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Existence, uniqueness and decay rates for
evolution equations on trees

Leandro M. Del Pezzo!, Carolina A. Mosquera? and Julio D. Rossi*

Abstract. We study evolution equations governed by an averaging operator on a directed
tree, showing existence and uniqueness of solutions. In addition we find conditions of the
initial condition that allows us to find the asymptotic decay rate of the solutions as t — co.
It turns out that this decay rate is not uniform, it strongly depends on how the initial con-
dition goes to zero as one goes down in the tree.
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1. Introduction

Let T,, be a directed tree with m-branching, we denote by x the vertices of the
tree. Given a function f : T,, — R, in this work we study the following Cauchy

problem
u(x,t) — Apu(x,t) =0 1in T,, x (0,+00), (1.1)
u(x,0) = /() in T, |

where
Arpu(x,t) = F(u((x, 0), t), . ,u((x,m -1, t)) —u(x,1),

being F an averaging operator, see the precise definition in Section 2. The sim-
plest linear example of an averaging operator is the usual average

m
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but we can include nonlinear functions as

F(X1, 0y Xm) :;( max {x;} + mm {x/}

I<j<m

with 0 < o < 1.
We can see that u is a solution of (1.1) if and only if it is a solution of the in-
tegral equation

u(x, 1) = Kyu(x, 1), (12)
where
t

Kru(x, 1) == J e F(u((x,0),2),...,u((x,m—1),z)) dz + e~'f (x).

0

We first prove existence and uniqueness of a locally bounded global in time
solution using a fixed point argument for K.

Theorem 1.1. Let f € L*(T,,, R). Then there exists a unique solution u in
Lo ([0,400); L*(Ty, R)) := {v e L*(T,, x [0, T],R) VT > 0}

of (1.1).
In addition, a comparison principle holds.

Theorem 1.2. Let F be an averaging operator, f,g € L* (T, R) such that f <g
in Ty, and u,v € LY, ([0, +00); L% (T, R)) such that

u(x,t) < Keu(x,t)  and  v(x,t) > Kyv(x, 1) (1.3)
Sor all (x,t) € Ty, x [0,400). Thenu <vin T, x [0,400).

Once we have established existence and uniqueness of global in time solutions
a natural question is to look for its asymptotic behaviour as t — co. We find con-
ditions on the initial condition f (that involve the speed at which they go to zero
as one goes down in the tree) that guarantee that solutions go to zero as t — oo.
Under these conditions we can find bounds for the decay rate. Surprisingly the
decay rate for solutions to (1.1) is not uniform. It strongly depends on the decay
of the initial condition f. For example, for initial conditions with finite support
(only a finite number of vertices have non-zero values) we find a decay of the form
t"e~" (here i depends on the size of the support of f), while for data without finite
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support we find a decay of the form e~ (with 0 < 4 < 1 depending on the decay
of ). This is the content of our next results whose proof rely mostly on compar-
ison arguments. For the statements we need to introduce the following notations.

Let f € L*(T,,,R). We will say that f has finite support if there exists n € N
such that f(x) = 0 for all x € T,, with /(x) > n, where /(x) denotes the level of x.
We also define

a(f) :=min{j e Ny : f(x) =0, Vx € T, with /(x) > j},
and

a(f)~1 ifa(f) >0,
u(f) = : _
0 if a(f) = 0.
Theorem 1.3. Let F be an averaging operator and f € L*(T,,, R) with finite
support. If u e LY ([0,400); L (T, R)) is the solution of (1.1) with initial condi-
tion f, then

max u(x, 1)) < e 17 (1.4)
S T Ry :

xeT,
for t large enough.

The above bound is optimal, see Remark 4.1.
For f that are not finitely supported we have the following result.

Theorem 1.4. Let F be an averaging operator and f € L*(T,,, R) such that there
exist A € (0,1) and k € Ry such that

lf(x)] < k(1 =2 VxeT,.
Ifue LY ([0,+00); L= (T, R)) is the solution of (1.1) with initial condition f, then

loc

max |u(x, )| < ke ™™  VieR.

xeT,

Again this bound is optimal, see Proposition 4.2.
In the next result we show that we can construct a solution with quite different
bahaviours at (), the first node of our tree.

Theorem 1.5. Let F be an averaging operator and ay(1) € C* ([0, 0), R), then
there is a solution of u,(x,t) — Apu(x,t) =0 in T,, x (0,+00), such that

u(®,1) = ap(t) VieR.
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Let us end the introduction with a brief comment on previous bibliography
that concerns mostly the stationary problem. For nonlinear mean values on a
finite graph we refer to [8] and references therein. For equations on trees like
the ones considered here, see [1], [6], [7] and [9], [10], where for the stationary
problem it is proved the existence and uniqueness of a solution using game
theory. See also [2], [S] where the authors study the unique continuation and find
some estimates for the harmonic measure on trees. Here we use ideas from these
references.

The time dependent diffusion equations on simple, connected, undirected
graphs, have been used to model diffusion processes, such as, modeling energy
flows through a network or vibration of molecules, [3], [4].

In the case when F is the usual average, it is possible to construct a funda-
mental solution for (1.1) on infinite, locally finite, connected graphs. See [11],
[12] and the references therein.

This paper is a natural extension of the previously mentioned references since
here we deal with the evolution problem associated to an averaging operator on a
tree that is a directed graph.

This paper is organized as follows: in Section 2 we collect some preliminaries;
in Section 3 we deal with existence and uniqueness of solutions and prove Theo-
rem 1.1 and Theorem 1.2; in Section 4 we prove our results concerning the decay
of solutions as t — oo proving Theorem 1.3, Theorem 1.4 and Theorem 1.5.

2. Preliminaries

We begin with a review of the basic results that will be needed in subsequent
sections. The known results are generally stated without proofs, but we provide
references where the proofs can be found. Also, we introduce some of our nota-
tional conventions.

2.1. Directed tree. Let m € N.,. In this work we consider a directed tree T,
with regular m-branching, that is, T,, consists of the empty set  and all finite
sequences (aj,ds,...,a;) with k € N, whose coordinates «; are chosen from
{0,1,...,m —1}. The elements in T,, are called vertices. Each vertex x has m
successors, obtained by adding another coordinate. We will denote by .#(x) the
set of successors of the vertex x. A vertex x € T,, is called an n-level vertex
(neN)if x=(ay,az,...,a,), and we will denote by /(x) the level of vertex x.
The set of all n-level vertices is denoted by T,.

A branch of T,, is an infinite sequence of vertices, each followed by its imme-
diate successor. The collection of all branches forms the boundary of T,,, denoted
by 0T,,.
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We now define a metric on T,, U dT,,. The distance between two sequences

finite or infinite) 7 = (ay,...,ax,...) and ©n’ = (a},...,al,...) is m~K*! when
( 9 9 9 1 y Yo

K is the first index k such that a; # a;; but when 7= (a1,...,ax) and n’ =
(ai,...,ag,dk.,,...), the distance is m~*. Hausdorff measure and Hausdorff di-

mension are defined using this metric. We have that T,, and dT,, have diameter
one and 0T, has Hausdorff dimension one. Now, we observe that the mapping
W : 0T, — [0, 1] defined as

+o0 a
(m =D ¢
=1
is surjective, where 7 = (ay,...,ax,...) € dT,, and a; € {0,1,...,m — 1} for all
k € N. Whenever x = (ay,...,a;) is a vertex, we set

W(x) :=¥lay,...,a,0,...,0,...).
We can also associate to a vertex x an interval I, of length mi, as follows

L= (0000 + o]

mk|’

Observe that for all x e T,,, I, ndT, is the subset of 0T,, consisting of all
branches that start at x. With an abuse of notation, we will write 7 = (xy,...,
Xk,...) instead of n=(ay,...,a,...) where x; =a; and x; = (aj,...,a;) €
S (xp—1) for all k € Nx,.

Finally we will denote by T, the set of the vertices y € T,, such that I, = 1.

Example 2.1. Then Let x € N be at least 3. A 1/k-Cantor set, which we denote
by Cy/y, is the set of all x € [0, 1] that have a base x expansion without the digit 1,
that is, x = > ajx 7 with a; € {0, 1,...,x — 1} with a; # 1. Thus C, is obtained
from [0, 1] by removing the second x-th part of the line segment [0, 1], and then
removing the second interval of length 1/x from the remaining intervals, and so
on. This set can be thought of as a directed tree with regular m-branching with
m=rx— 1.

For example, if k = 3, we identify [0, 1] with 0, the sequence (0, 0) with the first
interval right [0,1/3], the sequence (0, 1) with the central interval [1/3,2/3] (that
is removed), the sequence (0, 2) with the left interval [2/3, 1], the sequence (0,0, 0)
with the interval [0, 1/9] and so on.

2.2. Averaging operator. The following definition is taken from [1]. Let

F:R" =R
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be a continuous function. We call F an averaging operator if it satisfies the fol-
lowing set of conditions:

(i) F(0,...,0)=0and F(1,...,1)=1;

(il IX1,. .. txy) = tF(x),...,x,) forall t € R;

(iii

) F(

) F(t+x1,...,t+xp,) =t+ F(x1,...,x,) forall t € R;
(iv) F(

) Fi

X1,y ..., Xm) < max{xi,...,x,} if not all x;’s are equal;

(v) F is nondecreasing with respect to each variable.
Remark 2.2. Tt holds that, if (x1,...,xu), (¥1,..., ym) € R™, then

X; < y;j+ max {x; i
7 y] 1<]<m{ / y]}

forall j € {1,...,m}. Let F be an averaging operator. Then, by (iii) and (v),
F(xt,....,xm) < F(y1,..., ym) + max {x; — y;}.
I<j<m
Therefore

F(x17"'7xm)_F(yla"'vym)S max {xj yj}J

1<j<m

and moreover
[F(x1,. oy Xm) — F(Viy. oy ym)| < 1rsrljag(m{|xj — |}
Now we give some examples.
Example 2.3. This example is taken from [6]. For 1 < p < 400, the operator
FP(x1,...,x,) =t

from R™ to R defined implicity by

m
Sy — Ay — 172 =0

J=1

is a permutation invariant averaging operator.
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Example 2.4. For 0 <o, <1 with « + f = 1, let us consider

m
F (Xl, ce. ,xm) =a median{xj} —F%Z.Xj,
J=1

I<j<m

Fy(x1, ..., x,) = o median{x;} +'§( max {x;} + min {x;}),

I<j<m I<j<m I<j<m
where
) V(m+1)/2 if m is even,
1{12(]121?{’“/} = {M if m is odd,
with {y1,..., v} a nondecreasing rearrangement of {xy,...,x,}.

It holds that F} and F, are permutation invariant averaging operators.

3. Existence and uniqueness

First we show that there exists a unique solution of problem (1.1) in the space
L% ([0,400); L (T, R)).

loc

Proof of Theorem 1.1. Existence: Let T > 0 and
Cr:={ue L*(T,, x [0, T],R) : u(x, 1) is continuous in 7}.

Observe that Cr7 is a Banach space with the L*-norm.
We can see that K is a contraction on Cr. In fact, using Remark 2.2, we have
that

t
|Kpur — Kol < J e dzfluy — o, < (1= e ) — o],
0

for all uy,u, € Cr. Therefore, by the Brouwer fixed-point theorem, K, has a
unique fixed point u € Cr.
Since 7' > 0 is arbitrary, we can obtain a globally defined solution of (1.2), u.
Uniqueness: Let u, v be two solutions of (1.1) such that

u,v e L5 ([0,400); L*(T,, R)).
Then u, v are solutions of (1.2) and therefore they are fixed points of Ky. Thus

u=vin T, x [0,7] for all "> 0 due to K is a contraction operator. Therefore
u=vin T, x [0,+00). O
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Remark 3.1. We note that there is no need of a “boundary condition”. This
problem can be regarded as the analogous for the tree to the Cauchy problem for
a PDE, as u; = Au in R" x (0, 00) with u(x,0) = f(x) in R”. Here we consider
f € L™, but the result can be slightly improved to allow for an unbounded initial
condition; see Remark 3.3 below.

Next we show a comparison principle.
Proof of Theorem 1.2. Let T > 0. We consider

Mr:= sup {u-—v}.
T,,x[0, 7]

Then, given ¢ > 0, there exists (x,7) € T,, x [0, 7] such that

Mr —e<u(x,1)—v(x,1).

Now, by (1.3), we obtain that

Mr —e<u(x,1)—v(x,1)

< J:) eZ*f(F(u((fc, 0),2),...,u((x,m—1),2))
— F(0((%,0),2),...,0((%,m — 1),2))) dz + e~ (f (%) — g(%)).
Thus, using that f < g in T,, and Remark 2.2, we have
Mr —e< Mp(1 —e 1),
and therefore e~? My < ¢ for all ¢ > 0. Then, using that e=7 > 0, we obtain that
M7 < 0 and this implies that u(x,7) < v(x, ) for all (x,?) € T,, x [0, T].

Since T > 0 is arbitrary, we can conclude that u < vin T,, x [0, +0). O

Corollary 3.2. Let F be an averaging operator and f € L*(T,,,R). Then any
bounded solution u of (1.1) with initial condition f satisfies the inequality

|u(x, Ol < IS e v, m)
Sfor all (x,t) € T, x [0,400).

Proof. We just observe that w(x,7) = M = ||f][,~, g is the solution of (1.1)
with initial condition M. Since f(x) < M, from Theorem 1.2, we obtain that

u(x,t) <M  forall (x,1) € T,, x [0,400).



Evolution equations on trees 71

In a similar way, we can prove that u(x, ) > —M for all (x,7) € T,, x [0, +0).
Therefore,

u(x, O < S ll e,y Y1) € T x [0, +00).
This completes the proof. O

Remark 3.3. We remark that we can have existence of a solution even if the ini-
tial condition f is not bounded. In fact, we just observe that

u(x, 1) = CeP=D13/),

with 4 > 0 is a solution of (1.1) with initial condition f(x) = CA',
Then there is a solution of (1.1) for any initial condition such that

0< f(x) < CA™.

To obtain such a solution we generate a sequence of approximating solutions
using truncations of the initial condition. In fact, let

fu(x) =min{ f(x),n},  uy(x, 1) = min{u(x,1),n},

and take wy(x,7) € L, ([0,400); L*(T,, R)) the unique solution of (1.1) with ini-
tial condition f; (Theorem 1.1).

We can see that, u, — u as n — +00, Ky u, < u,, and, by the comparison prin-
ciple, w, is increasing with n and w, < u,.

Finally, taking the limit as n — oo in the form of the equation given by (1.2),
we obtain that w(x, ¢) := lim,_, o, w,(x, ) is a solution of (1.1) with initial condi-
tion w(x,0) = f(x).

4. Decay estimates
First, we prove Theorem 1.3.

Proof of Theorem 1.3. We begin by observing that if f =0 on T,, then u =0 on
T, x [0,400). Therefore, (1.4) holds trivially in this case.

Now we consider the case f # 0. Then a(f) # 0, f(x) # 0 for some x e T//)
and f(x) = 0 for all x such that /(x) > u(f). Thus, by Theorem 1.1, u(x,7) =0
for all x such that /(x) > u(f). Therefore, if x € T*/), we have that

u(x, 1) = F(u((x,0),1),...,u((x,m —1),1)) — u(x,1)
=F(0,...,0) —u(x,t) = —u(x, 1).
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Then
%(e’u(x, 1) =0.

Since u(x,0) = f(x) for all x € T,,, we get
u(x,t) = f(x)e™"  Vxe TH,

Thus, for any x € T#/)~! we have that

u(x, 1) = F(u((x,0),1),...,u((x,m —1),1)) — u(x, 1)
=F(f(x,0)e t...,f(xm—l)e ) —u(x,1)
=F(f(x,0),...,f(x,m—1))e”" —u(x,1).

Then
2 (ulx.0) = .

where 7! = F(f(x,0),..., f(x,m —1)). Therefore,
u(x,t) = (Al + f(x))e™" VxeTHIL (4.5)
Observe that

A <Nl o, ¥x € THS™ (4.6)

m

due to the fact that F' is nondecreasing with respect to each variable.
Arguing as before, using (4.5), we obtain

d
i (e'ulx, 1)) = F (A0t + [(x,0), ., Ayt + f(x,m = 1)),

2

for every x € Tf,‘ff )=2_ Then, since F is nondecreasing with respect to each vari-

able, we have

d V-
At~ 1A N e, m) < i (e'u(x, 1)) < ALt + I/ r,my VY€ THD2,

where

AL = F( A0 s S mor))-
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Therefore,
—t 2 r —t 2 r g g
(25 W et + 1)) Su(x,0) < e (25 S et + ()

for all x e TH/)=2,
By (4.6), using again that F' is nondecreasing with respect to each variable, we
obtain

2 -2
L2 < S ey Vxe THD2,
Continuing in the same manner, we can prove

e 'pi(t) <u(0,1) < e 'pa0),

where
() HOTL
f) =" _ AN + f(0),
P =K = 20 M s + SO
alf)  HO
p2( ) 0 /.l(f)' ;:1 ]' Hf”L (T, R) f( )

wlf) _ u(f)-1 w(f)-1
42/0 —F(Lsz{@l()) ""’M(Q),m—l))'

Arguing as before, we have

L) < N e -
Thus,

Jux, 1)] < —tﬂ(f)eitl\fll
max (u(x,7)| < ©
p(r

xeT,
for ¢ large enough. O

Remark 4.1. The bound that we obtained in Theorem 1.3 is optimal. In fact, let
n € N, F be an averaging operator and f, € L*(T,,, R) defined by

n! if I(x) =n,

Snlx) = {o if 1(x) # 1.
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Note that || full;~(y, g = n! and u(f,) = n. Let

(n=1(x))
2 1) = | O l( it if0<I(x)<n
0 if I(x)>n

Then we observe that u,(x, ?) := e 'z,(x, 1) € Ly,

solution of (1.1) with initial condition f,,, and

(10, +00); L (T, R)), uy, is the

-~ [/‘(ﬁl)eii
max |u,(x, 1) = t"e™ ! = m Hf””L%(T,,,,R)'

xeT,

Proposition 4.2. Let F be an averaging operator and f(x) = (1 — )»)l(x) for some
2 €(0,1). Then u(x,t) = e *f(x) is the solution to (1.1).

Proof. We have u(x,0) = f(x) for all x e T, and

Apu(x, 1) = F(u((x,0),7),...,u((x,m = 1),1)) — u(x,1)

= F(e "f(x,0),....e”"f (x,m = 1)) — e~ "f (x)
JIF( f(x,0),. ..,f(x m—1)) — e M1 (x)
efﬂvtF(( ;L)/ (1 . i)l(x)-i—l) o 67}1(1 o i)l(x)
_ 67}',(1 _ /l)l(x)-H o efit(l . i)l(\)
=e M1 =21 =-141)
= —Je (1 - 1)
= u(x,1)
for all (x,7) € T,, x (0,400). O

We observe that for this particular solution we have

max u(x,7) = e max f(x)=e " = u(®,1).

xeT,, xeT,

Therefore, using the comparison principle stated in Theorem 1.2, we obtain Theo-
rem 1.4 as an immediate consequence.

Proposition 4.2 shows that the bound is optimal.

Finally, let us prove that there are solutions with any prescribed behaviour of

u(0,1).

Proof of Theorem 1.5. We just consider u(x,t) = a;)(t) (that is, we take u to
be constant at every level). Then the equation reduces to find ay,az,...,ay,...
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such that
a;(t) = a1 (1) — a;(1),
that is,
a1 (1) = al(t) + ai(2).
Hence, given ay, we can construct

a\ (1) = ag(1) + ao(1),

=AY
Therefore
1(x)
I(x
u(rt) =S ( (.))a3f><z>
=0 N
is a solution of the equation. |

Remark that depending on the behaviour of the derivatives of ¢ it may hold
that

u(0, 1) = ap(t) = max u(x,1).

If we have
a(f)=(1+07" (x>0,
then we get
RN X2 (T
u(x,n—;( el <r>—j§_;( D (Men)a+o”

Note that we have as initial condition for this particular solution

-3 () [eso)

1
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Note that this initial condition can be unbounded. For example, for « = 1 we
have

ao(t) = (1+1)7".

Then we get that

=AY
B 1(\)( 1) <I(x)>j!(1 n t),(_/ﬂ)
J=0 J
1) o 1(x)! (i
_ 1)/ 1 (j+1)
> Y =0+
is a solution of (1.1) with initial condition
I(x) o I(x)! o),
= -1y ———=(-1)"
1) = ) 1Y G == 1)

where !n denotes the subfactorial of n.
We observe that f(x) is an oscillating function with

|[f(x)] = +00 asl(x) — +oo0.
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