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Abstract. We prove interpolation estimates between Morrey–Campanato spaces and
Sobolev spaces. These estimates give in particular concentration-compactness inequalities
in the translation-invariant and in the translation- and dilation-invariant case. They also
give in particular interpolation estimates between Sobolev spaces and functions of bounded
mean oscillation. The proofs rely on Sobolev integral representation formulae and maxi-
mal function theory. Fractional Sobolev spaces are also covered.

Mathematics Subject Classification (2010). Primary 46E35; Secondary 26D15, 35A23.

Keywords. Sobolev space, Morrey space, Campanato space, interpolation inequality, func-
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1. Introduction

The subcritical Sobolev embedding states that if 1a pa q, 1
q
> 1

p
� 1

N
and u

belongs to the Sobolev space W 1;pðRNÞ, then u a LqðRNÞ and

� ð
RN

jujq
�p=q

aC

ð
RN

jDujp þ jujp: ð1:1Þ

Because the norms in W 1;pðRNÞ and LqðRNÞ are invariant under translation, this

continuous embedding of W 1;pðRNÞ into LqðRNÞ is not compact, that is, bounded

sets in W 1;pðRNÞ need not be precompact in LqðRNÞ.



This noncompactness is an obstacle to prove that the optimal constant in the

estimate (1.1) is achieved. One of the key observations in the concentration-

compactness method of P.-L. Lions which allows to overcome this problem [14]

is that the elements of any bounded sequence that does not converge to 0 in

LqðRNÞ can be translated in space so that the sequence of translations does

not converge to 0 in L
q
locðRNÞ. This fact can be deduced from the inequality

([14], Lemma I.1; [21], Lemma 2.3; [33], Lemma 1.21):

ð
RN

jujqaC
�

sup
x ARN

ð
B1ðxÞ

jujq
�1�p=q

ð
RN

jDujp þ jujp: ð1:2Þ

When p a ð1;NÞ and q ¼ p� ¼ Np

N�p
is the associated critical Sobolev exponent,

the limiting inequality for (1.1) is the critical Sobolev inequality

� ð
RN

jujNp=ðN�pÞ
�1�p=N

aC

ð
RN

jDujp: ð1:3Þ

This latter inequality is invariant under both translations and dilations. In par-

ticular, there are bounded sequences that do not converge to 0 in LNp=ðN�pÞðRNÞ
and every translation of which also converges to 0 in L

q
locðRNÞ. However, for

every bounded sequence ðunÞn AN in W 1;pðRNÞ that does not converge to 0 in

LNp=ðN�pÞðRNÞ, there exist sequences ðxnÞn AN in RN and ðrnÞn AN in ð0;lÞ such

that if

vnðyÞ ¼ rðN�pÞ=p
n unðxn þ rn yÞ;

then the rescaled sequence ðvnÞn AN does not converge to 0 in L
p
locðRNÞ [15]. This

follows from the inequality for every u a W 1;pðRNÞ
ð
RN

jujNp=ðN�pÞ
aC

�
sup
x ARN

r>0

1

rp

ð
BrðxÞ

jujp
�p=ðN�pÞ ð

RN

jDujp; ð1:4Þ

which follows by Hölder’s inequality from the interpolation estimate ([24],

Theorem 1.2) ð
RN

jujNp=ðN�pÞ
aCkukp2=ðN�pÞ

M1; ðN�pÞ=pðRN Þ

ð
RN

jDujp; ð1:5Þ

where the Morrey norm is defined by

kukMq; lðRN Þ ¼ sup
x ARN

r>0

rl
�ð
�
BrðxÞ

jujq
�1=q

:
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The inequalities (1.2) and (1.4) seem at first hand quite di¤erent: the first is

translation-invariant whereas the second is dilation- and translation-invariant. A

first question that we address in this paper is to determine the relationship between

the inequalities (1.2) and (1.4). We answer this question by proving a family of

inequalities of which both (1.2) and (1.4) are direct consequences: if q > p > 1

and if l a
�
0; p=ðq� pÞ

�
, then for every function u a W 1;pðRNÞBM1;l

r ðRNÞ,
ð
RN

jujqaCðr�lkuk
M1; l

r ðRN ÞÞ
q�p

ð
RN

rpjDujp þ jujp: ð1:6Þ

where the localized Morrey norm is defined as [31] (see also [3], [4])

kuk
M

q; l
r ðRN Þ ¼ sup

x ARN

r A ð0;r�

rl
�ð
�
BrðxÞ

jujq
�1=q

;

the estimate (1.2) follows by the classical Hölder inequality from (1.6) with l ¼ N
q

and r ¼ 1, whereas (1.5) is obtained by letting r ! l in (1.6) with l ¼ N�p

p
.

Our proof of (1.6) is based on pointwise integral estimates of a function and

the classical maximal function theorem. It covers higher-order derivatives (Theo-

rem 2.1) and fractional derivatives (Theorem 4.1). Our proof also provides an

independent proof of the classical Sobolev and Gagliardo–Nirenberg inequalities.

Finally, the statements of Theorems 2.1 and 4.1 also allow to prove an inter-

polation inequality between Sobolev spaces and functions of bounded mean oscil-

lation: assuming that s > l a N, if s B N, and pb 1, then for every

u a W s;pðRNÞB BMOðRNÞ, one has u a W l; sp=lðRNÞ and

kDlukLsp=lðRN ÞaCjuj1�s=l

BMOðRN Þjuj
s=l

W s; pðRN Þ: ð1:7Þ

and if p > 1 and s a N, then for every u a W s;pðRNÞBBMOðRNÞ, one has

Du a Lsp=lðRNÞ and

kDlukLsp=lðRN ÞaCjuj1�s=l

BMOðRN ÞkD
suks=l

LpðRN Þ: ð1:8Þ

These inequalities were known when s a N or p ¼ 2 [12], [20], [29].

2. Statement of the result

In order to state our results we recall the definition of the Campanato semi-norm1

[2], [27]

1We warn the reader of the variety of conventions for the parameters q, l and k in the definition of
the Campanato semi-norm.
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jujq
L

q; l
k

¼ sup
x ARN

r>0

rl inf
P APk�1ðRN Þ

ð
�
BrðxÞ

ju� Pjq;

where Pk�1ðRNÞ denotes the space of polynomials on RN of degree at most k � 1.

We define the localized Campanato semi-norm

jujq
L

q; l
k; r

ðRN Þ
¼ sup

x ARN

r A ð0;r�

rl inf
P APk�1ðRN Þ

ð
�
BrðxÞ

ju� Pjq:

Under the convention that P�1ðRNÞ ¼ f0g, we observe that

juj
L

q; l
0; r

ðRN Þ ¼ kuk
M

q; l
0; r

ðRN Þ:

It is clear from the definition of L
q;l
k;r ðR

NÞ that if la k, then for every

u a L
q;l
l;r ðRNÞ,

jujq
L

q; l

k; r
ðRN Þ

a jujq
L

q; l
l; r

ðRN Þ
;

conversely ([2], Theorem 6.2),

juj
L

q; l
l; r

ðRN ÞaC
�
juj

L
q; l
k; r

ðRN Þ þ sup
x ARN

rl inf
P APl�1ðRN Þ

ð
�
BrðxÞ

ju� Pjq
�
;

that is, we only need to look at di¤erences with low-degree polynomials only at the

scale r.

We now state our main interpolation estimate.

Theorem 2.1 (Interpolation estimate). Let N a N, k a N� and l a f0; . . . ; k � 1g,
1 < p < q < l and �la la

kp�lq

q�p
. There exists a constant C such that for every

r > 0, if u a Wk;pðRNÞBL1;l
l;r ðRNÞ, then Dlu a LqðRNÞ and

ð
RN

rlqjDlujqaCðr�ljuj
L1; l

l; r
ðRN ÞÞ

q�p

ð
RN

ðrkpjDkujp þ rlpjDlujpÞ:

We first discuss the relationship between the estimate of Theorem 2.1 and sim-

ilar estimates. If rb 1, by the definition of the inhomogeneous Campanato space

Lr;l
l;r ðRNÞ and by the classical Hölder inequality, for every u a Wk;pðRNÞB

L1;l
l;r ðRNÞ, the inequality can be weakened to

ð
RN

rlqjDlujqaCðr�ljuj
L r; l

l; r
ðRN ÞÞ

q�p

ð
RN

ðrkpjDkujp þ rlpjDlujpÞ: ð2:1Þ
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If laN, by the classical Hölder inequality and by monotonicity of the integral

juj
L1; l

l; r
a sup

x ARN

rl
�ð
�
BrðxÞ

jujN=l
�l=N

; ð2:2Þ

so that Theorem 2.1 gives in particular the estimate in the case where lq < kp and
N
l
bmax

�
N
� q�p

kp�lq

�
; 1
�

ð
RN

rlqjDlujqaC
�

sup
x ARN

ð
�
BrðxÞ

jujN=l
�ðq�pÞðl=NÞ

�
ð
RN

ðrkpjDkujp þ rlpjDlujpÞ: ð2:3Þ

In particular, if 1
p
� k

N
a 1

q
a 1

p
and if we set l ¼ N

q
, we obtain the inequality

ð
RN

jujqaC
�

sup
x ARN

ð
�
BrðxÞ

jujq
�1�p=q

ð
RN

ðrkpjDkujp þ jujpÞ: ð2:4Þ

This inequality yields (1.2) in particular; the estimate (2.4) can be proved in the

wider range pb 1 by the Gagliardo–Nirenberg interpolation inequality applied

to balls and then by integration over balls; this argument is well-known for k ¼ 1

and pb 1 ([14], Lemma I.1; [21], Lemma 2.3; [33], Lemma 1.21).

The inequality (2.3) implies a subscale of the Gagliardo–Nirenberg interpola-

tion inequalities [8], [22]: if lqa kp and t ¼ N
l
bmax

�
N

q�p

kp�lq
; 1
�
, then

ð
RN

rlqjDlujqaC
� 1

rN

ð
RN

juj t
�ðq�pÞ=t ð

RN

ðrkpjDkujp þ rlpjDlujpÞ: ð2:5Þ

We have in particular, if 1
p
� k

N
a 1

q
a 1

p
, the classical Sobolev inequality

1

rN

ð
RN

jujqaC
� 1

rN

ð
RN

ðrkpjDkujp þ jujpÞ
�q=p

: ð2:6Þ

If lqa kp and l ¼ 0, we have the interpolation inequality

ð
RN

rlqjDlujqaCkukq�p

LlðRN Þ

ð
RN

ðrkpjDkujp þ rlpjDlujpÞ: ð2:7Þ

If l a f1; . . . ; k � 1g and l ¼ 0, the latter inequality can be improved by the

isomorphism between Campanato spaces and functions of bounded mean
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oscillation (BMO) ([2], p. 159; [26]; [27], Theorem 4.3), the estimate of Theorem

2.1: if lqa kp, then

ð
RN

rlqjDlujqaCjujq�p

BMOrðRN Þ

ð
RN

ðrkpjDkujp þ rlpjDlujpÞ ð2:8Þ

where the local bounded mean oscillation semi-norm is defined by

jujBMOrðRN Þ ¼ sup
x ARN

0<r<r

ð
�
BrðxÞ

ð
�
BrðxÞ

juðyÞ � uðzÞj dz dy: ð2:9Þ

We remark also, that when l a ð�l; 0Þ is not an integer, the inhomogeneous

Campanato semi-norm is a Hölder semi-norm ([2], Theorem 4.1; [10]; [27],

Theorem 4.4).

As the proof of Theorem 2.1 does not depend on any Sobolev or Gagliardo–

Nirenberg inequality, the proof of Theorem 2.1 provides an alternative method to

prove these inequalities based essentially on the Sobolev integral representation

and the maximal function theorem.

In the homogeneous case l ¼ ðkp� lqÞ=ðq� pÞ, if we let r ! l, Theorem 2.1

implies an interpolation result between Morrey spaces and Sobolev spacesð
RN

jDlujqaCjujq�p

L
1; ðkp�lqÞ=ðq� pÞ
l

ðRN Þ

ð
RN

jDkujp: ð2:10Þ

In particular, when kp < N and 1
q
¼ 1

p
� k

N
in (2.10), we obtain the generalization

of (1.5) ð
RN

jDlujNp=ðN�ðk�lÞpÞ
aCkukðk�lÞp2=ðN�ðk�lÞpÞ

M1;N=p�kðRN Þ

ð
RN

jDkujp ð2:11Þ

which was known for l ¼ 1 and p ¼ 2 or k ¼ 2 ([24], Theorems 1.1 and 1.2).

If kp ¼ ql, then the inequality (2.10) becomes, by the equivalence between

the Campanato space L1;0
l ðRNÞ and the space of functions with bounded mean

oscillation BMOðRNÞ,ð
RN

jDlujkp=laCjujðk=l�1Þp
BMOðRN Þ

ð
RN

jDkujp; ð2:12Þ

where the bounded mean oscillation semi-norm is defined by

jujBMOðRN Þ ¼ sup
x ARN

r>0

ð
�
BrðxÞ

ð
�
BrðxÞ

juðyÞ � uðzÞj dz dy:
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The latter semi-norm is clearly equivalent to the classical semi-norm of F. John

and L. Nirenberg [11]

jujBMOðRN Þ ¼ sup
x ARN

r>0

ð
�
BrðxÞ

���u� ð
�
BrðxÞ

u
���:

Estimate (2.12) is also the limit when r ! l of (2.8). This estimate was proved

by embeddings in the Besov scale space ([20], Theorem 1.4) and by duality be-

tween BMOðRNÞ and the real Hardy space H1ðRNÞ ([29], Theorem 1.2). Simi-

larly, when ðlq� kpÞ=ðp� qÞ is positive and not an integer, we recover from

(2.10) interpolation estimates with Hölder continuous functions [22]

ð
RN

jDlujqaCjujq�p

C ðlq�kpÞ=ðq� pÞðRN Þ

ð
RN

jDkujp; ð2:13Þ

the latter inequality still holds for integer ðlq� kpÞ=ðq� pÞ if one takes the semi-

norm in the corresponding homogeneous Zygmund space.

When k ¼ 1, the inequality (2.10) also follows from the stronger interpolation

inequality ([13], Theorem 1)

ð
RN

jujqaCkukq�p

_BB
�p=ðq� pÞ
l;l ðRN Þ

ð
RN

jDujp; ð2:14Þ

by continuous embeddings of the Morrey class M1;p=ðq�pÞðRNÞ into the Besov

space B
�p=ðq�pÞ
l;l ðRNÞ ([13], §2.3; [24], Lemma 3.4) (see also [34], Corollary 3.3,

Proposition 2.4 and Corollary 2.2) the latter approach covers specifically the case

p ¼ 1 [5], [6], [7]. (For p ¼ 2 and q ¼ 4 see also [20], Theorem 2.6.)

If q > p
�
1þ k

N

�
, the Lorentz space LNðq�pÞ=ðkpÞ;lðRNÞ is continuously em-

bedded in M1;kp=ðq�pÞðRNÞ and thus the estimate (2.10) implies

ð
RN

jujqaCkukq�p

LNðq� pÞ=kp;lðRN Þ

ð
RN

jDkujp: ð2:15Þ

If p a
�
1; N

k

�
, the inequality (2.15) can also be deduced from the embedding of the

Sobolev space Wk;pðRNÞ into the Lorentz space LNp=ðN�kpÞ;pðRNÞ ([1]; [23]; [25],
Théorème 7.1; [30]) and by interpolation between Lorentz spaces. These inequal-

ities imply the weaker inequality [9]:

ð
RN

jujqaCjujq�p

Bk
p;lðRN Þ

ð
RN

jDkujp ð2:16Þ
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by the homogeneous embedding of Bk
p;lðRNÞ in Lp;qðRNÞ which is a consequence

of the embeddings of Besov spaces into Lebesgue spaces and interpolation

theorems [32].

3. Proof of the estimate

The proof of Theorem 2.1 will use a pointwise estimate on the value of a function

by its derivatives.

Lemma 3.1 (Pointwise estimate of the value of a function). There exists a

constant C > 0 such that for every u a W
1;k
loc ðRNÞ, for almost every x a RN and

for every R > 0,

RljDluðxÞjaC
� ð

BRð0Þ

jDkuðyÞj
jx� yjN�k

dyþ
ð
�
BRðxÞ

juj
�
:

When l ¼ 0 this estimate is a direct consequence of the Sobolev integral repre-

sentation formula ([17], Theorem 1.1.10/1). It has appeared as an intermediate

step of pointwise interpolation for derivatives ([18], (15)). We provide here for

the sake of completeness a complete argument following that is a combination of

these proofs ([17], Theorem 1.1.10/1; [18], Theorem 1).

Proof of lemma 3.1. We fix h a Ck
c ðB1Þ such that

Ð
B1
h ¼ 1 and we define for every

x a RN and w1; . . . ;wk a RN , the function g : ð0;lÞ ! R for each r a ð0;lÞ by

gðrÞ ¼
ð
B1

Dluðxþ rzÞ½w1; . . . ;wl�hðzÞ dz ¼
ð
BrðxÞ

DluðyÞ½w1; . . . ;wl�hrðy� xÞ dy;

where for every r > 0 the function hr : R
N ! R is defined for each z a RN by

hrðzÞ ¼ hðz=rÞ=rN . The function g is k � j times continuously di¤erentiable and

for every j a f0; . . . ; k � lg and r a ð0;lÞ,

gð jÞðrÞ ¼
ð
B1

Dlþ juðxþ rzÞ½w1; . . . ;wl; z; . . . ; z�hðzÞ dz

¼ 1

r j

ð
BrðxÞ

DluðyÞ½w1; . . . ;wl; y� x; . . . ; y� x�hrðy� xÞ dy:

By integration by parts, for every j a f0; . . . ; k � lg, there exists a function

h j a Ck� j
c

�
B1;Lin

lðRNÞ
�
such thatð

B1

Dlþ jvðzÞ½w1; . . . ;wl; z; . . . ; z�hðzÞ dz ¼ ð�1Þ j
ð
B1

vðzÞh jðzÞ½w1; . . . ;wl� dz;
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and hence

gð jÞðrÞ ¼
ð
B1

Dlþ juðxþ rzÞ½w1; . . . ;wl; z; . . . ; z�hðzÞ dz

¼ ð�1Þ j

rlþ j

ð
BrðxÞ

uðyÞh j
r ðy� xÞ½w1; . . . ;wl� dy

where for every r > 0, the function h j a Ck� j
c

�
B1;Lin

lðRNÞ
�
is defined for each

z a RN by h j
r ðzÞ ¼ h jðz=rÞ=rN .

If x is a Lebesgue point of the function Dlu, then

lim
r!0

gðrÞ ¼ uðxÞ:

Moreover, since u a W
1;k
loc ðRNÞ, for almost every x a RN and for every R > 0,

ð
BRðaÞ

ð
BRðxÞ

jDkuðyÞj
jx� yjN�k

dy dxa
� ð

B2RðaÞ
jDkuj

�� ð
BR

1

jzjN�k
dz
�
< l;

hence for almost every x a RN ,

ð
BRðxÞ

jDkuðyÞj
jx� yjN�k

dy < l:

By the integral version of the Taylor expansion of the function g at the point R,

we write

DluðxÞ½w1; . . . ;wl�

¼ lim
r!0

gðrÞ ¼
Xk�l�1

j¼0

gð jÞðRÞð�RÞ j

j!
�
ðR
0

gðkÞðrÞð�rÞk�1

ðk � 1Þ! dr

¼
Xk�l�1

j¼0

1

Rl

ð
BRðxÞ

uðyÞhð jÞr ðy� xÞ½w1; . . . ;wl� dy

þ
ðR
0

ð
BrðxÞ

DkuðyÞ½w1; . . . ;wl; x� y; . . . ; x� y�hrðy� xÞ dy

1

ðk � 1Þ!r dr: ð3:1Þ

By Fubini’s theorem,
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ðR
0

ð
BrðxÞ

DkuðyÞ½w1; . . . ;wl; x� y; . . . ; x� y�hrðy� xÞ dy 1

ðk � 1Þ!r dr

¼ 1

ðk � 1Þ!

ð
BrðxÞ

DkuðyÞ½w1; . . . ;wl; x� y; . . . ; x� y�Hrðy� xÞ dy dr;

where for r > 0 and z a RN we set HrðzÞ ¼ Hðz=rÞ=rN and

HðzÞ ¼
ðl
jzj

hðtzÞ
tN

dt:

Since for every r > 0 and z a RN , jHrðzÞjaCjzj�N and jh j
r ðxÞjaCr�N , we con-

clude that

RljDluðxÞjaC
�ð
�
BrðxÞ

juj þ
ð
BRðxÞ

jDkuðyÞj
jx� yjN�k

dy
�
: r

Proof of Theorem 2.1. For almost every x a RN , for every R > 0 and every

P a Pl�1ðRNÞ, we bound by the pointwise estimate (Lemma 3.1), since DlP ¼ 0

on RN ,

RljDluðxÞj ¼ RljDlðu� PÞðxÞj

aC
� ð

BRð0Þ

jDkðu� PÞðyÞj
jx� yjN�k

dyþ
ð
�
BRðxÞ

ju� Pj
�

¼ C
� ð

BRð0Þ

jDkuðyÞj
jx� yjN�k

dyþ
ð
�
BRðxÞ

ju� Pj
�
:

We observe that by Fubini’s theorem

ð
BRðxÞ

jDkuðyÞj
jx� yjN�k

dy ¼ ðN � kÞ
ðR
0

� 1

rN

ð
BrðxÞ

jDkuj
�
rk�1 dr

þ 1

RN�k

ð
BRðxÞ

jDkuj:

We fix b > 0. Hence, if Ra r, in view of our previous computation and by defi-

nition of the maximal function and the Morrey-Campanato norm,

rljDluðxÞjaCrlþb
�
Rk�l�bMðjDkujÞðxÞ þ R�l�l�bjuj

L1; l
l; r

ðRN Þ
�
: ð3:2Þ
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If juj
L1; l

l; r
ðRN ÞaMðjDkujÞðxÞrkþl, we take

R ¼
juj

L1; l
l; r

ðRN Þ

MðjDkujÞðxÞ

 !1=ðkþlÞ

and we obtain

rljDluðxÞjaCrlþb
�
MðjDkujÞðxÞ

�ðlþlþbÞ=ðlþkÞjujðk�l�bÞ=ðkþlÞ
L1; l

l; r
ðRN Þ

aC
�
rkMðjDkujÞðxÞ

�ðlþlþbÞ=ðlþkÞðr�ljuj
L1; l

l; r
ðRN ÞÞ

ðk�l�bÞ=ðkþlÞ: ð3:3Þ

Otherwise, we observe that by (3.2) with R ¼ r,

rljDluðxÞjaCr�ljuj
L1; l

l; r
ðRN Þ

and thus if �l� la ba k � l

rljDluðxÞjaC
�
rljDluðxÞj

�ðlþlþbÞ=ðlþkÞðr�ljuj
L1; l

l; r
ðRN ÞÞ

ðk�l�bÞ=ðlþkÞ: ð3:4Þ

Hence, we have in both cases in view of (3.3) and (3.4)

rljDluðxÞjaC
�
rkMðjDkujÞðxÞ þ rljDluðxÞj

�ðlþlþbÞ=ðlþkÞ

� ðr�ljuj
L1; l

l; r
ðRN ÞÞ

ðk�l�bÞ=ðlþkÞ: ð3:5Þ

If we take b ¼ pðkþlÞ
q

� l� l, we observe that by the assumption la
kp�lq

q�p
so that

bb 0 and thus, since lb�l, we have bb�l� l. Moreover pa q implies that

ba k � l. We obtain thus

rql

ð
RN

jDlujqaCðr�ljuj
L1; l

l; r
ðRN ÞÞ

q�p

ð
RN

�
rkMðjDkujÞ þ rljDluj

�p
:

By the maximal function theorem ([28], Theorem I.1), we deduce the desired

estimate. r

Remark 3.1. The estimate (3.5) is a variant of the local pointwise interpolation

estimate by maximal functions ([18], Remark 3)

rljDluðxÞja
�
MrðjDkujÞðxÞ þ r�lMrjujðxÞ

�l=k�
MrjujðxÞ

�1�l=k
;

where the localized maximal function operator Mr is defined by

Mrð f ÞðxÞ ¼ sup
r A ð0;r�

ð
�
BrðxÞ

j f j:
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4. The fractional case

In this section we study a fractional counterpart of Theorem 2.1.

Theorem 4.1 (Interpolation estimate of the function). Let N a N, k a N� and

l a f0; . . . ; k � 1g, 1a p < q < l, 0 < s < 1 and �la la
ðkþsÞp�lq

q�p
. There ex-

ists a constant C such that for every r > 0, if u a Wkþs;pðRNÞBL1;l
l;r ðRNÞ, then

Dlu a LqðRNÞ andð
RN

rlqjDlujqaCðr�ljuj
L1; l

l; r
ðRN ÞÞ

q�p

�
�
rpðkþsÞ

ð
RN

ð
RN

jDkuðxÞ �DkuðyÞjp

jx� yjNþsp
dx dyþ

ð
RN

rlpjDlujp
�
:

In contrast with Theorem 2.1, the case p ¼ 1 is covered. Theorem 4.1 has the

same consequences as its counterpart Theorem 2.1. We mention here some of the

most striking consequences.

In the homogeneous case l ¼ ðkþsÞp�lq

q�p
, we obtain the fractional counterpart of

(2.10): ifð
RN

jDlujqaCðjuj
L

1; ððkþsÞ p�lqÞ=ðq� pÞ
l; r

ðRN ÞÞ
q�p

ð
RN

jDkuðxÞ �DkuðyÞjp

jx� yjNþsp
dx dy: ð4:1Þ

In particular, if pðk þ sÞ < N, thenð
RN

jujNp=ðN�ðkþsÞpÞ
aCðjuj

L
1;N=p�ðkþsÞ
l; r

ðRN ÞÞ
ðkþsÞp2=ðN�ðkþsÞpÞ

�
ð
RN

jDkuðxÞ �DkuðyÞjp

jx� yjNþsp
dx dy: ð4:2Þ

The estimate (4.1) was known for p ¼ 2 ([24], Theorem 1.1).

We also have the interpolation inequality for lb 1,ð
RN

jDlujpðkþsÞ=l
aCðjujBMOðRN ÞÞ

ððkþsÞ=l�1Þp
ð
RN

jDkuðxÞ �DkuðyÞjp

jx� yjNþsp
dx dy; ð4:3Þ

this inequality is a consequence of interpolation inequalities between Besov spaces

[16].

Lemma 4.2. There exists a constant C > 0 such that for every u a W
1;k
loc ðRNÞ, for

every x a RN and every R > 0,

jDluðxÞjaC
� ð

BRðxÞ

jDkuðyÞ �DkuðxÞj
jx� yjN�k

dyþ
ð
�
BRðxÞ

juj
�
:
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This inequality implies by Hölder’s inequality the fractional interpolation esti-

mate ([18], (32); [19], Appendix)

jDluðxÞjaC
�
MjujðxÞ

�1�l=ðkþsÞ
� ð

RN

jDkuðyÞ �DkuðxÞjp

jx� yjNþsp

�l=pðkþsÞ
;

the inequality of the lemma appears in fact in the proof of the latter inequality

([18], (32)). We give a proof of the lemma for the sake of completeness.

Proof of lemma 4.2. The proof begins as the proof of Lemma 3.1. Instead of (3.1),

we write

DluðxÞ½w1; . . . ;wl� ¼ lim
r!0

gðrÞ

¼
Xk�l

j¼0

gð jÞðRÞð�RÞ j

j!
�
ðR
0

gðkÞðrÞ � gðkÞðRÞ
ðk � 1Þ! ð�rÞk�1 dr:

We first have as previously

Xk�l

j¼0

gð jÞðRÞð�RÞ j

j!
¼
Xk�l

j¼0

1

Rl

ð
BRðxÞ

uðyÞhð jÞr ðy� xÞ½w1; . . . ;wk� dy:

Next, we have

ðR
0

1

rk
gðkÞðrÞ � gðkÞðRÞ

ðk � 1Þ! ð�rÞk�1 dr

¼ �
ðR
0

ð
B1

�
Dkuðxþ rzÞ½w1; . . . ;wk; z; . . . ; z� �DkuðxÞ½w1; . . . ;wk; z; . . . ; z�

þDkuðxÞ½w1; . . . ;wk; z; . . . ; z� �Dkuðxþ RzÞ½w1; . . . ;wk; z; . . . ; z�
�

hrðy� xÞ dy ð�rÞk�l�1

ðk � l� 1Þ! dr:

and we conclude by changes of variable and Fubini’s theorem. r

Proof of Theorem 4.1. For almost every x a RN , for every R > 0 and every

P a Pl�1ðRNÞ, we bound by the pointwise estimate (Lemma 3.1), since DlP ¼ 0,

RljDluðxÞjaC
� ð

BRð0Þ

jDkuðyÞ �DkuðxÞj
jx� yjN�k

dyþ
ð
�
BRðxÞ

ju� Pj
�
:
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We fix b > 0. By Hölder’s inequality and by definition of the Campanato norm,

if Ra r,

rljDluðxÞjaCrlþb
�
Rkþs�l�bDs;pðDkuÞðxÞ þ R�l�l�bjuj

L1; l
l; r

ðRN Þ
�
; ð4:4Þ

where we use the notation

Ds;pðDkuÞðxÞ ¼
� ð

RN

jDkuðyÞ �DkuðxÞj
jx� yjNþsp

�1=p
:

If juj
L1; l

l; r
ðRN ÞaDs;pðDkuÞðxÞrkþsþl, we take

R ¼
juj

L1; l
l; r

ðRN Þ

Ds;pðDkuÞðxÞ

 !1=ðkþsþlÞ

;

and we obtain

rljDluðxÞj

aCrlþb
�
Ds;pðDkuÞðxÞ

�ðlþlþbÞ=ðlþkþsÞjujðk�l�bÞ=ðkþsþlÞ
L1; l

l; r
ðRN Þ

aC
�
rkþsDs;pðDkuÞðxÞ

�ðlþlþbÞ=ðlþkþsÞðr�ljuj
L1; l

l; r
ðRN ÞÞ

ðkþs�l�bÞ=ðkþsþlÞ: ð4:5Þ

Otherwise, we observe that by (4.4) with R ¼ r,

rljDluðxÞjaCr�ljuj
L1; l

l; r
ðRN Þ

and thus if �l� la ba k þ s� l

rljDluðxÞjaC
�
rljDluðxÞj

�ðlþlþbÞ=ðlþkþsÞðr�ljuj
L1; l

l; r
ðRN ÞÞ

ðkþs�l�bÞ=ðlþkþsÞ: ð4:6Þ

Hence, we have in both cases, in view of (4.5) and (4.6),

rljDluðxÞjaC
�
rkþsDs;pðDkuÞðxÞ þ rljDluðxÞj

�ðlþlþbÞ=ðlþkþsÞ

� ðr�ljuj
L1; l

l; r
ðRN ÞÞ

ðkþs�l�bÞ=ðlþkþsÞ: ð4:7Þ

We take b ¼ pðkþsþlÞ
q

� l� l and we conclude with

rql

ð
RN

jDlujqaCðr�ljuj
L1; l

l; r
ðRN ÞÞ

q�p

ð
RN

�
rkþsDs;pðDkuÞðxÞ þ rljDluj

�p
: r

172 J. Van Schaftingen



The above proof allows to recover in particular the unpublished elementary

proof of fractional Sobolev embeddings of H. Brezis.
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