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Blowing-up solutions for the Yamabe equation
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Abstract. Let ðM; gÞ be a smooth, compact Riemannian manifold of dimension Nb 3.
We consider the almost critical problem

ðPeÞ �Dguþ
N � 2

4ðN � 1Þ Scalg u ¼ uðNþ2Þ=ðN�2Þþe in M; u > 0 in M;

where Dg denotes the Laplace-Beltrami operator, Scalg is the scalar curvature of g and
e a R is a small parameter. It is known that problem ðPeÞ does not have any blowing-up
solutions when e % 0, at least for Na 24 or in the locally conformally flat case, and this is
not true anymore when e & 0. Indeed, we prove that, if Nb 7 and the manifold is not
locally conformally flat, then problem ðPeÞ does have a family of solutions which blow-up
at a maximum point of the function x ! jWeylgðxÞjg as e & 0: Here Weylg denotes the
Weyl curvature tensor of g:
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1. Introduction

Let ðM; gÞ be a smooth, compact Riemannian N-manifold, Nb 3. We consider

the almost critical problem

�Dguþ
N � 2

4ðN � 1Þ Scalg u ¼ ku2
��1þe in M; u > 0 in M; ð1Þ
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where Dg :¼ divg ‘ is the Laplace-Beltrami operator, Scalg is the scalar curva-

ture of ðM; gÞ, k a R and e a R is a small parameter. Here 2� :¼ 2N
N�2 is the

critical exponent for the embedding of the Riemannian Sobolev space H 1
g ðMÞ

into Lebesgue space L2�
g ðMÞ:

When e ¼ 0 equation (1) reads as the Yamabe problem. The constant k can be

restricted to the values �1, þ1 or 0 depending on whether the Yamabe invariant of

ðM; gÞ

1gðMÞ ¼ inf
~gg A ½g�

�
Vol~ggðMÞð2�NÞ=N

ð
M

Scal~gg dn~gg

�

has negative sign, positive sign or vanishes, respectively. Here ½g� ¼ ffg : f a
ClðMÞ; f > 0g is the conformal class of g and Vol~ggðMÞ is the volume of the man-

ifold ðM; ~ggÞ. In particular, if u is a solution of the Yamabe equation (1)e¼0, then

the metric ~gg ¼ u4=ðN�2Þg is conformally equivalent to g and has constant Scalar

curvature k. The Yamabe problem, raised by H. Yamabe [23] in ’60, was firstly

solved by Trudinger [22] when 1gðMÞa 0. In this case, the solution is unique,

up to a normalization. In general, a solution of the Yamabe problem can be

found by a direct constrained minimization method. As shown by Aubin [2], the

inequality

1gðMÞ < 1g0ðSNÞ; ð2Þ

where ðSN ; g0Þ is the round sphere, is the key ingredient to show compactness of

minimizing sequences, which is a non-trivial fact in view of the non-compactness

of the Sobolev embedding H 1
g ðMÞ ,! L2�

g ðMÞ. If ðM; gÞ is not conformally equiv-

alent to ðSN ; g0Þ (which has already constant Scalar curvature) with 1gðMÞ > 0,

the Yamabe equation has been solved via (2) by Aubin [2] in the non-locally con-

formally flat case with Nb 6, by exploiting the non-vanishing of the Weyl curva-

ture tensor Weylg of ðM; gÞ in the construction of local test functions, and by

Schoen [17] when either N ¼ 3; 4; 5 or ðM; gÞA ðSN ; g0Þ is locally conformally

flat, by exploiting the Positive Mass Theorem by Schoen–Yau [19], [20] in the

construction of global test functions.

In this paper, we study the case when the manifold ðM; gÞ has positive Yamabe

invariant, i.e. 1gðMÞ > 0, and the problem (1) is almost critical, i.e. eA 0 is small.

In particular, we are interested in the existence of blowing-up solution to (1) as

e ! 0. We say that a family of solutions ðueÞe of equation (1) blows-up at a point

x0 a M if there exists a family of points ðxeÞe in M such that xe ! x0 and

ueðxeÞ ! þl as e ! 0. The question on whether solutions of equations like (1)

with e ! 0 blow-up or not has been extensively studied in recent years. Schoen

[18] proved that blow-up cannot occur when the manifold is locally conformally
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flat and not conformally equivalent to ðSN ; g0Þ provided e % 0: More precisely,

Schoen proved that sequences of solutions ðuekÞk AN of (1) with exponents

2� � 1þ ek with ek a 0 and ek ! 0, are pre-compact in C2;aðMÞ, a a ð0; 1Þ, and
the non-locally conformally flat case was left open. Known as the Compactness

conjecture, it has been finally proved by Khuri–Marques–Schoen [9] when

Na 24. Unexpectedly, compactness of Yamabe metrics (e ¼ 0) has revealed to

be false in general in dimensions Nb 25 by Brendle [4] and Brendle–Marques

[5]. Previous contributions where the compactness of Yamabe metrics is proved

in lower dimensions are by Li–Zhu [14] (N ¼ 3), Druet [6] (Na 5), Marques [15]

(Na 7), and Li–Zhang [11], [12], [13] (Na 11).

In the present paper, we prove that if the exponent in (1) approaches the

critical exponent from above, i.e. e & 0; then compactness is not true anymore.

More precisely, we prove the following result.

Theorem 1.1. Let ðM; gÞ be a smooth, compact, non-locally conformally flat, Rie-

mannian manifold with Nb 7 and 1gðMÞ > 0. Then for e > 0 small, equation (1)

has a solution ue such that the family ðueÞe blows-up, up to a sub-sequence, as e ! 0

at some point x0 so that jWeylgðx0Þjg ¼ max
x AM

jWeylgðxÞjg.

Theorem 1.1 is an immediate consequence of the following more general

result:

Theorem 1.2. Assume that there exists a C1-stable critical set D of x !
jWeylgðxÞjg such that inffjWeylgðxÞjg : x a Dg > 0. Then for e > 0 small, equation

(1) has a solution ue such that the family ðueÞe blows up, up to a sub-sequence, at

some x0 a D as e ! 0.

According to Li [10], given a C1-function F on M, we say that a compact set

DHM of critical points of F is a C1-stable critical set of F if, for any compact

neighborhood U of D in M and for any sequence of C1-functions Fe on M such

that kFe �FkC 1ðUÞ ! 0 as e ! 0, there exists xe a U critical point of Fe if e is

small enough. We remark that a set of strict local maximum/minimum points

or a set of non degenerate critical points are C1-stable.

We prove the existence of blowing-up solutions by the well known Lyapunov-

Schmidt reduction. The main point is to produce a suitable ansatz for the

solutions we are looking for. This is done in Section 2. A similar idea has been

already used by Esposito–Pistoia–Vétois in [7], [8]. In Section 3, we reduce the

problem to a finite dimensional one, we study the critical points of the corre-

sponding finite dimensional functional, i.e. the reduced energy, and we prove

Theorem 1.2. A key step is the asymptotic expansion of the reduced energy, which

is performed in Section 4.

251Blowing-up solutions for the Yamabe equation



2. Setting of the problem

2.1. Notations. Since 1gðMÞ > 0, the conformal laplacian Lg :¼ �Dg þ
bN Scalg, bN :¼ N�2

4ðN�1Þ , is coercive and we can provide the Sobolev space H 1
g ðMÞ

with the inner product

3u; v4 ¼
ð
M

3‘u;‘v4g dng þ
ð
M

bN Scalg uv dng;

where dng is the volume element of the manifold. We let k � k be the norm induced

by 3� ; �4. Moreover, for any function u in LqðMÞ, we denote the Lq-norm of u

by jujq ¼ ð
Ð
M
jujq dngÞ1=q.

We let i� : L2N=ðNþ2ÞðMÞ ! H 1
g ðMÞ be the adjoint operator of the embed-

ding i : H 1
g ðMÞ ,! L2N=ðN�2ÞðMÞ, i.e. for any w in L2N=ðNþ2ÞðMÞ, the function

u ¼ i�ðwÞ in H 1
g ðMÞ is the unique solution of the equation Lgu ¼ w in M. By

the continuity of the embedding of H 1
g ðMÞ into L2N=ðN�2ÞðMÞ, we get

ki�ðwÞkaCjwj2N=ðNþ2Þ or equivalently kukaCjLguj2N=ðNþ2Þ ð3Þ

for some positive constant C which only depends on N. In order to study the

supercritical case, it is also useful to recall that by standard elliptic estimates

(see for example [16]) given a real number s > 2N
N�2 , i.e. Ns

Nþ2s >
2N
Nþ2 , for any

w a LNs=ðNþ2sÞðMÞ the function i�ðwÞ a LsðMÞ and satisfies

ji�ðwÞjsaCjwjNs=ðNþ2sÞ or equivalently jujsaCjLgujNs=ðNþ2sÞ; ð4Þ

for some positive constant C which only depends on N. Therefore, if � is small

enough, we set s� :¼ 2� þ N
2 � and we let H� :¼ H 1

g ðMÞBLs�ðMÞ be the Banach

space equipped with the norm kuk� :¼ kuk þ jujs� : Taking into account that
Ns�

Nþ2s�
¼ s�

2��1þ� and also that (3) and (4) hold, we can rewrite problem (1) as

u ¼ i�½ f�ðuÞ�; u a H� ð5Þ

where we set f�ðuÞ :¼ u
pþ�
þ , p :¼ Nþ2

N�2 and uþ :¼ maxf0; ug:

2.2. The bubbles. The main ingredient in the construction of the solution to

problem (1) are the standard bubbles

Um;yðxÞ :¼ m�ðN�2Þ=2U
x� y

m

� �
; m > 0; y a RN ; ð6Þ
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where

UðxÞ :¼ aN
1

ð1þ jxj2ÞðN�2Þ=2 ; aN :¼ ½NðN � 2Þ�ðN�2Þ=4:

As it is well known (see [1], [21]), they are all the positive solutions of the equation

�Du ¼ up in RN .

Unfortunately, the standard bubble is not a good approximation of the solu-

tion we are looking for, so we have to improve the approximation in the follow-

ing way. It is well known (see [3]) that any solutions of the linear equation

�Dv ¼ pU p�1v in RN , is a linear combination of the functions

Z0ðxÞ ¼ x � ‘UðxÞ þN � 2

2
UðxÞ ¼ aN

N � 2

2

1� jxj2

ð1þ jxj2ÞN=2
ð7Þ

and

ZiðxÞ ¼ qiUðxÞ ¼ �ðN � 2ÞaN
xi

ð1þ jxj2ÞN=2
; for i ¼ 1; . . . ;N: ð8Þ

Straightforward computations show that

(i) the function

wðxÞ ¼ � a
p
Nðjxj

4 þ 3Þ
2NðN þ 2ÞðN � 2Þð1þ jxj2ÞN=2

; ð9Þ

solves

�Dw� pU p�1w ¼ U � zZ0 in RN ; z :¼ 1

kZ0k2L2ðRN Þ

ð
RN

UðxÞZ0ðxÞ dx ð10Þ

(ii) the function

vklðxÞ ¼
a
p
N

�
2dklðjxj4 þ 3Þ � ðN þ 2Þxkxlðjxj2 þ 3Þ

�
4NðN þ 2ÞðN � 2Þð1þ jxj2ÞN=2

; ð11Þ

solves

�Dvlk � pU p�1vlk ¼ xlqkU � zlkZ
0 in RN ;

zlk :¼ 1

kZ0k2L2ðRN Þ

ð
RN

xlqkUðxÞZ0ðxÞ dx ð12Þ
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(iii) the function

zabijðxÞ ¼ a
p
N

�
2ðdabdij � 2daidbj � 2dajdbiÞðjxj4 þ 3Þ

þ ðN þ 2Þðdaixbxj þ dajxbxi þ dbixaxj þ dbjxaxi

þ dabxixj � 2dijxaxbÞðjxj2 þ 3Þ

þ 2ðN þ 2ÞðN � 2Þxaxbxixj
�
=
�
12NðN þ 2ÞðN � 2Þð1þ jxj2ÞN=2�; ð13Þ

solves

�Dzabij � pU p�1zabij ¼ xaxbq
2
ijU � zabijZ

0 in RN ;

zabij :¼
1

kZ0k2L2ðRN Þ

ð
RN

xaxbq
2
ijUðxÞZ0ðxÞ dx: ð14Þ

Here the notation dst stands for the Kronecker symbols. Defining the function

V as

V ¼ � 1

3
RiabjðxÞzabij � qlG

k
ssðxÞvkl � bN ScalgðxÞwþ z�Z0;

where

z� ¼ 1

kZ0k22

ð
RN

1

3
RiabjðxÞzabij þ qlG

k
ssðxÞvkl þ bN ScalgðxÞw

� �
Z0 dx;

then V is a solution to (see (10), (12) and (14))

�DV � pU p�1V ¼ � 1

3
RiabjðxÞxaxbq2ijU � qlG

k
ssðxÞxlqkU � bN ScalgðxÞU

þ gZ0 in RN ;

where

g :¼ 1

3
RabijðxÞzabij þ qlG

k
a;aðxÞzlk þ bN ScalgðxÞz: ð15Þ

Remark 2.1. In [8] a similar construction is performed. Thanks to some symme-

tries properties, it is shown there that g ¼ 0 and the function V can be reduced to a

simpler expression. The computations here are more direct and might be useful

in other contexts where such symmetry properties might not be available. In par-

ticular, we aim to emphasize the fact that the condition g ¼ 0 is helpful but not

really necessary in the construction.
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Finally, we point out that the function

Vm;yðxÞ :¼ m�ðN�2Þ=2V
x� y

m

� �
; with m > 0 and y a RN ð16Þ

solves

m2½�DVm;y � pU p�1
m;y Vm;y�

¼ � 1

3
RiabjðxÞðx� yÞaðx� yÞbq

2
ijUm;y � qlG

k
ssðxÞðx� yÞlqkUm;y

� bN ScalgðxÞUm;y þ gZ0
m;y in RN ; ð17Þ

where Z0
m;yðxÞ :¼ m�ðN�2Þ=2Z0

�
x�y
m

�
.

2.3. The ansatz. We let r0 be a positive real number less than the injectivity

radius of M, and w be a smooth cuto¤ function such that 0a wa 1 in R, wC 1

in ½�r0=2; r0=2�, and wC 0 out of ½�r0; r0�. For any point x in M and for any

positive real number m, we define the functions Um;x and Vm;x on M by

Um;xðzÞ ¼ w
�
dgðz; xÞ

�
Um

�
exp�1

x ðzÞ
�
; Vm;xðzÞ ¼ w

�
dgðz; xÞ

�
Vm

�
exp�1

x ðzÞ
�
; ð18Þ

where dg is the geodesic distance on M with respect to the metric g and the func-

tions Um :¼ Um;0 and Vm :¼ Vm;0 are defined in (6) and (16), respectively.

We look for solutions of equation (1) or equivalently of (5) of the form

ueðzÞ ¼ Wm;xðzÞ þ feðzÞ; Wm;x :¼ Um;x þ m2Vm;x: ð19Þ

Here the concentration point x belongs to M and the concentration parameter m

satisfies

m ¼ d
ffiffi
e4

p
with d > 0: ð20Þ

The remainder term fe is an higher order term which belongs to the following

space.

For any point x in M and for any positive real number m, we introduce the

functions

Z i
m;xðzÞ ¼ w

�
dgðz; xÞ

�
Zi

m

�
exp�1

x ðzÞ
�

for i ¼ 0; . . . ;N;

where Zi
mðxÞ :¼ m�ðN�2Þ=2Ziðx=mÞ are defined in (7) and (8). We then define the

projections Pm;x and P?
m;x of the Sobolev space H 1

g ðMÞ onto the respective

subspaces

Km;x ¼ Spanfi�ðZ0
m;xÞ; . . . ; i�ðZN

m;xÞg
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and

K?
m;x ¼ ff a H 1

g ðMÞ : 3f; i�ðZ i
m;xÞ4 ¼ 0; i ¼ 0; . . . ;Ng:

Therefore, equation (5) turns out to be equivalent to the system

P?
m;xfue � i�½ feðueÞ�g ¼ 0

Pm;xfue � i�½ feðueÞ�g ¼ 0;

�
ð21Þ

where ue is given in (19).

3. The finite dimensional reduction

3.1. The error estimate. Let

Em;x :¼ P?
m;xfWm;x � i�½ feðWm;xÞ�g: ð22Þ

Lemma 3.1. Let Nb 7: If m is as in (20), then for any real numbers a and b

satisfying 0 < a < b, there exists a positive constant Ca;b such that for e small, for

any point x in M, and any real number d in ½a; b�, there holds

kEm;xkeaCa;be
h=4:

for h > 2.

Proof. First of all, by (3) and (4), taking into account that P?
m:x½i�ðgZ0

m;xÞ� ¼ 0, we

have

kEm;xkea c
�
kWm;x � i�½ feðWm;xÞ þ gZ0

m;x�k þ jWm;x � i�½ feðWm;xÞ þ gZ0
m;x�jse

�
a cjLgðWm;xÞ � feðWm;xÞ � gZ0

m;xj2N=ðNþ2Þ

þ cjLgðWm;xÞ � feðWm;xÞ � gZ0
m;xjNse=ðNþ2seÞ

a c
�
jLgðWm;xÞ � gZ0

m;x � feðUm;xÞ � m2f 0
e ðUm;xÞVm;xj2N=ðNþ2Þ

þ j feðUm;x þ m2Vm;xÞ � feðUm;xÞ � m2f 0
e ðUm;xÞVm;xj2N=ðNþ2Þ

�
þ c

�
jLgðWm;xÞ � gZ0

m;x � feðUm;xÞ � m2f 0
e ðUm;xÞVm;xjNse=ðNþ2seÞ

þ j feðUm;x þ m2Vm;xÞ � feðUm;xÞ � m2f 0
e ðUm;xÞVm;xjNse=ðNþ2seÞ

�
:

We have used here that jP?
m;xujse a jujse þ jPm;xujse a jujse þ CkPm;xuk � jujse þ

Ckuk, C > 0, for all u a H 1
g ðMÞ since j � jse and k � k are equivalent norms on the

finite-dimensional subspace Km;x. Moreover, it is possible to show that the con-

stant C > 0 can be choosen uniformly in e, x and d.
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It is useful to point out that

jxj jUðxÞj þ jxj2jqkUðxÞj þ jxj3jq2ijUðxÞja c
1

ð1þ jxj2ÞðN�3Þ=2 ; x a RN ð23Þ

and, by (9), (11) and (13), also that

jVðxÞj þ jxj jqkVðxÞj þ jxj2jq2ijVðxÞja c
1

ð1þ jxj2ÞðN�4Þ=2 ; x a RN : ð24Þ

for some constant c:

Now, by standard properties of the exponential map, in geodesic normal coor-

dinates, there hold

�Dgu ¼ �Du� ðgij � d ijÞq2ijuþ gijGk
ijqku; ð25Þ

gijðxÞ ¼ d ijðxÞ � 1

3
RiabjðxÞxaxb þOðjxj3Þ; ð26Þ

and

gijðxÞGk
ij ðxÞ ¼ qlG

k
ii ðxÞxl þOðjxj2Þ ð27Þ

as x ! x.

In normal coordinates using (25), (26) and (27) and by the choice of g in (15),

we get

LgðUm;x þ m2Vm;xÞ � feðUm;xÞ � m2f 0
e ðUm;xÞVm;x � gZ0

m;x

¼ w
�
�DgUm þ bN Scalg Um � m2DgVm þ bN Scalg m

2Vm

� feðUmÞ � m2f 0
e ðUmÞVm � gZ0

m

�
þ r1ðxÞ þ r2ðxÞ

¼ w
�
�DUm � f0ðUmÞ

�|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
¼0

þ w


�m2

�
DVm þ f 0

0 ðUmÞVm

�
� gZ0

m þ
1

3
RiabjðxÞxaxbq2ijUm þ qlG

k
aaðxÞxlqkUm þ bN ScalgðxÞUm

�
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

¼0 because of ð17Þ

� w
�
feðUmÞ � f0ðUmÞ

�
� m2w½ f 0

e ðUmÞ � f 0
0 ðUmÞ�Vm

þ wOðjxj3jq2ijUmj þ jxj2jqkUmj þ jxjUmÞ

þ m2wOðjxj2jq2ijVmj þ jxj jqkVmj þ VmÞ þ r1ðxÞ þ r2ðxÞ; ð28Þ
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where (setting wðxÞ ¼ wðjxjÞ)

r1ðxÞ :¼ �UmDgw� 23‘Um;‘w4g � ðwpþe � wÞ feðUmÞ ð29Þ

r2ðxÞ :¼ �m2½VmDgwþ 23‘Vm;‘w4g� � m2ðwpþe � wÞ f 0
e ðUmÞVm: ð30Þ

We only estimate the j � j2N=ðNþ2Þ-norm, since the estimate of the j � jNse=ðNþ2seÞ-
norm follows in the same way. First, by (20) we deduce

��w� feðUmÞ � f0ðUmÞ
���

2N=ðNþ2Þ

a cjðd�ððN�2Þ=2Þee�ððN�2Þ=8Þe ln eU e � 1ÞU pjL2N=ðNþ2ÞðRN Þ ¼ Oðejln ejÞ ð31Þ

and��w� f 0
e ðUmÞ � f 0

0 ðUmÞ
�
Vm

��
2N=ðNþ2Þ

a j f 0
e ðUmÞ � f 0

0 ðUmÞjN=2jVmj2N=ðN�2Þ

a c
���ðpþ eÞd�ððN�2Þ=2Þee�ððN�2Þ=8Þe ln eU e � p

�
U p�1

��
LN=2ðRN Þ ¼ Oðejln ejÞ ð32Þ

Moreover, by (23) we deduce

jOðjxj3jq2ijUmj þ jxj2jqkUmj þ jxjUmÞj2N=ðNþ2Þ ¼
Oðm5=2Þ if N ¼ 7;

Oðm3jln mj5=8Þ if N ¼ 8;

Oðm3Þ if Nb 9

8><
>: ð33Þ

and by (24) we deduce

jOðjxj2jq2ijVmj þ jxj jqkVmj þ VmÞj2N=ðNþ2Þ ¼
OðmðN�6Þ=2Þ if 7aNa 9;

Oðm2jln mj3=5Þ if N ¼ 10;

Oðm2Þ if Nb 11:

8><
>: ð34Þ

We also remark that riðxÞ ¼ 0 if jxja r0 for each i ¼ 1; 2; 3: Therefore, by (23)–

(24) we get

kr1k2N=ðNþ2Þ þ kr2k2N=ðNþ2Þ ¼ OðmðN�2Þ=2Þ: ð35Þ

Inserting (31)–(35) into (28), by the choice of m in (20) we deduce that

jLgðUm;x þ m2Vm;xÞ � feðUm;xÞ � m2f 0
e ðUm;xÞVm;x � gZ0

m;xj2N=ðNþ2Þ

¼ Oðe5=8jln ej5=8Þ: ð36Þ
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Since pþ e < 1 for e small and Nb 7, we have the validity of

ðaþ bÞpþe
þ � apþe � ðpþ eÞapþe�1b ¼ OðjbjpþeÞ ð37Þ

for all ab 0 and b a R, yielding to

j feðUm;x þ m2Vm;xÞ � feðUm;xÞ � m2f 0
e ðUm;xÞVm;xj2N=ðNþ2Þ

a cjm2Vm;xjpþe
ð2N=ðNþ2ÞÞðpþeÞ

¼ Oðm2p�eððN�6Þ=2ÞÞ: ð38Þ

By choosing 2 < h < min


5
2 ; 2p

�
, the claim follows by collecting all the previous

estimates in view of (20). r

3.2. The remainder term f. For e small, for any m > 0 and any point x in M, we

introduce the linear map Lm;x : K
?
m;x ! K?

m;x defined by

Lm;xðfÞ ¼ P?
m;xff� i�½ f 0

e ðWm;xÞf�g: ð39Þ

Lemma 3.2. If m is as in (20), then for any real numbers a and b satisfying

0 < a < b, there exists a positive constant Ca;b such that for e small, for any point

x in M, any real number d in ½a; b�, and any function f in K?
m;x, there holds

kLm;xðfÞkebCa;bkfke:

Proof. We argue exactly as in Lemma 3.1 of [16]. r

Proposition 3.1. Let Nb 7: If m is as in (20), then for any real numbers a and b

satisfying 0 < a < b, there exists a positive constant Ca;b such that for e small, for

any point x in M, and for any real number d in ½a; b�, the first equation in the system

(21) admits a unique solution fe;m;x in K?
m;x, which is continuously di¤erentiable with

respect to x and d, such that

kfe;m;xkaCa;be
h=4 ð40Þ

for some h > 2.

Proof. We use a standard contraction mapping argument. For e small, for any

x a M and any m > 0 let Tm;x : K
?
m;x ! K?

m;x be defined by

Tm;xðfÞ :¼ L�1
m;x

�
Nm;xðfÞ � Em;x

�
;

where Lm;x is defined in (39), Em;x is defined in (22) and

Nm;xðfÞ :¼ P?
m;xfi�½ feðWm;x þ fÞ � feðWm;xÞ � f 0

e ðWm;xÞf�g:
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By (37) we deduce that

kNm;xðfÞkea ckfkpþe
e

in view of 2N
Nþ2 ðpþ eÞ < se. Similarly, since

ðaþ b1Þpþe
þ � ðaþ b2Þpþe

þ � ðpþ eÞapþe�1ðb1 � b2Þ

¼ Oðjb1 � b2jpþe þ jb2jpþe�1jb1 � b2jÞ

for all ab 0 and b1; b2 a R, we get that

kNm;xðf2Þ �Nm;xðf1Þkea cðkf2 � f1k
pþe
e þ kf2k

pþe�1
e kf2 � f1keÞ:

Notice that Wm;xb 0 by taking d0 su‰ciently small. Using Lemmas 3.1 and 3.2, it

is easy to show that, if e is small enough, Tm;x is a contraction mapping from the

ball ff a K?
m;x : kfkeaCeh=4g into itself, provided C is large enough. The proof is

concluded. r

3.3. The reduced problem. Let Je : He ! R be defined by

JeðuÞ :¼
1

2

ð
M

j‘guj2 dng þ
1

2

ð
M

bN Scalg u
2 dng �

1

pþ eþ 1

ð
M

u
pþeþ1
þ dng:

Its critical points are the solutions of equation (1). We also define the reduced

energy ~JJe : ð0;þlÞ �M ! R by

~JJeðd; xÞ ¼ JeðUm;x þ m2Vm;x þ fe;m;xÞ;

where Um;x and Vm;x are given in (18) and where fe;m;x is given by Proposition 3.1.

Proposition 3.2. (i) If ðde; xeÞ a ½a; b� �M is a critical point of the function ~JJe,

then Ume;xe þ m2
eVme;xe þ fe;me;xe is a solution of (1).

(ii) If m is as in (20), then for any real numbers a and b satisfying 0 < a < b, there

holds

~JJeðd; xÞ ¼ cN þ dNeþ eNe ln eþ e ½�aN jWeylgðxÞj
2
gd

4 þ bN ln d�|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Yðd;xÞ

þ oðeÞ; ð41Þ

C1-uniformly with respect to x in M and to d in ½a; b�. Here aN ; . . . ; eN are

constants which only depend on N, with aN ; bN > 0.
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Proof. (i) follows arguing exactly as in Proposition 2.2 of [16]. The C0-estimate in

(ii) is proved in Section 4. The C1-estimate follows using similar arguments as in

Section 4 of [16]. r

3.4. Proof of Theorem 1.2. Let D be the C1-stable critical set of the function

x ! jWeylgðxÞjg such that jWeylgðxÞjgA 0 for any x a D: Then, for any x a D

there exists a unique dðxÞ a ½a; b�, for some uniform 0 < a < b, such that

qdYðd; xÞ ¼ 0: It is not di‰cult to check that the set ~DD :¼

�

dðxÞ; x
�
j x a D

�
is

a C1-stable critical set of the function Y: Therefore, by (ii) of Proposition 3.2,

if e is small enough there exists xe a D such that distðxe;DÞ ! 0 as e ! 0 and�
dðxeÞ; xe

�
is a critical point of ~JJe: Hence, by (i) of Proposition 3.2, we deduce

that ue ¼ Ume;xe þ m2
eVme;xe þ fe;me;xe is a solution of (1) which blows-up, up to a

sub-sequence, at some x0 a D as e ! 0: Finally, since Lg is coercive, the positivity

of ue follows by the maximum principle.

4. The expansion of the reduced energy

The proof of (41) follows immediately by putting together estimates (45)–(47) and

(58)–(60).

It is useful to introduce some notations. Set

KN :¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4

NðN � 2Þo2=N
N

s
:

For any positive real numbers p and q such that p� q > 1, we let

I qp ¼
ðþl

0

rq

ð1þ rÞp dr ¼ 2

ðþl

0

s2qþ1

ð1þ s2Þp ds: ð42Þ

In particular, there hold

I
q
pþ1 ¼

p� q� 1

p
I qp and I

qþ1
pþ1 ¼ qþ 1

p� q� 1
I
q
pþ1: ð43Þ

As it is easily checked, we get

I
N=2
N ¼ NoN

2N�1ðN � 2ÞoN�1
¼ 2K�N

N

a2NðN � 2Þ2oN�1

: ð44Þ
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Step 1 We prove that

JeðUm;x þ m2Vm;x þ fm;xÞ ¼ JeðUm;x þ m2Vm;xÞ þOðeh=2Þ: ð45Þ

Proof. It holds

JeðUm;x þ m2Vm;x þ fm;xÞ

¼ JeðUm;x þ m2Vm;xÞ

þ 1

2

ð
M

j‘gfm;xj
2
dng þ

1

2

ð
M

bN Scalg f
2
m;x dng

þ
ð
M

½LgðUm;x þ m2Vm;xÞ � feðUm;xÞ � m2f 0
e ðUm;xÞVm;x�fm;x dng

�
ð
M

½ feðUm;x þ m2Vm;xÞ � feðUm;xÞ � m2f 0
e ðUm;xÞVm;x�fm;x dng

�
ð
M

½FeðUm;x þ m2Vm;x þ fm;xÞ � FeðUm;x þ m2Vm;xÞ

� feðUm;x þ m2Vm;xÞfm;x� dng;

where FeðuÞ :¼ 1
pþ1þe

u
pþ1þe
þ and feðuÞ ¼ F 0

e ðuÞ: By (40) we get

1

2

ð
M

j‘gfm;xj
2
dng þ

1

2

ð
M

bN Scalg f
2
m;x dng ¼ Oðeh=2Þ:

If g is defined as in (15), by (36), (40) and
Ð
M
Z0

m;xfm;x ¼ 0 we get

��� ð
M

½LgðUm;x þ m2Vm;xÞ � feðUm;xÞ � m2f 0
e ðUm;xÞVm;x�fm;x dng

���
a jLgðUm;x þ m2Vm;xÞ � feðUm;xÞ � m2f 0

e ðUm;xÞVm;x � gZ0
m;xj2N=ðNþ2Þ

� jfm;xj2N=ðN�2Þ ¼ Oðeh=2Þ:

By (38) and (40) we get

��� ð
M

½ feðUm;x þ m2Vm;xÞ � feðUm;xÞ � m2f 0
e ðUm;xÞVm;x�fm;x dng

���
a cj feðUm;x þ m2Vm;xÞ � feðUm;xÞ � m2f 0

e ðUm;xÞVm;xj2N=ðNþ2Þjfm;xj2N=ðN�2Þ

¼ Oðeh=2Þ:

Finally, by a Taylor expansion of Fe we get
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ð
M

½FeðUm;x þ m2Vm;x þ fm;xÞ � FeðUm;x þ m2Vm;xÞ � feðUm;x þ m2Vm;xÞfm;x� dng

a c

ð
M

ðjUm;x þ m2Vm;xjpþe�1jfm;xj þ jfm;xj
pþeÞjfm;xj dng

a cðjUm;x þ m2Vm;xjpþe�1
pþ1 jfm;xj

2
ð2ðpþ1ÞÞ=ð2�eÞ þ jfm;xj

pþ1þe
pþ1þe Þ ¼ Oðeh=2Þ

in view of 2ðpþ1Þ
p�e

, pþ 1þ e < se for e small and (40). Collecting all the previous

estimates we get (45). r

Step 2 We prove that

JeðUm;x þ m2Vm;xÞ ¼ J0ðUm;xÞ �
ð
M

½FeðUm;xÞ � F0ðUm;xÞ� dng

þ
ð
M

�
m2½LgUm;x � f0ðUm;xÞ�

þ 1

2
m4½LgVm;x � f 0

0 ðUm;xÞVm;x�
�
Vm;x dng

þOðe7=5Þ: ð46Þ

Proof. It holds

JeðUm;x þ m2Vm;xÞ ¼ JeðUm;xÞ

þ m2

ð
M

½LgUm;x � f0ðUm;xÞ�Vm;x þ m2

ð
M

½ f0ðUm;xÞ � feðUm;xÞ�Vm;x

þ 1

2
m4

ð
M

½j‘gVm;xj2 � f 0
0 ðUm;xÞV2

m;x� dng þ
1

2
m4

ð
M

bN Scalg V
2
m;x dng

þ 1

2
m4

ð
M

½ f 0
0 ðUm;xÞ � f 0

e ðUm;xÞ�V2
m;x dng

�
ð
M



FeðUm;x þ m2Vm;xÞ � FeðUm;xÞ

� feðUm;xÞm2Vm;x �
1

2
f 0
e ðUm;xÞm4V2

m;x

�
dng

¼ J0ðUm;xÞ �
ð
M

½FeðUm;xÞ � F0ðUm;xÞ� dng

þ
ð
M

m2½LgUm;x � f0ðUm;xÞ� þ
1

2
m4½LgVm;x � f 0

0 ðUm;xÞVm;x�
� �

Vm;x dng

þOðe7=5Þ
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because by (31) we get

m2
��� ð

M

½ f0ðUm;xÞ � feðUm;xÞ�Vm;x dng

���
a cm2j f0ðUm;xÞ � feðUm;xÞj2N=ðNþ2ÞjVm;xj2N=ðN�2Þ ¼ Oðe3=2jln ejÞ

and by (32) we get

m4
��� ð

M

½ f 0
0 ðUm;xÞ � f 0

e ðUm;xÞ�V2
m;x dng

���
a cm4

��� f 0
0 ðUm;xÞ � f 0

e ðUm;xÞ
�
Vm;x

��
2N=ðNþ2ÞjVm;xj2N=ðN�2Þ ¼ Oðe2jln ejÞ:

Moreover, sinceð
M

FeðUm;x þ m2Vm;xÞ � FeðUm;xÞ � feðUm;xÞm2Vm;x �
1

2
f 0
e ðUm;xÞm4V2

m;x


 �

¼
ð
M

ð1

0

½ feðUm;x þ tm2Vm;xÞ � feðUm;xÞ � f 0
e ðUm;xÞtm2Vm;x�m2Vm;x dt

by (37) we deduceð
M

FeðUm;x þ m2Vm;xÞ � FeðUm;xÞ � feðUm;xÞm2Vm;x �
1

2
f 0
e ðUm;xÞm4V2

m;x

����
����dng

a c

ð
M

jm2Vm;xjpþ1þe
dng ¼ Oðm4N=ðN�2Þ�ððN�6Þ=2ÞeÞ ¼ OðeN=ðN�2ÞÞ:

Collecting all the previous estimates we get (46). r

Step 3 We prove that

J0ðUm;xÞ ¼ c1 þ
�
�c2jWeylgðxÞj

2
g þ c3jEgðxÞj2g � c4 ScalgðxÞ2

�
m4 þOðm5Þ ð47Þ

where

c1 :¼
K�N

N

N
; c2 :¼

K�N
N

24NðN � 4ÞðN � 6Þ

c3 :¼
K�N

N ð2N � 7Þ
18NðN � 2ÞðN � 4ÞðN � 6Þ ; c4 :¼

K�N
N ðN � 2ÞðN � 7Þ

72N 2ðN � 1ÞðN � 4ÞðN � 6Þ : ð48Þ

Here Weylg is the Weyl curvature of g and Eg ¼ Ricg � Scalg g is the traceless part

of the Ricci curvature of g.
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Proof. There hold

1

oN�1rN�1

ð
qBxðrÞ

Scalg dsg ¼ ScalgðxÞ �
1

2N
LgðxÞr2 þOðr4Þ; ð49Þ

and

1

oN�1rN�1

ð
qBxðrÞ

dsg ¼ 1� 1

6N
ScalgðxÞr2 þ AgðxÞr4 þOðr5Þ; ð50Þ

as r ! 0, uniformly with respect to x, where dsg is the volume element of qBxðrÞ,
on�1 is the volume of the unit ðN � 1Þ-sphere, and where

LgðxÞ ¼ Dg ScalgðxÞ þ
1

3
ScalgðxÞ2 ð51Þ

and

AgðxÞ ¼
18Dg ScalgðxÞ þ 8jRicgðxÞj2g � 3jRmgðxÞj2g þ 5 ScalgðxÞ2

360NðN þ 2Þ : ð52Þ

The orthogonal decomposition of Riemann curvature is given by

jRmgðxÞj2g ¼ jWeylgðxÞj
2
g þ

4

N � 2
jEgðxÞj2g þ

2

NðN � 1Þ ScalgðxÞ
2: ð53Þ

Moreover, we get

jRicgðxÞj2g ¼ jEgðxÞj2g þ
1

N
ScalgðxÞ2: ð54Þ

By (43) and (50), we computeð
M

j‘Um;xj2g dvg

¼ a2NðN � 2Þ2
ðr0=2m
0

r2

ð1þ r2ÞN
ð
qBxðrÞ

dsg drþOðmN�2Þ

¼ a2NðN � 2Þ2oN�1

ð r0=2m

0

rNþ1

ð1þ r2ÞN

� 1� 1

6N
ScalgðxÞm2r2 þ AgðxÞm4r4 þOðm5r5Þ

� �
drþOðmN�2Þ
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¼ a2NðN � 2Þ2

2
oN�1

ððr0=2mÞ2
0

rN=2

ð1þ rÞN

� 1� 1

6N
ScalgðxÞm2rþ AgðxÞm4r2 þOðm5r5=2Þ

� �
drþOðmN�2Þ

¼ a2NðN � 2Þ2

2
oN�1

�
�
I
N=2
N � 1

6N
I
ðNþ2Þ=2
N ScalgðxÞm2 þ I

ðNþ4Þ=2
N AgðxÞm4 þOðm5Þ

�

¼ a2NðN � 2Þ2

2
oN�1I

N=2
N

�
�
1� N þ 2

6NðN � 4Þ ScalgðxÞm
2 þ ðN þ 2ÞðN þ 4Þ

ðN � 4ÞðN � 6ÞAgðxÞm4 þOðm5Þ
�

ð55Þ

where AgðxÞ is as in (52) and I
N=2
N is as in (44). By (43) and (49), we compute

ð
M

Scalg U
2
m;x dvg ¼ a2Nm

2

ð r0=2m

0

1

ð1þ r2ÞN�2

ð
qBxðrÞ

Scalg dsg drþOðmN�2Þ

¼ a2NoN�1m
2

ð r0=2m

0

rN�1

ð1þ r2ÞN�2

� ScalgðxÞ �
1

2N
LgðxÞm2r2 þOðm4r4Þ

� �
drþOðmN�2Þ

¼ a2N
2
oN�1m

2

ððr0=2mÞ2
0

rðN�2Þ=2

ð1þ rÞN�2

� ScalgðxÞ �
1

2N
LgðxÞm2rþOðm4r2Þ

� �
drþOðmN�2Þ

¼ a2N
2
oN�1m

2 I
ðN�2Þ=2
N�2 ScalgðxÞ �

1

2N
I
N=2
N�2LgðxÞm2 þOðm5Þ

� �

¼ 2a2NðN � 1ÞðN � 2ÞoN�1I
N=2
N

NðN � 4Þ

� m2 ScalgðxÞ �
1

2ðN � 6ÞLgðxÞm2 þOðm5Þ
� �

ð56Þ

By (43) and (50), we compute
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ð
M

U 2�

m;x dvg ¼ a2
�

N

ðr0=2m
0

1

ð1þ r2ÞN
ð
qBxðrÞ

dsg drþOðmNÞ

¼ a2
�

N oN�1

ð r0=2m

0

rN�1

ð1þ r2ÞN

� 1� 1

6N
ScalgðxÞm2r2 þ AgðxÞm4r4 þOðm5r5Þ

� �
drþOðmNÞ

¼ a2
�

N

2
oN�1

ððr0=2mÞ2
0

rðN�2Þ=2

ð1þ rÞN

� 1� 1

6N
ScalgðxÞm2rþ AgðxÞm4r2 þOðm5r5=2Þ

� �
drþOðmNÞ

¼ a2
�

N

2
oN�1

�
I ðN�2Þ=2
n � 1

6N
I
N=2
N ScalgðxÞm2

þ I
ðNþ2Þ=2
N AgðxÞm4 þOðm5Þ

�
dr

¼ a2NðN � 2Þ2oN�1I
N=2
N

2

�
1� 1

6ðN � 2Þ ScalgðxÞm
2

þ NðN þ 2Þ
ðN � 2ÞðN � 4ÞAgðxÞm4 þOðm5Þ

�
dr ð57Þ

as m ! 0, uniformly with respect to x, where AgðxÞ is as in (52) and I
N=2
N is as

in (44). Finally, estimate (47) follows from (55), (56), (57) by means of (53), (54).

r

Step 4 We prove thatð
M

½FeðUm;xÞ � F0ðUm;xÞ� dng ¼ c5e� c6e ln e� 4c6e ln d þ oðejln ejÞ ð58Þ

where

c5 :¼
ð
RN

U pþ1 � 1

ðpþ 1Þ2
þ 1

pþ 1
lnU

" #
; c6 :¼

ðN � 2Þ2

16N
K�N

N :

Proof. By the mean value theorem we deduceð
M

½FeðUm;xÞ � F0ðUm;xÞ� dng

¼
ð
M

ðUm;xÞpþ1 1

pþ 1þ e
ðUm;xÞe �

1

pþ 1


 �
dng
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¼
ð
fjyjar0=2mg

U pþ1 1

pþ 1þ e
eeð�ðN�2Þ=2 ln mþlnUÞ � 1

pþ 1


 �
þOðmNÞ

¼ e

ð
RN

U pþ1 � 1

ðpþ 1Þ2
þ 1

pþ 1
�N � 2

2
ln mþ lnU

� �" #

þOðe2jln ej2Þ þOðmNÞ;

and so we can get (58) in view of
Ð
RN U pþ1 ¼ K�N

N , as it follows by (43)–(44).

r

Step 5 We prove thatð
M

m2½LgUm;x � f0ðUm;xÞ� þ
1

2
m4½LgVm;x � f 0

0 ðUm;xÞVm;x�
� �

Vm;x dng

¼ 1

2
m4

ð
RN

ðDV þ pU p�1VÞV þOðm5Þ: ð59Þ

Proof. Since Um;xPmðN�2Þ=2 and m2Vm;xPmðN�2Þ=2 away from x (along with a

similar control on the derivatives), by (25)–(27) we getð
M

m2½LgUm;x � f0ðUm;xÞ� þ
1

2
m4½LgVm;x � f 0

0 ðUm;xÞVm;x�
� �

Vm;x dng

¼
ð
Bð0; r0=2Þ

�
m2½�DgUm þ bN Scalg Um �U p

m �

þ 1

2
m4½�DgVm þ bN Scalg Vm � pU p�1

m Vm�
�
Vmjgj1=2 þOðmN�2Þ

¼ m2

ð
Bð0; r0=2Þ

1

3
RiabjðxÞxaxbq2ijUm þ qlG

k
ii ðxÞxlqkUm þ bN ScalgðxÞUm


 �
Vm

þ m2

ð
Bð0; r0=2Þ

jVmjOðjxj3jq2ijUmj þ jxj2jqkUmj þ jxjUmÞ

þ 1

2
m4

ð
Bð0; r0=2Þ

½�DVm � pU p�1
m Vm�Vmjgj1=2

þ m4

ð
Bð0; r0=2Þ

jVmjOðjxj2jq2ijVmj þ jxj jqkVmj þ jVmjÞ

¼ m4

2

ð
Bð0; r0=2Þ

½DVm þ pU p�1
m Vm�Vm þOðm5jln mjÞ

¼ m4

2

ð
R2
½DV þ pU p�1V �V þOðm5jln mjÞ

in view of (23)–(24) since Vm does solve (17). r
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Step 6 We prove that

ð
RN

½�DV � pU p�1V �V ¼ c7jEgðxÞj2g � c8 ScalgðxÞ2; ð60Þ

where (see (48))

c7 :¼
ð2N � 7ÞK�N

N

9NðN � 2ÞðN � 4ÞðN � 6Þ ¼ 2c3;

c8 :¼
ðN � 2ÞðN � 7ÞK�N

N

36N 2ðN � 1ÞðN � 4ÞðN � 6Þ ¼ 2c4:

Proof. We haveð
RN

ð�DV � pU p�1VÞV

¼
ð
RN

1

3
RiabjðxÞxaxbq2ijU þ qlG

k
ssðxÞxlqkU þ N � 2

4ðN � 1Þ ScalgðxÞU
� �

� 1

3
Ri 0a 0b 0j 0 ðxÞza 0b 0i 0j 0 þ ql 0G

k 0

s 0s 0 ðxÞvl 0k 0 þ N � 2

4ðN � 1Þ ScalgðxÞw
� �

:

Therefore, it follows thatð
RN

ð�DV � pU p�1VÞV

¼ 1

9
RiabjðxÞRi 0a 0b 0j 0 ðxÞ

ð
RN

xaxbq
2
ijUza 0b 0i 0j 0

þ 1

3
qlG

k
ssðxÞRi 0a 0b 0j 0 ðxÞ

ð
RN

xlqkUza 0b 0i 0j 0

þ N � 2

12ðN � 1Þ ScalgðxÞRi 0a 0b 0j 0 ðxÞ
ð
RN

Uza 0b 0i 0j 0

þ 1

3
RiabjðxÞql 0Gk 0

s 0s 0 ðxÞ
ð
RN

xaxbq
2
ijUvk 0l 0 þ qlG

k
ssðxÞql 0Gk 0

s 0s 0 ðxÞ
ð
RN

xlqkUvk 0l 0

þ N � 2

4ðN � 1Þ ScalgðxÞql
0Gk 0

s 0s 0 ðxÞ
ð
RN

Uvk 0l 0

þ N � 2

12ðN � 1Þ ScalgðxÞRiabjðxÞ
ð
RN

xaxbq
2
ijUw

þ N � 2

4ðN � 1Þ ScalgðxÞqlG
k
ssðxÞ

ð
RN

xlqkUwþ ðN � 2Þ2

16ðN � 1Þ2
ScalgðxÞ2

ð
RN

Uw:
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Since qlG
k
ssðxÞ ¼ 2

3RskslðxÞ for all k; l; s ¼ 1; . . . ; n and RiabjðxÞ ¼ �RiajbðxÞ ¼
�RaibjðxÞ for all a; b; i; j ¼ 1; . . . ; n, we get

1

9
RiabjðxÞRi 0a 0b 0j 0 ðxÞ

ð
RN

xaxbq
2
ijUza 0b 0i 0j 0

þ 1

3
qlG

k
ssðxÞRi 0a 0b 0j 0 ðxÞ

ð
RN

xlqkUza 0b 0i 0j 0

¼ �N � 2

9
aNRiaibðxÞRi 0a 0b 0j 0 ðxÞ

ð
RN

xaxbza 0b 0i 0j 0

ð1þ jxj2ÞN=2

¼ � a
pþ1
N

108NðN þ 2Þ

h�
2RiaibðxÞRi 0a 0a 0i 0 ðxÞ � 4RiabjðxÞRa 0a 0b 0b 0 ðxÞ

� 4RiaibðxÞRi 0a 0i 0a 0 ðxÞ
� ð

RN

xaxbðjxj4 þ 3Þ
ð1þ jxj2ÞN

þ ðN þ 2ÞRiaibðxÞRa 0a 0b 0j 0 ðxÞ
ð
RN

xaxbxb 0xj 0 ðjxj2 þ 3Þ
ð1þ jxj2ÞN

þ ðN þ 2ÞRiaibðxÞRi 0a 0b 0a 0 ðxÞ
ð
RN

xaxbxb 0xi 0 ðjxj2 þ 3Þ
ð1þ jxj2ÞN

þ ðN þ 2ÞRiaibðxÞRi 0a 0i 0j 0 ðxÞ
ð
RN

xaxbxa 0xj 0 ðjxj2 þ 3Þ
ð1þ jxj2ÞN

þ ðN þ 2ÞRiaibðxÞRi 0a 0b 0b 0 ðxÞ
ð
RN

xaxbxi 0xa 0 ðjxj2 þ 3Þ
ð1þ jxj2ÞN

þ ðN þ 2ÞRiaibðxÞRi 0a 0a 0j 0 ðxÞ
ð
RN

xaxbxi 0xj 0 ðjxj2 þ 3Þ
ð1þ jxj2ÞN

� 2ðN þ 2ÞRiaibðxÞRi 0a 0b 0i 0 ðxÞ
ð
RN

xaxbxa 0xb 0 ðjxj2 þ 3Þ
ð1þ jxj2ÞN

þ 2ðN þ 2ÞðN � 2ÞRiaibðxÞRi 0a 0b 0j 0 ðxÞ
ð
RN

xaxbxa 0xb 0xi 0xj 0

ð1þ jxj2ÞN
i

¼ a
pþ1
N

18NðN þ 2ÞRiaibðxÞRi 0a 0i 0a 0 ðxÞ
ð
RN

xaxbðjxj4 þ 3Þ
ð1þ jxj2ÞN

� a
pþ1
N

36N
RiaibðxÞRi 0a 0i 0b 0 ðxÞ

ð
RN

xaxbxa 0xb 0 ðjxj2 þ 3Þ
ð1þ jxj2ÞN

¼ a
pþ1
N

18N 2ðN þ 2ÞRiaiaðxÞRi 0a 0i 0a 0 ðxÞ
ð
RN

jxj2ðjxj4 þ 3Þ
ð1þ jxj2ÞN
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� a
pþ1
N

36N 2ðN þ 2Þ

�
2
X
aAb

RiaibðxÞRi 0ai 0bðxÞ þ
X
aAa 0

RiaiaðxÞRi 0a 0i 0a 0 ðxÞ

þ 3RiaiaðxÞRi 0ai 0aðxÞ
� ð

RN

jxj4ðjxj2 þ 3Þ
ð1þ jxj2ÞN

¼ a
pþ1
N

18N 2ðN þ 2Þ ScalgðxÞ
2

ð
RN

jxj2ðjxj4 þ 3Þ
ð1þ jxj2ÞN

� a
pþ1
N

36N 2ðN þ 2Þ
�
2jRicgðxÞj2g þ ScalgðxÞ2

� ð
RN

jxj4ðjxj2 þ 3Þ
ð1þ jxj2ÞN

¼ a
pþ1
N

36N 3ðN þ 2Þ ScalgðxÞ
2

ð
RN

jxj2
�
ðN � 2Þjxj4 � 3ðN þ 2Þjxj2 þ 6N

�
ð1þ jxj2ÞN

� a
pþ1
N

18N 2ðN þ 2Þ jEgðxÞj2g
ð
RN

jxj4ðjxj2 þ 3Þ
ð1þ jxj2ÞN

:

Similarly, we get

RiabjðxÞ
ð
RN

Uzabij

¼ a
pþ1
N

12NðN þ 2ÞðN � 2Þ

h�
2RiaaiðxÞ � 4RaabbðxÞ � 4RiaiaðxÞ

� ð
RN

jxj4 þ 3

ð1þ jxj2ÞN�1

þ ðN þ 2ÞRaabjðxÞ
ð
RN

xbxjðjxj2 þ 3Þ
ð1þ jxj2ÞN�1

þ ðN þ 2ÞRiabaðxÞ
ð
RN

xbxiðjxj2 þ 3Þ
ð1þ jxj2ÞN�1

þ ðN þ 2ÞRiaijðxÞ
ð
RN

xaxjðjxj2 þ 3Þ
ð1þ jxj2ÞN�1

þ ðN þ 2ÞRiabbðxÞ
ð
RN

xixaðjxj2 þ 3Þ
ð1þ jxj2ÞN�1

þ ðN þ 2ÞRiaajðxÞ
ð
RN

xixjðjxj2 þ 3Þ
ð1þ jxj2ÞN�1

� 2ðN þ 2ÞRiabiðxÞ
ð
RN

xaxbðjxj2 þ 3Þ
ð1þ jxj2ÞN�1

þ 2ðN þ 2ÞðN � 2ÞRiabjðxÞ
ð
RN

xaxbxixj

ð1þ jxj2ÞN�1

i

¼ � a
pþ1
N

2NðN þ 2ÞðN � 2ÞRiaiaðxÞ
ð
RN

jxj4 þ 3

ð1þ jxj2ÞN�1

þ a
pþ1
N

4N 2ðN � 2ÞRiaiaðxÞ
ð
RN

jxj2ðjxj2 þ 3Þ
ð1þ jxj2ÞN�1

¼ � a
pþ1
N

4N 2ðN þ 2ÞðN � 2Þ ScalgðxÞ
ð
RN

ðN � 2Þjxj4 � 3ðN þ 2Þjxj2 þ 6N

ð1þ jxj2ÞN�1
:
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We also compute

qlG
k
ssðxÞ

ð
RN

Uvkl

¼ a
pþ1
N

3NðN þ 2ÞðN � 2ÞRskskðxÞ
ð
RN

jxj4 þ 3

ð1þ jxj2ÞN�1

� a
pþ1
N

6N 2ðN � 2ÞRskskðxÞ
ð
RN

jxj2ðjxj2 þ 3Þ
ð1þ jxj2ÞN�1

¼ a
pþ1
N

6N 2ðN þ 2ÞðN � 2Þ ScalgðxÞ
ð
RN

ðN � 2Þjxj4 � 3ðN þ 2Þjxj2 þ 6N

ð1þ jxj2ÞN�1

and

1

3
RiabjðxÞqlGk

ssðxÞ
ð
RN

xaxbq
2
ijUvkl

þ qlG
k
ssðxÞql 0Gk 0

s 0s 0 ðxÞ
ð
RN

xl 0qk 0Uvkl

¼ � 2ðN � 2Þ
9

aNRiaibðxÞRskslðxÞ
ð
RN

xaxbvkl

ð1þ jxj2ÞN=2

¼ � a
pþ1
N

9NðN þ 2ÞRiaibðxÞRskskðxÞ
ð
RN

xaxbðjxj4 þ 3Þ
ð1þ jxj2ÞN

þ a
pþ1
N

18N
RiaibðxÞRskslðxÞ

ð
RN

xaxbxkxlðjxj2 þ 3Þ
ð1þ jxj2ÞN

¼ � a
pþ1
N

9N 2ðN þ 2ÞRiaiaðxÞRskskðxÞ
ð
RN

jxj2ðjxj4 þ 3Þ
ð1þ jxj2ÞN

þ a
pþ1
N

18N 2ðN þ 2Þ

�
2
X
aAb

RiaibðxÞRsasbðxÞ þ
X
aAk

RiaiaðxÞRskskðxÞ

þ 3RiaiaðxÞRsasaðxÞ
� ð

RN

jxj4ðjxj2 þ 3Þ
ð1þ jxj2ÞN

¼ � a
pþ1
N

9N 2ðN þ 2Þ ScalgðxÞ
2

ð
RN

jxj2ðjxj4 þ 3Þ
ð1þ jxj2ÞN

þ a
pþ1
N

18N 2ðN þ 2Þ
�
2jRicgðxÞj2g þ ScalgðxÞ2

� ð
RN

jxj4ðjxj2 þ 3Þ
ð1þ jxj2ÞN
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¼ � a
pþ1
N

18N 3ðN þ 2Þ ScalgðxÞ
2

ð
RN

jxj2
�
ðN � 2Þjxj4 � 3ðN þ 2Þjxj2 þ 6N

�
ð1þ jxj2ÞN

þ a
pþ1
N

9N 2ðN þ 2Þ jEgðxÞj2g
ð
RN

jxj4ðjxj2 þ 3Þ
ð1þ jxj2ÞN

:

Moreover, we get

1

3
RiabjðxÞ

ð
RN

xaxbq
2
ijUwþ qlG

k
ssðxÞ

ð
RN

xlqkUw

¼ �N � 2

3N
aNRiaiaðxÞ

ð
RN

jxj2wðxÞ
ð1þ jxj2ÞN=2

¼ a
pþ1
N

6N 2ðN þ 2Þ ScalgðxÞ
ð
RN

jxj2ðjxj4 þ 3Þ
ð1þ jxj2ÞN

and

ð
RN

Uw ¼ � a
pþ1
N

2NðN þ 2ÞðN � 2Þ

ð
RN

jxj4 þ 3

ð1þ jxj2ÞN�1
:

It follows from the above estimates thatð
RN

ð�DV � pU p�1VÞV

¼ a
pþ1
N

18N 2ðN þ 2Þ jEgðxÞj2g
ð
RN

jxj4ðjxj2 þ 3Þ
ð1þ jxj2ÞN

þ a
pþ1
N

288N 3ðN � 1Þ2
ScalgðxÞ2

h
ðN � 2ÞðN � 4Þ

ð
RN

jxj6

ð1þ jxj2ÞN

þ 3ðN 2 � 8N þ 8Þ
ð
RN

jxj4

ð1þ jxj2ÞN

� 3Nð7N � 10Þ
ð
RN

jxj2

ð1þ jxj2ÞN
þ 9N 2

ð
RN

1

ð1þ jxj2ÞN
i

¼ a
pþ1
N oN�1

36N 2ðN þ 2Þ jEgðxÞj2gðI
ðNþ4Þ=2
N þ 3I

ðNþ2Þ=2
N Þ

þ a
pþ1
N oN�1

576N 3ðN � 1Þ2
ScalgðxÞ2½ðN � 2ÞðN � 4ÞI ðNþ4Þ=2

N

þ 3ðN 2 � 8N þ 8ÞI ðNþ2Þ=2
N � 3Nð7N � 10ÞI N=2

N þ 9N 2I
ðN�2Þ=2
N �
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¼ ð2N � 7Þapþ1
N oN�1

18N 2ðN � 4ÞðN � 6Þ I
N=2
N jEgðxÞj2g

� ðN � 2Þ2ðN � 7Þapþ1
N oN�1

72N 3ðN � 1ÞðN � 4ÞðN � 6Þ I
N=2
N ScalgðxÞ2

¼ ð2N � 7ÞK�N
N

9NðN � 2ÞðN � 4ÞðN � 6Þ jEgðxÞj2g

� ðN � 2ÞðN � 7ÞK�N
N

36N 2ðN � 1ÞðN � 4ÞðN � 6Þ ScalgðxÞ
2;

which proves (60).

We have used the following important fact:

ð
RN

1

3
RiabjðxÞxaxbq2ijU þ qlG

k
ssðxÞxlqkU þ bN ScalgðxÞU

� �
Z0

¼ �ðN � 2Þ2

6
a2NRiaibðxÞ

ð
RN

xaxbð1� jxj2Þ
ð1þ jxj2ÞN

þ ðN � 2Þ2

8ðN � 1Þ a
2
N ScalgðxÞ

ð
RN

1� jxj2

ð1þ jxj2ÞN�1

¼ ðN � 2Þ2

24NðN � 1Þ a
2
N ScalgðxÞ

ð
RN

ðN � 4Þjxj4 � 4ðN � 1Þjxj2 þ 3N

ð1þ jxj2ÞN

¼ ðN � 2Þ2

48NðN � 1Þ a
2
NoN�1 ScalgðxÞ

�
�
ðN � 4ÞI ðNþ2Þ=2

N � 4ðN � 1ÞI N=2
N þ 3NI

ðN�2Þ=2
N

�
¼ 0: r
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