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1. Introduction

We consider in this paper the first order quasilinear boundary value problem

(¢w)" = f(t,u),  w(T) = bu(0), (Z)

where ¢ : R — (—a,a) is an homeomorphism such that ¢(0) =0, f:[0,7] x R
— R is a continuous function, ¢ and T are positive real number and b is a real
nonzero number. We call solution of this problem any function u:[0,7] — R
such that ¢(u) is continuously differentiable, satisfying the two conditions of (2).

Several papers have been recently devoted to the study of the second order
version of this problem

(b)) = f(tuad),  I(uu') =0, (2)
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where /(u,u’) =0 denotes the periodic, Neumann or Dirichlet boundary con-
ditions. For positive classical or non classical solutions, ¢(s) =s/v1+ s> (for
which the left-member of (2) is the curvature of the graph of u) and Dirichlet
conditions, one can consult [3], [4], [5], [6], [7], [8], [9], [10], [L1], [12], [16], [17],
[18], [19], [20], [21]. In [1] and [2], the scalar case with ¢ like in (£) and f con-
tinuous is considered, and it is observed that the non-surjectivity of ¢ on R leads to
some difficulties, with respect to the classical case ¢ : R — R and to the relativistic
case ¢ : (—a,a) — R. Among others ones the following theorems are proved in
[1], [2], where a solution of problem (2) is any function u : [0, T] — R" of class
C'! such that ¢(u’) is absolutely continuous, which satisfies the two conditions of
(2) a.e.on [0, T].

Theorem A. If the function f satisfies the following conditions:

(1) There exists c e C([0,T]) such that |c~||; <§ and f(t,u,v) > c(t) for all
(t,u,v) € [0, T] x R?, where ¢c— := max{—c,0}.

(2) There exists R > 0 and ¢ € {+1} such that for all u € C([0,T)),
T
EJ f(t,u(t),u'(t))dr >0 if minu > R, lu'll,, < M,
0
T
8J f(tu(t),u' (1)) dr <0 if maxu<—R, |ju'],, <M,
0

where M := max{|¢~" (2llc™[[)], 6~ (=2l 1)1},

problem (2) with periodic or Neumann boundary conditions has at least one
solution.

Theorem B. If the function [ satisfies the condition

3¢ > 0, ¥(t,u,0) € [0, T) x R2: |£(t,u,0)| §c<%,

problem (2) with Dirichlet boundary conditions has at least one solution.

Inspired by those results, we study the problem () by using similar topological
methods based upon Leray-Schauder degree [14]. Such a problem does not seem
to have been considered in the literature.

In this paper, we denote by C([0, 7]) the space of continuous functions from
[0, T to R equiped by the supremum norm ||-|| .. For u e C([0,T]), we write

Uy :=MIN u, Uy := max u.
[0, 77 [0, 7]
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If Q is an open bounded set of C([0, T]) (resp. R") and if y : Q — C([0, T]) (resp.
f:Q — R") is a completely continuous operator (resp. continuous mapping)
without fixed-point (resp. zero) on 0Q, we denote by deg;g[id — y, Q] (resp.
degg[f,Q]) the Leray-Schauder (resp. Brouwer) degree of the operator id — y
(resp. f) on Q at 0. If he C([0,T]), h denotes the mean value T~! jOTh of
h, and h*, h™ respectively max{h,0} and max{—h,0}. At last, if 7 € Ry and
¢: R — (—a,a) is an homeomorphism, sgn(7) and o(¢) denote respectively the
function equal to 1 if 7> 0 and —1 if t < 0, and to 1 if ¢ is increasing and —1 if
¢ is decreasing. Finally, let

Byp:R—R, u— ¢(bu) — ¢(u). (1)

The main result of this paper is the following one, and can be seen as a variant
of Theorem A above for problem (2;).

Theorem 1. If the function f satisfies the following conditions (i) (resp. (1)) and (ii)
(resp. (it")):
(i) There exists My < M, such that for all u € C([0,T1]),

T

J f(l,u(l)) dr > sup By if wy, = My,
T

J f(t,u(t)) dl<infB¢7}, if upy < My,

(i") There exists My < M, such that for all u € C([0, T,

T
Jf(t,u(z‘))dt>suquu7 if up < My,
0

T
J f(t,u(l)) dr < infBW, lf Uy = M>,
0

(i) |¢(M2) a(¢) o /(M) di] < a (M) = () [y /(1. M1) de] < a,
(ii") |¢(M2) + 0(9) [y /(1 Ma) dt| < a, [¢(M1) = o(4) [y f+ t,My)di| <a,

problem (2y) with b > 0 has at least one solution.

To obtain the a priori estimates required by Leray-Schauder method, we use a
technique introduced in [15] for the problem

u' = f(tu),  u(T) = u(0), (%)
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combining the classical condition:

T

if u is solution of problem (Z) then J f(t,u(r))dt =0,
0

with the technique of guiding functions, to obtain existence results with the topo-
logical method. We adapt it here for more general boundary conditions than
just periodic ones, by using the boundedness of ¢, or, more precisely, by using
the property:

if u is solution of problem (Z}) then,

r f(u() df < 24 2)

1

forall0 <t <t <1:

The study of problem (2;) is completed by two more results. The first one
can be seen as a variant of Theorem B above for problem (#;,). The second one
replaces the integral condition on f in Theorem 1 by a point-wise one.

Theorem 2. If there exists a function ¢ € L'([0, T], R") such that ||c||; < a and
Viel0,T], Vue R:|f(t,u)| <c(2),

then problem (2) with b < 0 has at least one solution.

Theorem 3. Let us distinguish the six cases

(al) b<—1, (az) —1 <b<07 (a3) bZ—l,
(by) O0<b<l1, (b2) 1 <b, (b3)  b=1,

and the six following assumptions:

(Ay) aM > 0, Viel0,T]: a(¢g) - f(t,-M)>0>a(¢) f(t,M),
(4;) iM >0, Viel0,T]: a(¢) - f(t,—-M) <0<a(¢)- f(t, M),
(43) 3IM >0,3ee {1}, Vrel0,T]: e-f(t,-M)<0<e-f(t, M),
(B1) IM, <0< M, Viel0,T]: a(g)- f(t, M) <0 <a(g) f(t, M),
(By) IM, <0 < My, Viel0,T]: a(p)- f(t, M) >0>a(g) f(t, M),
(33) dM, < M>, Hae{il}, VZE[O,T] g f(l M1)<O<8 f(l Mz)

If the assumption (A;) (resp. (B;)) is satisfied, then problem (2y) in the case (a;)
(resp. (b;)) has at least one solution with values in (—M, M) (resp. (M, M>))
(i=1,2,3).
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In this paper we work directly with problem (£;) and do not use the refor-
mulation
-1

u'=f(tu) (¢'w)

when ¢ is a diffeomorphism, or

v = f(t.¢7 (V) = h(tuw), ¢ (u(T)) =bg ' (v(0)),

with v := ¢(u) when ¢ is a homeomorphism. Those problems are more classical
but, in the second approach, we have complicated nonlinear boundary conditions
(except in the periodic case), and in the first one, working with g depending of f
and ¢’ does not seem easier than dealing directly with f and ¢.

The paper is organized as follows. We start with the search of equivalent fixed
point problems in Section 2. Theorem 1 is proved in Section 3. We proceed then
to the proof of Theorems 2 and 3 in Section 4. Section 5 deals with examples and
numerical experiments. An appendix gives some information about the numerical
tools.

=:g(t,u), u(T)=>bu(0),

2. Fixed point formulations

2.1. The forced problem. We call forced problem the special case of problem
(2,) where the right member is a continuous function / independent u:

(¢()" = h(r),  u(T) = bu(0). (Zb.1)

Because of the equivalences
T

u(T) = bu(0) < ¢(u(T)) = ¢(bu(0)) <= ¢(u(0)) +J h(s)ds = ¢(bu(0))

0

T
< By u(0)) = Jo h(s)ds

we see that problem (2}, ) is solvable if and only if the scalar equation in v € R

T
Buolo) = | o) d
0
has a solution, where By ;(u) is defined in (1).
When b < 0, the injectivity of By is ensured by the fact that ¢(b-) and —¢
are simultaneously increasing or decreasing. In this case, the unique solution of
(2 1) satisfies the identity

t

otuto) = o(8i3(|| moras)) + [[oras.

0
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from which we deduce necessary and sufficient conditions on /4 for (2 ;) to have
a solution

t

JTh(s) dseimBy;,, Viel0,T]: ‘¢(B¢};<J0Th(s) ds)) —|—J h(s)ds

0 0

<a

Let us observe that By ; being bounded, continuous and defined on R, im By 5 is a
bounded interval. In particular,

Vb <O0: imB¢,b = (—Za, 261) (3)
because
sup By, = lim By p(u) =a—(—a) =2a

inf By, = uHIJPoo Byy(u) =—a—a=—2a
if ¢ (and so —By ;) is increasing, and

sup B¢,b = uHIﬁl@ B¢,b(u) =da— (—Cl) =2a

infBW, = lim B¢7;,(u) =—a—a=—-2a
U——0o0

if ¢ (and so —By ) is decreasing.
When b > 0, B4 ; may be non-injective, and the necessary and sufficient condi-
tions on / to have a solution of (%} ;) become

t

JTh(s) dseimBy,, Ire B(;L(LT/@(S) ds), Vi e 0,7 ‘qﬁ(r) +J

h(s) ds) <a.
0 0

Excepted for b = 1 where By, = 0, im By ;, depends upon ¢ but we can neverthe-
less have an idea of the graph of B, ;. If b € (0,00)\{1}, By vanishes only at 0
and has opposite signs on the left and on the right of 0. Indeed,

Byp(u) =0 <= ¢(u) =¢(bu) <= u=bu <= u=0

and, if 4 := (0,1) when ¢ is increasing, 4 := (1, c0) when ¢ is decreasing, and A¢
denotes [(0, c0)\{1}]\4, then, for b € 4,

u-Byp(u) <0 <= u-[p(bu) — p(u)] <0
< ¢(u) > ¢(bu)  for u >0, d(u) < ¢(bu)  foru <0,
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and, for b € A€,
u-Byp(u) >0 <= u-[p(bu) —p(u)] >0
<= ¢(u) < ¢p(bu)  foru >0, ¢(u) > ¢p(bu)  foru < 0.

Moreover, we have

Vb >0: HB(M)H:;Q <a,

and

lim By p(u) = lim ¢(bu) - ¢(u) =0,

u——+0oo
which combined with Dini’s Theorem ensures that

lim || B —0.
lim | By | . =0

Example 2.1. If b = —1, i.e,, if u(T) = —u(0), (2}) is called antiperiodic problem.
In this case, because of (3) and the injectivity of By _i, & must satisfy condition

T t

’JOTh(s) ds’ <2a, Vtel0,T]: ’B(/le(L

h(s) ds) + J

h(s) ds‘ <a (4)
0

in order to have a solution of (%} ;), which will be given by

u(t) = ¢~ (Bq;}_l (LT h(s) ds) n J

0

t

h(s) ds) : (5)

Let us remark that ¢ odd implies B! | (v) = ¢! (). Condition (4) becomes then

T T
’ J h(s) ds’ <2a, Vtel0,T): ‘ J G(s, 1)h(s) ds ‘ <a, (6)
0 0
where G is given by
1 .
)2 lf 0 <s<t
G(s,1) _{—; ifr<s<T

and solution (5) becomes
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Hence, (6) is ensured by ||/]|; < 2a, because we have, for all 7 € [0, T,

} JOT h(s) ds} < JOT |h(s)| ds < 2a,

r 1

Vi elo,T]: ” G(s, )h(s) ds’ < J0T|G(s, t)h(s)ds:EJOT h(s)|ds < a. (8)

0

Example 2.2. If b =1, (#,) is called periodic problem. In this case, By =0
so that qull (¢) = R. Hence, & must satisfy condition

t

T
J h(s)ds =0, EIreIR,Vte[O,T]:’(b(r)—i—J

h(s) ds’ <a
0 0

in order that (2 ;) has a solution, which will be given by

t

) =47 (900)+ |

. h(s) ds).
2.2. The fixed point operators. We can write problem (2;) by the abstract form
Dy(u) = Ny(u), — ue Cy([0,T1), ©)
where
Dy : dom(Dy) = Cy([0,T]) — C([0,T]), urs ((u)),
Ny C([0,T]) — €([0, 7)), ur f(-ul)),
Go([0, T]) = {u € C([0, T]) - u(T) = bu(0)},
dom(Dy) = {u e ([0, T]) : ¢(u) € C'([0, T))}.

If b < 0, Dy has an inverse given by

D;l :dom(qul) < C([0,T]) — Cyp(]0,T7),

t

B ] (¢(B¢;},(J0Th(s) ds)) + Joh(s) ds)

and (9) is equivalent to u = qule(u) with u € C([0, T]). Hence our problem is
finding a fixed point of the operator

21 :=Dy'Ny : dom(D,'Ny) = C([0,T)) — Cy([0, T]) = C([0, T)).

Let us remark that the operator y, is not defined on all C([0, 77).
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In the case where b > 0, we cannot do the same because the operator Dy is not
injective. Inspired by [14], we consider the operators

P C([0,7)) — C(0,T)), uw u(0),

Q0:C(0,T]) — C([0,T)), h—h=T" JO h(s) ds,

H: C([0,7)) — €'([0,7)) = ([0, T)), uﬁjmnm
0
Let us consider the operator

%2 : dom(y,) = C([0, T]) — C([0, TY),
u— ONy(u) — T™'By »(Pu) + ¢~ (#(Pu) + H(id — Q)Ny(u) + T~ "tBy, ,(Pu))
where t denotes the function which sends 7 on .
Lemma 2.3. u is a solution of problem (P) if and only if u is a fixed-point of y,.

Proof. Let u € C([0, T]), we have the following equivalences:

!

()" = f(t,u),  u(T) = bu(0)
= () = f(t,u), Byy(u(0)) :L f(s,u(s)) ds
= (pu)) = f(t,u) = [ f(t;u) — T7' By .y (u(0))],

! J f(s,u(s))ds — T7'By ,(u(0)) =0
= $(u(t)) = ¢(u(0)) +J (f (s.u(s)) = [f(t,u) = T By (u(0))]) ds,

! Jo S (s,u(s)) ds — T_IB¢_,;,(u(0)) =0
— u=¢! (¢(Pu) + H(id — Q)Ny(u) + T’ltB¢,b(Pu)),
ONy(u) — T~' By »(Pu) =0
= u=QON(u)— T "By y(Pu) +¢ " (#(Pu) + H(id — Q)Ny(u) + T 'tBy »(Pu)).
U

Let us remark again that this operator is not defined on all C([0, 77). Let us
note also that Lemma 2.3 is valid in all cases » > 0 and b < 0.
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Remark 2.4. We shall also consider in the sequel the case where im¢ = R. In
this case, we can define in a similar way By 5, which has the same monotonicity
properties than in the case studied above if b < 0, with this time

sup By p = +0, inf By = —o0,

and the same sign properties if b > 0, but without necessarily the convergence to 0
at +o0, because

lim By ,(u) = (£o0) — (+0).

U—=+o0

Hence, in the case b < 0, we can again consider the operators Dy, qu‘, x1 and y,
which are, this time, defined everywhere.

3. The main result

In this section, we prove Theorem 1. Under condition (i) (resp. (i")), condition (ii)
(resp. (ii")) induces the following necessary condition

[¢(M>) + a(¢)sup By p| < a, |p(Mi) +a(¢)inf By | < a,
(resp. |¢p(M>) + a(¢)inf By 5| < a, |p(M1) + a(¢) sup By »| < a).

Because of (3), we understand why we do not consider the case b < 0 for this
theorem.

The proof of Theorem 1 is based upon the obtention of a priori bound for the
possible solutions of problem (2;), and the study of a modified problem whose
solutions will be solutions of the original one.

3.1. A priori bound for the solutions of the original problem.

Lemma 3.1. Under the assumptions of Theorem 1, there exists K > 0 such that any
possible solution u of problem (2) with b > 0 is such that ||u|| ., < K.

Proof. Let us begin by the case of ¢ increasing and conditions (i)—(ii). If u is a
solution of problem (2;), the boundary condition leads to

T
JO £ (s,u(s)) ds = By (u(0)

which implies following (i) the existence of ¢y € [0, T] verifying M| < u(ty) < M.
Let us consider 7 € [0, 7] such that u(t) ¢ [M, M;]. If such a 7 does not exist,
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the proof is finished, so let us suppose that it exists. We shall consider four
configurations

(1) u(‘c) > M, T < 1y, (2) u(‘c) > M, T > I,
(3) u(r) < M, T < ly, (4) u(‘L’) < My, T >,

for which we shall prove

(1) $(u(r)) < ¢(M>) + [, e [ (2, M2) dt — sup By,

(1) $(u(x) < $(Ma) + [, F(t. M) di + By (u(0)) — sup By,
(13) ¢(u(r)) = $(M) + [, e f (1, M1)dt —inf By,

(13) $(u(2) = $(M1) + [, f(t. M1)di + By (u(0)) — inf By s

We only treat the case (1) (resp. (2)) because the case (3) (resp. (4)) is exactly the
same. In case (1), there exists ¢ € [0, T'] such that

T<o<ty, 1<t<o= u(t)>M, ulo)=>M.

Let us consider the function

M, ifté¢]r, 0
20, T R . 1
cO0I=R tH{u(I) if te[r,0] (10)
Because ¢ > M, we can define the following functions &, on [0, 7] by
M; f0<r<rt —%,
N 1

ént[O,T]—>[R, t— M2+n(u(f)_M2)(t_T+Z) %fT_ES[ST’

u(t) ift<t<o,

M, ifo<i<T,

which verify
T
¢ € C([0,T]),  &um= Mo, J F(2,&,(1)) dt > sup By .
0

Lebesgue’s dominated convergence theorem leads to J"OT f (Z,f(t)) dt > sup By
ensuring (I;).

In case (2), if there exists t < #; < T such that u(z) € [M,, M>] we are in the
previous case. Suppose that such 7; does not exist. On the other hand, there exists
g € [0, T] verifying

O<o<t, 0<t<o = u(t)>M, ulo)=DM,, (11)
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or
0=0, u(0)=u(o) < M,. (12)

Let us consider a function ¢ like previously, with M, and u(¢) are interverted in
(10). We have again jon (1,&()) dt > sup By », leading to (L) (by noting that
¢(u(a)) < #(M) because ¢ is increasing).

By (ii), configurations (1) and (2) (resp. (3) and (4)) ensure

T

$(u(r)) < Kz := ¢(M>) + L ST, My)dt < a (13)

T

(resp. ¢(u(7)) > K| := ¢p(M;) — L f(t, M) dt > —a) (14)

for all 7 such that u(t) > M, (resp. u(t) < M,), leading to
—oo < K| = ¢ [Ki] <u(t) < ¢7'[Ka] = K; < o0,

for all 7 € [0, 7] and hence to the thesis.
With conditions (i) and (ii’), we have again four configurations:

(1/) u(r) > M, T > 1o, (2/) u(r) > M, T < I,
(3/) M(T) < My, T > 1y, (4,) u(r) < My, T < Iy,

that we can treat by the same reasoning as their corresponding ones. If ¢ is
decreasing, we can put \ := —¢, g := —f, and consider problem (%) with ¢, f
replaced by s, g, whose solutions coincide with solutions of original problem
(?), observe that By, , = —By , so that

sup Blp,b = —inf B¢7b, infBl/,J, = —Ssup B¢,b,

that  is increasing, and use the same proof as previously with conditions (i’), (ii")
(resp. (i), (ii)) for this new problem if we worked with hypothesis (i), (ii) (resp. (i’),
(i1") for the initial one. O

3.2. A modified problem. We now consider a modified problem where ¢ is re-
placed by a homeomorphism ¢ : R — R which coincides with ¢ outside an open
interval containing (—K, K). Namely, define

d:R—=R:u—< ¢u) if —A<u<A4

i { —o(P)kIn(—u—A+1)+¢(—A4) fu<—-A4
a(@)kin(u—A+1)+ ¢(A) ifA<u
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with 4 > K, K an a priori bound of the solutions of (%), and x a positive con-
stant that we shall fix later. ¢ is a homeomorphism from R onto R. We can study
problem

($)" = f(tu),  u(T) = bu(0), (25)
by searching the fixed points of the operator

ZZ : C([07 TD - C([O’ T])a
u— ONy(u) — T7'By ,(Pu) + ¢~ ($(Pu) + H(id — Q)Ny(u) + T~'tB; ,(Pu)),

the proof of this fact being a consequence of Remark 2.4. This operator is defined
on all C([0, 7).

Lemma 3.2. Under the assumptions of Theorem 1, and if x is small enough, the
solutions of problem (2y) with b > 0 take values in [—K, K| with K defined above.

Proof. We will suppose in this proof that ¢ is increasing and that » € (0, 1); the
proof is similar in the other cases. If we want to apply the same idea than in the
proof of Lemma 3.1, we must have

imqubgimB(ﬁ‘b. (15)
Inasmuch as

By (1) = §(bu) — §(u),  Byp(u) = §(bu) — p(u)

and as ¢ coincide with ¢ on (—4, 4), we have

K‘lﬂ(%)' if |u| > %
1B; ()| = kIn(u—A+1)+ ¢(A4) — ¢(bu) fA<u<4d
’ —[—xIn(—u—A+1)+¢(—A) — p(bu)] if -4 <u<-4

| By, (u)] if [ul < A4

So, if x is chosen small enough so that

Rin(u— A+ 1)+ §(4) <) i A<u<

kIn(—ut A+ 1)+ d—A) = ) i —% <u<—A,
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which is possible, we have

B ()<{}CB if u] > 4
()] < :
o |Byp ()] if [u] <4
where
B:=su lnb|u|—7A+l |u|>é < 4o
= sup u—A+1)] "= % ’
and so we obtain (15) if we still reduce x so that [-xB, kB] < im By . O

Corollary 3.3. Let b> 0 and u € C([0, T]). Then u is a solution of problem (Z})
if and only if u is a solution of problem ().

3.3. Imbedding into a family of problems. Let us consider the family of
problems

T

<¢<u>>’=zf<z,u>+<1—M*lj F(s.u(s)ds,  u(T) = bu(0), (Py.)

0

corresponding to the search of the couples (4,u) such that u = {(A,u) with {
defined by

£:10,1] x C([0, T]) — C([0, T)), (4 u)
— ONy(u) = T7'B; ,(Pu) + ¢~ (§(Pu) + 2H (id — Q)N;(u) + T~ 'tB; ,(Pu)).

Lemma 3.4. Under the assumptions of Theorem 1, there exists an a priori bound
independent of /. € [0, 1] for the solutions of problem (% ;).

Proof. The proof of this result is very close to the proof of Lemma 3.1. We shall
just work in the case of ¢ increasing and with assumptions (i) and (ii).

Let us begin by the case 4 # 0. If u is a solution of problem (2, ;), the bound-
ary conditions lead to

j £ (s,u(s)) ds = B;, (u(0))

0

which implies by (i) the existence of ¢y € [0, 7] verifying M| < u(ty) < M,. Let
us consider 7 € [0, 7] such that u(z) ¢ [M, M;]. If such a 7 does not exist, the
proof is finished, so let us suppose that it exists. We have again the configurations
(1)—(4) mentioned in Lemma 3.1 for which we can prove
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() $(u(r)) < $(M>) + 2 £(t, M>) dr

[0,7]Ulo, T
— (1= 2)B;, (u(0))(o — )T — Asup Bj ,,
(L) $(u(r)) < (M) + 2 ) T]f(t, Ma)de+ Bj , (1(0))

—(1— A“)quﬁb(u(O))(a—F T—-0)T ' - Jsup B,

() $u(x) = () + zj 76, My) de

[0,7]U[o, T]
—(1- A)B&b(u(O))(a )T ' - Ainf By,
(1) Fu(@) = §00) + 2| (0 M) de+ By (u(0)

[0.7]

— (1= 2)B;,(u(0))(6+ T —7)T~" — Zinf B,

We only consider the case (2), the other ones being similar or simpler. Like
in Lemma 3.1, let us suppose that there does not exist 7 < f;, < T such that
u(ty) € [My, M), observe that there exists ¢ € [0, 7] such that (11) or (12) holds,
and consider the same function ¢ which verifies again

T
Jo f(t,&(r)) dt = sup By .

By definition of & and because ¢(ua)) < ¢(M>) (as ¢ is increasing), we deduce ().
Configurations (1) and (2) (resp. (3) and (4)) ensure

T

P(u(r)) < p(M>) + JO [H(t, M) di +sup B, +[inf B; | = Ky (16)
~ ~ T ~
(resp. ¢(u(r)) > ¢p(M;) — Jo S (t,My)dt —sup B, — |inf By ,| =: K1) (17)

for all 7 such that u(t) > M, (resp. u(z) < M,), leading to

—o0 < K| :=¢ VK] <ult) < ¢7'[Ks] =: K} < 0.

for all ¢ € [0, T], and hence to the thesis.
For the case 4 = 0, because we have

(fu)) =T Jo S (s,u(s))ds = T*IBW)(M(O)) = ce(—aT 'aT™),
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and because there exists 7 € [0, '] such that M; < u(ty) < M, we can write

$(u(r)) = d(u(ty)) + c(t — ty)

and hence deduce

d(M) —a < p(u(r)) < g(M>) + a.
for all ¢ € [0, T], ensuring the thesis. O

3.4. Existence result for modified problem. In order to prove that problem
(2) has at least one solution, we compute deg; g[id — 75, B(0,r)], where r is strictly
greater than the a priori bound of the last lemma. By noting that 7, = {(1,-) and
that

degLS [ld - C(lv ')7 B(O7 V)) = d'egLS (ld - C(O, ')v B(Ov V)],

we have to prove that deg; g[id — {(0,-), B(0,r)] # 0. In order to follow this way,
we need some compactness of {, a very classical fact that we will just recall with-
out proof.

Lemma 3.5. The operator {:[0,1] x C([0,T]) — C([0,T]) is completely con-
tinuous.

Notice that the fixed points of {(0, -) are the solutions of

B T

(¢(u))':T’lJ f(s,u(s))ds,  u(T) = bu(0). (18)

0

To show that deg; g[id — {(0,-), B(0,r)] = +1 is easy in the periodic case b = 1,
because then, a solution « of (18) must be constant and the reduction property of
Leray-Schauder degree (see e.g. [14]) relates deg; g[id — ((0, ), B(0,r)] to the easy
to compute Brouwer degree of some function of one variable. In the general case,
we shall introduce a new homotopy:

T T

£(s,u(s)) ds, J F(t,u(0) di = $(bu(0)) — §(u(0)). (19)

0

($w)' =i |

0

Lemma 3.6. Under the assumptions (i) (resp. (")) and (ii) (resp. (ii")) of Theorem 1
we have

deg; g[id — ¢(0,-), B(0,r)] # 0.
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Proof. Let us consider the following homotopy:

¢:[0,1] x C([0, T]) — €([0,T]) :
(2,u) > ONy(u) — T'B; ,(Pu) + ¢~ ($(Pu) + AT "tB; ,(Pu))

where £(1, -) coincide with the operator {(0,-). If u is a fixed point of the operator
&(4,-), by evaluation of u at 0, we have ONy(u) = T*IBdg’b(Pu) and we can then
easily obtain (19). To deduce the existence of a r > 0 such that |ju||, <r, we
proceed like in the proof of Lemma 3.4 (in the case 1 = 0).

Using homotopy invariance and reduction property of Leray-Schauder degree,
we obtain

degLS[id - é(L ')’ B(O7 }")] = degLS[id - é(o7 ')7 B(O7 }")]
= degg[id — ON; + Tﬁqule — P, B(0,r)]
= degB[T71B$7b - QNfa (—l’, V)]

= degp {T‘l [Bﬁ,b — JOTf(s, ) ds} (=, r)} = #+I,

where the last equality comes from the hypothesis (ii) and the fact that
—r<-K' <M <M, <K <r

where K’ is a bound of the solutions of (2} ,). O

4. The proof of Theorems 2 and 3

We now prove Theorems 2 and 3, using an less sophisticated extension of ¢ than
the one used in the previous section:

U+ A+¢(—A4) ifu<—4,
dR-R,  u—< $u) if —A4<u<4d,
u—A+¢4) if A<u,

if ¢ 1s increasing and

—u—A+¢(—A) if u<—A,
dR-R  u—< ¢u) if —4<u<A4,
—u+A+¢4) if A<u,

if ¢ 1s decreasing, with 4 > 0 fixed.
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4.1. The proof of Theorem 2. Under the hypothesis of the theorem, the opera-
tor y, defined in Section 2 is bounded. Indeed, if v = y, () then v(T) = bv(0) and
so v has at least one zero t,. We have therefore

v=r1(u) = (#(u(0))" = f(t,u)

= ¢(v(t)) = ¢(v(lo)) + J f(s, u(s)) ds = th(s, u(s)) ds

to

t

fo

because ¢(0) = 0, and hence

’¢(v(t))‘ = ‘ J:Of(s,u(s)) ds‘ < J;|f(s, u(s)) } ds < |||y <a

which implies
o]l < max{|¢~"[£]le],][} = K < oo.

Let us consider now the extension ¢, explained at the beginning of the section,
with 4 > K. By the same reasoning as above, the operator 7, (see Remark 2.4)
is bounded with the same bound. This boundedness implies an « priori bound
for fixed points of this operator, fixed points which coincide with the ones of
x1- Because the operator y; is completely continuous and bounded, we can use
Schauder’s fixed point theorem to deduce the existence of at least one fixed point
in B[0, K]. The proof is complete.

We can improve the bound of f in the previous theorem by a factor 2 by
supposing that ¢ is odd and b = —1.

Theorem 4.1. If ¢ is odd and if there exists ¢ € L'([0, T], R") such that ||c||; < 2a
and

Viel0, T, Vue R:|f(t,u)| <c(2),
then problem (2,) with b = —1 has at least one solution.
Proof. Let us remark that equations (6), (7) and (8) of Example 2.1, jointed to the

hypothesis of the theorem, imply that the operator y; is defined on all C([0, T)
by
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(with the function G defined in Example 2.1). y, is again bounded because if
u e C([0, T]) then

! ~ ! - el
” Gls, 1)/ (s, u(s)) ds| SL|G(S,¢)1( 9)]ds < 150 <

0

and so
@l = ||o~! (J Gls. )f (s.u()) ds) | <167 (ell,/2)| = K

We can then conclude like in Theorem 2 without use an extension of ¢. |

Remark 4.2. If ¢ is a diffeomorphism, we can rewrite problem (£) in the form

1

u' = f(t,u)- (¢'(w) ", u(T) = bu(0),
and give an analog result as the two previous one, with the hypothesis:

S| _
(W) ‘ < clt).

Jc e LY([0,T],R"), YVt e [0,T] : ’

Because lim, .., ¢'(u) = 0 this condition is restrictive; in fact, it is as restrictive
than the conditions ||c||; < a or ||c||; < 2a of our theorems.

4.2. The proof of Theorem 3. In the periodic case (h3) we consider the family
of problems

T

(p(u))" = 2f (t,u) + (1 — 1) J Sf(s,u(s))ds, 4el0,1], (2.3)

0

and in all the other cases the family of problems

(¢w) =M (t.u),  u(T)=bu0), Lel0,1]. ()

It is not difficult to see that if u is a solution of one of this problem taking its
values in [—M, M] (resp. [M|, M]), then u takes in fact its values in (—M, M)
(resp. (M1, M>)) in the cases (a;) (resp. in the cases (b;)). Indeed, if it is not the
case, u takes its values in [—M, M] (resp. [M;, M>]) and has at least one value,
say u(ty), on o[—M, M| (resp O0[M,, M>)), say —M (resp. M;). Let us remark
that in the periodic case, fo S (s,u(s)) ds = 0 and so u verifies also the equation
(¢(u))" = Af(t,u) on [0,T]. Let us begin with the case 2 #0. If £ € (0,7),
then, by monotonicity of ¢, we have

flto,=M) =271 (¢(w) (10) = 0, (resp. f (1o, M1) = 2" (¢(w)) (0) = 0),
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which is a contradiction with the hypothesis. If #y € 4[0, T, then we have to con-
sider problems separately. We will just examine the anti-periodic case (a3) and
the periodic case (b3), the other ones being similar. In the (b3) case, 7 is 0 and
T and so

a(¢) - f(T, M) = 2""a(¢)(p(w)) (T) < 0 < 7" a(¢) (h(u)) (0)
- G(¢) f(07 Ml)

which is a contradiction with the assumption; in the case (a3), say #) = 0, then, by
boundary conditions, we have

a(¢) - £(0,—M) = 7" a(¢)($(u))"(0) = 0.0(¢) - £ (T, M)
=1""a(¢)(p(w)) (T) > 0,

which is again a contradiction with the assumption. For the case 4 =0, u is the
constant —M (resp. M) which is a contradiction to the boundary conditions in
all cases except the periodic one, but in this case we have fOT f (s, My)ds = 0 which
is a contradiction with the assumption.

We can work with the previous extension of ¢ where A4 is chosen such that
[-A,A] contains strictly [—M,M] (resp. [M;, M]), and with the correspon-
dent problems (2, ;) and (@,’, ,) wWhose solutions with values in [—M, M] (resp.
[M, M;)) take in fact their values in (—M, M) (resp. (M, M,)) for the same rea-
son as above, and whose solutions are also solutions of Problems (2, ;) or (97’,, )
by definition of ¢.

We can then consider the Leray-Schauder degree of id — {(4,-) on Q where {
is defined by

€2 [0,1] > ([0, T) — ([0, T)),
u— ONy(u) + ¢~ (¢(Pu) + 2H (id — Q)Ny(u))

in the case (b3), and by

€2 10,1] x €([0, T1) — ([0, T7),
w— QN (u) = T7' By y(Pu) + ¢~ ' [§(Pu) + 2H (id — Q)Ny(u) + T~'tB; ,(Pu)]

in the other cases, and where Q is the following open set:

Q={ueC(0,T]): —M <u< M}
(resp. Q ={ue C([0,T]) : M} <u< M,}).
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By the fact that no solution of those problems belongs to 0Q2, we know that

degLS[id - é(lv ')7 Q] - degLS[id - C(’ 0)7 Q]
In the (b3) case, we conclude the proof by noticing that

degys[id — (0, -), Q] = degys[id — ONy — P, Q)]
T
— degy [T [ (5. s (011, 02| = 1.
0
where the last equality comes from the hypothesis (B3). In the other cases, for
which we have
0, = _T”BWP-F q;*l(gz;P—f— T’lthP),

we can consider the homotopy

¢:[0,1) x ([0, T]) — €([0, T),
(2,u) = —=T"'B; ,(Pu) + ¢~ (§(Pu) + AT 'tB; ,(Pu)),

where £(1,.) ={(0,.). Tt is easy to see that if u is such that &(4,u) = u then
u=0¢0Q. Hence, we can conclude that the Leray-Schauder degree of
id — £(0,.) is equal to

= degLS[zd+ T" B¢ »P— P, Q]

—degB[ ¢bv( MvM) (resp. (MI,MZ))] ==l

where the last equality comes from the study of B; b done in Section 2, and the
fact that —M < 0 < M (resp. M| < 0 < M,). The proof is complete.

Remark 4.3. If ¢ is a diffeomorphism, we can rewrite Problems (2 ;) and (%} ;)
in the form

u' = (t,u) - (g}ﬁ’(u))_1 =:Ag(t,u), u(T) = bu(0),

and notice that, because of the sign of ¢’, the hypothesis (4;) or (B;) are still true
for g.
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5. Examples and numerical experience

5.1. Application of Theorem 1. In the following example, we suppose » > 0 in
order to apply Theorem 1.

Example 5.1. Let us consider the problem

(ﬁ) =h(t) +e",  u(T) = bu(0). (20)

Because ¢ is odd, it is also the case for By ;, and hence we can set
o= supBW) = —infBW,.

As b > 0 we know that o < 1. If we suppose that foTh = Th < —u, then
T ~ T ~
J (h(t) + ™) = Th+ Te™ < —u, J (h(t) + €M) = Th+ Te™ > o,
0 0

for

M, = log(—ocT_1 —h)—¢e, M= log(ocT_l - E) + &,

with any ¢ > 0, enuring hypothesis (i). Hence, if we suppose

’qﬁ(log(iocT*1 —h)) + LT[h(Z) + (+aT ' = h))F| < 1, (21)

we have assumption (ii) and the existence of at least one solution of (20).

The following considerations show that the conditions of Theorem 1 are not
essential.

Example 5.2. Let us consider the periodic case (b = 1) of problem (20) (so o = 0)
with T =1 and & given by %, ,(f) = p + ¢q|2t — 1]. By a simple computation we
have £, , = jol hyq=p+%. Let us suppose for example that /, , = —1 what is
equivalent to ¢ = —2p — 2, and study for which values of p condition (21)

Jl[hp,qo) S
0
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is verified. The sign of the function /4, , + 1 is given by the following table when
V4 # _1;

o [ TaT To] 3] [
p>—1 |+ [ +[0|—|—-|—=|0]+]|+
p<—-1|—=|—=]0|+|+]|+]|0]-]|-

and %, ;, +1 =0 when p = —1. Hence,

So we can apply Theorem 1 for —5 < p < 3. Let us note that if p e (-2,0),
the function £, , is always negative and we can then apply Theorem 3. But
in the other cases, the function /,, changes its sign and we can only use
Theorem 1.

Let us perform a numerical study in order to compare with theoretical
results. To do that, we shall work with the form mentioned at the end of the
Introduction:

l)/(l) _ hp,q(t) _’_ev/\/l—uz,

where v = ¢(u), and v(0) = v(T) for the boundary conditions. Because the non-
linearity of this equation is C'!, we can apply Cauchy’s existence and uniqueness
result. This leads us to work with the functions

V(t,s)— V(ts), P:s— V(l,s),

respectively the flow function which associates to (z, s) the value at ¢ of the solution
of the equation with the initial condition v(0) = s, and the Poincaré function. We
can note also that the solutions cannot cross, which infers to the set of solutions v
a simple structure because we are in dimension 1.

Let us begin by study the global solutions of the equation, i.e., solutions which
live on all [0,1]. It is easy to see that such solutions live above (resp. below) a
function o (resp. ff) with values in [—1, 1], verifying the equation at the values of
¢t where a() (resp. f(¢)) is in (—1,1) and admitting at least one value of ¢ such
that o(7) (resp. f(¢)) is in {£1}. Figure 1, obtained by Routine A.1 exposed in
Appendix 4, gives for each p the values of « and ff on 90, 1].
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Figure 1. (1) 2(0), (2) «(1), (3) B(0), (4) B(L).

D1 D2 P3 D4 Ds Do
—798 | —7.83 | —4.7 | 045 | 585 | 12.34

W
N

W

W

(a) (b) () (d)

Figure 2. Pictures of o and f

We see on this figure that there exists reals p; and pg such that for all p < p; or

p > pe, configurations of «(0), £(0), «(1), f(1) imply the non existence of global
solutions. Let us consider the 3 cases

(@) pe(pi,p3), (b) pe(ps,psa);, (c) pe(pa )

for which the graph of o is given by Figure 2. Indeed, in the case (a), the graph of
o reaches —1 in (0, 1) at the first root ry of £, 4, this is explained by the equation
whose the right member is 4, ,(r1) + 0 and by the sign of 4, ,. In the case (b), the
graph of o reaches —1 at r = 1. Finally, in the case (c), the graph of o reaches —1
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at the second root r; of %, 4, this is explained like in the case (a). In all cases, the
graph of f is given by the figure 2 (d) (lets us note that the equation ensures that
p(1) =1, so the right part of the curve (1) on Figure 1 comes from numerical
errors) up to the convexity of the beginning of the graph which depends of p. By
observing the evolution following p of the graphs of « and f5, we see how the
global solutions disappear out of (pj, pe): by superposition of o and . Let us
note that by using condition (2) with #; and #, given by r; and r, for p < =2 et
by 0 and r| or 1, and 1 for p > 0 (i.e. working in a connected part of the domain
of h; q), we are theoretically sure that global solutions do not exist out of

(=6 — 26,8 + 8v2) ~ (—10.89,19.31).
If 51 < 52, we know that for each ¢ € [0, 1] we have
hp.q(1) + € < hy 4(1) + €7,

hence we deduce easily that the Poincaré function P is increasing, and even that
the function P — id giving at s the increase of the solution V'(-,s), is increasing.
Hence, for the existence of a periodic solution, we need to have the following
configuration:

a(1) —a(0) <0, A1) — B(0) > 0.

The second condition being always true, Figure 1 ensures that there exists one
and only one periodic solution for p € (pa, ps). The theoretically sufficient
bounds for p was —5 and 3, and the observed numerically bounds are —7.83 and
5.85.

The graph of the periodic solution v, of our equation is given at Figure 3 for
some values of p in the three cases

G) p<—1, (i) p=—1, (i) p> 1.

The case (i) (resp. (iii)) concerns functions with the same behavior as Figure 2(a)
(resp. (c)), and the case (ii) is the constant solution 0. Those graphs are obtained
by Routine A.3 given in Appendix 4. Let us try to explain the shape of the graph
of v, with the equation. Let us discuss what happens for p > 0. The shape of
hy. 4 18 given by

(e
ESE
+

|—
FNE
ol—
Bl
Bl
|
N
&
—

+! 0 |- -1|—=—|mn|—-|-1|4+] 0 |+
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0.8

0.6

0.4r

0.2

0

-0.2 /

h g ///
-0.4+ ~ A
-0.6F ,
\\ /
-0.8f /) ]
\\ ¥
_1 L L L L
0 0.2 0.4 0.6 0.8 1

Figure 3. In the case (a), —7.7 < p < —7.3 by step of 0.1 and —7 < p < —4 by step of 1,
and in the case (c), 2 < p < 5 by step of 1 and 5.4 < p < 5.7 by step of 0.1

When 7 = ry, the equation ensures that v, > 0. This is to compare with the fact
that the numerical experiments seem to ensure that v, reaches its maximum after }L
which is closer and closer to ry when p increases. When ¢ =1, the function v,
seems to be close to 0 which, combined with equation, ensures that

I~ 0 o
v,~e +p+tg=-p-—1L

Hence, when p increases, we see that v]’, is more and more negative. When ¢ = %,
v, < 0 which, combined with the equation, ensures that vI’, < 0. When t = rp, the
equation ensures that v, > 0. So, v, reaches its minimum between 2 and r, which
are closer and closer when p increases. When ¢ > r;, the equation ensures that
Uzlv > 0 which corresponds to Figure 3.

This description is not applicable for —2 < p < 0 because for those values of p,
the function 4, , is always negative. For p = —1, the function v, is identically
0, what is consistent with the equation. For p < —2, Figure 3 shows a similar
behavior for v, but with an inversion of the # where v, reaches its minimum and
maximum, what is clear with the equation because of the change of the sign-
behavior of 4, ,. But despite this kind of differences, we can do the same type of
description for v,.

A discussion about the possibly numerical errors for the graphs of v, can be
found at the end of Appendix A.

5.2. Applications of Theorems 2 and 4.1. Let us begin with an application of
Theorems 2, 3 and 4.1 for problem (#2;) with b < 0.



A class of first order quasilinear ordinary differential equations 243

Example 5.3. Let us consider the problem

—u o’ >’ sin(fr + u)
—u. . u(T) = bu(0), 22
<1+V1u+yzu+ e D=0 22

where o, € R and y,,y, > 0. Because

: sin(ft + u) ot ot
tLu) =|a- < < —,
7 u)l ‘ Vite | S VixeW = i
Theorem 2 ensures that if
ot
—| =2|«vVT < 1
H\ﬂ !

then problem (22) has at least one solution. If moreover y; =y, (¢ odd) and
b = —1 (antiperiodic problem), Theorem 4.1 ensures that condition |«|v/T < 1
suffices for the existence of at least one solution of Problem (22).

Let us give now an application of Theorem 3 for problem (£;) with 5 > 0 or
b <.

Example 5.4. Let us consider the problem

( | iu2>, = h(t) + e sin(u), u(T) = bu(0), (23)

where h € C(]0, T]). We can choose k£ > 0 large enough so that for all 7 € [0, T,
h(t) + el =Mlsin(— M) < 0 < h(r) + ¢!™ sin(M)
with M =%+ 2kn, and
h(t) + e =M lsin(=M") > 0 > h(1) + e~ sin(M")

with M’ = 3%+ 2kn. So, problem (23) has at least one solution.

Appendix A. Routines for numerical experiences

The routine used to obtain Figure 1 is, for example for the curve of «(0), the
following
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Routine A.1.
a:=-099, 5:=099, ¢:=0, ¢e:=277,

while (b —a) > ¢
(1) vy is the solution of the Cauchy problem v' = h, ,(t) + e ) p(0) =5
@) (L) = L1 5= ny(1);

(3) if f(c) > —1 thenb = cand ¢ =52 else a = ¢ and ¢ = “2;

then
o(0) ~ c.

The precision can be improved by taking a (resp b) closer to —1 (resp. 1), and ¢
closer to 0. Let us notice also that f(s) will be 1 (resp. —1) if the function vy is not
global, i.e., reaches 1 (resp. —1) before that 7 reaches 1.

Remark A.2. Another way to obtain the graph of «(0) following p, is to observe
the value at 0 of the solution of Cauchy problem with the function e ) ex-
tended by 0 when v = —1, and with initial condition v(r;) = —1 (or v(r;) = —1
following p).

The routine used for Figure 3 is obtained by considering~Problem (?7;,7 ;) (with
b = 1) which, from the constant function 0 (solution of (£ ;) for A =0 and of
1 .
Jo (hy,q + ) = 0), leads to the function v,.

Routine A.3.

vp:=0, Vie{l,...,n}: /Il-::i

)

for i equals 1 to n:

(1) i is the solution of the Cauchy’s Problem v' = A;(hy 4(1) + e? ), p(0) = 5
2) firR=R:s— v 41);

(3) up « the closest zero of uy of function f;;

then

up = un,a,,~

This is a consequence of the proof of Theorem 1 done in Section 3. Indeed, the
solutions of problem (2 ;) with b = 1 are solutions of (¢(«))" = Af(t,u) because
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of the boundary conditions and the fact that reals K;, K, given by (16), (17) are
equal to K, K, given by (13), (14).

The numerical errors of this routine can appear for two reasons: first because
we used a numerical method in order to find root of f;, what gives just an approx-
imation, and secondly because we used a numerical method to compute the Poin-
caré function P(s) = V(1,s), what gives again just an approximation. We can not
say anything about the second error except that we used the software MatLab and
the function ode-45 of this software. For the first kind of errors, we can say some
words. When the routine run following 4, the errors made for 4 will not increase
when 4 tend to 1, because at each step, the function fzero of Matlab searching
zero corrects this error. So we are not in front of a warning of explosion of the
error with the running of the routine, but instead the converse. All the error
due to fzero will be due to the last step, when A = 1. But even at this step, we
think that the error is not bad. Indeed, the function fzero search a root of id — P
and is better than the simple algorithm of Newton which needs, to run, that
(id — P)'(so) # 0 where s, is the searched root. As

(id — P)'(s0) = 1 —%V(l,s)h,o #0 < ¢(1,5) # 1 (24)

where &(¢, 5) := % V(t,s), we know that condition 24 is equivalent to

" on
Jo % (0,V(a,50)) do # 0 (25)

where /4 is the nonlinearity /(r) + e/ of our equation, because the general
theory about ordinary differential equations implies that

t

e — % ([7 V(t, S))g, e0,s) =1 <= &(t,s) = CXP(J a—il(()', Ve, S)) da>'

0

As Condition (25) is true because of

1A

h
0 # deg;g[id — T, B(0,K)] = J % (0, V(0,50)) da,
0

(where 7" and K are explained in Section 3, where the inequality is due to the
proof of Theorem 1, and where the equality can be found for example in [13])
we can conclude as claimed that the error made by the function fzero is not so
bad.
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