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A low-order approximation for viscous-capillary
phase transition dynamics

Patrick Engel, Adrian Viorel and Christian Rohde*

Abstract. The dynamics of an elastic bar that appears in two phases can be described
by viscosity-capillarity models. They contain numerically complicated third-order or fully
nonlocal terms to account for surface energies. Based on work of Solci&Vitali [20] we
analyze an alternative modelling approach that does not involve third-order differential
operators. It is proven that solutions of the new model tend to solutions of the classical
viscosity-capillarity model provided a so-called coupling parameter tends to infinity.

Numerical experiments illustrate our findings. In fact it is shown that the new model
provides a reliable and efficient approach to compute approximate solutions for the
classical viscosity-capillarity model.
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1. Introduction

We consider the longitudinal dynamics of an elastic bar that can appear in two
phases, i.e. a high-strain and a low strain phase. The reference configuration is
supposed to be the interval Q = [0,/], / > 0. Let us denote by w : Q x (0, 0) — R
the strain and by v: Q x (0, 0) — R the velocity. Let W e C?(R) be a double-
well function. Without (too much) loss of generality we simply choose for some
p > 0 the form

Ww) =2 (v =), (1.1)
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such that W has two minima in +f. The strain values in the intervals
(=00, —B/+/3] and [B//3,00) correspond to convex branches of W, and are
called the low strain phase and high strain phase, respectively. The interval
(—=p/\/3,/+/3) where W is concave, is called elliptic.
For an isothermal setting the classical Ericksen model describing two-phase
materials is given through
w; — vy =0,

v, —a(w), =0. (12

Here o = W' is the stress-strain relation. Note that (1.2) is a mixed type
hyperbolic-elliptic system of conservation laws. The eigenvalues of the Jacobian
(=0, —a(w)) T of the flux are

li(w,v) = =+/a'(w),  l(w,v) =+/d'(w), (1.3)

which are real numbers if and and only if w ¢ (—f/v/3,/V/3).

Dynamic phase boundaries can be interpreted as shock waves. However, it is
well-known that standard entropy criteria cannot ensure the uniqueness of weak
solutions for initial-boundary value problems for (1.2) if subsonic phase bounda-
ries are involved. We refer to [1], [7], [13], [21] and references therein for details
and the solution concept of kinetic relations. This approach will not be followed
here further.

Rather we detect unique solutions of (1.2) as limits of regularizations for
(1.2). A classical approach in this framework is the classical viscosity-capillarity
regularization [12], [18] given through

Wy — Uy = O7
(1.4)
Ur — O-(W)x = MWxx — AWxx.

By 1 and A > 0 we denote the given positive viscosity parameter and the capillar-
ity parameter, respectively. The model has been analyzed in [2]. In particular
Slemrod shows in [19] that (1.4) allows for moving travelling wave solutions that
connect states in different phases. If we scale ¢ = ¢ and 1 = &2 for some 4 > 0
solutions of (1.4) are expected to converge for ¢ — 0 to weak solutions of (1.2)
(see [12] for a rigorous result). The limit weak solution depends crucially on 4
and contains subsonic phase boundaries.

Smooth solutions of appropriate initial-boundary value problems for (1.4) dis-
sipate the energy

2
E“[w(.,0),v(.,1)] = JQM + W (w(x, 1)) + % (wy(x, t))zdx. (1.5)
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In the static case E* reduces to the Van-der-Waals like functional

N

F*[w] = L; W (w(x)) + % (wx(x))2 dx. (1.6)

The associated minimization problem under the constant volume constraint has
been studied in [4] where in particular the existence of two-phase minimizers is
verified for appropriate choice of total mass.

The Van-der-Waals functional has been criticized as it introduces a non-
physical derivative on the strain. To avoid derivatives the following static min-
imization problem for the functional

Fw*, p*] = J W (w*(x)) —5—% dx (1.7)
Q

has been analyzed in [3], [20]. Here o > 0 is a positive coupling parameter and an
additional unknown p* has been introduced. Note that in (1.7) no strain deriva-
tive appears.

In this paper we study a dynamical model that is associated with the static
energy F'* in (1.7) as the viscosity-capillarity model is connected to the Van-der-
Waals functional F*. Precisely, we introduce the system

wl —v: =0,
v —a(w”), = i, —a(p® —w"),, (1.8)

L. =a(p®—w”).

The system (1.8) contains in addition to the strain w* and the velocity v* the un-
known function p*: Q x (0, 00) — R, which satisfies an elliptic equation.

As will be proven below in Section 3 smooth solutions of appropriate initial-
boundary value problems for (1.8) lead to the dissipation of the energy functional

o X 2
E*w*(.,1),0%(., 1), p*(.,0)] = JQM—% W (w*(x,1))
A

S (pixn) de. (19)

+ % (w*(x, 1) = p*(x, z))2 +
We point out that (a variant of) the model (1.8) has been suggested in [15] in the
framework of modelling the evolution of microstructure. It can also be seen as a
nonlocal viscosity-capillarity model with specific kernel (cf. [16]).

Let us give an outline of this paper’s contributions. In Section 2 we derive
the model (1.8) using the theory of internal variables [6], [22]. In passing let us
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note that the derivation shows that the inverse of the coupling parameter o can
be understood also as a measure for the amount of long-range interaction in
the bar.

In the next step we will show in Section 3 by semigroup theory that appropri-
ate initial-boundary value problems for (1.8) have unique strong solutions on the
time interval [0, 7] for any 7' > 0. The result is proven in Theorem 3.2 and relies
crucially on the energy inequality for E* in (1.9).

Then we study as the main analytical contribution for a sequence of solutions
for the low order approximation (1.8) the capillarity limit oo — oo. It is found out
that the limit exists and corresponds to a weak solution of the viscosity-capillarity
problem (1.4) (see Theorem 4). A similar capillarity limit has been analyzed in [8]
for a scalar model problem. Moreover, we note that our study of the limit regime
o — oo is motivated by the analysis of Solci&Vitali [20] for a sequence of minimiz-
ers of (1.7). Solci&Vitali have shown that this sequence converges in the sense
of T'-limits to a minimizer of the Van-der-Waals functional in (1.6) if o tends to
infinity.

While the model (1.8) might have its own physical meaning, we see it also as a
tool in numerics. The numerical solution of (1.4) and even more its multidimen-
sional generalizations are quite intricate and computationally expensive. Realistic
parameters u and A are extremely small such that the hyperbolic-elliptic operator
as in (1.2) dominates. As a consequence fully explicit schemes are used, which
give severe restrictions on the time step in view of the third-order term wy,,. A
second problem of (1.4) is the fact that the mixed hyperbolic-elliptic nature of
(1.4) excludes any modern flux discretization as e.g. approximate Riemann
solvers. The latter ones require hyperbolicity in the complete state space. Based
on our convergence result for « — co it makes sense to view solutions of (1.8)
as approximations of solutions for (1.4). We will present in Section 5 that the
solution of (1.7) for large o can be a more efficient way to solve (1.4) numerically
as discretizing (1.4) directly. Finally, we show by one numerical example that
the low-order approximation (1.8) can be easily generalised to multiple space
dimensions.

2. Thermodynamical derivation and an internal length scale

Our motivation to consider the system (1.4) is mainly a numerical one: numerical
methods based on (1.8) can lead to a more efficient computation of approximate
solutions of (1.4). Nevertheless it is possible to derive (1.8) in the framework of
rational thermodynamics such that the use of p can be interpreted as introducing
a new length scale into viscosity-capillarity models.

As a guideline for our derivation we use the work of Tzavaras in [22] and that
of Polizzotto [14] for nonlocal evolution.
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We skip the index o in this section, e.g. w = w*, v = v* and p = p*“.

Let p, be the mass density of our bar in the reference domain [0,/] with / = 1,
for the sake of simplicity. If we ignore external body forces and radiative heat
production the dynamics of an elastic bar are described through the evolution
laws

w;— vy =0,
(2.1)
Pobr — Ty = 0.

It remains to determine the total stress 7 as a function of the unknowns.
Following Tzavaras in [22] let us assume that the free energy  is given as a
function

lp = w(wapavag)a

where 6 = 0(x, t) > 0 is the temperature, and p = p(x, ) € R is an additional in-
ternal variable. It is connected to the strain through the following boundary value
problem

/lpxx = 0‘(1’ - W)7

(2.2)
px(0) = pi(1) =0,
o, A being a positive constants.
We remark that under sufficient regularity assumptions for w, there is a unique
solution of (2.2) which admits the integral representation

px) = jﬂ G*(x, y)w(y) dy, (2.3a)

G*(x,y) = ﬁ <cosh <%> + cosh <%)> . (2.3b)

This choice leads to a nonlocal dependence of the free energy (and later the stress)
on the strain w. The representation (2.3) shows that the parameter o controls the
strength of the attenuation function G*. In this way a second length scale for
long-range interaction is introduced into the model. Note that we could have
used other attenuation functions but use of a Green’s function implies that p is
governed by the simple differential equation (2.2) (see also [15]).

The thermodynamic consistency of (2.1) together with (2.2) will be assessed
in the remainder of this section via an approach similar to that used in classical
constitutive theories, but accounting for the nonlocal character of the model.
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Due to the nonlocal character of the model, conservation of energy, the first
principle of thermodynamics, cannot hold pointwise, but only for the whole body
(cf. [14])

JQ e, dx = JQ(f\v, — qx) dx. (2.4)

Here e is the specific internal energy and ¢ denotes the heat flux.
Following the seminal idea of Edelen and Lawes [9], the pointwise version of
(2.4)

e, =1tw,+qy+ R,

must contain an additional term R, called localization residual, which satisfies the
constraint

J Rdx =0.
Q

The second principle of thermodynamics, expressed by the Clausius-Duhem
inequality

Poll; = <g>x (2.5)

with # representing the specific entropy, has to be satisfied pointwise, see [14].
After introducing the Helmholtz relation

‘//:e_’707

(2.5) can be rewritten in the equivalent form

W, —w + 0, + qzx —R<0. (2.6)
As the free energy is prescribed we derive the remaining constitutive functions
such that they are consistent with the second law of thermodynamics. An alterna-
tive that we don’t pursue here would be to postulate the stress 7 and ask wether
there is a compatible free-energy function .
So, let i be given now for some functions W = W (w) and ® = ©(0) by the
special choice

l// = l//(vaapxa 0)

A
= W(w) +%(w —p)? +§p§ + O(0).
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Then, developing the time derivative of i we have

0.
a(w)w, +a(w— p)(w—p), + Apxpx — Wi + (g +1)0; — qa —R<O0,

where a(w) = W'(w).
The above inequality must be satisfied by all thermo-mechanical processes. If
we now employ Fourier’s law for the heat flux we get

a(w)w, +a(w— p)(w—p), + Apxpxe — Wi + (W +1n)0; — R<0.  (2.7)

We integrate (2.7) over the whole domain and use [, Rdx = 0 together with the
fact that

J a(w — p)pidx + J APy dx = J (2(w = p) = Apsx) prdx = 0,
Q Q Q

to obtain

J (a(w) 4+ a(w — p) — 1)w,dx + J (Wy+n)0,dx <0.
Q Q

This inequality must hold for arbitrary choices of w; and 0,, i.e., for arbitrary
thermo-elastic processes, so one has

T=a(w)+ a(w — p),

2.8
n= _lp(% ( )

as necessary and sufficient conditions. With this result and assuming isothermality
the equations (2.1) become the reversible part of the desired state equations (1.8).

3. Global existence of solutions

In this section we discuss the existence, uniqueness, and regularity of solutions to
an initial boundary value problem associated to

u, — U= 07
U= 0 (Uy), = Unx — (P — Uy),, in (0,7) x Q. (3.1)
1

~Pxx = P — Ux
o
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The above system is a reformulation of (1.8) in terms of displacement-velocity
state variables (w = u,). Note that we have again dropped the index «, which is
a positive fixed number for this section. For the sake of simplicity we have set

and we will take f =1, i.e.
a(w) = w® —w. (3.2)

To (3.1) we add Dirichlet boundary conditions for # and v, respectively Neumann
conditions for p

u(t,0) = u(t,1) =0,
b(£,0) = v(1,1) = 0, (3.3)
px(ta O) - pr(la 1) =0,

for ¢ € (0, T') and the initial conditions

u(0,x) = up(x),

3.4
u, (0, x) = vo(x) (3.4)

for x € Q.

In the sequel the following notations will be used: L2, H?, etc. for L*(Q),
H?(Q), and other Sobolev or L? spaces on Q. The standard norm and inner prod-
uct of L? will be denoted simply by || - || and <-,-», while, by contrast, all other
norms will be specified explicitly.

The third equation in (3.1) gives the coupling between the internal variable p
and the strain u,. Rewritten in a more familiar form, one can see that, it is a
resolvent equation for the Laplacian with Neumann boundary conditions. Some
characteristic properties of this equation are recalled below.

Remark 3.1. For any fixed w € L? and « > 0 the elliptic boundary value problem

1
——Dxx TP =W,
o

px(o) = px(l) =0

(3.5)

has a unique solution p € H?. Moreover, if w e H' then p € H?. Thus we can
derive (3.5) once with respect to x, and obtain from testing with p, and w, the
inequalities

1p+ll” < <paswicd < [l (3.6)
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We can also represent p in terms of w using Green’s function for the elliptic
problem (3.5) given in (2.3).

The main result of this section is the following existence theorem.

Theorem 3.2 (Global existence). Let o > 0 be fixed and suppose that
upe H*nHy and vye H*nH,.

Then, given any T > 0, there is a unique weak solution (u,v, p) of the initial bound-
ary value problem (3.1), (3.3), (3.4) in the sense that

v=u e H(0,T;L*)nL*(0,T; H}) n L*(0, T; H?),
ue C'([0,T],L*) nC([0,T], H* " H}), (3.7)
peCY([0,T],H") n C((0,T], H?).

We will start by deriving standard energy estimates for the nonlocal model
(3.1). For this, we need the following lemma which can be found in e.g. [11].

Lemma 3.3. Let X be a Hilbert space and A: D(A) = X — X a densely de-
fined, self-adjoint operator that generates a Cy-semigroup of contractions. Let
ue H'Y(0,T; X) with u(t) € D(A) ae. te[0,T], and Aue L*(0,T;X). Then the
Sfunction t — {Au(t),u(t) )y is absolutely continuous on [0, T] and

1d d

5 45 Auto). )y = (uto) o))
Lemma 3.4 (Energy estimates). Let (u,v, p)’ be a weak solution of (3.1) in the
sense of (3.7) then for all t € [0, T

E*[u, v, p] < E*[uy, vo, po), (3.8)

t
j lox(@)|I dr < E*{uo, v0, pol, (3.9)

0

where
, 1, ., 1
B0, p) = 3 [0l 4 5 <ty + | W) d (3.10)
Q

Furthermore, py € H? is the unique solution of (3.5) for w(0) = u . and W(w) =
T(wr— )%
Moreover, there exists a positive constant C = C(T) (independent of o) such that

luw(D)||> < C  forallt <T. (3.11)
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Remark 3.5. Note that (3.5) implies

1 1 o 1
— = — = — — — — > 0.
2<pxauxx> 2<PX)Wx> 2<p w, p W>+2<vapx> >0

Thus, the energy E* in (3.10) is a nonnegative quantity and corresponds to the
formulation in (1.9), which is given in terms of w.

Proof of Lemma 3.4.

d 1 !
7 (5 lo()]|* + 5 <px(t), uxx(1)) + JQ

W (ua(1)) dx) = =0 (0)].

This means that the total energy
» 1, ., 1
Bl 0,p) = 0l 5 i + [ W ()
2 2 o

is decreasing along solutions and bounded by the energy of the initial state

E[u(1), v(z), p(1)] < E*[uo, vo, pol-

Also, the energy dissipated in the time interval [0, 7] cannot exceed the initial
energy

T
| ERCIRES Ty
0

To prove the estimate (3.11) we take the inner product of the second equation
in (3.1) with u,(¢), use Lemma 3.3, and get

d
= <0(0), () = ox ()]

1 d

= ate(t) = pilt) (0> + 5 = uex (O] + (o (ux(2)) . uan (1))

Integration with respect to time yields
t
<U(t)7 uxx(l)> - JO ||U\(S)||2 ds + Co
t 1 ) 1
=t ) = o509 854 5 s D1 + | (001(9) ) .

where ¢o 1= 1uour||® — <vo, tonr-
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Due to (3.6)
(1) = pa(t), (1)) 2 0

holds for any 7€ [0,7]. This and Young’s inequality applied to <v(z),u..(?))
gives

t

1
20jo(0)]1* + g llues (D11 + JO lox(s) 11 ds + co

| 5 !
> 5 (01 + [ (0(0s(9) 1)) .
By taking into account the explicit form of the stress o(uy), = 3u§ux)C — Uy WE
finally obtain

t t
3
20| +j0 ||vx<s>||2ds+co+j0 Jaan(5)7 s 2 3 a0

The first two terms on the left hand side of this inequality are either bounded by
the initial energy, as we have seen in the first part of the proof, or constant, such
that by Gronwall’s Inequality

40
s < (5500, 0] + o )

and (3.11) has been proved. O

Proof of Theorem 3.2. Our proof relies on semigroup theory and will be carried
out in four successive steps. We start with the linear part of the problem (Step 1
and 2), and show that the linear operator defined by the right hand side of (3.1)
generates a semigroup. In Step 3 and 4 we study local and global existence for
the full semilinear problem.

Step 1. If we consider only the u,, and vy, terms on the right hand side of (3.1)
what we are left with is the linear viscoelastic system

ut:U,

Uy = OUyy + Uxx.

For this model existence results obtained by semigroup methods are known (see for
example [10] and references therein). The system can be written in abstract form

d
5,70 = 4z(1), (3.12)
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where z(1) == (u(t), v(t)) " and the operator matrix
0 1
A=
< O(axx a\‘x ) '

D(A) = (H*nH}) x (H* nH})

with domain

generate a strongly continuous semigroup S(z) on the Hilbert space
X =(H*nH}) x L%
Step 2. In this step we also take into account the p-term of (3.1). We deal with
u; = v,
Ut = OUyx + Uxx — OPx.

The additional p-term can be treated as a perturbation and (3.12) becomes

d
EZ(Z) = Az(t) + Bz(t),

with 4 as before and

. 0 0
- <—aax(—§am -1 "o, 0)'

As a consequence of the regularity of p, which is defined via an integral operator
(2.3), B is a bounded operator on X. This means that the Bounded Perturbation
Theorem (Theorem III.1.3 in [10]) applies and the operator C = A4 + B with
domain D(C) = D(A) generates a strongly continuous semigroup {S(#)},., on X.

Step 3. We proceed to prove the existence of a unique local solution for the
full semilinear problem

where

This is the abstract form of (3.1).
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Notice that F : X — X is locally Lipschitz continuous (cf. [2]), and hence, by
Banach’s fixed point principle, there is a unique local solution z € C([0, Ty], X) of
the integral equation

t

z(t) = S(t)zo + Jo S(t—1)F(z(r)) dr,

for Tj) small enough. Furthermore, since zy = (uo,v0)” € D(A), by [23] Theorem
2.4.5, z(t) is a classical solution.

Step 4. Our aim is to extend the local solution of Step 3 to arbitrary time
intervals. We can achieve this by using the energy estimates.

Obviously, the local classical solution obtained in Step 3 is also a solution in
the sense of (3.7). We show that this solution cannot explode, or in other words,
that regularity is not lost in finite time.

The estimates (3.8) and (3.11) assure that the velocity v and the strain gradient
uy, remain bounded independently of . Furthermore, the second equation in (3.1)
can be viewed as a heat equation

v — Uy = ¢(1), (3.13)
with a source term
g(t) = o (ux(1)), — a(p(t) — ux(1)),,
which is controlled by the strain gradient (its highest order term)
gD < Clluxx (D)1

Standard parabolic estimates applied to (3.13) yield

T T
j ||U,(t>||2dt+esssup||Ux<[>||2+J POl < looell? + Cllusel 207,22,
0 tel0,7] 0

Finally, due to the fact that u,,(¢) is bounded (3.11), we have

T T
J |0,(2)]|* dt + ess sup ||v(1)]|* + J e (D)]|? dt < C(T, E*[ug, vo]).  (3.14)
0 10, 7) 0
This shows that v has the regularity stated in (3.7). O

Remark 3.6. Starting from the solution of (3.1) one obtains a solution of (1.8) by
taking w = u,.
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4. The capillarity limit

As mentioned in the introduction, energy arguments suggest that the appropriate
limit problem for (3.1) as & — oo is the classical viscosity-capillarity model (1.4)

u—v =20,
(4.1)

Ur — U(ux)x = Uxx — Uxxxx;,
written here in displacement-velocity state variables (with u = 1 = 1).
This model has been studied by Andrews and Ball [2] who prove that for any
initial state
Uy € Hzr\HO1 and vy e L?

there exists a unique solution

ue C'((0,T),H* " Hy),
ve C'((0,T],L%),

defined on any time interval with 7' > 0 and with regularity given by
u(tye H*nH), v(t)e H*nH} fort¢>0.
The corresponding energy equation for (4.1) is

d .. _
TE (1), v(0)] = =|Jox (D))

where
o oo 1 2
E*[u,v] = S ||vf|” + 5 [Juel|” + | W (ux) dx. (4.2)
2 2 o

In order to prove a convergence result for the family of solutions to (3.1)
with o > 0, a-independent estimates, especially for the strain, are needed. A key
observation which leads to such estimates is that the initial energy for any of the
problems (3.1) with o > 0 is bounded by the initial energy

1 1
B = o] =5 oo+ 5 o+ | a0
Q

The precise statement is given in the next lemma.
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Note that for the rest of this section we use the a-index for solutions of (3.1).
The energy E® in (4.2) equals obviously E* in (1.5) with u = w, and we use the
same notation.

Lemma 4.1 (x-independent estimates). Ler (u”,v?, p“)MT>O be the family of solu-
tions, in the sense of (3.7), to the initial boundary value problem (3.1)—(3.4) with
the same initial conditions

upe H*nHy and vye H*nH].

Then there exists a a-independent constant E° (defined above) such that for all
tel0,T]

E*[u*(1),0%(0), p*(0)] < B, (4.3)

t
L [o%(7)||* dr < EF. (4.4)

Furthermore, for any o. > 0 and any t € [0, T
lug ()]l < C(T, Ey) (4.5)
and due to the embedding of H' in L*

Jui(Dl - < C(T, Ey), (4.6)
and

JT lo*(0) |12 dt < C(T, EZ). 4.7)
0

Proof. From the energy estimates (3.8) and (3.9) we know that for each « > 0
E*[u(1),v*(1), p*(0)] < E*[uo, vo, pg];
t
|, Ioz(e) d < %l 0, ),
0

where

1 1,
B0, 78] = 3100l + 5 Pltond + [ Wlwyar. @)

One can see that in (4.8) the only a-dependent term, and the only difference to
Ey° is {p{., uoxy, but from the inequality (3.6) we know that

<P8‘xa qux> < ||u0xx||27
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and hence
E“[uo, Uo,pg] < ESC
By combining the a-independent energy estimate (4.3) with (3.11) one obtains
a uniform estimate for the strain gradient (4.5), which obviously implies the L*
estimate (4.6) for the strain.

Furthermore, (4.5) together with (3.14), which is an estimate for v,, yield (4.7).
0

The proof of the main result in this section relies on the well-known Lemma of
Aubin (see [17]).

Lemma 4.2 (Aubin). Let V, H, V' be reflexive Banach spaces such that the follow-
ing embeddings hold V' — (compactly)H — (continuously)V'. If the sequence (f,)
is bounded in L*(0, T; V) and the sequence of time derivatives (0,f,) is bounded in
L*(0,T; V') then (f;) has a subsequence (f,,) which converges in L*(0, T; H).

Theorem 4.3. There exists a subsequence (u™, v, p*) kT o Of the family of classi-
cal solutions of (3.1), (and a pair (w,7)" € L*(0, T; L? x H\) such that

(1) we have
wiopt =W L0, Ti L),
o5 in L*(0, T; L?),
o(ul) = a(W) in L2(0,T;L?)
as k — oo, and

we L (Qx(0,T)). (4.9)

(i) (w,0)7 is a weak solution of the problem (4.1) in conservation form, i.e.,

JT JQ Wy, — o, dxdr = 0, (4.10)

0
T
J J l_)lpt - l_)lpxx - W}lp)cxx + O-(W)l/jx dxdr = 0) (411)
0 Jo
forall y € C (Q % (0,T)).
Proof. We begin by showing that for a subsequence

p* —w in L*(0,T;L?). (4.12)
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To this end we use Aubin’s Lemma. First, (p*),., is uniformly bounded in
L*(0,T; H") due to the inequality (3.6) and the first energy inequality (4.3)

P37 < <p(0),ui (1) < Ey° (4.13)

a.e. t € [0, 7] and any o.
To show that the sequence of time derivatives (py),., is also uniformly
bounded, we differentiate the equation

DA+ P = ()

with respect to time. Since v* € L*(0, T; Hy}), the resulting equation

L (PD)l0) 27 (0) = 230

holds in L? for a.e. t € [0, T] and the following inequality is analogous to (3.6)

o7 (DI < [[ox(D)]]-
Based on the last inequality and on (4.4)
r 2 ’ 2
| Irroirars |z a<
Hence, according to the Lemma of Aubin, there exists i € L>(0, T; L?) such that
(4.12) holds some subsequence denoted by (p™ ), .-

Next, we prove that the corresponding subsequence (u}*), . also converges
to w. Indeed, turning once again to the elliptic equation

P ) = ),

asu” e C([0, T, H?), using (4.3) one has that for any 7 € [0, T]

[u (1) — p*(0)])* = = Sp0),u(0) = p*(0))
1 1
=~ <px(0) ugi(0) =~ P20
1
< P00
< lEgc
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This leads to
[ (1) = p* ()] = 0 (4.14)
for any ¢ € [0, T and, finally when k — oo, to
u* — W in L*(0,T; L?). (4.15)

Since the sequence (u2), .y is uniformly bounded in the L*-norm (see (4.6)),
from (4.15) we conclude from (4.15) that

e L (Qx (0,7)),
and i satisfies the same bound as all u?,
(@)l < C(T, Eo).

Consequently a(w) is well-defined.
Considering the specific form of ¢ we have that

a(w) — a(iW) = (w — W) (w? + wiv + w* — 1). (4.16)

If we take w=u*, then w? + wiw+ > — 1 is bounded by a (a-independent)
constant M > 0, due to the L*-estimates for both u? and w. Thus the relation
(4.16) gives

T
lo(z*) = o (™)1 20, 7:22) < J J (u% (1, x) — (1, x))* M> dx dt
0o Jo
w2
= Aﬁ””;A - W||L2(0,T;L2)'
And by the convergence of u% to w
o(u®) — a(w) in L*(0,T;L?)

for k — 0.

The strong convergence of a subsequence (v*), .y is achieved by using
Aubin’s lemma once again. The required uniform estimates are given in (4.4)
and (4.7).

Finally, we can pass to the limit in the following weak formulation of (3.1)

T
J J wHy, — v* . dxdr =0,
Q

0

T
J J W“ﬁz - Uaklpxx - pakl//xxx + O-(ka)lpx dxdr=0
0 JQ
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which is satisfied by the solutions (u*,v™)” for any y € Cy (@ x(0,7)). Since
all the sequences involved converge, we can pass to the limit to obtain exactly
(4.10) and (4.11). O

5. Numerical experiments

In this section we numerically compare model (1.8) with (1.4). We study the cap-
illarity limit o — oo and one sharp-interface limit given by the scaling u = ¢,
/=€, and € — 0. Furthermore, we compare the computational time for the
different approaches.

All computations are done using an explicit discontinuous Galerkin (DG)
scheme of order 1 on an uniform grid with N € N cells. The space discretisation
is done using the local DG method introduced in [5] and the explicit Euler scheme
is used as time discretisation. As a numerical flux for the first-order part we use
the Lax-Friedrichs flux. The elliptic equation for p”* is solved by a finite difference
scheme.

5.1. Numerical Tests for the Capillarity and the Sharp Interface Limit. In the
following experiments we present numerical experiments for (1.8) and (1.4). In all
cases we choose the parameters as

Q=[0,1, u=¢ Ii=¢,

with € > 0 given below. We take the free energy from (1.1) with f = 1. The initial
conditions are given by

(onswe) i x e (0.4) (3§ v G.1)
(vr,wr) :xe (1,1 U (3,3)

(vo(x), wo(x)) = {
with
vy =0.5, wr = —0.8, vg =0.0 and wrp=1.1,

and we choose periodic boundary conditions.

5.1.1. The Capillarity Limit ¢ — oo. In this section we numerically investigate
the convergence shown in Theorem 4.3. In Figure 1 we plot numerical solutions
at different time levels r = 0.2,0.4,0.8. All the experiments are done with € = 0.03
and N = 480 cells.

We observe that all discrete solutions tend to eliminate the isolated small strain
phase which is initially associated with the interval (1/2,5/8)]. With increasing
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0.8
0.6
0.4
0.2

-0.2

(a) t=0.2

limit ———
alpha =1 ----e
alpha =3 «wooeeee

% alpha=5
pha = 10

0.5

(b) t=0.4

alpha =10

(¢)t=0.8

Figure 1. Convergence of the strain w for o — oo, results for o = 1,3, 5, 10 are displayed.
The graph denoted with the label “limit” corresponds to the numerical solution of (1.4).
At any time we observe convergence for increasing o.
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values of o we see convergence towards the solution of the viscosity capillarity
model (1.4) as predicted by Theorem 4.3.

5.1.2. The Sharp-Interface Limit ¢ — 0. Now we fix a =1, but vary e =
0.1,0.01,0.001. In Figure 2 we plot the solutions at the time levels r = 0.2,0.4,0.8
on a grid with N = 480 cells.

We observe for e — 0 a good approximation of (1.8) by (1.4). For e =0.1 we
have still a strong smoothing of the solution: two phase transitions combine here
much faster than in the solution for ¢ — 0. This is the reason, why the solutions
for different e differ so much.

5.1.3. Runtime Comparison. In this section we compare the runtime of the DG
method for the models (1.8) and (1.4) for different numbers of grid cells N. The
runtimes are listed in Table 1.

We observe, that solving (1.8) is much faster than solving (1.4). This comes
from the fact, that the time step restriction is weaker for (1.8). The computa-
tional complexity of an explicit numerical solution to (1.4) scales (formally) with
O(Ax~3) time steps, Ax > 0 denoting the spatial mesh width. For the new model
(1.8) we require only ()(Ax~2) time steps.

5.2. An Experiment in 2D. We study the behavior of a generalization of (1.4)
to two dimensions given by

w, — Vo =0,

, , (5.1)
v, — dive(w) = pAv — A div Aw.

The unknowns are w: Q x (0, T) — R*>? and v: Q x (0,T) — R?. In the calcu-
lation we will use Q = [0, 1]>. The stress-strain relation ¢ : R?*? — R?*? is defined
as the derivative of the free energy function ¥ : R**> — R given by

Y(w) =¥ (C=wlw)
= (C11 —1 *(5)2(C22 —1 +(5)2 + (C11 —1 +5)2(C22 -1 *5)2 + C122.

The free energy function ¥ has two minima at

w—< =0 0 ) and w—( T+o 0 ) 0>0
: 0  Vito ? 0 Vi-o) '

The convex regions of ¥ around the minima are interpreted as the two phases
of the described material. For the calculation we use the initial conditions

w(-,0)=w; and v(-,0) =0.
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ps=0.
15 alpha=1, eps=0.01
o limit eps=0.001
alpha=1, eps=0.001

15 . . . .
0 0.2 0.4 0.6 0.8 1
X
(a) t=0.2
2

5=0.1 -

limit eps=0.01 -
151 alpha=1, eps=0.01 ]

limit 6ps=0.001
alpha=1, eps=0.001

15 . . . .
0 0.2 0.4 0.6 0.8 1
X
(b) t =0.4
2 T
limit eps=0.1 ———
alpha=1, eps=0.1 ------
limit eps=0.01 -+

15| alpha=1, eps=0.01 1

limit eps=0.001
alpha=1, eps=0.001

(c)t=0.8

Figure 2. Convergence of the strain w for ¢ — 0, results for e =0.1,0.01,0.001 are dis-
played. The graph denoted with the label “limit” corresponds to the numerical solution
of (1.4).
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Table 1. This table lists the runtime (in seconds) for solving (1.4) and (1.8) with different
o on different grids. The runtime is always given in milliseconds. By error we denote the
L2-difference to the numerical solution of (1.4) on the same grid.

(1.4) (1.8) with oo = 1 (1.8) with o« = 3 (1.8) with o = 10

N € runtime runtime error runtime error runtime error
40 1/4 1469 190 0.379 190 0.205 189 0.101
80 1/8 3099 424 0.227 424 0.094 424 0.057
120 1/12 4862 706 0.230 704 0.079 703 0.043
160 1/16 6991 1049 0.248 1049 0.088 1049 0.041
200 1/20 9172 1426 0.250 1435 0.090 1435 0.036
240 1/24 11470 1863 0.233 1854 0.086 1864 0.036
280 1/28 14013 2340 0.207 2342 0.079 2345 0.040
320 1/32 16670 2849 0.182 2851 0.073 2856 0.044
360 1/36 19447 3436 0.163 3441 0.067 3443 0.047
400 1/40 22428 4091 0.153 4076 0.064 4079 0.047

The boundary conditions are

left: v-# = 0.
right: v-7# = 0.1.

In other words the plate is fixed at the left and pulled with constant velocity at the
right. At the top and the bottom no forces act.

It is straight forward to extend the equation (1.8) to multiple space dimensions.
We approximate (5.1) by

w; —Vv* =0,
v} —dive(w”) = uAv* — adiv(p” — w?), (5.2)
IAP* = a(p* —w*).
For the calculation in Figure 3 the parameters

u=¢, A=¢€, €=002 and 5=03

are chosen. Only the position of the phase transition is plotted: a material point
with stress w belongs to phase 1, if and only if ||w — w|| < ||w —wz]||. In other
words we draw the line given by ||w — wi|| = |[w — w||. The figures are plotted
in physical space and not in the reference domain Q.
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t= 0.00 t= 150
1 - - - - - 1 - - - -
1 11
0.8} 1 0.8}
041 1 0.4}
0.2} 1 0.2}
0 0}
-0.2 . . . . . . . -0.2 . . . . . . .
-0.2 0 0.2 04 06 08 1 1.2 -0.2 0 02 04 06 0.8 1 1.2
X X
(a) t = 0.00 (b) t =1.50
t=1.85 t=2.20
1] - - - - - - - E
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0.8}
5. 06¢
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0l
0.2 . . . . . . . -0.2 . . . . . . .
-0.2 0 0.2 04 06 08 1 1.2 -0.2 0 02 04 06 08 1 1.2
X X
(c) t=1.85 (d) t = 2.20

Figure 3. Elastic plane during deformation. Only the phase boundaries are plotted.

As in the one-dimensional case, we observe that model (5.1) is well approxi-
mated by model (5.2) for o — o0.

References

[1] R. Abeyaratne and J. K. Knowles, Kinetic relations and the propagation of phase
boundaries in solids. Arch. Rational Mech. Anal. 114 (1991), 119-154. Zbl 0745.73001
MR 1094433

[2] G. Andrews and J. M. Ball, Asymptotic behaviour and changes of phase in one-
dimensional nonlinear viscoelasticity. J. Differential Equations 44 (1982), 306-341.
Zbl 03789112 MR 657784

[3] D. Brandon, T. Lin, and R. C. Rogers, Phase transitions and hysteresis in non-
local and order-parameter models. Meccanica 30 (1995), 541-565. Zbl 0835.73005
MR 1360970


http://www.emis.de/MATH-item?0745.73001
http://www.ams.org/mathscinet-getitem?mr=1094433
http://www.emis.de/MATH-item?03789112
http://www.ams.org/mathscinet-getitem?mr=657784
http://www.emis.de/MATH-item?0835.73005
http://www.ams.org/mathscinet-getitem?mr=1360970

A low-order approximation for viscous-capillary phase transition dynamics 343

[4] J. Carr, M. E. Gurtin, and M. Slemrod, One-dimensional structured phase trans-
formations under prescribed loads. J. Elasticity 15 (1985), 133—142. Zbl 0581.73020
MR 792974

[5] B. Cockburn and C.-W. Shu, TVB Runge-Kutta local projection discontinuous
Galerkin finite element method for conservation laws. II: General framework. Math.
Comp. 52 (1989), 411-435. Zbl 0662.65083 MR 983311

[6] B. D. Coleman and M. E. Gurtin, Equipresence and constitutive equations for rigid
heat conductors. Z. Angew. Math. Phys. 18 (1967), 199-208. MR 0214334

[7] R. M. Colombo and A. Corli, Continuous dependence in conservation laws with phase
transitions. SIAM J. Math. Anal. 31 (1999), 34-62. Zbl 0977.35085 MR 1720130

[8] A. Corli and C. Rohde, Singular limits for a parabolic-elliptic regularization of scalar
conservation laws. J. Differential Equations 253 (2012), 1399-1421. Zbl 1259.35138
MR 2927386

[9] D. G. B. Edelen and N. Laws, On the thermodynamics of systems with nonlocality.
Arch. Rational Mech. Anal. 43 (1971), 24-35. MR 0495422

[10] K.-J. Engel and R. Nagel, One-parameter semigroups for linear evolution equations.
Graduate Texts in Math. 194, Springer-Verlag, New York 2000. Zbl 0952.47036
MR 1721989

[11] L. C. Evans, Partial differential equations. Grad. Stud. Math. 19, 2nd ed., Amer.
Math. Soc., Providence, RI, 2010. Zbl 1194.35001 MR 2597943

[12] B. T. Hayes and P. G. Lefloch, Nonclassical shocks and kinetic relations: strictly
hyperbolic systems. SIAM J. Math. Anal. 31 (2000), 941-991. Zbl 0953.35095
MR 1759195

[13] P. G. LeFloch, Hyperbolic systems of conservation laws. Lectures Math. ETH Ziirich,
Birkhduser Verlag, Basel 2002. Zbl 1019.35001 MR 1927887

[14] C. Polizzotto, Nonlocal elasticity and related variational principles. Internat. J. Solids
Structures 38 (2001), 7359-7380. Zbl 1014.74003 MR 1862422

[15] X. Ren and L. Truskinovsky, Finite scale microstructures in nonlocal elasticity.
J. Elasticity 59 (2000), 319-355. Zbl 0990.74007 MR 1833329

[16] C. Rohde, Phase transitions and sharp-interface limits for the 1d-elasticity system
with non-local energy. Interfaces Free Bound. 7 (2005), 107-129. Zbl 1067.35131
MR 2126146

[17] J. Simon, Compact sets in the space L?(0, T'; B). Ann. Mat. Pura Appl. (4) 146 (1987),
65-96. Zbl 0629.46031 MR 916688

[18] M. Slemrod, An admissibility criterion for fluids exhibiting phase transitions. In
Systems of nonlinear partial differential equations (Oxford, 1982), NATO Adv. Sci.
Inst. Ser. C Math. Phys. Sci. 111, Reidel, Dordrecht 1983, 423—-432. Zbl 0533.76100
MR 725538

[19] M. Slemrod, Dynamic phase transitions in a van der Waals fluid. J. Differential
Equations 52 (1984), 1-23. Zbl 0487.76006 MR 737959

[20] M. Solci and E. Vitali, Variational models for phase separation. Interfaces Free Bound.
5 (2003), 27-46. Zbl 1041.49017 MR 1959767


http://www.emis.de/MATH-item?0581.73020
http://www.ams.org/mathscinet-getitem?mr=792974
http://www.emis.de/MATH-item?0662.65083
http://www.ams.org/mathscinet-getitem?mr=983311
http://www.ams.org/mathscinet-getitem?mr=0214334
http://www.emis.de/MATH-item?0977.35085
http://www.ams.org/mathscinet-getitem?mr=1720130
http://www.emis.de/MATH-item?1259.35138
http://www.ams.org/mathscinet-getitem?mr=2927386
http://www.ams.org/mathscinet-getitem?mr=0495422
http://www.emis.de/MATH-item?0952.47036
http://www.ams.org/mathscinet-getitem?mr=1721989
http://www.emis.de/MATH-item?1194.35001
http://www.ams.org/mathscinet-getitem?mr=2597943
http://www.emis.de/MATH-item?0953.35095
http://www.ams.org/mathscinet-getitem?mr=1759195
http://www.emis.de/MATH-item?1019.35001
http://www.ams.org/mathscinet-getitem?mr=1927887
http://www.emis.de/MATH-item?1014.74003
http://www.ams.org/mathscinet-getitem?mr=1862422
http://www.emis.de/MATH-item?0990.74007
http://www.ams.org/mathscinet-getitem?mr=1833329
http://www.emis.de/MATH-item?1067.35131
http://www.ams.org/mathscinet-getitem?mr=2126146
http://www.emis.de/MATH-item?0629.46031
http://www.ams.org/mathscinet-getitem?mr=916688
http://www.emis.de/MATH-item?0533.76100
http://www.ams.org/mathscinet-getitem?mr=725538
http://www.emis.de/MATH-item?0487.76006
http://www.ams.org/mathscinet-getitem?mr=737959
http://www.emis.de/MATH-item?1041.49017
http://www.ams.org/mathscinet-getitem?mr=1959767

344 P. Engel, A. Viorel and C. Rohde

[21] L. Truskinovsky, Kinks versus shocks. In Shock induced transitions and phase
structures in general media, IMA Vol. Math. Appl. 52, Springer, New York 1993,
185-229. Zbl 0818.76036 MR 1240340

[22] A. E. Tzavaras, Materials with internal variables and relaxation to conservation laws.
Arch. Ration. Mech. Anal. 146 (1999), 129-155. Zbl 0973.74005 MR 1718478

[23] S. Zheng, Nonlinear evolution equations. Chapman & Hall/CRC Monogr. Surv. Pure
Appl. Math. 133, Chapman & Hall/CRC, Boca Raton, FL, 2004. Zbl 1085.47058
MR 2088362

Received October 9, 2012

P. Engel, Institut fiir Angewandte Analysis und Numerische Simulation, Universitét
Stuttgart, Pfaffenwaldring 57, 70569 Stuttgart, Germany

E-mail: patrick.engel@mathematik.uni-stuttgart.de

A. Viorel, Department of Mathematics, Babes-Bolyai University, Kogalniceanu 3, 400084
Cluj-Napoca, Romania

E-mail: adrian.viorel@math.ubbcluj.ro

C. Rohde, Institut fiir Angewandte Analysis und Numerische Simulation, Universitit
Stuttgart, Pfaffenwaldring 57, 70569 Stuttgart, Germany

E-mail: christian.rohde@mathematik.uni-stuttgart.de


http://www.emis.de/MATH-item?0818.76036
http://www.ams.org/mathscinet-getitem?mr=1240340
http://www.emis.de/MATH-item?0973.74005
http://www.ams.org/mathscinet-getitem?mr=1718478
http://www.emis.de/MATH-item?1085.47058
http://www.ams.org/mathscinet-getitem?mr=2088362

