ÂA1 ! ÂA1. Since pÂA1 is proper, the theorem

above implies that p 0
�
tVkðM 0½t�Þ

�
¼ VkðFM½t�1�Þ, for each k a Z. Hence,

p 0
�
tVkðM 0½t�Þ

�
¼ ½1nVKþ1M

0� ¼ VkðFM½t�1�Þ;

for each k a N. In particular, one has

V1ðFM½t�1�Þ ¼ ½1nV2M
0� and V0ðFM½t�1�Þ ¼ ½1nV1M

0�:

Since F̂F ¼: V1ðFM½t�1�Þ=V0ðFM½t�1�Þ, by Lemma C.4, F̂F ¼ Fl and TF̂F ¼ Tl. r

Acknowledgements. I specially thank Claude Sabbah for his encouragement and

helpful suggestions during the preparation of this work and for his remarks on a

previous version of this paper. I also gratefully thank the referees for their useful

comments which substantially improved the paper.

References

[1] J. Björk, Analytic D-modules and applications. Math. Appl. 247, Kluwer, Dordrecht
1993. Zbl 0805.32001 MR 1232191

[2] S. Bloch and H. Esnault, Local Fourier transforms and rigidity for D-modules. Asian
J. Math. 8 (2004), 587–605. Zbl 1082.14506 MR 2127940

291Rigidity index preservation of regular holonomic D-modules

http://www.emis.de/MATH-item?0805.32001
http://www.ams.org/mathscinet-getitem?mr=1232191
http://www.emis.de/MATH-item?1082.14506
http://www.ams.org/mathscinet-getitem?mr=2127940
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