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A forced pendulum equation without stable
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Abstract. The pendulum equation is forced by a continuous and T-periodic function with
zero average. In these conditions it is well known that there exist at least two 7-periodic
solutions. We construct some examples where there are exactly two T-periodic solutions
and both are unstable.
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1. Introduction

Consider the differential equation

X+ pfsinx = f(1) (1)

where f# > 0 is a real parameter and f : R — R is a continuous and 7-periodic
function satisfying

T
J f(t)dt = 0. (2)
0
Many authors have discussed different properties of this equation and an extensive
list of references can be found in the survey paper [3]. In a recent paper [5] I
discussed the existence of T-periodic solutions that are stable in the Lyapunov
sense. It was proved in [5] that if
2
T
<=
=(7)
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then there exists a stable 7-periodic solution for a large class of forcings satisfying
(2). Two examples of non-existence of stable periodic solutions will be constructed
in the present paper. They show that, in some aspects, the result obtained in [5] is
sharp.

Theorem 1.1. Assume that

27\
> == .
Then there exists a real analytic function f : R — R satisfying

Ja+T) =7, [f(=0)=-f(), 1R (3)
and such that the equation (1) has no stable T-periodic solution.

The function f'(¢) in the above result is odd and, in particular, the condition (2)
holds. This shows that the conclusion of the theorem in [5] cannot hold for every
forcing. Therefore, the phrase for almost every forcing employed in [5] is essential,
at least for parameters lying in the interval

2\ <fp< 7\
3T “\T)°
Let us recall the precise meaning in our context of a property that holds almost

everywhere. The space X of continuous and 7-periodic functions with mean value
zero has infinite dimensions. It becomes a Banach space with the norm

11 = max]| £ (2).

We say that a property holds for almost every forcing if it holds for every f € 2,
where 2 is a prevalent subset of X. The definition of prevalence is analyzed in [6].
We just recall this definition: a subset 2 of X is prevalent if there exist a Borel
measure x4 on X, a Borel subset /" < X and a compact set K < X such that
X\? < A, u(K) > 0and u(AN" +¢g) = 0 for every g € X. Prevalent sets are dense
in X and so the next result shows that the number (%)2 is optimal for the theorem
in [5].

Theorem 1.2. Assume that
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Then there exist a number ¢ > 0 and a real analytic function [ : R — R satisfying
the conditions in (3) and such that the equation

X+ psinx = g(1)

has no stable T-periodic solution if g : R — R is a continuous and T-periodic func-
tion satisfying

T
L gy di=0, ||f gl <e

The rest of the paper is dedicated to the proof of these results. The proof of
Theorem 1.1 is based on the phenomenon of strong resonance at the third root
of unity, as described in Section 2. This explains the restriction on f imposed in
Theorem 1.1. Perhaps the analysis of resonances at higher roots of unity could
help to improve this result. I do not know if the conclusion of Theorem 1.1 is
valid for arbitrary > 0. In my experience with the pendulum equation, I have
found that an useful strategy to produce examples with special properties is to as-
sume first that (1) is an autonomous equation with impulses, that is /' = _; ¢;Dd;,
where Do; is the derivative of a Dirac measure. Once a preliminary example of
this type has been constructed, one can try to change f by an authentic function
via perturbation arguments. In this process weak topologies play an important
role. This explains why two sections of the paper, 3 and 6, are devoted to study
the effect of the weak* topology on equations of pendulum type. The examples
proving the two theorems are presented in Sections 4 and 5. The period 7" > 0
is arbitrary in both theorems but, after a re-scaling of time, it is not restrictive to
assume that 7" has a fixed value. To simplify computations we will choose 7' = 27“
in the first theorem and 7" = 2z in the second one.

With respect to the notations employed in the paper, I think they are more or
less standard. In particular L?(R/TZ) and C?(R/TZ) are spaces of T-periodic
functions.

2. Resonance at the third root of unity
Let 23 be the class of 2 x 2 matrices L € R**? satisfying

L*=1, L+#I.

These matrices are conjugate to the rotation of angle 120° and they play a sin-
gular role in stability theory. Assume that L is in %5 and consider the difference
equations

Xntl = an <4)
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and

Xntl = Lx, + N(xn)7 (5)

where N is a nonlinear map satisfying N(0) = 0, N'(0) = 0. For the linear equa-
tion (4) all non-trivial solutions are 3-cycles and the origin x = 0 is stable. How-
ever, for a typical nonlinear perturbation (5) the origin is unstable. The purpose of
this section is to describe this phenomenon in precise terms. The exposition will be
inspired by the book [7].

Let % be any open subset of the plane containing the origin and assume that

F:u cR*— R?
is a C? map with F(0) = 0. The origin x = 0 is stable with respect to F if given

any neighborhood 7~ there exists another neighborhood %" such that the iterates
F" (") are well defined for the future and

F'(#)cy iftn>0.

The fixed point x = 0 is unstable when the previous condition does not hold. The
notions of stability and instability are topological, meaning that they are invariant
under conjugacy by homeomorphisms.

The map F is C? and so it can be expanded as

F(x) = Lx+ Q(x) + o(|x|*) as|x] — 0
where L € R?*? and Q is a quadratic polynomial of the type
O(x1,x2) = axi + fxix2 + px3, o, B,y € R%
Let us assume that L € %3 and define
0%(x) = L*Q(x) + LO(Lx) + Q(L*x).

This is a new quadratic polynomial. Sometimes we will write Qr and Q% to
emphasize the dependence on F.

The 2-jet of F at the origin will be described as

J()zF = (L;Of,ﬁ,y)-

To measure the distance between jets we fix some norm |-| in the space
R** x R* x R* x R™.
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Proposition 2.1. Given F in the previous conditions, assume that Q% is not identi-
cally zero. Then there exists ep > 0 such that the origin x = 0 is unstable with
respect to any C* map G : U = R*> — R? satisfying

G(0)=0, G'(0)e, |JF—JiG| <ar.

Later we will present some examples on how to apply this result. By now we
just concentrate ourselves on the proof. As a first step we mention two straight-
forward properties of the polynomial O%.

e Given F' in the conditions of the above proposition, there exists ¢z > 0 such
that QF #0if G: % = R* — R? is a C? map with G(0) = 0, G'(0) € #; and
|J3F — J3G| < eF.

e Assume that L = PRP~! where P is a non-singular matrix and R is one of the
two rotations of angle 27” (with positive or negative orientation). If we define
F,(x) = P"'F(Px) then F/(0) = R and O} (x) = P~'Q}(Px).

After these remarks the above proposition becomes equivalent to the following
simplified result: Given a C*> map F : % = R* — R? satisfying

F(0)=0, F'(0)=R, 0f#0,

the origin is unstable with respect to F.

The use of complex notation is very convenient for the proof of this result. We
identify C and R? with z = x| + ixo. The map F : % = C — C can be expressed
as

F(z,2) = 02+ Q(z,2) +o(2]*)  as|z| — 0

with @> + @ +1 =0 and Q(z,2) = Az> + Bzz+ Cz*, A,B,C € C. The polyno-
mial Q% becomes

0%(z,%) = 3@ Cz?,
and the assumption Q7 # 0 is equivalent to C # 0. For simplicity we assume that
3wC = 1. This is always the case after a change Z = Az for appropriate . The
third iterate of F has the expansion
=24 0%(z,2) +o(|z]*) = 2+ 22 + o(|z]),

and a direct computation leads to

Re(z3) = Re(z3) + 3|z|* + o(|2]Y).
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Let us fix r > 0 such that if |z| < r then
3 3 4
Re(z3) > Re(z”) + 2|z|". (6)

We are going to prove that no forward orbit with Re(zé) > (0 can remain in the
disk D = {z € C: |z| < r}. This proves the instability of z = 0.

We proceed by contradiction and assume that the positive orbit {z,}, , is well
defined and satisfies

|z <1, n=0
for some z( in the above conditions. From the inequality (6) we deduce that

N
4
22 |z30|* < Re(z3y,5) — Re(z3) < 2r°.
n=0
This implies that the series 3" |z3,|* converges and, in particular, |z3,| — 0. This
fact is not compatible with another consequence of (6), namely

> Rg(zg’n) > Re(zgn_3) > e > Re(zg) > RE(Zg) > 0.

Once we have completed the proof of Proposition 2.1 we apply it to an exam-
ple that will be important later. Consider the differential equation

J+y+ypt)y*=0

where y € L'(R/TZ). Further assume that the period is

T=—.
3

We will prove that the trivial solution y = 0 is unstable if
2n/3 )
J J(0)e¥ dt £0. 7)
0

The equation is understood in the Carathéodory sense. Solutions are well defined
on the interval [0, 7] for small initial conditions and the Poincaré map can be
defined as

F:%CRZ_)Rza F(y(),UQ): (y(T;yOaUO)aJ}(T;y()aUO))

where % is a neighborhood of the origin and y(T’; yg, vg) is the solution with initial
conditions y(0) = yo, y(0) = vo. This is a C* map and the origin yp =0, vp =0
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is a fixed point corresponding to the trivial solution y = 0. Note that the two
notions of stability, for the map and the differential equation, are equivalent.
The variational equation at y = 0 is

y+y=0
and so

F(0 O)Z(COST sinT)

—sinT cosT

This matrix is precisely the rotation of angle %’Z in the clockwise sense. To compute
the quadratic polynomial Q it is useful to employ complex notation. Letting
w = y+iyand z = yg+ ivy, the equation is written as

W= —iw — ip2) (‘”; ”_V)z, w(0) = .

Using the formula of variation of constants we transform the initial value problem
in the integral equation

w(t) = ez — iJl e =9y (s) (M)z ds.

0

The variational equation leads to the first order approximation
w(t) =e "2+ 0(z1*)  as |z -0,

uniformly in ¢ € [0, T]. Combining the previous identities we obtain the expansion
F(z,Z) = oz + Q(z,2) + - - - with Q given by

2n/3 2r/3 2r/3

_%$<L) e%%ﬂdﬂzz_%;<J; dw@)dazz_%?(ﬁ) (5) ) 2

and o = ¢>/3, From (7) we deduce that Q7 # 0 and the conclusion follows.

3. Weak convergence and number of periodic solutions

Let ¢(¢) be a T-periodic solution of the forced pendulum equation (1). The
change of variables x = y + ¢(¢) transforms the original equation in

-+ Bsin(y + (1)) = psing(r). (8)
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When ¢ is non-smooth or even discontinuous this equation still makes sense, even
if it does not come from an equation of the type (1). Due to the properties of the
sine function, this equation can be rewritten as

J+ Pcosp(r)sin y + fsing(t) cos y = fsing(t).
We will work with the more general class of equations
y+a(t)siny + b(t)cos y = c(t) 9)

with a,b,c € L*(R/TZ). This equation is understood in the Carathéodory sense.
Given a T-periodic solution y(¢), the linearized equation is

&+ (a(r) cosy(r) — b(1) sins(£))& = 0. (10)

We say that () is simple when 1 is not a Floquet multiplier of (10). The equa-
tion (9) will be called simple if all T-periodic solutions are simple.
As an example consider the pendulum equation

Jj+Asiny =0

corresponding to a(f) =A>0, b(¢#) =0, c¢(t) =0. This equation is simple

whenever
27\
A< (7> .

To prove this we first recall that the closed orbits of this autonomous equation
have minimal period 7 > 2—’; Hence they do not produce T-periodic solutions
if 1< (27")2 Under this condition the only T-periodic solutions are y = 0 and
y=mx. A direct computation shows that y = 7 is always simple and y =0 is
also simple excepting for A = (2%)2, n=12,...

Note that, given a solution y(z) of (9), new solutions can be produced by
adding 2z. The family y(¢) 4+ 27n, n € Z, is interpreted as a single solution. This
identification, already employed in the previous example, will apply in the rest of
the paper. Next we present an important property of simple equations.

Lemma 3.1. Assume that the equation (9) is simple. Then the number of T-
periodic solutions is finite.

From now on this number will be indicated by N(a,b,c). In particular
N(4,0,0) = 2if 1 < ().
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Proof. Given a T-periodic solution y(¢), there exists some 7 € [—Z,Z] such that

Y(r) = 0. Thus

0
J ¥(s) ds‘ < (llall = ®/rz) + 161l Lo @j72) + el Lo v 72))

T

=:C.

W) = 2=

Let F : R* — R? be the Poincaré map associated to (9),

F(y(],v()) = (y(Ta yovvo)ay(T; yO;UO))'

This is a real analytic diffefomorphism whose fixed points are in correspondence
with T-periodic solutions. Moreover, if (zp(O),lp(O)) = (»o,v0) then the eigen-
values of F'(yg,vy) are precisely the Floquet multipliers of (10). In particular 1
is not an eigenvalue if (¢) is simple. The inverse function theorem applied to
id — F implies that ((0),4(0)) is an isolated fixed point of F. Summing up, we
can say that the set of fixed points

7 = {(yo,v0) € [0,27] x R : F(yo,v0) = (0, v0)}
is closed, bounded (|vg| < C) and discrete, and so it is finite. [ |

Assume now that (9) is simple and consider sequences {a,}, {b,} and {c,} in
L*(R/TZ) with a, — a, b, — b and ¢, — ¢ in an appropriate topology. We will
prove that for large n the number of 7T-periodic solutions of

V4 ay(t)sin y + b,(t) cos y = ¢, (1) (11)

is independent of n. This is a more or less standard result if the convergence of the
sequences a,, b,, ¢, is strong, the main point of this section is that it also holds
when the convergence is understood in a weak sense. To be precise we recall the
notion of weak* convergence in L*.

Given a sequence {f,} in L*(R/TZ), we say that it converges to
f € L*(R/TZ) in the weak™ sense if

(o1

for every ¢ € L'(R/TZ). Sometimes we will employ the notation f, — f to indi-
cate this convergence.

Weak* convergence in L*(R/TZ) can be characterized by the two properties
below,
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® sup, || full Lo (my72) < ©

o foT Sodia ) — IOT S Xja, 1) for every compact interval [a,b] < [0, 7.

Here y(, ;) denotes the characteristic function of the set [a,b]. The proof of this
characterization is based on Banach-Steinhaus theorem and the density of simple
functions in L'(0, T'). Note that L'(R/TZ) and L'(0, T) can be identified.

We are ready to present the main result of the section.

Proposition 3.2. Assume that the equation (9) is simple and the sequences {a,},
{b,} and {c,} in L*(R/T2Z) satisfy

a, — d, bng\b, ¢, — C.
Then, for large n, the equation (11) is simple and N(a,, by, c,) = N(a,b, c).

To illustrate this proposition we present some concrete examples of sequences
in the above conditions.

Example 1. For each n > 2 consider the uniform partition of [0, 7

T 2T
t0:0<t1:;<12:7<~-<t,1:T

and fix a number 0. Define

0,(1) = (=D 0 if t € iy, tr1[-
We consider the equation

¥+ Bsin(y +0,(1)) = fsing, (1)

and try to apply the above proposition. The sequence a, = ffcosp, is constant
and so it converges to 4 = ffcosf in any topology. Next we prove that b, =
¢y = fsing, converges to 0 in the weak* sense. Note that [[sing,||,.. < 1 and so
we can assume ¢ = x|, 5. Then

T 1 s—1 /3] b
J SIN @, X[, 5] = J sing, + Z J sing, + J sing,
0 a ——_ 1y

where r and s are the indexes such that

h1<a<t <t;<b<tg,.
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All the integrals inside the sum have the same value up to an alternating sign.
Hence they cancel in pairs and the sum is either zero or it reduces to one sin-
gle integral, depending on the parity of s — 1 —r. In both cases we obtain the
estimate

”T sin ’ 3T
o PuXa,p)| = 0

The limzit equation is j+ Asiny =0 and so, for large n, N(ay, by, c,) =2 if
A< (3.

Example 2. Consider a function f(¢) satisfying

T

feLY(R/TZ), J f(Hdt=0

0

and let /(¢) be the unique solution of

T
h=f(t), his T-periodic, J h(t)dt = 0.
0

The change of variables x = y + A(¢) transforms the pendulum equation (1) into

J+ Bsin(y + h(r)) = 0.
When this equation is simple and has N periodic solutions of period 7', the above

proposition can be applied. In particular there exists ¢ > 0 such that for any func-
tion ¢ satisfying

T
ge L®R/TD). | adt=0. 1f =gl <o
the equation
X+ fsinx = g(1)

has exactly N periodic solutions of period 7.

Example 3. Consider the equation of a pendulum of variable length

y+a(t)siny =0.
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We fix two positive numbers M and 1 < (27”) ®. The above result can be applied to
deduce that there exists ¢ > 0 such that the equation has exactly two T-periodic
solutions if « € L*(R/TZ) satisfies

lall o /rzy <M, la—= Al g7z <&

The key for the proof of Proposition 3.2 is the following result on continuous
dependence with respect to weak topologies.

Lemma 3.3. Assume that {a,}, {b,} and {c,} are sequences in the conditions of
Proposition 3.2 and let F, : R* — R? be the Poincaré map associated to (11).
Then, for each o. = (a1, 0) € N2,

0"Fy(y0,v0) — 0*F(y0,0),

and the convergence is uniform on (o, v) € K for each compact set K < R2.

We are using the multi-index notation ¢* = % The proof of this lemma

is unrelated to the rest of the paper and we postpone it to Section 6.

Proof of Proposition 3.2. Assume that the set # defined in the proof of Lemma
3.1 has no points lying on yy =0. Otherwise we could work on the strip
[e,2m 4 ¢] x R. Consider the sets of fixed points

Fn = {(»o,v0) € [0,2n] x R: Fy(po,v0) = (¥o,v0)}-

From the proof of Lemma 3.1 we know that the sets %, are compact and
contained in a common rectangle # = [0,2x] x [-C, C]. Assume that the set 7
associated to (9) has N points, that is #% = N. By assumption these fixed points
are simple. Let us fix closed disks Dy, ..., Dy centered in these fixed points and
pairwise disjoint. The maps F, converge to F in C!(D;) and so %, nD; is a
singleton for large n. Moreover, the points in these intersections are also simple
as fixed points of F,,. We are lead to the inequality

N(ay, by, cy) = #Fy > #F = N(a,b,c) = N.

To prove the reversed inequality we proceed by contradiction. If N(ay, by, ck)
were greater than N for some subsequence, then %} should have a point lying
in %\Ulzl D;. By a passage to the limit we conclude that the same should occur
to the set # and this is absurd. |

Remark. The previous proof shows that the set %, converges to % in the
Hausdorff topology on the space of compact subsets of R>. Later this fact will
be combined with a consequence of the proof of Lemma 3.3. The general solution
of (11), denoted by y,(z; yo,vo), satisfies that (,(¢; yo, vo), ¥,(t; yo, vo)) converges
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to (¥(t; yo,v0), ¥(f; yo,v0)) uniformly in 7 € [0, T], (yo,v0) € K, where K is any
compact subset of R2.

4. The first construction

We fix the period T = %” and assume f# > 1. For each integer n > 3 consider
a partition of the interval [0,Z] of the type

=0<17< —2T< —3T< < T
Ty = 71 T2—2n T3—2n Tn—z.

There are two differences with respect to the partition considered in Example 1
after Proposition 3.2, now the interval has length % and one of the knots is not
fixed. Indeed 7; can be interpreted as a parameter lying in the interval ]0,%[.
Let 0 be the number in |0,%[ satisfying

1
cosf =-—.

B

We define the function p, € L*(R/TZ) by

pu(—=t) = —pu(t), put+T)=pu(t), aeteR,
o) = (=DF0  frelu,mal, 0<k<n

Note that the function p, depends upon the choice of 7;. We will use this freedom
to select a value of 7; such that the condition

T
J e3sin p, (1) dt #0 (12)
0

holds. To prove that this choice is possible we observe that ¢3 is T-periodic and

so the integral can be translated to the interval [—Z ],

T T2 0 2 ‘
J o3 sin po(1) di = J +J _ J (¥ — e=31) sin p, (1) di
0 0 2 Jo

n—1 Th+1 4
:2i(sin0)2(—l)kj sin3zdt:—§isin00053rl+y
k=0 T

where y is a complex number depending on » and @ but independent of z;. The
condition (12) will hold for all numbers 7; € |0, Z[ excepting perhaps for a finite
number of choices.
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Once 71 has been fixed we observe that

1
cos py(1) :B ae. teR
and
sin Pn — 0

in the weak™ sense. The proof of this fact is almost the same as the proof given in
Example 1 after Proposition 3.2. This proposition can be applied to conclude that
the equation

J 4 Bsin(y + pa(t)) = psin p,(1) (13)

has exactly two T-periodic solutions, y = 0 and z,(z). Moreover z,(f) converges
uniformly to z#. At this point the remark after the proof of Proposition 3.2 is
useful. We will prove that both solutions are unstable if n > ny for some ny. Let
us start with y = 0 and expand the equation to obtain

2

¥+ P(cos pu(t) y — g (sin pu (1)) y* +--- =0,

where the remainder is of order y*. In consequence this equation has a contact of
order two with

J+y+,(0y°=0

and
(i) =~ sin pa ().

Note that the condition (12) implies that (7) holds. Let F, : R* — R? be the
Poincaré map associated to (13). The expansion of F, around the origin coincides,
up to second order, with the expansion computed in Section 2. Then Proposition
2.1 is applicable to F, and y = 0 is unstable as a solution of (13). To prove the
instability of z,(¢) set z = y — z,(¢) in (13) to obtain

Z4 Bsin(z + z,(1) + pa(t)) — Bsin(z,(1) + pa(t)) = 0.
The linearization at z = 0 is

&+ Beos(zu(t) + palt))E = 0. (14)
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Since z,(f) — 7 uniformly, this equation converges to

E-¢=0.

The Floquet multipliers of the limit equation are 0 < y; = e 7 <1 < u, =e’.

By continuous dependence, the Floquet multipliers of (14) also satisfy 0 < y; <
1 < u, for large n. The first Lyapunov method says that z,(¢) is unstable as a
solution of (13).

If the function p,(t) were real analytic, the proof of Theorem 1.1 would be
complete, since it would be sufficient to define x = y + p,(¢) and f(¢) = p,(¢) +
fsin p,(t). Of course this is not right and our strategy will be to perform this
change of variable after approximating p, by an appropriate analytic function.

Lemma 4.1. For each n > ny and 6 > 0 there exists g, € C®(R/TZ) satisfying
(1) gqn is odd
(i) |20 — gnll 2wyr2) <9
(iii) the linear equation
y+pcosg,(t)y=0 (15)

has Floquet multipliers pi; = w, p, = @ with @ + o +1 = 0.

Before proving this result let us discuss how to complete the proof of Theorem
1.1. We claim that there exists a sequence d,, | 0 such that the equation

J+ psin(y + qa(1)) = Bsing, (1) (16)

has exactly two T-periodic solutions and both of them are unstable if n is large
enough. Here ¢, is the function given by the previous lemma when 6 = J,,. First
note that

: . 1.
sing, — 0 weak™ in L*(R/TZ), cosgqy, —>E in L}(R/TZ)

for any sequence J,, | 0. Indeed, to justify the first convergence, we take a char-
acteristic function x|, » and observe that

T T T
| sinazan| <[ || sinpnrzin|+] | Ging,—sinpyziy

T
<| | 0 pabtas| + VTP = duliesra) — 0
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The second convergence is obtained in a similar way. The next step is to select d,,
in an appropriate way. The Poincaré maps associated to (13) and (16) are denoted
by F, and F, and, by Lemma 3.3, they are close in the C? topology on compact
sets. According to Proposition 2.1 we adjust d, so that

|J3F, — J3F,| < eF,.

The eigenvalues of the matrix £/(0) are the Floquet multipliers of (15); that is,
and @. This implies that Fn’ (0) € #5. Now Proposition 2.1 also says that y = 0 is
unstable as a solution of (16). Moreover, from Proposition 3.2 we know that the
equation (16) has exactly two T-periodic solutions y = 0 and z, — n. As before
we observe that the equation

E+ Boos(Z,(1) + qu(1))E =0

converges, in the sense of L2(R/TZ), to & — & = 0. This is sufficient to guarantee
that also z,(¢) is unstable for large n. The proof of Theorem 1.1 is complete, we

just define f(¢) = g,(t) + fsing,(1).

Proof of Lemma 4.1. Let us recall some well known facts on the discriminant of
Hill’s equation. Given a € L>(R/TZ) consider the linear equation

J+alt)y=0 (17)
with Floquet multipliers x4, and u, and g, - 4, = 1. The discriminant is defined as
A=+

and so the condition (iii) on the multipliers is equivalent to A = w + ®@ = —1. The
discriminant can be thought as a functional

A:L*(R/TZ) - R, ar Ald].

It is well known that A is continuous. We will be interested in the discriminant
of the equation (17) with a(¢) = fcosq(z). For this reason we define the new
functional

9 : LY (R/TZ) — R, Z[q] = Alfcosq].

It is also continuous because it can be expressed as the composition 2 = Ao N
where N is the Lipschitz-continuous operator

N:L*(R/TZ) — L*(R/TZ), N(q)=fcosq.
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To work with odd functions we introduce the subspace of L>(R/TZ),
Lh2 ={qe L*(R/TZ) : q(—1) = —q(1) a.e. t}.
It is a Hilbert space with the dense subspace of odd analytic functions
V=CR/TZ) N L.

To prove the density of V' we expand every function ¢ € L:2 in a Fourier series of
sines,

- . 2nnt
q(t) ~ an sin———
n=1

converging to ¢ in the L? sense. The partial sums ZnN: | Gn sin% belong to V' and
q is the L?-limit.
Define

¢ ={qeV:llgd— pallr2wrz) <9}
This is a non-empty convex set whose closure in Lh2 is the ball
¢={qe an g = pall w72y < 0}

To prove the lemma we must show that the functional & takes the value —1 at
some function in ¥“. Note that Z[p,] = —1. We proceed by contradiction and
assume that

Ilq) # -1 if ge@”.

Since € is convex, we can assume that & + 1 does not change sign on this set.
The two possible cases are Z +1 >0 and 2 + 1 < 0 and both can be handled
similarly. From now on we assume Z + 1 > 0. By a density argument

9l = -1 ifqge®. (18)
Next we compute the variations of . Given f € Lh2 and 1 € R, define
D(/l) = @[Pn +/Lf]

This is a smooth function and
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with

V3 V3

VA P A NP
(1) = 7 sin” ¢ 5 cos t= 7

For this computation we refer to [5]. In particular, for the choice f(7) = sin p,(1),
3(7 .
D'(0) = ﬁ\g—J sin? p,, () dt > 0.
0

Hence D(1) < —1 for A negative and small. This is incompatible with (18) because
Pn + Asin p, belongs to € when |4] is small. [ |

5. The second construction

In this section we assume that 77 =2z and f > }‘. The key for this construction
will be the notion of hyperbolicity. Let us first consider the linear equation (17).
This equation is called hyperbolic if the Floquet multipliers satisfy 0 < |u;| <
l <|w]. In terms of the discriminant A = Ala] this is equivalent to |A| > 2.
Given a nonlinear equation and a periodic solution ¥(z), we say that  is
hyperbolic if the linearized equation satisfies the above condition. We recall that
hyperbolic solutions are unstable in the Lyapunov sense. Next we present exam-
ples for the linear and nonlinear cases.

Given ¢e [0,1], we consider the even and 2sm-periodic function
a, € L*(R/TZ) defined by

2
a(t) = (1+¢)°, <3
(%—8)2, z< |t < m.

This function is piecewise constant and the associated Hill’s equation
¥+ a.()y = 0 can be integrated explicitly. After some computations that can be
found in chapter 5 of the book [1], it can be checked that the discriminant satisfies

Ala,] < -2

if £>0 is small enough. The equation j — a.(f)y =0 is hyperbolic for any
¢ € [0,1[. This can also be checked by direct integration. In this case

Al—a,] > 2.
Next we consider the nonlinear equation

J+a(t)siny =0. (19)
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The sequence a, converges to the constant }—1 in a strong sense,

=0.
L*(R/TZ)

lim||a, — -
el0

We are in the conditions of the third example after Proposition 3.2 and so, for
small &, the equation (19) has exactly two periodic solutions with period T = 2x.
These solutions are y =0 and y = n. The above discussion on linear equations
implies that these two solutions are hyperbolic. Up to this point the construction
is essentially the same as in the last section of [4]. From now on we fix a number ¢
positive and small. In addition to the previous conditions we also assume that it

satisfies
| 2
ﬂ > (E + 8) .
This new condition is employed to find numbers 6, in ]O,%[ with

| 2
pcosl, = (E is) .

Next we take uniform partitions of the intervals [0,%] and [%, 7],

z—0<z—n<tf2n< <t*7Z

0 — l—zn 2_27’1 n—27
ty n<t* n+n<t* n+2n< <t

= — = — e = — e = T7T.
072 >t T2t T2 T2 T "

Let H, be the odd periodic function in L*(R/7TZ) defined by

H(1) = (=1)*0,, if et ]
' (—D*0_, if re g, b

We observe that fcos H,(t) = a.(¢) almost everywhere and fsin H, — 0 in the
weak* sense. The equation

J+ psin(y + Hy(1)) = Bsin H,(1) (20)

converges to (19) in the sense of Proposition 3.2. Since the equation (19) is simple
we deduce that for large n the equation (20) has exactly two periodic solutions
with period 7' = 2z. We label them as y; = 0 and y, ,(¢). In view of the remark
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at the end of Section 3 we know that y, ,(¢) converges to = uniformly. The linea-
rization at y; = 0 is precisely (19) and we know that this equation is hyperbolic.
The linearization at y, ,(7) is

&+ feos(y2a(t) + Ha(1))E = 0.

It is easily checked that fcos(ya, (1) + Hyu(t)) + a,(f) converges to 0 uniformly.
The properties of continuity of the discriminant functional imply that the discrim-
inant of the above equation converges to A[—a,] > 2. From now on we fix n large
enough so that (20) has exactly two periodic solutions of period 2z. Moreover
both of them are hyperbolic. Once again we have used Proposition 3.2.

Our next step will be to expand H,(¢) in Fourier series

w
H, (1) ~ Z Vi Sin kt.

k=1

For large N the trigonometric polynomial

N
Ky(1) = ypsinkt
k=1

is such that the equation
J+ Bsin(y + Ky (1)) = fsin Ky (1)

has exactly two T-periodic solutions, both of them hyperbolic. The change of
variables x = y + Ky(¢) leads to an equation of the type (1). In view of the second
example after Proposition 3.2 we can conclude that this is the searched equation
for the proof of Theorem 1.2.

6. Proof of Lemma 3.3
We divide the proof in five steps.

6.1. A remark on uniform convergence. Let A be a compact metric space.
Convergent sequences in A will be denoted by 4, — 1,, where 4., is the limit.
Given a sequence of functions

X,:[0,T)xA—=R>, (,2)— X,(,2), n=12...,0

) )
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we say that there is c-convergence if the following property holds: for each

An = Ao,
Xo(t,2n) — Xoo (8, Asp)

uniformly in 7 € [0, T1.
This notion is related to the so-called continuous convergence (see [2]). We
will employ the notation X, 3 X..

Lemma 6.1. In the previous setting assume that X, 3 X, and X, is continuous.
Then X, converges to X, uniformly in [0, T] x A.

Proof. By contradiction assume the existence of a number ¢ > 0 and sequences ¢,
and A, such that
‘Xa(n)(tm /ln) - Xoo(tna /ln)| >0

for some integer a(n) > 1 with a(n) — oo. After extracting a subsequence we can
assume that 4, — /. Then

‘Xo(n)(tnv/ln) — Xy (tn,/ln)|
< | Xo(n) (tny An) — Xoo (tn, Aeo)| + [Xoo (05 o) — Xoo (T, An)-

The assumption on c-convergence and the uniform continuity of X, imply that
the two terms in the sum tend to zero. This is incompatible with the existence of
the number 6. |

6.2. Convergence of the solution. We prove that the solution of equation (11)
converges to the solution of (9) in the following sense,

Yu(t; yo,00) = ¥(t; yo,v0), ¥t yo,v0) — Y(t; yo, vo)

uniformly in 7 € [0, T], (o, v0) € K, where K is a compact subset of R>.

To prove this assertion we take A = K with 4 = (g, v9) and prove that there is
c-convergence of X, = (y,, y,) towards X, = (y,v). By continuous dependence
with respect to initial conditions we know that X, is continuous and so Lemma
6.1 will imply that X, converges to X, in the uniform sense. Let us take a
sequence 4, = (yon, Vos) € K converging to Ao, = (0w, V0 ). We abbreviate the
notation to

yu(t) = y(: You, von)-
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We must prove that
yﬂ([) - yOO(t)7 j}n(t) - yoc(t)

uniformly in 7€ [0,7]. The sequences {a,}, {b,} and {c,} are bounded in
L*(R/TZ) and so the same can be said for the sequence {j,} in L*(0,T).
From here it is easy to deduce that the sequences {y,} and {y,} are uniformly
bounded and equi-continuous so that Ascoli theorem can be applied. Let {y;}
be a subsequence of {y,} converging to some y, in C'[0, T], we will prove that
Vo = y«. This is sufficient to guarantee the convergence of the whole sequence

{yn} o Y.
Given a test function ¢ € C*[0, T}, (0) = ¢(T) = 0, we deduce from (11) that

T T
- J o+ J {ay sin yi + by cos y — ci }p = 0.
0 0

The sequence sin y; converges uniformly to sin y,, hence gy sin y; — asin y,. This
type of argument allows a passage to the limit when k& — oo, showing that y. is a
solution of (9). This solution must be understood in a weak sense but, since we are
dealing with ordinary equations, it is also a solution in the Carathéodory sense.
The initial conditions satisfied by y., and y. coincide at t = 0 and S0 y, = y.

6.3. Linear equations depending on parameters. Consider the Cauchy problem
24+ G(t,)z=9(t,2), z(0)=wy, 2(0)=w (21)

where G, g : [0, 7] x A — R satisfy the following conditions:
e Foreach A € A, G(-,4),9(-,4) € L*(0,T)
o If 1, — A, then G(-, 4,) — G(-, Ax), 9(-, 4n) — ¢g(+, 1) in the weak™ sense.

The solution of (21) will be denoted by z(#,4) and we claim that it depends
continuously on A. More precisely,

(,72) € [0,T] x A — (z(t,2),2(t,2))

is continuous. The proof of this fact uses again Ascoli theorem and an argument
of uniqueness. We omit the details.

6.4. Successive derivatives of the solution. The derivatives 0%y, with 0% =
%, |oc| =01+, can be computted by Flifferentiating the equation (11) with
respect to initial conditions. They satisfy a linear Cauchy problem of the type

Z4+T,(t; vo,v0)z = ,(t; yo,v0),  z(0) =wp,  2(0) =w, (22)
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where
I, = a,cos y, — bysin y,

and y, depends upon a,, b, and the derivatives 0”y, with || < |a|. For instance,
7, =0,wo=0,w; =1if a=(0,1) or p, = (a,sin y, + b, cos y,) 0% y,0y,, wo =
wi =0ifa=(1,1) and ¢; = (1,0), e; = (0, 1).

The same can be said about the solution of (9). To unify the discussion we
employ the notation y., for the solutions of (9). We claim that for each
n=1,2, ..., 00 the map

(t; o, v0) € [0, T] x R* = (8"yu(t; ¥0,v0), 0”3, (8; yo,v0)) € R?

is continuous. This is proved by induction on N = |«|. We assume that the map is
continuous for each f with || < N and prove that the same holds for «. We can
apply the previous remark on the linear problem (21) where A is a closed ball in
R?>, G=T, and g = y,- Given a convergent sequence Ay, = (Yom, Vom) — Aw =
(Y0oo, V0w ), the continuity of y, implies that T',(, 4,) converges, as m — oo, to
I,(-, /) in the weak* sense. The same can be said about 7, (-, 4,) and 7,(-, 1)
but now the inductive assumption has to be invoked.

6.5. Convergence of the derivatives of the solution. To complete the proof
we show that the solution of equation (11) converges to the solution of (9) in the
C" topology on compact sets, that is

0"yu(t; yo,00) — 0"y(t; yo,v0), 0% P,(t; yo,v0) — 0% ¥(t; o, vo)

uniformly in z € [0, T], (yo,v9) € K for each || < N.

Again the proof is by induction on the order of . We consider the solution
of (22), Z,(t; yo,v0) = (Zn(t; Y0, 0), Zn(2; yo,vo)) and prove that it converges to
Z ., (t; yo,v0) uniformly on [0, 7] x K. To this end we apply again Lemma 6.1
with A = K. We already know that Z, is continuous and so it remains to prove
that Z, 3 Z,,. This is more or less a repetition of previous arguments based on
Ascoli theorem and the uniqueness of the initial value problem.
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