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Abstract. Consider a Hamiltonian elliptic system of type

—Au = H,(u,v) inQ
—Av=H,(u,v) inQ
u,v=>0 on 0Q

where H is a power-type nonlinearity, for instance H(u,v) = |ul”""/(p+ 1)+ [v]*T"/
(g + 1), having subcritical growth, and Q is a bounded domain of RY, N > 1. The aim
of this paper is to give an overview of the several variational frameworks that can be used
to treat such a system. Within each approach, we address existence of solutions, and in
particular of ground state solutions. Some of the available frameworks are more adequate
to derive certain qualitative properties; we illustrate this in the second half of this survey,
where we also review some of the most recent literature dealing mainly with symmetry, con-
centration, and multiplicity results. This paper contains some original results as well as new
proofs and approaches to known facts.
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1. Introduction
Consider the problem

—Au = H,(u,v) inQ
—Av=H,(u,v) inQ (1.1)
u,v =20 on 0Q

where the coupling between the two equations is made through a Hamiltonian H
of the form H(u,v) = |ul"™ /(p+ 1)+ [v|" /(g + 1), and Q = R" is a bounded
domain, N > 1. In the literature these systems are usually referred to as elliptic
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systems of Hamiltonian type. It is also said that the equations are strongly
coupled, in the sense that # = 0 if and only if v = 0; moreover, as we will see along
this paper, many other properties are shared by the components of each solution
pair.

The study of such system can be made through the use of variational methods.
Unlike in the case of gradient systems where the choice of the energy functional
associated to the problem is straightforward, in the case of Hamiltonian systems
like (1.1) there are several variational approaches available, each one with its
advantages and disadvantages. The aim of this paper is to give an overview of
several of these variational frameworks emphasizing that even if almost all of
them are suitable to obtain existence and multiplicity theorems, some of them are
more adequate to derive certain qualitative properties of the solutions. We also
review some of the recent literature, complementing and updating in this way
the surveys ([48], Section 3) and ([98], Section 4) with only a few overlaps. For
instance, one of our main interests consists in the variational characterization
of ground state solutions and on Nehari type approaches. These topics are not
covered in [48], [98]. We also emphasize that in comparison to [48], [98], we focus
on the simplest case where H is a sum of pure powers in order to grasp the main
ideas and to avoid too much technicalities.

As we already stated, we will focus on the model case

H(u,v) = —— |u|" ™+ —— o7, 1.2
(0) = g bl 4 gl (12)
so that the system becomes

—Au=1o]"v inQ

—Av=|ul’'u inQ (1.3)

u,v =20 on 0Q.
The assumptions on the positive powers p and ¢ will be discussed in a while.

Formally, the equations in (1.1) are the Euler-Lagrange equations of the action
functional

(u,v) — JQ {Vu, Vo) dx — JQ H(u,v)dx. (1.4)

We will use the notation

2(u) = JQ {Vu, Vu) dx
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to denote the quadratic part of the functional, while {-,-)> denotes the canonical
inner product of RY. An important question is to decide in which space the
functional should be defined. A first natural choice could be to work with
(u,0) € H} (Q) x HL(Q). In order to define the functional in H}(Q) x H}(Q),
we need to assume that

(p+1)(N—=2),(¢g+1)(N—-2) <2N,

whereas the strict inequality, for NV > 3, is required in order to get compactness
properties. However, as was simultaneously observed in [50], [68], this is too
restrictive; indeed, the correct notion of subcriticality associated to (1.1) is

1 1 N -2

15
P R iy (15)

while criticality corresponds to (p, ¢) lying on the so called critical hyperbola:

1 I _N-2 16)

—+ =
p+1 qg+1 N

P

N

V-2
~

- ) - _ 1 1
[ U— no positive solution ~ — Critical hyperbola  — pa=1 pq < 1 0> 0+ .0 >

Following the aforementioned papers, we can motivate this fact at least in two
different ways. First, if ¢ = 1, the system (1.3) reduces to the fourth order problem
{Azu = 'u inQ
u,Au=20 on 0Q,
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whose critical exponent p+ 1 is given by 2N /(N —4), which is larger than
2N /(N —2). Observe that this is consistent with the choice of ¢ =1 in (1.6). On
the other hand, the critical hyperbola also arises in the generalized PohoZaev
identity due to Pucci and Serrin [87], Clément et al. [39], Mitidieri [76], van
der Vorst [114], Peletier and van der Vorst [83]; in case of (1.3), this identity
reads as

N N Ou v
(p + 1 OC) JQ |u| dx+ <q + 1 (N OC)) JQ |U| dx J@Q ov 6vd0

for every o > 0. By choosing first o = N/(p + 1), one shows that the system (1.3)
does not have positive solutions on star shaped domains if (p, ¢) lies on or above
the critical hyperbola, namely if

1 1 N-2
+ < .
p+1 qg+1 N

The previous arguments show that one should aim at working with (p, ¢) satisfy-
ing (1.5). However, under such assumption, it may happen that for instance (for
N=>=3)p< % < ¢, and thus the action functional may not be well defined on
HJ(Q) x Hj(Q). This fact is the first reason why, in the literature, several, though
equivalent, variational approaches are considered.

One of the facts that will come out of our exposition is that the more general
and meaningful notion of superlinearity is not p,q > 1, both nonlinearities super-
linear, but rather

——+4+——< 1 or equivalently, pg> 1.

This allows for instance p < 1 < ¢. Both the conditions pg > 1 and (1.5) are
strongly related with the strong coupling in (1.3); the ideia is that one of the
exponents can go “slightly”” outside the interval (1,2* — 1), as long as the other
one compensates it.

In the first sections of this paper, namely from Section 2 to Section 5, we
overview several variational frameworks which have been used in the literature
to deal with Hamiltonian systems. All these approaches can also be used under
Neumann boundary conditions. Here, for simplicity, we have decided to deal
only with homogeneous Dirichlet conditions like in (I1.1). Let us describe the
content of these sections. The bibliographic references to each method and result
can be found in the corresponding section.

We start in Section 2 by reviewing two possible frameworks built directly in
the functional (1.4). For this reason, we shall call them direct approaches. The
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first one consists in using the Sobolev spaces W' x WLG=D/s for some suit-
able s > 1. For s# 2 this is not a Hilbert space and hence this approach is
rarely used to prove existence results. Nevertheless, it allows one to give a
definition of ground state solution for every (p, ¢) subcritical, and it is also useful
when proving energy estimates. The second direct approach deals with frac-
tional Sobolev spaces, with the definitive advantage of providing an Hilbertian
framework.

It will become clear from the direct approaches that another difficulty when
dealing with (1.4) is the fact that 2, its quadratic part, is strongly indefinite in
the sense that it is positive and negative respectively in two infinite dimensional
subspaces which split the function space in two. Moreover, (1.4) does not have a
mountain pass geometry; in particular, the origin (0,0) is not a local minimum.
Instead, one has to rely in other linking theorems of more complicated nature.
Another related issue is the fact that the usual Nehari manifold is not suitable to
describe the ground state level.

One alternative to get rid of the indefinite character of (1.4) is to use the dual
method, which we describe in Section 3. In an informal basis, the method consists
in taking the inverse of the Laplace operator, rewriting the system as

O (ol ) = (A () = o
and defining wy = [u|” ', wy = [v]*" v, which leads to
(_A)ilwz = |W1|l/p71W17 (—A)71W1 = |W2|l/q71w2.

The associated energy functional, defined in a suitable product of Lebesgue spaces,
has a mountain pass geometry.

Finally, other possibility is to reduce the problem to a scalar one (cf. Sections 4
and 5). In Section 4 we explain the reduction by inversion, which heuristically
consists in taking v := |Au v 4! (—Au) and replacing it in the second equation of
(1.3), leading to the single equation problem of higher order

{A(|Au|1/q1Au) = [u’'u inQ,
u,Au=20 on 0Q.

This approach allows to deal with the sublinear case pg < 1 as well, and reduces
the problem of ground state solutions to the easier study of finding solutions which
achieve the best constant of a related Sobolev embedding.

In Section 5, for the case p,q > 1, we introduce a Nehari type manifold of
infinite codimension in order to characterize with a minimization problem the
ground state level. Moreover, by exploiting the properties of (1.4) on the pairs of
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type (u,u) and (u, —u), one can find, for each u, a function ¥, so that the energy
(1.4) calculated on (v + ¥,,u — ¥,) once again displays a mountain pass geome-
try, and its critical points (in #) correspond to solutions of the original system.
This approach can be thought as being a Lyapunov-Schmidt type reduction.

By using either the dual or the reduction by inversion method, one can prove
in a relatively easy way positivity and symmetry properties for ground state
solutions. However, it seems that this result does not follow easily with the other
methods. Hence, one of the interesting things about all these approaches is that
each method is more suitable to prove certain properties of the solutions. We
illustrate this in a deeper way in the second part of the paper, from Section 6 on,
where we survey some recent literature, highlighting for each stated result the
most suitable framework. In Section 6 we combine the reduction by inversion
approach with some arguments based on polarization of functions to prove
symmetry properties of ground state solutions for two classes of systems. In
particular, we solve an open problem, cf. ([27], p. 451), about the radial symmetry
of ground state solutions of a system posed on RY. For the so called Hénon-type
system, we prove the foliated Schwarz symmetry of the ground state solution,
as well as we present a result about symmetry breaking. Section 7 reviews the
existing concentration results available for (1.1); there, the chosen method is the
Lyapunov-Schmidt type reduction. After that, in Section 8 we show how to ob-
tain infinitely many solutions (by three different methods: the two reductions and
a Galerkin type method) in both the symmetric case (1.3) as well as in the pertur-
bation from symmetry problem. Finally, the last section is about sign-changing
solutions; Subsection 9.1 deals with a very recent result of existence and symmetry
properties of least energy nodal solutions via dual method, while Subsection 9.2
is about the existence of infinitely many sign-changing solutions of (1.3) via the
Lyapunov-Schmidt type reduction.

To sum up, one can say in conclusion that it seems that the direct approaches
are harder to apply to (1.1) and have been less used in the past, mainly because
it is hard to deal directly with the strongly indefinite functional (1.4). The
dual method seems to be more adapted to prove sign and symmetry results; the
reduction by inversion to prove sign, symmetry and multiplicity results, while
the Lyapunov-Schmidt type reduction is useful in proving concentration and mul-
tiplicity results.

We finish this introduction by stressing that, although this paper is mainly a
survey, it contains some original results, proofs, and computations that have not
appeared elsewhere. For example we refer to:

— the proof that the standard Nehari manifold cannot be used to define the
ground state level (Proposition 2.1);

— the fact that the functional associated to the dual method in Section 3 satisfies
the Palais Smale condition (Proposition 3.4);
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— a simple proof for the radial symmetry of ground state solutions by using the
dual method and under the mere hypothesis (H3), which includes cases with
p <1lorg<1 (Theorem 3.10);

— comprehensive proofs of the several characterizations of least energy level in
Section 5;

— we solve an open problem, cf. ([27], p. 451), about the radial symmetry of
ground state solutions of a system posed on R" (Theorem 6.4);

— with respect to the existing bibliography, we prove the concentration results in
Section 7 under more general assumptions on the nonlinearities.

Notations. We will denote the L"-norm by |||, := (g [u]" dx)'". We will always
assume N > 1, except it is specifically mentioned, and define 2* = + w0 if N = 1,2;
2% =2N/(N — 2) otherwise.

2. Direct approaches

In this section we present two approaches built directly on the action functional
(1.4). In Subsection 2.1 we use the spaces W1* x W (=D/s while in Subsection
2.2 we deal with fractional Sobolev spaces. We also make some remarks concern-
ing least energy solutions. In order to simplify the presentation, throughout this sec-
tion we focus on the model case (1.2), so that the system in consideration is (1.3).

2.1. The W'* x WHsl6=D framework. Having in mind the goal of finding a
space in which (1.4) is well defined for (p, g) lying bellow the critical hyperbola,
following for instance ([41], Section 1) (see also [28], Section 2), we observe that
for every s > 1,

‘ JQ Vu, Voy dx| < [[Vul| Lo VOl Loen q)-

Therefore the quadratic part 2 of (1.4) is well defined on the product WO1 Q) x
w,/570(Q), and if for some 5 > 1, one has the embeddings

We' (@) = L(Q), Wy @) < L (@), (2.1)

the integral of the Hamiltonian in (1.4) is finite. Let us suppose without loss of
generality that p > ¢. One easily sees that the previous embeddings are continu-
ous and compact whenever s > 1 is such that

(N —s)(p+1) < sN, (N—S_S1>(q+1)<ss_N1,



Hamiltonian elliptic systems: a guide to variational frameworks 309
or, equivalently,
Np+1)<s(N+p+1), s(N-1)(g+1)—N)<N(g+1).

There are now two possibilities: either (N — 1)(¢ + 1) — N < 0 and we can take
any suitable large s, or ¢ + 1 > N/(N — 1) and we can choose s satisfying

Np+1) N(g+1)

1< <
N+p+l (N—D(g+1)—N

under the mere assumption that

1 1 N -2

p,q4>0, + > (HI1)
p+1 qg+1 N

q
Notd
N—4
N+2
N—2

1
N3

2 1 N+2 N+4 P
N=2 N-2 N-a
D U — no positive solution — Critical hyperbola — pg=1 pg <1 D 1> pil + q#l»l > NN2

In conclusion, for (p, q) satisfying (H1), we can choose s > 1 so that the em-
beddings (2.1) are continuous and compact, and in particular we can define the
action functional %, : W} *(Q) x W,/ (Q) — R by

(u,v) — YGy(u,v) = Lz {Vu, Vu) dx — JQ H(u,v)dx.

In this framework, a weak solution of (1.1) is a critical point of %, i.e. a couple
(u,0) € Wy (Q) x Wy V(Q) such that

gsl(uv U)((ﬂ, lp) = JQ(<Vu, Vlﬁ> + <VU, V(ﬂ> - Hu(uv U)(ﬂ - HU(LI, U)lp) dx = Ov
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for every (¢, ) € W, *(Q) x WOI’S/(S_I)(Q). Observe that if we assume (p + 1)
(N —2),(¢g+1)(N —2) < 2N, then we can choose s =2 and Hj(Q) x H}(Q) is
an agreeable framework.

It is clear that (0, 0) is not a local minimum of %,. Indeed, the quadratic part 2
is indefinite since 2(u,u) is positive definite whereas 2(u, —u) is negative definite
for u e H}(Q). This implies that the functional %, does not display a mountain
pass geometry. Moreover, WOI"S(Q) X WO1 s/ <s_1)(Q) is not a Hilbert space if s # 2,
which makes linking theorems as the one by Benci and Rabinowitz [23] not appli-
cable (we refer to the next subsection for a different framework which allows the
use of linking theorems). Due to this fact, it is quite involved to show existence
results using directly the functional %,. We refer to [49] or ([98], Section 5) for an
approach in that direction. On the other hand, once one knows that a solution
actually exists (for example through other approaches), one can then use ¥, to
obtain energy estimates. In ([28], Section 2), for instance, this framework has
proved itself to be useful in estimating the level of least energy solutions, also
called ground state solutions. These can be defined as pairs (u, v) achieving

¢s(Q) := inf{%(u,v): (u,v) € WOI’S(Q) X Wl’s/(sfl)(Q), (u,v) #(0,0), %! (u,v) = 0}.

A priori this level could depend on s, but this turns out not to be the case. Indeed,
arguing as in ([27], Proposition 2.1), see also ([101], Theorem 1) or Subsection 5.3
ahead, one shows with a standard bootstrap that the weak solutions of (1.1) are
classical solutions, so that the numbers ¢,(Q) are independent of the particular
choice of s. Throughout this paper we will denote the ground state level simply
by ¢(Q).

In the case of a single equation or when dealing with gradient systems, one
possible characterization of the ground state level is through the minimization of
the energy functional on the so called Nehari manifold. For Hamiltonian systems,
this turns out to be unsuccessful, and we illustrate this fact in the superlinear case
pg > 1.

If (u,v) is a weak solution of (1.3), we have [, [u|”"" dx = [, [v|""" dx. More-
over, using the fact that %/ (u,v)(u,v) = 0, we infer that

2J Vu, Vo) dx = J |uP " dx —i—J o]t dx.
) ) Q

Assuming pg > 1, we deduce that for a nontrivial weak solution (u, v) of (1.3), we
have

p—1 J sl q—1 J g+
G (u,v) = —+— | |u|'" dx+ o| T dx
0 =301 o Agr D"

_ opg—1 P
‘<p+1><q+1>JQ”' > 0.
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If (H1) holds, we have all the required compactness to prove that ¢,(Q) is achieved
as soon as one can prove that % has at least one critical point and we therefore
deduce that ¢(Q) = ¢,(Q) > 0.

Next, we define the Nehari manifold /¢, as usual by

Ny = {(u,0) € WES(B) x Wy /" "V(B) | (u,v) # (0,0) and %/ (u, v)(u,v) = 0}.

In contrast with the case of a single equation or gradient systems, the origin (0, 0)
turns out to be adherent to .4 . This means inf i, % <0, and therefore inf ;, %
cannot be a critical level associated to a nontrivial critical point! Since this fact
seems not so well known by the community and has been misused, we state it as
a proposition for completeness.

Proposition 2.1. Assume (H1) and pq > 1 hold. Then (0,0) is an adherent point of
N, and inf 4, %G, < 0.

Proof. Suppose for instance that ¢ > 1. Let u e C(Q) be a positive function,
and A, > 0. Then ¥/ (tu, t/u)(tu, tAu) = 0 means

— 1 — 1 1 ) 2
0:(0) = 7l + e 2T |y = 22| V).

Observe that ¢, () — 400 as t — +oo, whatever 4 > 0 and p > 0 are fixed.
Claim: for each 7. > 0 large enough, there exists a unique t; > 0 such that
p,(t;) = 2)~||Vu||§, or equivalently,  (tyu,t,u) € Ny, (2.2)

If p > 1, then for each 4 > 0 we have ¢,;(0) = 0. Thus the claim follows easily
from the continuity of ¢,. For p =1 one can argue in an analogous way for
each / satisfying 24| Vul[3 > [[ul|/[], since in such case ;(0) < 2//|Vul/3. Finally,
when p < 1, we can take 4 > 0 such that

“1)/(g— 2 ! !
23V 2 > a2 + o) ¢

which leads to ¢, (A~ *1/@=P)y < 2;||Vu||3, and we conclude as before.

Conclusion: the identity (2.2) implies in particular that

2
0< (lg/l)q71||u||q+1 < 2||Vu||2_>

o1 =7 0 asi— +oo.

Hence ;4 — 0, and ||(¢;u, t;Au)]] 1.6 1061 — 0 as A — 00, so that the proof is
complete. ! ‘ |
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In Section 5, we will define a suitable Nehari type set (of infinite codimension).
Namely, by imposing the relations

G, v)(u+dv—¢)=0

for every direction ¢, we will recover that the minimum on such a set corresponds
to the ground energy level. A different route will also be considered in Sections 3
and 4 where we provide two other ways to recover a characterization of the
ground state level as the minimum on a standard Nehari manifold.

2.2. Using fractional Sobolev spaces. In this section we describe the variational
approach based on the use of fractional Sobolev spaces, following [50], [68].
We recall that, in order to simplify the computations, we still assume H (u,v) =
lul”" ' /(p+ 1)+ 0] /(g + 1), and refer to the above mentioned papers for
more general statements. The following approach will yield an existence result
for (p, q) such that

1 n 1 >N—2
p+1 qg+1 N

p,g>0, 1> p(N —4),q(N—-4) <N+4. (H2)

Recall that 1/(p+ 1)+ 1/(¢+ 1) < 1 is equivalent to pg > 1, which corresponds
to the notion of superlinearity in the context of elliptic Hamiltonian systems.

q
N4+a |
N —4
N 42
N —2
1
2
N —2
2 1 N+ N4 P
N —2 N —2 N —4

—— Critical hyperbola [:] 1> piJlrl —+ ﬁ% > N1\72 — pqg=1
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Remark 2.2. The references [50], [68] were published contemporaneously, and the
techniques share much similarities. However, in [68] the proof is done for the
more restrictive case

1 N 1 >N—2
p+1 qg+1 N

pyqg>1,

(both nonlinearities need to be superlinear), while the observation that one can
actually treat the more general case (H2) is done in [50]. For more precise details
check the proof of Theorem 2.4 ahead.

For N > 3, the fact that (p, ¢) lies below the critical hyperbola may yield that
(for instance) ¢ < 2* — 1 < p. In such a case, we cannot define the action func-
tional (1.4) in H} (Q) x H}(Q), and the idea is to impose a priori more regularity
on u and less on v, keeping at the same time an Hilbertian framework. Having
this in mind, let us introduce the fractional Sobolev spaces E*(Q).

Let (4,), be the sequence of L*-normalized eigenfunctions of (—A, Hj(Q)),
with corresponding eigenvalues (4,),. It is well know that each u € L*(Q) coin-
cides with its Fourier series

ne

o0
u=>_a,
n=1

with @, := [u$,dx. For s>0, we can therefore define the operator A*:=
(—=A)*? : E5(Q) — L*(Q), where

B(©Q) = {u=ad, e L2Q): fulbg =Y i@ <=}, (23
n=1 n=1

and
o0

A'u=A4° (Zm: an¢n> = Z 2Payg,.
n=1

n=1

We endow E*(Q) with the inner product
Uy V) ps() = JQ A'ud’vdx, Yu,ve E*(Q),

so that E*(Q) is an Hilbert space with the Hilbertian norm ||ul|z. = ||4%u]|,.
We denote by A4~ the inverse of the operator 4°. Observe that E?(Q) =
H?(Q)n H(Q) and 4% = —A, while E'(Q) = H} (Q).
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Suppose for the moment that

1 n 1 >N—2
p+1 qg+1 N '’

p,q >0, p(N—4),g(N—-4)<N+4. (24

Then

and

1 1 1 N —4
Nlz—— N{————).
(2 p+1)<s< (q—i—l 2N>

This last statement is equivalent to
(p+1)(N—2s) <2N, (¢g+1)(N—-2(2-15)) <2N.
Thus, under this choice, we have the compact embeddings (see [50], Theorem 1.1):
ES(Q) — L"N(Q), E>(Q)— LTY(Q).
To simplify the notation, we set 1 = 2 — s and E; := E*(Q) x E'(Q). The previous

embeddings imply that the energy functional

S Eg — R, jv(u7v):J

A“'uA’vdx—J H(u,v) dx (2.5)
Q

Q

is a well defined C'-functional for (p,q) as in (2.4). Then (u,v) € E; is a critical
point of [ if and only if

I1u,0)(p,¥) = L (A uA"Y + A A" — H,(u,0)p — Ho(u, 0)f) dx = 0,

for every (¢, V) € E; that is, (u,v) is a solution of

—Au = H,(u,v) in E7'(Q), —Av=H,(u,v) in E*(Q).
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This is the notion of weak solution in this context. It is proved in ([50], Theorem
1.2) that weak solutions are strong solutions, in the sense that

ue W@y awy Q) e wReHIrQ) Ay PP Q)

and they satisfy the system (1.1) pointwise for a.e. x € Q. By using a bootstrap
argument and elliptic regularity theory [66], see also Subsection 5.3 ahead, one
proves in a standard way that weak solutions are in fact classical solutions.

In order to obtain the existence of nontrivial solutions under (H2) we need
some preliminaries. First observe that the functional .4, may be written in the
form

Si(u,v) = %(Ls(u, v), (u,0)>p — Lz H(u,v)dx,

where L;: E; — E; is the self-adjoint bounded linear operator defined by the
condition

{Ls(u,v), (@, ¥) >p = JQ(ASuAtx// + A°pA'v) dx,
having the explicit formula
Ly(u,v) = (A A'v, A" A’u).
The space E; decomposes in E; @ E;, with
Ef={(u,A7"A°u) :ue E*(Q)}, E; ={(u,—A'A°u) :ue E*(Q)},

writing (u,v) € E; as

(u,0) = u+A>3A v+ A" A%u N u—A>A v— A 'A%u
o= 2 T 2 2 T 2 '

Observe that both E;" and E; are infinite dimensional, and the quadratic part
fQA“'uA‘v dx is positive on E, negative on E; . In the literature, this type of

s 2

geometry is referred to as strongly indefinite.
Lemma 2.3. Under (H2), the functional .9 satisfies the Palais-Smale condition.

Proof. Let (uy, v,) € E; be so that % (uy,, v,) is bounded and .%(u,, v,) — 0. Then
we have
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-1 p+l1 q+1
< Pq J |t + |vn dx
p+q+2)a\p+1  qg+1

g+1 p+1
<
p+q+2u”’p+q+2v”> < C o el (s vn)l|

= js(una Un) - %/(”m Un) (
with 0 < ¢, — 0 asn — oo. Thus

1t 0) ||, = J (|tn|” A5 A 0y + |v| T A" AP 1) dx
Q
+ I (tn, v,) (A A0y, A" A uy)

p/(p+1) .
< (|t )™ At
1 a/lg+1)
(et as) ™ o + el )

+1
= CH(U,,, Un)HE\_(C + £n||<un’ U")HES)p/(p )

)61/(fi+1)

+ Cll(tn, o) |, (€ + &l (s va) g, + &nll (n, vn) | g,

2
< CllCuns va) |, + &nll s va) g, + &nll (i, 00)| -

Since {(uy,vn)}, is bounded in Ej, up to a subsequence, (u,,v,) weakly converges
to some (u,v) € E;. The convergence is actually strong and this can be deduced

from a careful analysis of the convergence

I/ (U, v0) (A A" (vy — 0), A" A (uy — 1)) — 0.

Theorem 2.4. Take (p,q) satisfying (H2). Then (1.1) admits a nontrivial classical

solution.

Sketch of the proof. We follow [50], where more general nonlinearities are

considered.

Step 1. Definition of the set S. Given p > 0, by using the embeddings (2.1), we

have that, for ||u]| ;. = p,
I (pTu, pP A7 A%u) > pPat2 — CplrtDla+l) — prra+2(] — cpra-T)
for some C > 0 independent of p. Define the set

S=38,={(pu,p’ A" Au) : ||ul| . = p}.
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Then there exists a constant o > 0 such that .%|¢ > o« > 0 whenever p > 0 is taken
sufficiently small.

Step 2. Definition of the set Q. Let w be any eigenfunction of (—A, H;(Q)).
Given constants g, M > 0, define the set

0=0,m={(c(tw+¢),c?A7"A(tw—¢)) :0<1<07,0 < ||z <M}
Observing that
I(al(tw+ ¢), 6" A" A*(tw — ¢))
= "M Wz — 0" g

gd(p+1)

_p+1

pg+1)
J ltw + |7t dx — 7
Q g+1

J |4~ A% (1w — ¢)| 7" dx,
Q

and pg >1, it can be proved that %|,, <0 for sufficiently large o, M >0
(cf. [50], Section 3).

Step 3. Conclusion. It can be proved that Q and S link', and one can apply the
linking theorem of Benci and Rabinowitz ([23], Theorem 0.1) in a version due to
Felmer ([61], Theorem 3.1) (see also [68] where, under the additional assumption
that p,¢g > 1, ([23], Theorem 0.1) is applied directly with S :=0dB,(0) N E™,
0 :=R(w,A"A*w) ® E"). O

Once we have the existence of at least one solution, the existence of a solution
with least energy follows from a compactness argument.

Corollary 2.5. Take (p,q) satisfying (H2). Then the ground state level
c(Q) = inf{A(u,v) : (u,v) € Ey, (u,v) # 0,7 (u,v) =0}
is achieved and positive.

Proof. First, observe that arguing as in the previous subsection, if (u,v) # (0,0)
and ./ (u,v) = 0, we obtain

J 7! dx:J 0] dx  and
Q Q

. opg—1 U7 dx
jg(u,v)——(p+l)(q+l)JQ| [P dx > 0. (2.6)

"n the sense of equation (3.7) in [61].
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Hence we infer that ¢(Q) > 0. Suppose without loss of generality that p > ¢, so
that p > 1 does hold. From the identity .#/(u,v)(0, 4 '4*u) = 0, we infer that

q/(q+1)
]2, = JQ 0] A~ A dx < (JQ ol )" 4 A

Dia+y gt 45 1)/(g+1)+1
< CHuH‘ZSrPl-F )/ (q+ )”A tAS”||q+l < C||u||%<§p+ )/ (g+1)+

for some C > 0. In particular, there exists x > 0 such that for every nontrivial
solution (u,v),

Ja| 27 > e (2.7)
Now take a minimizing sequence (u,,v,) at the level ¢(Q), that is
Ii(tn,vp) — ¢(Q), I (uy,v,) = 0.

Since .4 satisfies the Palais-Smale condition (see Lemma 2.3), we have (up to a
subsequence) (u,,v,) — (4,v) in ES(Q) x E'(Q). Moreover, (2.7) implies that
(u,v) # (0,0), and it is a critical point of .%, at the critical level ¢(Q). From
(2.6), we have that ¢(Q) > 0. O

We end this section by observing that, at the price of dealing with modified non-
linearities, we could also have worked with the Sobolev space H} (Q) x H}(Q). In
fact, introducing the isometric isomorphism

By: H)(Q) — E*(Q) :uvs By(u) = A 0 A (u),

the functional .7 : H}(Q) x H}(Q) — R defined by

Si(u,v) = J {Vu, Vv dx — J H(Bgu, By_v) dx
B B

is a well defined C l-functionfll for (p,q) satisfying (H2). Then (u,v) € HJ(Q) x
H{(Q) is a critical point of .% if and only if

F,0)(0.0) = | (990> + V0. p))dv
- J (Hu(Bsua BZ—SU)BS(P - Hv(Bsua BZ—SU)BZ—slp) dx = 07
)
for every (p, ) € H(Q) x H}(Q), or, equivalently, if and only if (Bu, B,_v) €

E*(Q) x E**(Q) is a critical point of .%. This slightly different strategy was in-
troduced and used in ([31], Section 5) as it is convient to work in a framework
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where u and v belong to the same functional space, especially when one wants to
use the reduction approach of Section 5.

Remark 2.6. One downsize of the approach presented in this subsection is that
it does not allow to treat the cases where p(N —4) > N +4 or ¢(N —4) > N + 4,
as we cannot find 0 <s< 2 so that the functional .4 is well defined on
E*(Q) x E'(Q), with t =2 — 5. Moreover, by using directly this approach, it is
not clear how to show that ground state solutions are signed nor if they enjoy
symmetry properties. These questions will be considered in the following two
sections via other methods.

3. The dual method

In this section we describe some applications of the so called dual variational
principle of Clarke and Ekeland [37], [38] to prove the existence and to study
qualitative properties of ground state solutions to the system (1.1). We still deal
with pure power nonlinearities as in the model Hamiltonian (1.2), assuming that
the couple (p, ¢) satisfies

1 n 1 >N—2
p+1 g+1 N

p2,g>0 1> (H3)

2
n
~

2
A

2
I
v

2
Y

-

2
Y

2 1
N—2

2
+
ol

N+4 p
N—4a

s
.

N— ST
B> +a41 > — Critical hyperbola — pa=1
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As far as we know, the application of the dual variational principle to strongly
coupled elliptic systems such as (1.1) goes back to Clément and van der Vorst [41].
One of the features in [41] is that the authors assumed the mere hypothesis (H3),
which includes cases with p < 1 or ¢ < 1. We mention that Alves and Soares [5]
also applied the dual variational method to treat singularly perturbed systems? of
the form

_ 2 — |yl ] ; N
{ EAu+V(x)u= /" v inRY, 3.1)

—2Av+ V(x)v = |ul"'u in RV,

assuming (H3) and the extra assumptions p > 1 and ¢ > 1; cf. [102] for a more
general system with a similar superlinear assumption. In this section we follow
some of the ideas in [41], but we present a simpler approach. Our main concern
is to show how the dual variational method transforms the strongly indefinite
structure of the functional associated to problem (1.1) into a problem whose func-
tional displays a mountain pass geometry. We simplify the arguments of [41],
especially with respect to compactness. In [41], the authors use a variant of the
mountain pass theorem of Ambrosetti and Rabinowitz [9] due to Bartolo, Benci
and Fortunato [18], [22], which holds for functionals that satisfy the so called
Cerami condition, see e.g. [36]. Instead, we prove that the functional associated
to this approach indeed satisfies the Palais-Smale condition and so we apply the
standard version of the mountain pass theorem [9]. Finally, we stress that more
general systems can be considered in this framework and we refer to ([22], Theo-
rem 1.1) and ([41], Theorem 3.2).

We now illustrate how problem (1.1) can be treated in a dual formulation. For
instance, consider the slightly more general problem

—Au+c(x)u=o]*"v inQ,
—Av+ce(x)v=|u"'u in Q, (32)
u,v =0 on 0Q,

where the function ¢ is such that L := —A + ¢(x)I : W>"(Q) n Wol"(Q) — L"(Q)
is a topological isomorphism for every 1 <r < co. For example, this holds
when ¢ e C'(Q) is nonnegative and of course one could assume more general
conditions.

We illustrate this method by using it in order to prove that:

(i) there exists a ground state solution to (3.2);

(ii) any ground state solution (u,v) of (3.2) is signed, that is, either (u™,v") =
(0,0) or (u—,v~) = (0,0) (or, equivalently, uv > 0 in Q);

2Compare (3.1) with ([5], eq. (1.3)). In fact, in order to apply the dual variational method to (3.1), the
two potentials on the left hand sides of (3.1) must be equal as follows from ([5], line 5 p. 114).
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(iii) any ground state solution of (3.2) is radially symmetry in case Q is a ball
and ¢ = 0.

For that, we define ¢,,¢, : R — R by

6,0 ="', (0=, teR

The dual method consists in taking the inverse of the operator L, rewriting the
system (3.2) as

w=L'(o|""0) = L7 (g,(0),  v=L"(u"""u) = L7 (¢,(w))

and introducing the new variables f = |u|’ 'u = ¢,(u) = Lv, g=|v|""v by =
¢,(v) = Lu, leading to the system

=l g =90, Llg=1"T =410 (33

Then, fixing the notation K = L~!, we define the operator 7 : X — X*, for
appropriate X, through the identity

T(fi.01), (frng2)) = JQ<fngl + gaKf) dx. (3.4)

Since {T'(f1,91),(f2,92)> = <T(f2,92),(f1,91)), it follows that the equations in
(3.3) appear as the Euler-Lagrange equations associated to the action functional

0(f0) = | (SZGIA10 0 Ll ) x-S <T ), ) ()

We will show that (f,g) is a critical point of ® defined in an adequate space if,
and only if, (u,v) = (Kg,Kf) = (¢;l(f),¢;1(g)) is a classical solution of (3.2),
and that the least energy level associated to (3.2) corresponds to the mountain
pass critical level of ®. Thus, the dual method allows one to avoid the strongly
indefinite character that is present in the direct approaches.

3.1. Variational framework. Throughout this section we assume that (H3)
holds and we set

X = LI (Q) x LltV/9(Q).
Assuming that ¢ € C!'(Q) is nonnegative, we consider the linear operator

L:=—-A+c(x),
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and recall that we denote its inverse by K. We first infer from (H3), the W?2’-
regularity for second order elliptic operators as in ([66], Theorem 9.15), and the
classical Sobolev embeddings, that the operator 7 : X — X* defined through
(3.4) is a linear compact operator. Moreover ® € C'(X,R) and ®' =¥ — T,
where

C¥(firg0). (fo.92)) = L(Iﬁl””‘lﬁfz 110111 g1 ) di,

for every (f1,91), (f2,92) € X. Then, from the classical Riesz representation theo-
rem for Lebesgue spaces, we see that ¥ : X — X* is a homeomorphism.
Throughout this section we will constantly use the identity

JQ fKgdx = JQ gKf dx,

which is the consequence of a simple integration by parts.

Proposition 3.1. Assume that (H3) holds. Then (f,g) € X is a critical point of ©
if, and only if, (u,v) = (Kyg,Kf) = (¢;1(f), ¢;1(g)) is a classical C*(Q)-solution of
(3.2).

Proof. Let (f,g) € X be a critical point of ®. Then, for every (¢, ) € X, we have
0= | U1 o+ 1ol apydn - | oKy + RN (36)

Define u = Kg and v = Kf. From the standard W?>'-regularity for the second
order elliptic operator L, see for instance ([66], Theorem 9.15 and Lemma
9.17), it follows that ue W2@tD/a(Q)n W U™Q) v e w2r+t)r(Q) A
Wol'(pH)/p(Q) and therefore (3.6) reads

0= J (ILo|""~ Lo + |Lu|"*™" Lup) dx — J (pu+yv)dx  Y(p,¥) € X.
Q Q

From this identity, we deduce that (i, v) is a strong solution of

Lo=uf’'u, Lu=1|*""v inQ, u,v=0 on dQ. (3.7)

9

Then, we can proceed as in ([59], Theorem 1.1) to conclude that (u, v) is a classical
C?(Q) solution of (3.7).
The converse implication is even easier and we omit it here. |
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Now we recall a result that helps proving that ® satisfies the Palais-Smale
condition.

Lemma 3.2 ([59], Lemma 3.1). Let X be a Banach space and ® € C'(X,R) be
such that

(i) any Palais-Smale sequence of ® is bounded;
(i) forallue X,

@' (u) = ¥(u) + S(u), (3.8)

where ¥ : X — X* is a homeomorphism and S : X — X* is a continuous map
such that (S(uy)) has a converging subsequence for every bounded sequence (uy)
in X.

Then @ satisfies the Palais-Smale condition.

Proof. Take a Palais-Smale sequence (u,),. By (i), the sequence is bounded and
¥(u,) + S(uy) = ®'(u,) — 0in X*. Let v, = S(u,). By (ii) there exists a subse-
quence (v, ); < (vs), such that v,  — vin X* for some v € X*. Therefore

Uy, = P! ((I)’(unk) — Un/() — ‘Pfl(—v). 0

Remark 3.3. The operators ¥ and S appearing in the decomposition (3.8) are not
necessarily linear. The condition (ii) related to the operator S is satisfied in the
case X is a reflexive Banach space and S : X — X" is a compact linear operator,
which is the case in this section. We refer to ([59], Section 3) for an example where
Y and S are both nonlinear operators.

Proposition 3.4. Assume (H3). Then the functional ® : X — R, defined by (3.5),
satisfies the Palais-Smale condition.

Proof. Observe that X is a reflexive Banach space, ® € C!(X,R) is such that
®' =¥ — T where ¥ : X — X* is a homeomorphism and 7' : X — X* is a linear
compact operator. Lemma 3.2 implies that all we need to prove is that any Palais-
Smale sequence of ® is bounded.

Let (f,,g,) be a Palais-Smale sequence of ®. Then, there exist C > 0 and a
sequence (g,), of positive numbers such that for every n € N,

[©(fusgn)] < € and  [|®'(f, ga)]

e < & (3.9)
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Set

C V@=p)Y’+4—(q-p) , V@-p +4+-p)

p = 5 and ¢ 3

Then observe that the straight line passing through (p’, ¢') and (p, ¢) has its slope
equaltol, p>p'>0,¢>¢ >0and

p'q =1, thatis,

Since for every (f,g) € X we have

T L~ (100 (S ) ) =0

it follows from (3.9) and the identity

/ Jn In
@ (fmgn) (p, +1 7q, I 1) - (D(fnagn)

1 1 1 1
— p+1)/p (g+1)/
_(P’+1 p+1 )”f"” +<q’+1 q—i—l)'g"”

that (f,, g,) is a bounded sequence in X. Therefore, by Lemma 3.2, @ satisfies the
Palais-Smale condition. O

Proposition 3.5. Assume (H3) holds. Then ® has a local minimum at (0,0) and a
mountain pass geometry around (0,0).

Proof. Indeed ®(0,0) = 0 and

o0~ |, (H Ll +q+ Clo ‘f*‘”‘f) d—3 | Ka+ k) ds

(p+1) +1
2 A il ;;: —lllig

(|| Ol N pry /p+ KU gr1l19llg41)74)

P (p+1) /P (q+1)/
= 300 )Ilfll P+ gy el
1 1
1l 11:1 1K
2 q+1
V4 1/ . 1
=3+ D) )Hfll 3 196 = CULIG g + 10l )
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Then, since +1 +q 7 < 1, which is equivalent to pg > 1, it follows that p7+1 <

¢+ 1 and ”;1 < p+1. Therefore, we have established that (0,0) is a local
minimum of @ and that there exist » > 0 and » > 0 such that

O(f,9)=b V(f,9)eX suchthat |[|(f,9)lly =r

Moreover, let ¢, be the positive eigenfunction such that [, @} dx = 1, associated
to the first eigenvalue Ay of (—A + ¢(x)I, Hy (). Then

O(tg,, 14P+D/Platl) g

q 1
— (2 + el

and therefore, since pg > 1, we can choose # >0 large enough such that
{0y, 1§ " gy) < 0 and [|(t0py, 15T g O

)t(l’”)/ B ¢ Cpa+p+q)/p(g+1)

A1

From Propositions 3.4 and 3.5 and the classical montain pass theorem [9] we
know that

f D 3.10
ol mim @ 00) >

is a positive critical value of ®, where
I'={yeC([0,1],X):p(0) =0and ®(y(1)) <0}.

Next we consider a Nehari type manifold associated to @, namely

_ . ’ q(p+1) .
W = {(f,g) X :(f.g)#(0.0) and ® (ﬁg)(ﬁmg) _ 0}. (3.11)

It will become clear below why one needs to add the multiplier p(( =y to the condi-

tion in the Nehari set. This is related to the fact that the powers of f and g in the
energy ® are different; observe that the multiplier is such that aptl) gl ptl

platl) ¢ — p -
Observe moreover that if (f,g) € 4 ¢ then
@(f,g) =PI
plg+1)+4q(p+1)
an (w014 gy > 0. 3.12
[ R s L a0, G

Definition 3.6. A critical point (f,g) of @ is called a least energy critical point if
®(f,g) is the smallest value among the nontrivial critical values of ®.
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Using the previous notations, one can easily check that for every (f,g) critical
point of @ it holds

00700 = [ uveras— [ (L e as

Thus the least energy critical level defined through ® coincides with the one
defined in the previous section, namely we have that

c(Q) = inf{®(f,9) : (f,9) € X, (. g) #0,(f,9) = 0}.

Before we give two other characterizations of the least energy level, we state and
prove some properties of A g.

Lemma 3.7. The Nehari set Vg associated to the functional ® has the following
properties.

(1) There exists R > 0 such that ||(f, 9)||y = R for every (f.,g) € No.
(i) The set N, as defined by (3.11), is a C'-manifold on X of codimension one.

(1) N is a natural constraint to ® in the sense that

(fv g) € */V(Da (D|.//V2p(f7 g) =0 = q)l(fag) = 0.

Proof. Item (i) From the definition of ® we see that (f,g) € Ao if, and only if]
(f>9) # (0,0) and

JQ<|f|(p+1)/p +%|g| (g+1 /q> dx — JQ(ng +%g[(f) dr — 0.

So, if (f,¢) € N then

A+ g
qlp+1)
Jg(ng+p(q+1)gKf>dx

q(p+1)
1A ey 1 KGN o +ﬁllgll e+ 1)/q 1K g1

IA

1 I
||f|| op+ FE) 1Kl

Q(p ) 1 q+1>
+E——= T+ —— K



Hamiltonian elliptic systems: a guide to variational frameworks 327

and so

q(p+1)
p(q+ 1) (q+ )

1 1
11z gl e < CALNEL + 110 )

p+1

p+l

From the last inequality and since ¢ +1 > 2~ p+1 > £ it follows that there

exists R > 0 such that

I(f9)lly =R V(f,9) € No.

Item (ii). We set A : X\{(0,0)} — R by

A = [ (1 + L2 i) g |

Q

<ng + alp+ l)gKf> dx

plg+1)

In view of item (i), it is enough to prove that 0 is a regular value of A. First
observe that if A(f,g) =0 then

JQ <|f|(p+l)/1’ + % 1g| D /‘1> dx = JQ (ng + %g[{f) dx > 0.

On the other hand,

Al(fag)(flygl)_Jg(p;1|f|l/p lff +p;1| |1/q 1 )dx

. (1 +%—ﬂ§) |, ik + ankpas

Therefore, if A(f,g) =0 then

N (52 )

_1_—pq (p+1)/p u (¢+1)/q
_(p+1)(q+1)JQ<|f| +p(q )\QI >dx<0

and so 0 is a regular value of A.

Item (iii). If (f', g) is a critical point of ®| ;. then there exists 4 € R such that

Q' (f,9)(f1,1) = N (f,9)(fi,91) V(fi,q1) e X
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So, in particular, for (f,¢91) = < 1, ;17((2 13 g) and by the definition of A~

=00 (18250 ) < w1425,

_A(pq—l)J <ng+q(p )gKf>dx

(¢+1) plg+1)
(pg—1) (prvfp  (P=1)) @i/ gy
= o) wJ(V' gl )d’
and so 1 = 0. O

We can now prove the following equivalent characterizations of the least
energy level ¢(Q).

Theorem 3.8. We have that
(Q f o}
o(Q) = inf max (5(1))
= inf sup @(¢f, 4 H1/pla+D)
(f.9)eX tzlg Y 9)
KT(f,9),(f59)>>0

= inf @(f,g9)>0
(f:9)e Vo (.9)

is attained.

Proof. First we observe that every nontrivial critical point (f', g) of ® is such that
(f,g) € /p. Take the mountain pass level defined by (3.10). Then, since it is a
critical value of @, it is clear that

1nf (D < inf max ®
(f.9)e. (/,9) yel 1e0,1] ( ())

On the other hand, given (f,g) € X such that {T(f,g),(f,9)> > 0 we consider
the maps

(1,(f.9)) = (tf 11PN g) o 0(1,(f,9)) = D((1. (f,9)).  (3.13)

By a direct computation,

0(t,(f,9)) = A0/ _ p(platD)+a(p+1)/pla+1)
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where 4 := [o, (G5 |17 + g V) dx > 0, B:=1<T(f,9), (f,9)) > 0.

We observe that 1 <2< w,
p plg+1)

0(t,(f,g)) —» —o0 as t— +oo and that there exists a unique point 7o > 0
such that 0'(1o,(f,9)) = 0; such a point 7o is a strict global maximum of the
map 0(-,(f,g)). Moreover, 0(t,(f,g)) € N for t > 0 if, and only if, 7 = 7 and
50,

since pg>1. It follows that

inf ®(f,g) < inf max ®(y(7))

(f,9)eN" 7el 1€[0,1]
< inf sup @(¢f, (1PHDPat gy —  inf @
(f,9)eX tzlg (f g) (f.9) e (f g)

{T(f,9),(f,9)>>0

The remaining properties are now a standard consequence of (3.12) and Lemma
3.7. O

Remark 3.9. The shape of the map y in (3.13) is due to the different powers of
f and g in the expression of the energy ®, and also justifies the definition of the
Nehari manifold in (3.11). Moreover, one needs to restrict the study of y to (f, g)
satisfying <T'(f,9), (f,g)> > 0, as otherwise we would get 0(z, (f,g)) — +o0.

3.2. Sign and symmetry properties. One of the advantages of using the dual
method is that it becomes quite straightforward to prove qualitative properties
like sign and symmetry for least energy solutions.

We denote by By the open ball in RY of radius R centered at the origin and,
for a given function f € C(BR), f =0, we denote by f* the Schwarz symmetric
function associated to f, namely the radially symmetric, radially non increasing
function, equi-measurable with f.

Theorem 3.10. The following two properties hold.

(i) Any least energy critical point (f,g) of ® is such that f >0 and g > 0 in Q,
or f <0and g <0inQ.

(i) In case Q is a ball and ¢ =0, any positive least energy critical point of @ is
Schwarz symmetric, that is, f = f* and g = g*.

In particular, the corresponding (u,v) solution to (3.2) satisfies the same properties.

For the proof of Theorem 3.10 we first need to recall a result on the properties
of the Schwarz symmetrization. The first conclusion in the lemma below can
be found in ([109], Theorem 1) and the second one is a particular case of ([7],
Theorem 1).
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Lemma 3.11. Let Bx = RY, N > 1, be the open ball centered at the origin with
radius R > 0. Let f € C(BR), f =0, and u, w satisfy

—Au=f in Bg, —Aw = f* in Bg,
u=20 on 0Bg, w=20 on 0Bg.

Then u* < w in Bg. Furthermore,

Hu* <w} =0 if and only if f = f~.

Proof of Theorem 3.10. Assertion (i). It follows from the maximum principle for
the second order elliptic operator L that

O(|f],]9]) <@(f,9) VY(f,9)€X. (3.14)

Moreover, equality holds if and only if either /' > 0 and g > 0 or else /' < 0 and
g < 0. So, given a least energy critical point (f,g) of @, for some 7y > 0 we have
that

e(Q) < sup O(1|f|, (1PEIPED gy = D (1] f1, 17T g

>0
< (1 f, tg(ﬁﬂ)/p(qﬂ)g)

< sup ®(¢f, 11PN g) — O(f, g) = (Q).
t>0
According to (3.14) and the uniqueness of #y, it follows that 7o = 1, ®(|f], |g|) =
®(f,g), and (f*,9%) =(0,0) or (f~,¢97) =(0,0). Then we apply Proposition
3.1 and the strong maximum principle to conclude that f > 0 and g > 0 in Q, or
f<0and g <0in Q.

Assertion (ii). Assume Q is a ball and ¢ =0. Let f, g be a positive least energy

critical point of ®. From Proposition 3.1 we know that f, g are C(Q) functions
and f,¢g > 01in Q. So, we have

O(f*,19°) < D(if 1 1g) Vi >0, (3.15)

because

Jf*Kg*de Jf*(Kg)*dxz Jngdx, (3.16)

where the first inequality is given by Lemma 3.11 and the second is the Hardy-
Littlewood inequality, cf. [67], [109]. Moreover, by Lemma 3.11, the identity
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holds at the first inequality of (3.16) if and only if /' = f* and g = g*. On the
other hand, as in the proof of item (i), there exists #, > 0 such that

e(Q) < sup @(sf 1 IEg ) = (no 7,7 g

t>0

< D(tof, [q(p+1)/p(q+1>g)
< sup O(if , 1PN g) = D(f, g) = ¢(Q).

t>0

According to (3.15) and the uniqueness of 7, it follows that 7y = 1 and f = f* and
g=9". O

Remark 3.12. The positivity—assertion (i)—in the more restrictive case p,q > 1
was observed by Alves et al. [6] with a similar argument.

Remark 3.13. Assuming that Q = Bg(0), ¢(x) = ¢ is a positive constant, and
p,q =1, the ground state solutions (u,v) of (3.2) are Schwarz symmetric. This
follows from a more general result of Troy [113] under the additional assumption
that p,q > 1, which ensures that the nonlinearities s — |s|”'s, |s|¢"'s are Lipchitz
continuous. This result is based on the moving plane method, once it is know that
u and v are positive. However, the approach based on symmetrization techniques
is more direct and natural for ground state solutions of (3.2) with ¢ = 0 and allows
us to treat more general powers.

4. A reduction by inversion

Let Q be a smooth bounded domain in R with N > 1. We consider the system

—Au= o]y inQ,
—Av=|ul’'u inQ, (4.1)
u,v =20 on 0Q),

under the same hypothesis made in Subsection 2.1, namely

1 N 1 >N—2
p+1 qg+1 N

p,q >0, , (H1)

and we mention that in this part we closely follow some of the procedures in
[27].
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a

2 1 N+2 N4
N-2 N-2 N—4

Sitive i — Critica . - — = 1
D U — no positive solution Critical hyperbola pa=1 & pq <1 D 1> g+ 5

+‘- ®
v

In this section we reduce (4.1) to a fourth order equation. Indeed, see ([59],
Theorem 1.1) and Proposition 4.2 hereafter, it is known that (4.1) is equivalent
to

{A(|Au|1/qlAu) =" 'u inQ (42)
u,Au=0 on 9Q, '

in the sense that weak solutions of (4.2) correspond to classical solutions of (4.1).

The idea of such a reduction goes back at least to P.-L. Lions [73], see also
[40], [42], [69], [75], [116]. Tt turns out that (H1), the hypothesis for subcriti-
cality for (4.1), is the right hypothesis to ensure a subcritical variational frame-
work for dealing with the single equation (4.2). We also mention that a more
general class of Hamiltonian systems can be treated by this approach, see for in-
stance [75].

Definition 4.1. Assume (HI). Let E = W2@tD/a(Q) W "™4(Q) be en-
dowed with the norm

q/(g+1)
||“||E _ (J |Au|(q+l)/q dx)
Q

, uek.
We say that u € E is a weak solution of (4.2) if

J \Au|1/q71AuAvdx:J lulf 'uvdx, Vv eE.
Q Q



Hamiltonian elliptic systems: a guide to variational frameworks 333

So, weak solutions of (4.2) are precisely the critical points of the C!(E,R)
functional J : E — R defined by

1
Ju) =1 1J |Au|(‘”l)/qu——lj || dx.
qg+1Ja p+1la

Besides being more direct, another advantage of this approach is that it allows
us to treat (4.1) in both cases pg > 1 and pg < 1 (superlinear and sublinear).
Moreover, as we will see, it transforms the search for least energy solutions to
(4.1) in the search of functions that realize the best constant for the embedding of
E into LP™1(Q) (cf. Lemma 4.8 ahead). The price to pay with this approach is
that one has to deal with a fourth order problem.

Incase (p+ 1)(N —2),(¢g+ 1)(N —2) < 2N, we recall that we can also define
the weak solutions for (4.1) as the critical points of the C'(H(Q) x H}(Q), R)
functional
"t Jol "
p+1 qg+1

I(u,v) .= A (u,0) = JQ NVu,Voydx — JQ< )dX, u,v e Hy(Q).

In order to clarify our presentation and justify our definition of ground state
solutions we begin with some regularity results.

Proposition 4.2. Assume that (H1) holds. Let u € E and set v := |Au|"""' (= Au).
The following statements are equivalent:

(1) u is a critical point of J.
(i) u,v e W>5(Q) for all 1 <s < oo and (u,v) is a strong solution of (4.1).

(iii) u € C**(Q) and ve C*F(Q) is a classical solution of (4.1) with: o= q if
0<qg<l,andany o€ (0,1)ifq=1;, f=pif0<p<1, andany ff € (0,1)
ifp>1

In any such case, we have that J(u) = I(u,v).

In the case when both p and ¢ are subcritical in the H'-sense, we have the
following.

Proposition 4.3. Assume (p+1)(N —2),(q+1)(N —2) <2N. Let u,ve H}(Q).
The following statements are equivalent:

(i) (u,v) is a critical point of I.

(i) u is a critical point of J and v = |Aul Va1 (—Au).

In any such case, we have that J(u) = I(u,v).
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The proofs for Propositions 4.2 and 4.3 are a bit technical and we decide to
omit them in this survey; for the interested reader we indicate ([59], Theorem 1.1)
and ([27], Appendix A). The identity J(u) = I(u,v) is obtained in a straight-
forward way—see the arguments in ([27], eq. (4.9))—once we know that weak
solutions are indeed regular.

We make a preliminary remark in the case when pg =1, in which (4.2)
becomes an eigenvalue problem. Let

. Ja |Au|(t1+1)/q dx
/1]7(1 = lnf{W U e E\{O} .

Clearly, if 41, > 1 then (4.2) has no nontrivial weak solutions. Moreover, in
general J(u) = 0 for any such weak solution u € E; in particular, the value J(u)
does not distinguish weak solutions of (4.2) in the case when pg = 1. In virtue of
this remark, and since we will be dealing with least energy solutions of (4.2), in
the sequel we always assume that pg # 1. Supported by the regularity results
stated above, we can now introduce the definition of ground state solution in this
context.

Definition 4.4. Assume (H1) and pg # 1. We say that u € E\{0} is a ground
state solution for (4.1) if J attains its smallest nonzero critical value at u.

As I(u,v) = J(u) for all solutions, then this notion turns out to be equivalent
to all the other definitions of ground state (least energy) solutions in this survey,
that is

c(Q)=inf{J(u) :ue E,u+#0,J'(u) = 0}.

The next theorem is Theorem 3.10 (i) for which we will provide an alternative
proof.

Theorem 4.5. Assume (H1) and pq # 1. Then (4.1) has a ground state solution.
Moreover, any ground state solution (u,v) of (4.1) is such that uv > 0 in Q.

In connection with Theorem 4.6 below, we point out that (HI) holds in case
pq < 1. In this case, we have a uniqueness result.

Theorem 4.6. Assume pq < 1. Then (4.1) has a unique positive solution which is
precisely the (positive) ground state solution.

In case Q is a ball, we have a symmetry result for ground state solutions.
Moreover, the uniqueness result also holds in the superlinear case. The next
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theorem is partially a consequence of Theorem 3.10 (ii) but we present an alterna-
tive proof.

Theorem 4.7. Assume (H1), pg # 1 and Q = Bg(0). Then (4.1) has, up to
sign, a unique ground state solution. Furthermore, by letting u >0 and v:=
|Au| v qfl(—Au) > 0 we have that both u and v are radially symmetric and radially
decreasing with respect to the origin.

We mention that in ([45], Theorem 1.2 (i)), the author proves the existence of a
radial positive solution of (4.1) under hypotheses (H1), pg # 1 and Q = Bg(0).
Such a result is extended by combining Theorems 4.5-4.6—4.7. The proof of
Theorem 4.7 is based on an extension of ([62], Theorem 1), see also ([73], p. 165),
which deals with the case p = 1. As for the uniqueness properties above, they turn
out to be straightforward consequences of the results in [44], [45], once the remain-
ing properties (positivity and symmetry) are established.

We will prove these results via the reduction by inversion method in the next
subsection. Recall that the existence, sign, and symmetry results had already been
proved for pg > 1 (more precisely under (H3)) via the dual method in the previous
section. Here we decide to reprove these facts with this approach in order to
clarify its advantages in the study of Hamiltonian systems, and also in particular
to highlight its flexibility by dealing with the more general case (H1), pg # 1
(without any extra effort). We will also provide other characterizations of ¢(£2).

4.1. Proof of the existence, sign, and symmetry results. In this part we prove
Theorems 4.5-4.6-4.7.

In the sequel we assume that (H1) holds and pg # 1. We denote by ./ the
Nehari manifold associated to the functional J, namely

Ny ={ue E:u+#0andJ (u)u=0},

and introduce the minimization problems

¢y = inf J(u) (4.3)
ue Ny
and
5y = inf{J A TV e B 2 = 1), (4.4)
Q

Note that if it is achieved, 1/ (ocp’q)q/ @1 s the optimal constant for the embed-
ding of E into L"*1(Q).
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We start by observing that given u € E\{0} there exists a unique ¢ = #(u) > 0
such that #(u)u € 47, which is explicitly given by

”uH(qH)/q q/(pg—1)
[l
Now, let u € A7. Then 0 = J'(u)u = |jul|; (g+hfg _ Hu||1’)’111, and therefore
J (g+1)/ p+1 _L (q+1)/ q. 4.6
() = ——— llullg — 1 lullps T )II ul| g (4.6)
Furthermore,
(q+1)/ (g+1)/ (pa—=1)/q(p+1)
1 1
il - (el ) )
”u”p+l ||”||Eq I ! Pq

Lemma 4.8. Assume (H1) and pg # 1. Then the minimization problems (4.3) and
(4.4) are equivalent in the sense that:

(i) Given a minimizing sequence (u,) = Ny for (4.3), (Hu,,||;+11un) is a minimizing
sequence for (4.4).

” (g+1) /(Pq—l)ﬁn)

(i) Given a minimizing sequence (it,) for (4.4), (||, < N7 is a min-

imizing sequence for (4.3).

(iii) We have the equality

_ o pa=l e 48
RSV ESTE A )

(iv) The optimal constant o,, 4 is attained if and only if c; is attained. In addition, if

K (g+1)/(pg=1) - q/(pq 1)

it is a solution for (4.4), then ||u| = oc i is a solution for (4.3).

Conversely, if u is a solution for (4.3), then ||u|| 1” is a solution for (4.4).
Proof. Let (u,) = A/ be a minimizing sequence for (4.3). Then, by (4.7),

1)/

el

(p+1D(g+1)

g = - /g n5 ( —
: wnunnp’ﬁ’/" AN i

+1)(g+1 (pg=1)/4(p+1)

(pg—1)/q(p+1)
J<un>)



Hamiltonian elliptic systems: a guide to variational frameworks 337

On the other hand, let (iz,) be a minimizing sequence for (4.4). Then, by (4.5),
(]| 477"V 7,y = Ay and so, by (4.6),

< i “ g/ (pa-) 2y _ P4 li (g(p+1)/(pa=1))((¢+1)/q)
;= nLnolo (HuﬂHE Mn) (p_|_ 1)((1+ 1) nﬂn}c || HE

__ Pl e,
(p+1)(g+1) 71

The proof for (i)—(iii) follows from (4.9)—(4.10).

Now, suppose that & € E is such that ||uf|,,; = 1 and o, 4 = ||| (@+1/4 " Then,
by (4.5), ||| ¢/ P Vg = o 0{P Vi e 4. Furthermore, for every u € A we
see from (4.7) that

-1 1
(p + 1)(q + I)J(O(q/(pq_]>1/_l) (pa=1)/alp+1)
pq—1 i

= Upqg S J(u) )

Jua] <<p+ (g +1)

1 _
| (507 pg—1

)(1"11)/51<I’+1)
that is, J (o \"""Vit) < J(u). Therefore, J(af/\"" Vit) = ¢;.

Conversely, suppose that v € A7 is such that J(u) = c¢;. Then, by (4.7) and
(4.8),

1)/ - |
Ju] <(p+ (g + 1)J(u))<m )a(p+)
] 454 pq—1

= %p,q-

(pg—1)/q(p+1)
<(p+ 1)(q + l)c,>
pq —1

This completes the proof of (iv). O

Lemma 4.9. Assume (H1) and pg # 1. Then the optimal constant o, , is attained,
i.e. there exists u € E such that ||ul|, ., = 1 and ||u|| ; (atl/a .-
Proof. Tt is a straightforward consequence of the fact that £ is compactly em-
bedded into LP*1(Q), since Q is a bounded smooth domain. O

Our next lemma shows that the minimization problem (4.3) is a natural method
for finding ground state solutions for (4.1), namely we show that ¢(Q) = ¢;.
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Lemma 4.10. Assume (H1) and pg # 1. If u € N7 is such that J(u) = ¢, then u is
a ground state solution for (4.1). Conversely, if u is a ground state solution for (4.1)
then J(u) = ¢;.

Proof. Let G(u) = J'(u)u. Then G'(u)u = %HuH(EpH)/” # 0 for every u € A7,
and the first conclusion follows from the Lagrange multiplier theorem. In par-
ticular, thanks also to Lemmas 4.8 (iv) and 4.9 we have that there exists & € ./
such that J (&) = ¢; and J'(&1) = 0, and this yields our second conclusion. O

Lemma 4.11. Let u € Ay be such that J(u) = ¢;. Then u > 0 and —Au > 0 in Q,
or else u < 0 and —Au < 0 in Q.

Proof. We infer from Lemma 4.10 and Proposition 4.2, that the couple (u,v)
with v := |Au|l/p “!(—Au) classically solves the problem (4.1) and we have that
u,v e C>*(Q) for a suitable o € (0,1). By using the strong maximum principle,
we will be done if we show that —Au does not change sign in Q.

Now, we use an argument that goes back at least to van der Vorst [115].
Namely, let w € E be such that —Aw = |Au/|, so that —A(w + u) > 0. Arguing by
contradiction, suppose —Au does change sign in Q. Then —A(w + u) # 0 and the
strong maximum principle implies that w > |u|. Then, using also Lemma 4.8 (iv),
we have that

J, A<|w|t+l>

This contradicts the definition of «, , and completes the proof. O

(q+1)/q |Au|((1+])/q |Au‘(q+l)/q
o= |\ | < e | B e
ol |w Q\ lull

p+1 p+1

Before we pass to the proof of the main theorems of this section recall Lemma
3.11, and the definition of the Schwarz symmetrization f* of a function
f € C(BR) at the beggining of Subsection 3.2.

Proof of Theorems 4.5-4.6—4.7. The conclusion in Theorem 4.5 follows from
Lemma 4.8 (iv), Lemma 4.9, Lemma 4.10 and Lemma 4.11. The uniqueness
property of Theorem 4.6 is then a direct consequence of ([44], Theorem 3). As
for Theorem 4.7, once the radial symmetry is established the uniqueness of the
ground state follows from ([45], Theorem 1.1 (i)). Now, let u € E be a ground
state solution for (4.1) such that u, —Au > 0 in Q, and set f := —Au € C(Bg).
Let w be such that —Aw = f* in Bg, w =0 on dBg. In order to complete our
proof we must show that f = f*. Arguing by contradiction, suppose f # f*. It
follows then from Lemma 3.11 that [wl|,,; > [[u"]| Thus, using also Lemma
4.8 (iv), we have that

p+1
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(q+1)/q

A W e |Au|(q+1)/q
v *= (¢+1/q
A\ AN
p |Au|(t1+1)/q
o1 @+
s\l 5
(g+1)/q
u
— A —_— dx — ap7q.
J By H“||p+1
This contradicts the definition of «, , and completes the argument. O

5. A Lyapunov-Schmidt type reduction

In Sections 2 and 3 we have presented several approaches where we look at solu-
tions or critical points as couples (u,v) in a product of two functional spaces. In
Section 4 we have reduced the system to a scalar equation which, as a price to pay,
leads to an increase of the order of the problem. In this section, we again reduce
the problem to a single equation or equivalently to the existence of critical points
of a scalar functional, but without increasing the order. This reduction can be
thought as an infinite dimensional Lyapunov-Schmidt reduction.

The approach of this section, for the case p, g > 1, consists in making the most
of the saddle geometry of the functional (1.4) and in using the corresponding
decomposition of the functional space. It should be noted that (1.4) has a moun-
tain pass geometry when restricted to the space of pairs with equal components
H* :={(u,u)}, while it is concave when restricted to H~ = {(u,—u)}. This
allows us to prove that for each (u,u), there exists a unique (¥, —¥,) so that
(u+ ¥W,,u—"¥,) maximizes the energy functional; more importantly, as a func-
tion of u, the energy evaluated at such type of points has a mountain pass
geometry, critical points correspond to solutions of the system, and one can apply
the classical theory to such reduced functional. This rather simple idea will allow
to substitute the saddle geometry of . or % at the origin by a mountain-pass
geometry for a scalar functional.

5.1. Preliminaries. Before introducing the reduced functional in Subsection 5.2,
we will make some preliminary considerations. We aim at working with

- 1 N 1 >N—2
P = p+1 qg+1 N

(H4)
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However, first we will make some preliminary considerations in the (apparently)
more restrictive case

pg>1, (p+1H(N-2),(¢g+1)(N—-2) <2N. (H4")

=

_2 1 N+2 N+4 p
N—2 —2 N—4
e N-—2
—— Critical hyperbola D p,q > 1 and T + q-lkl > =5 — pq=1

Ahead in Subsection 5.3 we will justify why one does not lose generality by
imposing that both p and ¢ are subcritical in the H](Q)-sense. This fact is not
obvious, and it is related to a priori bounds on the L*-norm of some families of
solutions to appropriately truncated problems. Moreover, in Remark 5.8 we will
make some observations about the case pg > 1 with either p =1 or ¢ = 1.

Under (H4') we can use the E* x E' framework with s = r = 1 (cf. Subsection
2.2), and work in H}(Q) x H}(Q). We have already seen that the ground state
level is achieved and positive (cf. Corollary 2.5). Here we will provide two other
variational characterizations for this critical level, check Propositions 5.4 and 5.6
ahead.

We will deal with (1.1) of the particular type

—Au=g(v) inQ,
—Av=f(u) inQ, (5.1)
u,v =20 on 0Q.

Since we will deal with truncations of the functions f and g in Subsection 5.3, we
need to consider nonlinearities which are not necessarily pure powers. Following
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([28], Section 4) and [95], we assume that the C'-functions f, ¢ : R — R satisfy the
following conditions.

(f91) J(s) = o(s), g(s) = o(s) as s — 0;

either

(fg2) there exist p, ¢ satisfying (H4) and C > 0 such that

fE<CA+1s"),  gls)l < C(1+1s])  VseR,

or

(fg2') there exist p, ¢ satisfying (H4') and C > 0 such that

Sl < CA+ s, g9l < CU+s|”")  VseRs

and

(fg3) there exists 0 > 0 such that
0<(14+0)f(s)s< f'(s)s*,  0<(1+0)g(s)s<g'(s)s* Vs #O.

Observe that (fg3) implies that f(s) > £(1)s'*? (for s > 1), and f(s) < f(—1)|s|" ™
(for s < —1), and the same holds for g; this yields in particular that 1 +0J < p.
In this subsection and in the following, we will assume (fgl)—(fg2")—(fg3), and
consider the more general case (fgl)—(fg2)—(fg3) in Subsection 5.3.

Under assumptions (fgl), (fg2’), (fy3), the following energy functional
=4 :H(Q) x H(Q) — R,

S (u,v) = L {Vu, Vo) dx — JQ F(u)dx — JQ G(v) dx

is well defined and of class C* (where F(s) := [; /(&) d¢, G(s) == [, g(&) d&). In
order to simplify notations, we will denote from now on H := H} (Q) x H{(Q),
which splits in H™ @ H~, with

HY'={(4,9): 4 Hy(Q)}, H ={(¢,~4): ¢ Hy(Q)},

writing each (¢p,y) € H} (Q) x H}(Q) as

(ot Y o+ o=y Y—9
<(”"/’)_( 2 2 )“L( 2 2 >
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A weak solution corresponds to a critical point of .#, and the ground state level is
given by

c(Q) = inf{I(u,v) |u,v e HO1 (Q), (u,v) # (0,0),.#" (u,v) = 0}. (5.2)

Before providing other characterizations of this level, we start with the following
results which in the H] x H| case generalize Lemma 2.3 and Theorem 2.4.

Lemma 5.1. The functional .9 satisfies the Palais-Smale condition.

Proof. In Lemma 2.3 we presented the proof of this fact in the case of f and ¢
being pure powers. The general case follows the same line, proving first that a
Palais-Smale sequence (uy, v,) satisfies

0

2(2_‘_5)L) (f(un)un + g(vn)vn) dx = O(l) + o(l)||(u,,, Un)”]—p

and showing afterwards the existence of x > 0 such that

”(unv Uﬂ)“?{ = JQ (f(un)un + g(vn)vn) dx + f/(um Un)(vm un)

1 X p/(p+1)
< 5 )1 - llly 1 (| di)

q/(g+1)
) o)ty ) -

ol (] gton)onds

In the last inequality it is used the fact that, for any given ¢ > 0, there exists C > 0
such that [ £ (s)|” "V < Cf (s)s and |g(s)|”“") < Cy(s)s whenever |s| > . 0

Lemma 5.2. Given w, z such that w # —z, there exists a nontrivial critical point
(u,v) of F such that

Fw,v) < sup I(t(w,z) + (¢, —¢)). (5.3)

S
t>0
peH}(Q)

Proof. Step 1. Given (u,u) € H", from (fyl)—(fy2') we deduce the existence of
C > 0 such that

1
) = ully = | Pl = [ Gl > 3y -l = clul !

Lp+l Lt/+l )
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whence
J>a ondB,(0)nH",
for some p, o > 0.

Step 2. Take (w,z) € H with w # —z. We claim that
S (u,v) <0 whenever (u,v) € H™, or (u,v) € R"(w,z) + H~ with ||(u,v)|| = R,

for R sufficiently large. It is clear that .#(u, —u) < 0 for every u € H} (Q), while

I(tw+ ¢tz — ¢) = IZJ {Vw,Vz)dx — ||¢||§101 + ZJ Vp,V(z—w))
Q Q
—J F(lw+¢)dx—J G(tz — ¢) dx
Q Q
1
<ait* — |1l —azj |ow + >+ dx
2 0 O
—a3J |tz — | P dx — ay
Q
1 ) -
<a =113, —a512+"J w2 dx —a; <0
2 0 o)

if either  or ||| ;1 is sufficiently large, so we have proved the claim.

Step 3. One can conclude applying directly Benci-Rabinowitz’s linking theorem
(23], Theorem 0.1). Observe that inequality (5.3) is a direct consequence of the
minimax procedure presented in [23]. O

As discussed in Section 2, it is not true that ¢(Q) can be obtained as the infi-
mum on the usual Nehari manifold of .#. Based on the structure of the functional
and on Lemma 5.2, the suitable Nehari-type set to work with is the following:

(5.4)

" ::{(u, 5 e H|J(u,v) £0, 7" (u,0)(u,v) = 0, }

l(”?”)(¢’ _¢) =0, V¢ € H()I(Q)

This set was first introduced by Pistoia and Ramos ([85], p. 4), using ideas from a
previous paper of Ramos and Yang [96]. However, the proofs there required
more restrictive assumptions on the nonlinearities. Our observations in this
section follow mostly the ideas of Ramos and Tavares [95]; see also ([112],
Section 5) for a more detailed version.
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Lemma 5.3. The set Ny is a submanifold of H having infinite codimension.
Moreover, Ny is a natural constraint for .# in the sense that

(u,v) € Ny, I (,0) =0 = ' (u,v) = 0.
Proof. Elements in ./, are zeros of the map
K:H->R®H , K(uv):= (5 (u0)(u,v),PI (u,v)),

where P: H — H~ denotes the orthogonal projection. For any (u,v) € A7, its
derivative K'(u,v) : H — R @ H ™ is given by

K/(u, U)(f, 77) = (]/(uv U)(f, 77) + j//(uv U)(”v U)(é, 77)7 PI”(“? U)(f, 77))

Let us now focus on K'(u,v) restricted to the subspace Z := span{(u,v)} @ H~
of H, which we can be identified with R® H .

Step 1. K'(u,v) is one to one. Take (tu+¢,tv—¢)eZ such that
K'(u,v)(tu + ¢, tv — ¢) = 0. Then

I (u,v)(u,v)(tu+ ¢, to — ¢) =0,  PI"(u,v)(tu+ ¢, tv — ¢) =0,
and in particular
I"(u,v)(tu + ¢, tv — @) (tu+ ¢, t0 — ) =0,

that is
212J Vu, Vod dx + 2zJ VP, V(v —u)d>dx — 2J V|2 dx
Q Q Q
- J £ () (tu+ ¢)* dx — J g'(v)(tv — ¢)* dx = 0.
Q Q

Adding and subtracting the quantities fg%’%ﬁz dx, fg@qﬁz dx and using the
identities 7'(u, v)(t2u, t*v) = 0, I' (u,v)(t$, —t$) = 0, we obtain

L (M - f,(”)> (tu+ ¢)* dx + L (@ — g’(v)) (10— ¢)* dx

u

- JQ<M¢2 +£U”)¢2> - 2]9 V> dx =0

u

Taking into account (fg3), we have ¢ = 0 and ¢t = 0.
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Step 2. As 1 < p,q<2*—1, one can check that Id — K'(u,v) is a compact
operator. Then by the Fredholm alternative theorem K'(u,v)|, being one to
one yields that K'(u, v) is onto, and thus ./ is a manifold.

Step 3. 1f I'| ;- (u,v) = 0, then according to the Lagrange multiplier rule there
exist A € R and ¥ € H}(Q) such that

f/(u, U)(é 77) = ;“]/(”7 U)(é,i’]) + AJ”(”? U)(ua U) (é, 7]) + f//(u, U) (lP’ —‘P)(f, ’7)
= I (u,v) (2, ) + I (u,v) Au+ ¥, v — ) (&, n)

for every (¢,n7) € H. By taking (&,7) = (Au+ ¥, v — V), we have
I"(u,0)(Au+, o —P)(Au+ ¥, v —¥) =0

and thus, as in the Step 1 of this proof, 1 =0, ¥ = 0, and the conclusion follows.
]

We can now state a different characterization for the least energy level ¢(Q).

Proposition 5.4. Assume (fgl)—(fg2')—(fg3) hold. Then

c(Q) = iI}f J >0,
Ny

which is achieved.

Proof. First of all observe that

S (u,v) = 2(254_5)L(f(u)u +g(v)v)dx >0 V(uv) e Ny,

hence inf i, # > 0. Taking a minimizing sequence {(u,, v,)},, by Ekeland’s varia-
tional principle we can suppose without loss of generality that (u,,v,) is a Palais
Smale sequence. Thus from Lemma 5.1 we obtain the existence of (u,v) € H such
that, up to a subsequence, (u,,v,) — (4,v) in H. Reasoning as in the proof of
Corollary 2.5, we conclude that (u,v) # (0,0) achieves inf 4, .#. Thus by Lemma
5.3 we have .#'(u,v) = 0, and so inf y, ¥ = ¢(Q). O

Let us now look for a third characterization of ¢(Q). Take (u,v) € H, u # —v.
As we saw in the proof of Lemma 5.2, the quantity

sup{ S (t(u,v) + (¢,—¢)) : t =0, ¢p € H} }
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is finite. We want to show that it is uniquely achieved, and that the maximum is
associated to a point in A,

Lemma 5.6. Given (u,v) € H, u # —v, there exist unique t* > 0 and ¢* € H}(Q)
such that

sup{ S (t(u,v) + (¢, —¢)) : t =0, € H)(Q)} = I (t"(u,v) + (¢",—¢")).
Moreover, t* and ¢* are uniquely characterized by
INCu+ " t'0— ") u,0) =0, I (tu+¢*,t'v—¢*) (¢, —¢) =0, Vp € Hy (Q),
that is
(t'u+ ¢, tv—¢") € N.
Proof. This was essentially proved in [96], under more restrictive assumptions.

Here we present a proof which works under (fg1)-(f92')—(fg3). Going back to
the proof of Lemma 5.2, we deduce that

1 N
AL, §) = I(tu+ ¢, tv— ¢) <ar* — 5 1617 — azzMJ |u+ 0> dx — a3
Q

for some ay,ay,as > 0, so that s := sup A(z, ¢) is finite. Moreover, taking a max-
imizing sequence (t,,¢,), |t,| and ¢, |, 1 are bounded, and (up to subsequences)

th— 1, ¢, — ¢* weakly in Hj.

In particular

1471 < timinflg Gy, | V4V wydv— [ O VE-w)ar
Q Q
and, by Fatou’s lemma,

J F(t'u+¢")dx < liminfj F(t,u+ ¢,) dx,
o o

and the same holds for G. So,

s=limsup F(t,u+ ¢, t2v—¢,) < I(Fu+ ", t'v—¢*) <s
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and thus s is attained for t* > 0, ¢* € H}(Q), satisfying
(", v") = ('u+¢*,t"'v— ¢*) € N.
As for the uniqueness of t*, ¢*, observe that
A1, ¢7) (1, 9)(1,9) = 7" (", 0") (tu+ ¢, tv — §)(tu + §, 10 — )
= I (", v*)(su* + 50" — ) (su” 4+, s0% — )

for s:=1t/t*, W =¢—1¢"/t*, and so, by the computations of the proof of
Lemma 5.3,

N )00 < 0| (T8 2+ 8 o g2 o

_L2<f(u*) 1//2+g(vlf)lp2)dx—2jg|Vl//|2dX<0,

u*

whenever (#, ¢) # (0,0), whence A has at most one single critical point. O

As a consequence of this lemma, we have the following third characterization
of the least energy level c.

Proposition 5.6. Assume that (fg1)—-(fg2")~(fg3) hold. Then

c(Q) = inf sup J(t(u,v)+ (¢, —9)).
u,veHOl t>0
vE—u peH]

We end this preliminary subsection with three observations.

Remark 5.7. With respect to Subsection 2.2, observe that here we have more
information on the ground state level under (H4'). However, observe that this is
a more restrictive assumption than (H2).

Remark 5.8. If either p=1and ¢ > 1, or ¢ =1 and p > 1, we still have that .
is a C? functional. Moreover, a closer look at the proof of Lemma 5.3 shows that
its conclusions are true for such (p,q)’s. Thus Proposition 5.4 still holds in this
situation. This observation has already been made in ([28], Lemma 4.1).

Remark 5.9. Extension to other boundary conditions: following step by step each
proof, it is easily seen that the same conclusions hold for (u,v) € H'(Q) x H'(Q),
that is, we have similar variational characterizations for ground states of the
problem

—Au+u=ygv), —-Av+v=f(u) inQ,
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with d,u = d,v =0 on 0Q. The same observation is true for the system posed in
the entire space Q = R (cf. [27], eq. (4.4)). Furthermore, thanks to Proposition
5.6, it is also straightforward to show that

Q— c(Q)
is decreasing with respect to domain inclusion, and that
R™ — R", A+ c¢(4) isincreasing,
where ¢(4) denotes the ground state level of
—Au+u=g), —Av+iv=f(u) inR",

5.2. Introduction of the reduced functional. The considerations of the previous
subsection motivate the following (equivalent) approach. Throughout this sub-
section we assume (fgl)—(fg2’')—(fg3), so that p,q < 2* — 1. Reasoning as in the
proof of Lemma 5.5, we can conclude that for any given (u, v) with u # —uv, there
exists a unique function ¥, , € H{ (Q) such that

sup{ I (u+pv—¢):peHl} = F(u+Pupv— Y.},
which is uniquely characterized by
I (w4 Wy, 0 — Vo) (4, —4) =0,  Vée Hy(Q),
that is
—2AY,, = —A(—u) +gv—Yu,) — fu+¥,,) inH Q).
Lemma 5.10. The map H n {u # —v} — H, (u,v) — ¥, , is of class C'.

Proof. We follow the proof of ([95], Proposition 2.1). We apply the implicit func-
tion theorem to the map © : (H n{u # —v}) x H- — H~; O((u,v), (Y, —¥)) =
P4 ((u,v) + (Y, —y)), where P is the orthogonal projection of H onto H~. For
any fixed pair ((u,v), (Y, —y)), the derivative of ® with respect to (¢, —¢) eval-
uated at ((u,v), (y,—y)) is given by the linear map

(¢7 _¢) = T(¢a _¢) = Pf”(u + lpa v—= l//)(¢, _¢)7

that is
<T(¢7 _¢), ((0, _¢)>
- —zj (V4. Vpddx — j £+ )y — j g0 - Vo, Yoo
Q Q Q
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Since (fg2') holds, we have that Id — T is a compact operator. The operator T is
one-to-one, since if 7'(¢, —¢) = 0, then

2|l = Lf’(u Iy Lg'w _NF =0

and so ¢ = 0. Thus by the Fredholm’s alternative theorem 7 is also onto and
hence we can apply the implicit function theorem and obtain the desired result.

U
Denote ¥, , simply by ;. One can now define the reduced functional

FHYQ) =R, F ()= St Wu— ), (5.5)

which is a C! functional by the previous lemma. Moreover,
S W) =9 4+ W u—¥) P+ Vb — FLp) = 5 (4 + Woyu —¥,) (. 6).
As H= H" @ H~, we have proved the following lemma.
Lemma 5.11. The map
n:Hy = H u— (u+%¥,u—7,

is a homeomorphism between critical points of ¢ and J.

The introduction of this reduced functional appeared contemporarily in the
papers by Ramos et al [31], [91], [92]. The properties of ¢, in opposition to the
ones of .7, are similar to the ones of the energy functional in the single equation
case. In fact, from the properties of the functional .7, it is easy to show that ¢
satisfies the Palais-Smale condition, and that it has a mountain pass geometry.
Therefore, as far as the least energy level is concerned, we have the following
“usual” characterizations.

Proposition 5.12. Let ¢(Q) be the least energy level as defined in (5.2). Then
c(Q) = inf{ 7 (u) |u e Hy(Q),u #0, 7' (u) = 0}
=inf ¢
Ay

= inf su tu),
ue H{\{0} tzlg s )

where Ny :={ue H (Q)|u #0, #'(u)u =0} is the standard Nehari manifold of
the reduced functional §.
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Remark 5.13. A related reduction method was also used by Szulkin and Weth
[107] in order to find ground-state solutions of the equation

—Au+V(x)u=f(x,u), wueH"(RY).

with f a superlinear, subcritical nonlinearity, f and V periodic in x, and 0 not
belonging to the spectrum of —A + V. The authors use a reduction based on the
decomposition H'(RY) = E* @ E~ related to the positive and negative parts
of the spectrum of —A + V. The work [107] is inspired by Pankov [82], where a
manifold of type (5.4) appeared in an independent way. We refer the reader to
([108], Section 4) for more details on this.

5.3. The general case. In this section we justify in a precise way why one does
not lose generality by considering p,qg < 2* — linstead of 1/(p+ 1)+ 1/(¢+ 1) >
(N —2)/N, and (fg2') instead of (fg2). We illustrate this in the study of ground
state solutions, and at the end of this section we make more general remarks. The
ideas presented here are based on ([95], Section 5); since the proofs there are rather
sketchy, we have decided to present here all the details.

Take (p, q) satisfying (H4), supposing without loss of generality that p < ¢, so
that p < 2* — 1. Assume that (fg1)—(fg2)—(fg3) holds. For each n € N, consider
the following C! truncation of the functions f and g:

"{;g),sp+f(n)—@ s>n
Ju(s) =4 f(s) —n<s<n
‘;}’Eﬁ_f_r:) |7 s+ f(—n) + / <;n)n 5§ < —n.
and
—ﬁl;f,n,)l sP +g(n) — —g/(;f)” s>n
gu(s) = g(s) —n<s<n
—’;fl:'l) Is]? s+ g(—n) +2 (;n>n 5 < —n.
Observe that
A< U+ s, gals) < C(1+ 15177 (5.6)

for some C independent of n (recall that ¢ > p), and

LI < G+ 15”7, gn(s)] < Ca(1+ [sP 7).
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In particular, f, and g, satisfy (fg2). For Fy(s) =[] fo(&)dx and Gy(s) i=
[ 9n(&) dé, take the functional

In(u,v) = JQ {Vu, Vo) dx — J

F,(u)dx — J G, (v) dx,
Q

Q

which is well defined in H = H}(Q) x H}(Q). Take the auxiliary functions

- ‘ -
I B e AR = S
f(s) =14 f(s) 1<s<l1
(-1 N (-1
‘f115)|s|os+f(—l)+fl<+(5) s < —1.
and
/1 . /1
%s”‘) +g(1) —glfr(; s> 1
g(s) =9 9(s) —1<s<l1

g/lt;) |s|(5s+ g(—=1) +g/1(+_;) s< —1.

It is straightforward to check that

5, ) . . /() S(=1)
f'(s) < f/(s) forevery ) < mm{l,(l +5)m,—(1 +5)f,(_1)},
and
, , . g(1) g(—1)
22d'(s) < g,(s) forevery i, < mm{l7 (1 +5)g’(1) ,—(1 +5)g’(1)}’
so that

AF(s) < Fy(s), AG(s) < Gu(s) for A =min{4;, L2}. (5.7
Define .# : H — R by

I (u,v) = JQ Vu, Vo) dx — /IJ

F(u) — /IJ G(v) dx.
Q

Q

We denote by ¢, and ¢ the least energy levels of .#, and .# respectively, as defined
before in this section—recall (5.2).

Lemma 5.14. If (u,,v,) is a least energy solution for .7, then
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Furthermore,

J (f(un)un + g(vn)un) dx < 2(2;_ 5) C.
Q

Proof. Inequality (5.7) yields that .4, (u,v) < 4 (u,v) for every (u,v) € H. Hence,
if (z,9) is a ground state for I, then by Proposition 5.6 one has

c= sup j(t(ua U) + (¢a _¢)) = sup In (t(u» U) + (¢7 _¢)) = Cp = =¢n(”na Un)
i oo

and the first conclusion follows. Now, by taking in consideration

L {Vu,, Vv, > dx — J

Fy(u,) — J Gu(vy) dx = L,(uy,v,) < C
Q

Q

and
2j (Vity, Vo> dx — J (folttn) + gn(on)) dx = I (1, 00) (11, 00) = O,
Q Q

and by combining this with assumption (fg3), we have

2

JQ (fu(ttn) + gn(vn)) dx < 26+ ML (o (ttn )1t + gu(v)vn) dx.

As 2/(2 +0) < 1, the result follows. O

Observe that (H4) implies (H2). Thus, as seen in Subsection 2.2, there exists
0 < s < 2 such that

EYQ) — LPM(Q),  EX(Q) — LIT(Q).

are compact embeddings. Next, we prove uniform bounds in the space
ES(Q) x E*5(Q).

Lemma 5.15. Under the previous notations, there exists C > 0 (independent of n)
such that

el iy + ol 2@ < €.
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Proof. Multiplying equation —Au, = g,(v,) by 4~ A%u, e E>~5(Q), we obtain
||u,,||és(g) = J gn(v2)A~C5) A%, dx.
Q

Given ¢ > 0, by using (fg1) we obtain the existence of ¢/, C > 0 such that

et < ellonllzz + CllA™C™) AU | 70
(@)

q/(q+1)
tc J g (0)| 4D 147 Ao, | o
{loal=¢'}

Now, we have that
14~ Aoy || o < CTI A Aty || gy = CIllAt]| 12 = C' |t ()

Moreover, |g(s)| < C|s|? V|s| > &, for some C independent of n (cf. (5.6)), thus
lg(s)|“""4 < Clg(s)s|. By choosing ¢ sufficiently small, and recalling Lemma
5.14, we obtain

iy = [ gnonyd =0 A
Q

1 2 2
= Z(HMHHE*(Q) + H%HEH{Q)) + CH”“"HES(Q)'

Since an analogous estimate holds true for ||vn||,25H(Q>, the result follows. O

Finally, the following estimate implies that one can indeed work without loss
of generality with p,¢ < 2* — 1 (actually even with p = q).

Lemma 5.16. Under the previous notations, there exists C > 0 such that
tnll o + [lonll, < C-
In particular, (u,,v,) is a least energy solution of (5.1) for sufficiently large n.

Proof. We follow the proof of ([101], Theorem 1). From the choice of s and by
Lemma 5.15, we have that

u, is bounded in L', v, is bounded in LI*!.

Thus f(u,) is bounded in L(**1/? and g,,(v,) is bounded in L@*1/¢ and by elliptic
regularity (see for instance [66], Th. 9.5 & Coro. 9.17)

u, is bounded in W>@tV/4  y is bounded in W (PD/P,
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If either (p+1)/p > N/2 or (¢+1)/g = N/2, then the result follows from the
embedding W?* < L* for s > N /2. Assuming the contrary, then by the embed-
ding W23 — LN/(N-2) ' we conclude that

u, is bounded in LN/ Na=2(a+1) 4 i bounded in LN P/ (Np=2(p+1))

We now iterate this procedure. Define the sequences

Pnt1 :7]\% qn+1 :7an
n+ Np — 2qn ) n+ Nq — 2pn ’

with po := ¢+ 1, go := p+ 1. Whenever Np — 2¢,, Ng — 2p, > 0, we have that
u, is bounded in W2>P+1/4 y, is bounded in W2 4+1/P,

We now prove that p, — 400, ¢, — +0o0, which shows that we need to make this
bootstrap procedure a finite number of times only in order to obtain the desired
conclusion. The fact that (p,q) is below the critical hyperbola is equivalent to
Po < P1, qo < q1; by induction one can easily show that both p, and g, are strictly
increasing sequences. Suppose, in view of a contradiction, that p, — /; € R,
¢n — b € R. Then

N(pg—1)

L= .
2T 2g+ 1)

We claim that N(pg — 1)/(2¢g + 2) < p + 1, which is in contradiction with the fact
that p +1 = ¢y < . To prove the claim take, for each p fixed, the function

N(pg—1)

hy(q) = 2g 1 1)

We have h1’7 > 0, hence

2p+N+2
z >=p+1. O

hy(q) < hy (m

Remark 5.17. For later reference, let us stress that actually from the start one
could have supposed, without loss of generality, that 1 < p=¢ < 2" — 1.

From the previous considerations, we learn that the following general result
holds.

Theorem 5.18. Under assumptions (fgl)—(fg2)—(1g3), let (u,,v,) be any sequence
of solutions of the truncated system

_A“n = gn(vn)v _Avn = ﬁl(un)v Up, Uy € H(} (Q)
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If there exists C > 0 such that %,(uy,,v,) < C, then ||u,||, + ||va]l, < C' for some
constant C' (and thus (uy,v,) solves (5.1) for large n).

We saw that the variational characterization provided by Proposition 5.6 im-
plies that .7, (u,, v,) < C for ground state solutions. In general, one can imagine
that if in another situation one has a suitable variational characterization for a
certain energy critical level, then the uniform bound on functionals at that energy
level is also easily satisfied. This justifies the statement made in the beginning
of this section saying that, in general, one does not lose generality by assuming
p,q<2*—1.

Remark 5.19. In the works by Ramos et al [84], [85], [93], [94], [96], L*-bounds
are obtained under a different assumption for the sequence (uy,v,), and for more
restrictive classes of functions f and g. For the nonlinearities, consider

( fgv2) There exists p, ¢ satisfying (H4') and constants /;,/, > 0 such that

o SO 1

|sI” jsl—eo [s]?

|s|—o0

Then for instance in ([93], Theorem 3.3) it is shown that the conclusion of Theo-
rem 5.18 also holds under assumptions (fgl), (fg2'), (fg3) and supposing that
(uy,v,) 18 a critical point of .#, such that mgy-(u,,v,) < k for some k € N, where
my - is the relative Morse index ([1], Section 2.4), ([2], Section 1):

my-(u,0) :=dimg- V™ :=dim(V~ n(E7)") —dim(E- n (V7)"),

and V'~ represents the negative eigenspace of %" (u, v).

At this point we would like to observe that although .#(u,v) has always
infinite Morse index, this is not the case for the reduced functional. For
instance for ground state solutions (u,v), the Morse index of #(“) is one,
and also mpy-(u,v) =1 (cf. [93], Example 3.2). In general, one has m,(u) <
my-(u+¥,,u—"7,), see (93], Lemma 3.1).

5.4. A family of reduced functionals depending on a parameter. In some cases,
it is useful to introduce a free parameter when we reduce the functional .#. We
will consider two such situations in Subsection 6.4 and Subsection 8.4 ahead.
Suppose without loss of generality 1 < p = ¢ < 2*, and consider the family of
functionals

7, HH Q) = R:uw— sup{f(izﬁ—tp,u—%) e HOI(Q)}, 4> 0.
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As in the case 4 = 1, it is easily seen that ¢, (w) = .7 (4w + ¢, ,,, w — ‘////1) for some

unique ; , € Hy (), and that the map 0 : Hj(Q) — H;(Q), w — i, , is of class
C', see Lemma 5.10.
By definition of i, ,,, we have that

2 () (5. 7) <o

for every € H}(B). It then follows that

S W)€ = 1'(u0)(28,€) = I'(u,v) <z¢ +¢ - f)

where w := (u+ Av)/2/ and ¢ € H}(Q) is arbitrary. Therefore, the map

H}(Q) — H)(Q) x H}(Q), wr (Aw+ Wy — lﬁ;)

provides a homeomorphism between critical points of the reduced functional
#, and critical points of the functional .#. Indeed, observe that for any
(¢, &) € HY(Q) x HL(Q), we have

f’(iw F Y)W — lp';’w) (AL, &) = f’(iw F YW — lp';’w) (lc ; é, ¢ ; é)

+f/</ﬂbw+l//)”w,w—lpi{w) <Aégf7c;é>,

so that our claim follows.
Denoting by

Ny, = {we Hj(Q),w #0: g/ (w)w=0}
the Nehari manifold associated to #;, we can define
¢ = }Vn//f 5.
Lemma 5.20. We have that

¢; =inf sup J;((1)), (5.8)
vel yef0,1]
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where

[:={ye C([0,1]; Hy(Q)) : y(0) =0 and #,(y(1)) < 0}.
Moreover, the level c; does not depend on 2., and ¢, = ¢(Q).

Proof. This is essentially proved in ([85], Proposition 2.2) in a more general situa-
tion where 4 is allowed to be a non constant function. We give a more direct
proof here.

We skip the proof of (5.8), as it follows in a standard way. Now, let
0;: H} (Q) — H{}(Q) be given by

A+1 A—1
91(}1/) = T w —+ T l’b/Lw'

Then, as proved in ([31], Proposition 9, Step 3), 0, is a homeomorphism and

J,(07 () < A (w),

for every we Hi(Q). Now, given we H}(Q)\{0}, take 7 >0 so large that
A (tow) < 0 and define y(&) := 0; ' (étow) for 0 < & < 1. Then y € I and

sup j;ﬁ(y(é)) < sup 4 (Ew) < sup 7 (tw),

elo,1] ceo,1) >0
implying that
¢; < sup # (tw).

>0
Since w is arbitrary, we conclude that ¢; < ¢;. To show that ¢; < ¢;, one proceeds

in a similar way. O

We have deduced yet another characterization of the ground energy level ¢(Q)
defined in (5.2). In particular, this yields

c(Q) = inf jup{f(lbt—i—lﬁ,tl)—%) :lZO,gbeHol(Q)}

vE—u/A L

= int 7 (0.0)] (1.0) € HV((0,0)) 7o) (0= ) =0 v e rj(@) |
6. More on the symmetry properties of solutions

The questions about the symmetry of the solutions of a second order elliptic equa-
tion can be tackled either using reflexion methods and moving planes arguments
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as in Gidas et al. [65], or symmetrization techniques as in Talenti [109]. The mov-
ing planes method was adapted for elliptic systems as (1.1) by Troy [113], see also
[34], [47], [99] and Remark 3.13. Further contribution based on symmetrization
techniques for a scalar equation often rely on the Polya-Szegd inequality which
asserts that the gradient of a Schwarz rearranged function u* has a smaller L2-
norm (other quantities can be considered as well) than the original function u.
For higher order elliptic problems, and also for Hamiltonian elliptic systems, this
approach by symmetrization cannot be applied in such a direct way. Indeed, if
one thinks for instance of the treatment of the system (1.3) using the reduction
by inversion, the functional framework is a Sobolev space requiring the existence
of two weak derivatives and one can clearly produce examples of such functions
whose Schwarz symmetric rearrangement does not possess two weak derivatives
anymore. We have shown in Section 3 and Section 4 that the right tool to apply
symmetrization technique is the comparison principle due to Talenti, see Lemma
3.11. We will give more insight on the use of this principle to get both complete
and partial symmetry results using polarizations.

6.1. Working with polarization. In this section, we show how the reduction by
inversion framework allows to use polarization techniques to prove complete or
partial symmetry results.

Assume H is a closed half-space in RY. We denote by oy : RN — R" the
reflection with respect to the boundary 0H of H. For simplicity, we also put
% = oy(x) for x € RY when the underlying half-space H is understood. For a
measurable function w: RY — R we define the polarization wy of w relative to
H by

wir(x) _{ max{w(x),w(x)}, xeH,
min{w(x),w(%)}, xeRM\H.

We also denote w(x) := w(X).

We consider the set # of all closed half-spaces H in R such that 0 € 0H.
Given an unitary vector e € R", we denote by #, the set of all closed half-spaces
H € # such that e € int(H) and we denote by #. the set of all closed half-spaces
H in R" such that 0 € int(H).

Recall that a function f : RY — R is said to be foliated Schwarz symmetric
with respect to a unitary vector e € RY if it is axially symmetric with respect to
the axis Re and nonincreasing in the polar angle § = arccos(x - e) € [0, 7].

We mention that, up to our knowledge, the link between polarization and
foliated Schwarz symmetry appeared first in [103]; cf. ([21], Theorem 2.6) for
further results about the foliated Schwarz symmetry of least energy solutions of
some second order elliptic equations with radial data. We also mention that
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some precursory works, as [3], [13], [14], [32], brought to light the relation between
polarizations and rearrangements in many different settings.

To our purposes we recall, without proving, the following useful characteriza-
tion of a symmetric function by means of polarizations, and refer to the survey
[117] for more details on the subject.

Proposition 6.1.

(i) ([62], Proposition 2) Let f € C(RY). Then f is Schwarz symmetric (with
respect to the origin) if, and only if, f = fu for every H € ..
(i) ([103], Lemma 2.6), ([24], Lemma 17) Let f € C(RY) and e € RY an unitary

vector. Then f is foliated Schwarz symmetric with respect to e if, and only if,
f = fu for every H € ,.

The following result is essentially due to [32] but we provide a rather elemen-
tary proof. Here, B stands for the open ball in R" centered at the origin and with
radius one.

Lemma 6.2. Let f e L'(B), | <t < oo, and H € #. Let u and v be the strong
solutions of

—Au=f,—Av=fy inB,
u,v=0 ondB.

Then v = vy in Band v > ug in Hn B. Moreover,
JB updx < JB vpydx, Yo e L*(B). (6.1)
In particular, if f > 0,
Lus(pdxs JBUS(pde, Vope L*(B), p >0, s> 1. (6.2)

Proof. Without loss of generality, we can assume that f is smooth. Since
—A(v—10) = fy — fu =0 in H B we deduce from the maximum principle that
v=0in HNnB. So v=vyg in B. On the other hand, since, by definition,
f—fu=fu—f, we have that —A(a+u—o—v)=f+f—fu—fu=0. It
follows that it +u = v+ v in B; in particular, ¥ = v on dH n B. Then, by ob-
serving that —A(v —u) = fy —f >0 in HnB and —A(v— i) = fy — f >0 in
H n B, we conclude that v >u in Hn B and v> @ in H n B, that is v > uy in
Hn B.
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Now, given ¢ € L*(B), we must derive the inequality

J up dx = J (up + up) dx < J (vpy + 09 ) dx = J vpy dx.
B HAB B

HnB

By replacing o = u + it — v and 9;; = ¢ + ¢ — ¢ in the above expression, we find
that the inequality reads

| on=00-0+ @ - o) - w)ax>0
HnB

Clearly, this holds true since each of the four terms in parenthesis is non-negative,

and this establishes (6.1).
Finally, in case f > 0, since moreover, v = vy, the property (6.2) is a conse-
quence of (6.1), as follows from ([32], Lemma 9.1) applied to the map j(r) = r’.
[

We will also need a similar version of the above lemma for the case of the
whole space RY. First, we recall that —A + I : W>(R"Y) — L/(R") is an iso-
morphism for every 1 < ¢ < c0.

Lemma 6.3. Let ]l <t < % and set r > 0 such that % + ,l = Nsz Let v' > 1 such

1,1 _ N I oN
that .+ =1. Let { € L'(RY), and H any half-space in R"™. Let u and v be the
strong solutions of

—Au+u=f, —Av+v=fy inR".

Then v = vy in RN and v > uy in H. Moreover,
[, omaes [ omuin voer@)
In particular, if [ > 0,
JRN u'pdx < JRN Vo dx, VpeL”(RY), p>0. (6.3)

Proof. We observe that u,v € W>'(R") < L"(R"). The proof is similar to the
proof of Lemma 6.2 and so will be omitted here. O
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6.2. Symmetry results for a system in R" using polarization arguments. In
this part we consider the system

(6.4)

—Au4u=1o|* v inRY,
~Av+o=|u""'u inRY,

and we assume that the pair (p,q) satisfies the hypothesis (H3), which for con-
venience we recall here

1 n 1 >N—2
p+1 g+1 N

p,g>0, 1> (H3)

It is proved in ([27], Theorems 1.8 and 1.9) that (6.4) has a ground state solu-
tion and that any ground state solution of (6.4) has definite sign, that is, u,v > 0 in
RY or u,v < 0in R" (for short, uv > 0 in R"). It was also proved in [27] that at
least one positive ground state solution of (6.4) is Schwarz symmetric. However,
it was left as an open problem whether every ground state solution of (6.4) has
radial symmetry or not. Here we give a positive answer to this question.

Theorem 6.4. Assume (H3). Then (6.4) has a ground state solution. Any ground
state solution (u,v) of (6.4) is such that uv >0 in RY. Moreover, if (u,v) is a
positive ground state solution of (6.4) then, up to a common translation, u and v
are Schwarz symmetric.

Here our approach is based on the reduction by inversion as in Section 4, see
also [27]. Set L := —A + I. Then (6.4) is equivalent to

L Lu|Y" " Lu) = [u|P ", ue wrErD/aRrN)y,

and the study of ground state solutions of (6.4) is then reduced to the study of
minimizers for the best Sobolev constant

Uy = inf{J L TV gy e WREVRY), Y,y = 1}. (6.5)
RY

The results listed below are proved in ([27], Section 3):
— there exists at least one minimizer to (6.5);
— any such minimizer is such that u, Lu > 0 in RY or u, Lu < 0 in R";

— at least one minimizer is Schwarz symmetric.

Therefore, the conclusion of the proof of Theorem 6.4 reduces to proving the
following proposition.
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Proposition 6.5. Assume (H3). Let u e W>WHD/4(RN) be a minimizer of (6.5)
such that u, Lu > 0 in R™. Then, up to translation, u, Lu are Schwarz symmetric.

We denote by Ty : W2@rD/a(RY) — (w2 @D/4(RY))" the operator given
by

Ty (u), @y = JRN |Lu|" LuLpdx,  Yu,p e w0/,

Then T~ is a nonlinear homeomorphism, cf. ([59], Lemma 3.2) for a similar
result. For every w € LP*D/?(RY) the imbedding W2 +/4(RY) — Lr+1(RY)
guarantees that the map

0 J wodx, ¢e W>D/aRN),
RY

defines a continuous linear functional on W2 @*+1/4(RY) and so there exists a
unique u € W>@+/9(RY) such that Ty (1) = w, that is

J |Lu|1/HLqu)dx:J wodx, Vpe W>D/arN),
RN RN

Lemma 6.6. Let H be any half-space in RY, we LPtV/P?(RN) be nonnega-
tive and u, it € W>WD/4(RNY) be such that Tyn(u) = w and Ty (it) = wy. Then
Ty (u),uy < {Tpy(0),u).

Proof. Let v and v be the strong solutions of
Lv=w, Loi=wy inR".
Then, u and u are the strong solutions of
Lu=v|""v, La=[5""s inR",

and, by definition,

(T (), u = J |Lu T/ gy = J | dx  and
RY RY

Tty = 161" d.

The conclusion follows then from (6.3) with ¢ = 1. O
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Proof of Proposition 6.5 completed. By definition we have that

o — ll’lf <T[R€N(u)7 u> .
P e W AR Y ), U0 (Jan P! dx)(t1+1)/t1(p+l)

Let a, , be achieved by a (positive) function u such that [y u?™ dx = 1.

Step 1: For every half-space H in R", uy is also a minimizer for a, ,.

Indeed, since u is a minimizer for o, ,, we have that T~ (1) = o, qu”. Let it be
such that Tyw (1) = o quly. Then, by Lemma 6.6, (Tpn (u), u) < {Tp~(it),u). By
using the Holder inequality we deduce that

Up g = oc,,‘qJ | dx = (T (), u) < (T (@), i) = ocpqu 'y dx
RN

RN
1/(p+1) p/(p+1) 1/(p+1)
< %’q(J ! dx) <J ull! dx) = Otp‘q(J ! dx)
RN RN : RN

yielding that [~ "™ dx > 1 and so

- . 1/(p+1
<TRN (u)a u> <o (\[R‘V ul ! dx) s
Pq = (J"RN W|1’+1 dx)(qul)/q(erl) = e (I[RN |L~t|p+1 dx)(t1+1)/q(17+1)
—1/4(p+1)

It follows that [,y #”™' = 1 and @ is a minimizer for o, 4, so that Tyx (&) = o, 4t .
Hence # = uy and we conclude that uy is a minimizer for o, ,.

Step 2: For every half-space H in RY, we have u > @ in int(H), u < @ in int(H)
orelse u=1uin H.

Indeed, up to normalization, with v := |[Lu|"*""Lu and w := |Lug|"" ' Luy,
we have that Lu = v?, Lo =u”, Luy = w9, Lw =uf, in RY. In particular, we
infer from the equations Lv = u” and Lw = uf, that w > vy in H, cf. Lemma 6.3.
Then, since, by definition, |u — &t| = 2uy — u — @ in H, we see that

L(lu—ul) = ((w? —v?) + (w!—57)) >0 inint(H).

This implies that either « > @ in int(H), u < @ in int(H) or else u = it in H. Going
back to the system, we must have that either v > 7 in int(H), v < 7 in int(H) or
else v = v in H respectively.

Step 3: Up to translation, u, Lu are Schwarz symmetric.
Up to translation, we may assume that #(0) = max, v u(x). Now take any
half-space H € #,.. Then, from Step 2, we have that u > & in H, that is, u = uy.
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Hence, by Proposition 6.1 (i), and going back to the system, it follows that u, Lu
are Schwarz symmetric. O

6.3. A partial symmetry results. We provide here an example where the reduc-
tion by inversion approach was used to derive a partial symmetry result for the
ground state solutions of the Hénon type system

—Au=|x/"|o|*"v  in B,
—Av=|x|"lu/’'u  in B, (6.6)
u,v=0 on 0B,

where B is the open ball in R" centered at the origin of radius one and «, f > 0. In
this part we assume again that the powers p, ¢ satisfy the hypothesis (H3). The
procedure in this part is borrowed from ([28], Theorems 1.2 and 1.3) from where
we quote:

Theorem 6.7 ([28]). Assume (H3). Then (6.6) has a ground state (classical) solu-
tion. In addition, any ground state solution of (6.6) has definite sign, i.e. either
u,v>0in Boru,v<0inB.

Moreover, for any o, 8 > 0, every (positive) ground state solution (u,v) of (6.6)
is such that u and v are both foliated Schwarz symmetric with respect to the same
unit vector e € R™. Furthermore, either u and v are radially symmetric, or u and v
are strictly decreasing in 0 = arccos(x - e) € [0, 7] for 0 < |x| < 1.

In this part we will present the arguments involved to prove the Schwarz
foliated symmetry of (positive) ground state solutions of (6.6). For the complete
proof of Theorem 6.7, we refer to [28]. For further results on systems like (6.6) we
refer to [25], [35], [S1], [52], [74] and references therein.

Arguing as in Section 4, the system (6.6) can be rewritten as the scalar equation

A(lx|#le 1/4—1 — x| %P1 ; ; _
(|x] | Aul Au) = |x|"u|’"'u inB, withu,Au=0 on éB.

and the study of ground state solutions of (6.4) is then reduced to the study of
minimizers for the Sobolev constant

S = inf{ J |Au| I x| P s u e ) g J |7 | x| * dx = 1},
B
where, for each 1 < s < oo and y >0

E,,:= {u e W*5(B) n W, (B); L |Au|*|x| " dx < —i—oo}.
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To simplify notation, we will denote E1)/4, /4 simply by E. It was proved
in ([28], Lemma 3.4) that the nonlinear operator 7 : E — E’ given by

(T (u),py = J |Au|1/q_1AuAgo|x|_ﬁ/q dx, Vu,pekE.
B

is a nonlinear homeomorphism. On the other hand, for every w € L(»*1/?(B), the
imbedding E «— LP*!(B) guarantees that the map

¢ — J wopdx, ¢e€E,
B

defines a continuous linear functional on E. So there exists a unique u € E such
that 7'(u) = w, that is

J |Au|V4 7 AuAg|x| P dx = J wpdx, VeekE.
B B

The next lemma helps to complete the proof of Theorem 6.7 in which concerns
the symmetry of (positive) ground state solution.

Lemma 6.8. Let we LP*V/P(B) be nonnegative and u,ii € E be such that
T(u) =wand T(at) = wy. Then {T(u),uy <<T(a),u).

Proof. Let v and v be the strong solutions of
—Av=w, —Ab=wg In B, v,0=0 on JB.
Then, u and # are the strong solutions of
—Au=|xPv?,  —Aui=|x’®)? inB, wa=0 ondB

and, by definition,
(T(u),uy = J | Au| V) x| 7P gy = J x| Puit! dx
B B
and
T = | W@ ax
B

The conclusion follows then from (6.2) with p(x) = |x|”. O
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Proof of the foliated Schwarz symmetry of ground state solution of (6.6). Let

R (T(u),uy
5= ue};"nzi;;éo P % o) @t D/a(pH1)
wF0 ([ [l x| dx)

Let S be achieved by a (positive) function u such that [, u?*!|x|*dx = 1.

Step 1: For every half-space H € J#, uy is also a minimizer for o, ,.
The proof follows the same procedure as in Step 1 of the last section, and so
will be omitted here.

Step 2: For every half-space H € #, we have u>u in int(H) "B, u<u in
int(H)nBorelseu=uin HNB.

Again the proof follows exactly as the proof of Step 2 in the last section, based
on the strong maximum principle, and so will also be omitted here.

Step 3: Fix any point xo € B\{0} with u(xy) = max{u(x) : x € B, |x| = |xo|}. Set
e= "Y‘—g‘ Then u, —Au are Schwarz foliated symmetric with respect to e.

Indeed, let H € #,. Then, by Step 2, it follows that u > # in H n B, that is,
u = uy. Hence, by Proposition 6.1 (ii), and going back to the system, it follows

that u, —Au are foliated Schwarz symmetric with respect to e. O

6.4. An example of symmetry breaking. We provide here an example where
two different reduction approaches were used to derive a loss of symmetry of the
ground state solutions. Namely we consider once again the Hénon type system
(6.6), where B is the unit ball in RY, o, # > 0, and (p, ¢) satisfy (H3).

First we show that a symmetry breaking can be deduced by direct energy com-
parison using the reduction by inversion from Section 4. Secondly we will use
the Lyapunov-Schmidt type reduction from Section 5 to deduce a symmetry
breaking in a different range of the parameters o, S, p, ¢ from a Morse type
argument, namely deducing some estimates from the positivity of the second
derivative of the family of reduced functional #, with an adequate choice of the
parameter A.

Arguing as in Section 4, the system (6.6) can be rewritten as the scalar equation

A(x| P4 Au)V 4 Au) = |x|*[u)’'u in B, withu,Au=0 on 0B.

The functional associated to this equation is

1
J(u) :LIJ |Au|(q+1)/q|x|—ﬂ/qu__lj |u|p+l\x|“dx,
q+1J)p p+1Jp
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defined on the functional space

E, = {u e W*3(B) n W, (B): J |Au|*|x| " dx < —i—oo},
B

with s = % and y = £ Radial solutions can be obtained by working with the

q

same functional in the same Sobolev space restricted to radially symmetric func-
tions, that is

rad

Eq prad = {u e W2i(B) n W, (B) : J |Aul®|x| 7 dx < +oo},
B

% and y = £ In order to deduce a symmetry breaking of the

still with s = 7
least energy solution, the simplest strategy consists in providing estimates of the
least energy level (among solutions or equivalently on the corresponding Nehari

manifold). Assume

N+a N+p
+
p+1  qg+1

>N -2

It is proved in [28] that there exist a,b,d,a > 0 such that, for every o > o,
0 < B < do, we have

ao P2/ (pa=1) (] +ﬁ(p+1)/(pq—1>) < Crad

< bo P/ (a=1) (] 4 gD/ (pa=1)), (6.7)

¢rag being the least energy level among radial solutions. On the other hand, it is
shown in ([35], Theorem 2 (c)) that

Cop < Coa(Z(erl)(qul)—N(pq—l))/(pq—l) (Co> 0,8 <a,o>a), (6.8)

where ¢, g is the least energy level among all (not necessarily radial) solutions of
(6.6). Actually, in [35] it is assumed p > 1, ¢ > 1 and f < (¢+ 1)N but a close
inspection of their proof shows that (6.8) remains valid as long as f < « and o is
sufficiently large. These estimates lead to the following conclusion: a symmetry
breaking occurs when « and f are comparable.

Theorem 6.9. Assume (H3), N > 1 and there exists C > 0 such that f <o < Cf
as oo — 0. Then there exists ag > 0 such that for o > ay, no ground state solution
of (6.6) is radially symmetric.

Proof. This follows from a simple comparison of the levels ¢, g and craq. O
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In the case where o and f§ are no longer comparable, namely f = o(«) as
o — oo, the situation is much more delicate to handle. If f is fixed, we still deduce
a loss of symmetry when (p, ¢) is sufficiently close to the critical hyperbola, so that

2p+1)(g+1) =N(pg—1) < (p+2)(g+1).

This follows from Theorem 6.9 by taking the estimates (6.8) and (6.7) into account.

As shown in [104], the simplest way to prove symmetry breaking for the scalar
Hénon equation is to observe that the ground critical level of the associated func-
tional is asymptotically strictly smaller than the action on any radial solution; for
the system (6.6) the situation is more tricky since both the corresponding ground
critical levels, the radial one and the global one, may grow asymptotically at the
same rate, see [28], and this is in great contrast with the case of a single equation,
as treated by [104]. We mention that the estimate (6.7) corrects the wrong esti-
mate ([35], Theorem 2c).

To deduce a loss of symmetry in a regime where for instance f > 0 is fixed
and o — oo, another strategy can be exploited, namely another one from [104]
(adapted for the single equation) which is based on the computation of the second
derivative of the underlying energy functional. Here the Lyapunov type reduction
of Section 5 is really the good approach to be used since the other ones are not
convenient for Morse index type arguments.

Theorem 6.10 (f = o(x) and f — oo or ff fixed). Assume (H3), p>1, ¢ =1,
N >3 and that § = o(a) and f — oo as & — oo or f is fixed but taken sufficiently
large. Then there exists oy > 0 such that for o > oy, no ground state solution of
(6.6) is radially symmetric.

We still denote by ¢, 4 the radial ground state level associated to a least energy
radial solution (i, g, v, ). The main ingredient in the proofs of the last wo theo-
rems is the following estimate

1/2 v? 1/2
e < Co (J |Vuo(.ﬁ|2 dx) (J : '/2; dx) Yo, f > 0; (6.9)
B B x|

where the constant Cy = Cy(p, ¢, N) in (6.9) is independent of o« and 5. The proof'is
rather long and basically follows from the non negativity of the second derivative of
the reduced functional 7, at a minimizer with a good choice of 2. We refer to [28].
Notice that it is in the proof of this estimate that one requires p > 1, ¢ > 1 and
N > 3. On the other hand, one can show [28] that there exists oy > 0 such that

1/2 v? 1/2
(J |Vua‘ﬁ|2dx> (J ’gdx) < G, Yoo > o9, f =0 (6.10)
B ' B|x]|

1+ \/,EL“’B
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for some positive constant C; = Ci(p, ¢, N), as long as f/a — 0. In fact, it is
sufficient to have ff/o < ¢ for some o < 1/(p + 2).

By comparing (6.9) and (6.10) we obtain a contradiction provided f is taken
sufficiently large so that (u, g, v, ) is not a ground state solution.

7. Concentration phenomena

Throughout this section we will assume N > 3. To start with, let us recall some
concentration results for solutions of

—Au+V(x)u=f(u) inQ, (7.1)

with f(s) being a power type nonlinearity, superlinear at the origin and subcritical
at infinity. One of the interesting phenomena concerning (7.1) is the existence of
concentration for some classes of solutions under different boundary conditions
and assumptions on V. The task of enumerating all contributions to this sub-
ject would give a survey paper by itself, hence here we just state some of the
most relevant papers whose statements have guided the corresponding results for
Hamiltonian systems.

One of the first results regarding concentration phenomena for (7.1) was the
one by Floer and Weinstein [63]; for Q = R, f(s) = |s|%s and ¥ bounded, the au-
thors show (through a Liapunov-Schmidt reduction argument) that, given a non
degenerate critical point of ¥, there exists a solution of (7.1) which concentrates
around that point. Later, Oh [79], [80], [81] uses a similar approach while extend-
ing the results to higher dimensions, dealing also with multispike solutions.

The first results with a non-degeneracy assumption on V go back to the
works by Rabinowitz [90] and Wang [116]. In [90], it is shown the existence
of a ground state solutions when Q = RY and V satisfies 0 < inf _pv V(x) <
liminf|, ., V(x) for sufficiently small ¢ — 0. 1In [116], it is proved that these
solutions concentrate around a global minimum point of V, as ¢ — 0.

A further step in the study of these questions was done by del Pino and Felmer
[54], where through a penalization method the authors find solutions which con-
centrate around a local minimum of V' (possibly degenerate). This was extended
in [56] to find multiple spike solutions concentrating around a finite prescribed
number of local minima of V', or around given topologically nontrivial critical
points of V' [53], [55]. We refer to the introduction of [92] for more references
on this subject.

Similar phenomena where studied for 7(x) =1 and Q bounded. For the
Dirichlet case, Ni and Wei [78] proved that ground state solutions concentrate at
the point which is at the maximum distance from the boundary, whereas in the
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Neumann case Ni and Takagi [77] showed that they concentrate around a point of
0Q having maximum mean curvature. The proof of these two results were
simplified and extended to more general nonlinearities in [57], and we refer to the
introduction of the latter paper for a more detailed description of the results and
for an excellent review of the subject. We would like also to refer to [8] for more
recent results.

At this point, it is natural to ask whether these results extend to the Hamilto-
nian system

—Au+V(x)u=g(v) inQ 79
{—Av+ V(x)v=f(u) in Q. (7.2)
The answer is yes, and this task was done mainly in the works of Ramos et al
[84], [85], [92], [94], [95], [96]. We will write ahead the exact statements, mainly
because some of the results in the mentioned papers need clarification, and also
because by using the arguments of Section 5, we can make nowadays less re-
strictive assumptions on f, g. In all statements it is required that f, g satisfy
(f91)~(f92)~(/93).

The proofs in these papers use mainly the approach and ideas followed on
Section 5, and they do not consist on simple adaptations of the arguments used in
the single equation case. In addition to what has been already said thoughtout
this paper, there are mainly three difficulties that one needs to take in consider-
ation when passing to the system. Firstly, as far as we know no uniqueness result
seems to be known for the limiting problem (7.2) with Q = RY and V' = 1, which
is a crucial assumption in some of the papers dealing with the single equation
case (see for instance [56], Assumption (f4)). Secondly, as said before, the energy
functional (1.4) is strongly indefinite and the underlying linking theorems are of
more complex nature; this fact makes energy estimates much harder to obtain.
The third issue is the fact that for (p,q) satisfying assumption (H4), it might
happen that either p or ¢ is larger than the critical Sobolev exponent. However,
if one has suitable upper bounds for the energy, one can then argue as in
Subsection 5.3.

Consider the system

{—azAu +u=g() inQ (7.3)
—&’Av+v=f(u) inQ '
under Neumann

W_%_ ) onin (7.4)

on  on
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or Dirichlet boundary conditions:
u=v=0 ondQ. (7.5)

As far as we know, the first paper to obtain concentration phenomena in
Hamiltonian system is due to Avila and Yang [12], using the dual variational
formulation we presented in Section 3 (related results using this approach can be
found in [4], [5]). Their results were later on improved in [84], [96].

Theorem 7.1 ([84], [96]). Let Q be a bounded domain. Under (fgl)—(fg2)—(fg3),
there exists ¢y > 0 such that for any 0 < & < & problem (7.3)—(7.4) has non con-
stant positive solutions u,, v,. Moreover, u, + v, attains its maximum value at some
unique point x, € 0Q. Up to a subsequence, x, — X € 0Q with

H(X) = max H(x),

xeoQ

where H(x) denotes the mean curvature at a point x € 0.

At this point we would like to stress the differences between the later state-
ment and the actual statement made in [84], [96]. First of all, in the last papers
the assumptions of f, g were more restrictive (for instance a requirement that
f2(s) <2f"(s)F(s) and ¢*(s) <2¢'(s)G(s) was made, among others). A close
look at the proofs, however, show that, having proved the results of Section 5
under (fgl)—(fg2)—(fg3), the only thing missing is to check that the following
stronger result holds under these assumptions:

For any given Palais-Smale sequence .#, that is .#(u,,v,) bounded with
ty = || (tn, v )|| — 0, then

sup{ (t(un, va) + ($,—¢) : 1 > 0,4 € Hy } = I (up, v) + O(p17).

This was proved in ([95], Proposition 2.5) assuming only (fg1)—(fg2)—(fg3).

The second and last difference is that the theorem we stated speaks about con-
centration of u, + v,, while [84], [96] state that both u,, v, concentrate at the same
unique local maximum x,. It seems however that the proofs there do not imply
such a strong result®, but only the one we stated on Theorem 7.1 (more precisely,
step 4 in the argument of the proof of ([96], Theorem 3.1) works only for the sum
u, + v;). Alternatively, one can prove the weaker result that u, and v, admit global
maximum points x, and y,, and these satisfy |x, — y;|/¢ — 0 as ¢ — 0. In partic-
ular, x;, y. — X € 0Q which maximizes the mean curvature at the boundary.

3This fact was also confirmed by M. Ramos in a private communication.
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Similar comments can be made for the remaining statements of this section,
and we refer to [95] for more comments regarding the assumptions on f and g,
and ([112], Section 5) for more details concerning both questions.

As far as Dirichlet boundary conditions are concerned, the generalization of
[78] for Hamiltonian systems is the following.

Theorem 7.2 ([85]). Let Q be a bounded domain. Under (fgl)—(fg2)—(fg3), there
exists & > 0 such that for any 0 < & < &y the problem (7.3)—(7.5) admits a positive
ground state solution (u,v,), which satisfies the following properties, as ¢ — 0:

(1) u; + ve attains its maximum value at some unique point x, € Q;
(i) d, := dist(x,, 0Q) — max,cq dist(x, 0Q);
(ili) ¢,(Q) = &V (c(RY) 4 e~ 2(I+oh)d/e)

where c,(Q) denotes the ground state level of (7.3), and ¢(R") denotes the ground-
state level of the limiting problem (7.3) with ¢ = 1 and Q = R".

Next, we turn to

{—azAu +V(x)u=g(v) inQ
—&2Av+ V(x)v= f(u) in Q.

In case Q = R", we have the following generalization of [90], [116]:

Theorem 7.3 ([94]). Let Q = RY. Assume that the nonlinearities f and g satisfy
(fa1)—(f92)—(fg3), and that the potential V is continuous and satisfies

0 < inf V(x) < liminf V(x).

xeRY |x|— o0

Then there exists &y > 0 such that for any 0 < ¢ < & there exists a positive ground
state solution (uy,v;) of (7.6) such that u, + v, attains its maximum value at some
unique point x, € RY.  Moreover, {x.}, is bounded and, up to a subsequence, it
converges to xo € RY satisfying

V(xp) = min V(x).

;
xeRN

Finally, we want to state the generalization for Hamiltonian systems of the
results by del Pino and Felmer [54], [56]. Let us assume that V' is locally Hélder
continuous and
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(V1) V(x)=oa>0forall x e Q;

(72) there exists bounded domains A;, mutually disjoint, compactly contained in
Q(i=1,...,k) such that

inf V <inf V
A oA
(that is, V" admits at least k local strict minimum points, possibly degenerate).

Theorem 7.4 ([95], ([112], Section 5)). Take Q a regular (eventually unbounded)
domain. Assume that (fgl)—(fg3) and (V1)—(V2) holds. Then by taking ¢ > 0
small enough we have that (7.6) admits a positive solution (u,,v,) having the fol-
lowing properties:

(1) u, + v, possesses exactly k local maximum points x; . € Q;, i =1,... k;
(1) we(x; ) + ve(Xie) = b >0, and V(x;,) — infp, V as e — 0;

(iii) 1, (2x), v,(x) < pe(Plel—xidl Ver\UHél %

for some constants b,y > .

Comments on the proof. As explained in Section 5, one can work without loss
of generality with 1 < p =¢ < 2*. We will denote by _# the reduced functional
associated with (7.6) in the sense of Subsection 5.2. Fix bounded domains A,
(i=1,...,k), such that A; € A;. Take cut-off functions ¢, such that ¢, = I in A,
and ¢; = 0 in RY \/N\i. Since Q might be an unbounded domain, following [54],
[56], one can truncate the functions f and g outside A; in such a way that one
recovers the Palais-Smale condition. Consider the following Nehari—type set

o= (e HY(@)| 7/ 0)(ug) =0, and |

u? dx > et }
A
Roughly speaking, this set (which can be proved to be a manifold) localizes the
functional _#, near each H0 (A;) x H}(A;). The technical condition jA u? dx >
¢M*! insures that the set is closed (actually, one proves that [, u*dx > ye" for
some # > 0). It can be proved that ¢, = inf . £ is a critical pomt corresponding
to a solution of (7.6) satisfying all the desired properties for sufficiently small
e>0. As it was said before, we would like to observe that the statement in
[95] is slightly incorrect, because it concludes that u, and v, have common local
maximums. The veracity of this stronger statement is not known to hold; this
is related with the fact that the if (u,v) is a nontrivial solution of the limiting
problem
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, N-1 N-1

W u=g), - = o= f(u),

Nu"(0) = u(0) — g(v(0)),  Nv"(0) = v(0) — g(u(0)),

then one can only guarantee that either »”(0) # 0 or v”(0) # 0. The full proof of
the statement of Theorem 7.4 is presented in ([112], Section 5). O

We would like to close this section referring to the work of Ramos [92], where
the author (under the dimensional restriction 3 < N < 6) exhibits solutions of (7.6)
which concentrate around a prescribed critical point of V, which is not necessarily
a minimum. It remais an open question whether this extends to higher dimen-
sions or if there exist multi-peak solutions of the system for small ¢ > 0 concen-
trating around topologically nontrivial critical points of ¥ (in the sense of [53],
Theorem 1.2).

8. Multiplicity results in the spirit of the Symmetric Mountain Pass Lemma

Let Q be a bounded domain of RY, N > 3. It is well known that the superlinear
and subcritical problem

~Au=u"'u InQ,  u=0 ondQ,

possesses infinitely many solutions in HO1 (Q) as follows from the natural Z,-
symmetry and the symmetric Mountain Pass Lemma of Ambrosetti and
Rabinowitz [9]. The non homogeneous problem

~Au=u""'u+h(x) inQ, wu=0 ondQ, (8.1)

where i € L*(Q), can therefore be seen as a (large) perturbation of a symmetric
situation and thus a large number of solutions is expected. One can indeed obtain
infinitely many solutions, provided the growth range of the nonlinearity is suitably
restricted. Namely, Bahri and Berestycki [17], Struwe [106], and, with a different
approach, Rabinowitz [88], [89] proved the existence of infinitely many solutions
for problem (8.1) under the restriction

2 1 2N-=-2

— 8.2
p+1+p> N (8.2)

p>1,

while, later on, Bahri and Lions [15] and Tanaka [110] (see also [70]) showed that
it is sufficient to assume

2N -2
N-2"

p>1, p+1l< (8.3)
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The main ingredient in Bahri and Lions [15] and Tanaka [110] is the use of the
Morse index leading to more precise estimates and a better conclusion. Moreover,
assuming the “natural’ growth restriction (p + 1)(N — 2) < 2N, Bahri [16] proved
that there is an open dense set of functions # € H~'(Q) for which (8.1) admits
infinitely many weak solutions.

For the corresponding Hamiltonian elliptic system

—Au=|p|" v+ k(x) inQ,
—Av = [u)""u+h(x) inQ, (8.4)
u,v =20 on 0Q),

the symmetric case A(x) = k(x) =0 has been studied by several authors. By
means of a Galerkin type approximation combined with the approach presented
in Subsection 2.2, one can reduce the strongly indefinite functional to a semi-
definite situation. We sketch this approach in Section 8.1. A different approach
to the problem of symmetric indefinite functional was given by Angenent and van
der Vorst in [10], who applied Floer’s version of Morse theory to Hamiltonian
elliptic systems, in the spirit of [15] (see also [11]).

We show in Subsection 8.2 and Subsection 8.3 ahead that the variational
approaches presented in the preceding sections allow one to derive the simplest
proofs for the symmetric situation. Moreover, in the case where A(x) # 0 and
k(x) # 0, the reduction method of Section 5 is successful to obtain the equiva-
lent of the Bahri-Lions’ result for the scalar equation (for p,¢ > 1). Indeed,
Rabinowitz’s approach mainly relies on an estimate of the deviation from sym-
metry and the use of an auxiliary functional. It turns out that the reduced func-
tional # suits very well in Rabinowitz’s approach (with some adaptation).
Moreover, Morse index information a /a Bahri-Lions can be considered since
with # we recover the geometry of the single equation case functional.

In dimension 1 (see Subsection 8.4), we show that the reduction by inversion
allows to treat the more general case pg > 1.

It must be stressed that since in general no a priori bounds for positive solu-
tions are known to hold for (8.4), the results in this section do not give any infor-
mation about the sign of the infinitely many solutions. In Subsection 9.2 we will
discuss this in more detail, providing also multiplicity of sign-changing solutions.

8.1. The direct approach and Galerkin type approximation. In this section we
consider the symmetric problem

—Au= | inQ,
—Av=|u""'u inQ, (8.5)
u,v=>0 on 09,
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following closely the presentation by Tarsi [111]. We will use the fractional
Sobolev space approach of Subsection 2.2, and so we take (p, q) satisfying (H2),
which yields the existence of 0 < s <2 so that the functional % in (2.5) is
well defined. We show that infinitely many solutions can be found as critical
points of .% by means of a version of the symmetric Mountain Pass Lemma of
Ambrosetti and Rabinowitz [9], valid for strongly indefinite functionals. Let us
introduce some notations.

Take a Banach space E with norm ||-||. Suppose that £E = E™ @ E~ with
both E*, E~ having infinite dimension, spanned respectively by (¢;"); and (¢; ).
Set, for n,m € N

X, =span{e),...,e,}®E~, X" =E"@span{e|,...,e,},

'Y n

and let (X"")" = span{e,, .|, ¢,,.,, ...} denote the complement of X" in E. For a

functional I € ¥'(E,R), we define I, := I| x, as the restriction of / on X,. Then
we have the following theorem due to de Figueiredo and Ding ([46], Proposition
2.1), see also Bartsch and de Figueiredo [20].

Theorem 8.1. Let E be as above and let I € €' (E,R) be even with 1(0) =0. In
addition, suppose that for each m € N, the following conditions hold.:

(I) there exists Ry, > 0 such that 1(z) <0 for all z € X™ with ||z|| > R,

() there exist r,, > 0 and a,, — +oo such that I(z) > a,, for all z € (X" ') with
120l = 7,

(I3) I is bounded from above on bounded sets of X,

and that

(Is) I satisfies the (PS), condition for any ¢ >0, that is, any sequence {z,} < E
such that z, € X, for any ne N, I(z,) — ¢, and I)(z,) = I|;(n(z,,) — 0 as
n — 400 possesses a convergent subsequence.

Then the functional I possesses an unbounded sequence {c,,} of critical values.

Idea of the proof. The sequence of critical values can be constructed by means of
a Galerkin approximation. Using the previous notations, set

B":={ze X" :|z|| £ Ru}
as being the ball of radius R,, in X, take

B":=B"nX,={ze X" nX,:|z]| <R},
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and define the following sets of continuous maps
I :={he¥B) X,): h(—z) = —h(z) Vz € B, h(z) =z Vz € 0B)'}.
Finally define the values

= hienl_f; ; Zseulg:x I(h(z)).

It can be proved that, for sufficiently large m € N, the sequences ¢’ converge to
critical values ¢ of the functional I as n — +oo. Thus the limits

Cm = lim ¢
n—+o0
are critical values of the symmetric functional 7 for large m. O

Other versions of the same theorem are known, where the (PS), condition is
replaced by other variants, or by the usual Palais-Smale condition (see for in-
stance [19], [23], [58] and references therein).

We briefly present the functional framework in which the functional .# associ-
ated to the system (8.5) satisfies the hypotheses of Theorem 8.1. First, fix again in
H{(Q) a system of orthogonal and L>-normalized eigenfunctions ¢, ¢,, s, . . .,
of —A, ¢, > 0, corresponding to positive eigenvalues 4} < Ay < A3 < --- | 400,
counted with their multiplicity. Remember the definition of

A = As(i ) = i 2 ang,
n=1 n=1

defined in the space E*(Q), see (2.3). Like in Subsection 2.2, we use the notation
E;, = E*(Q) x E'(Q) with t =2 — 5. In order to apply Theorem 8.1, one uses the
decomposition E; = E” @ E;, with

Ef={(u,A7"A°u) :u e E*(Q)}, E; ={(u,—A"A°u):ue E*(Q)},

and basis (¢,, + A4 '4°p,),. For the details we refer to Tarsi ([111], Theorem 1.1)
or to de Figueiredo and Ding [46] for a related but different problem.

8.2. The Symmetric Mountain Pass Lemma combined with the Lyapunov-
Schmidt type reduction. We now show how the reduction approach of Section
5 combined with the Symmetric Mountain Pass Lemma [9] provides a short proof
of the existence of infinitely many solution in a symmetric framework. Observe
that we have to restrict ourselves to the case p, g > 1.
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Theorem 8.2. Assume (p,q) satisfies (H4). Then the system (8.5) admits an un-
bounded sequence of solutions (uy,vi), = Hg(Q) x H}(Q).

Proof. We can assume that | < p = ¢ < 2* — 1 (cf. Remark 5.17 or the discussion
ahead) so that we can work with the functional space H} (Q) x H{ (Q2). Remember
from (5.5) the definition of reduced functional

S (u) =sup{I(u+y,u—p): e Hy(Q)} = I (u+ ¥y, u—¥,),
so that
S (u) = S (u,u) = |ullg,

provided |ju|| = p with p > 0 small enough. Now, take a finite dimensional sub-
space X = H}(Q). Assume by contradiction that there exists an unbounded

sequence (u,), < X such that

liminf #(u,) > —o0.

n— o0

By computing #(u,), we easily see that the sequence (||‘Pu”||H01/HunHH01)n is
bounded and

. Uy lIlun !
lim + =0.
=0 ||“n||H”1 ||“'1||H01
It then follows that
; P
lim J " =0,
5 ) Tl

which is impossible since X has finite dimension. Now since ¢ satisfies the Palais-
Smale condition and it is an even functional, we can therefore apply the Z,-
version of the Mountain Pass Theorem ([9], Theorem 2.8 & Corollary 2.9) to the
functional #, and the conclusion in the case 1 < p=¢ < 2* —1 follows from
Lemma 5.11.

Next, we observe that assuming 1 < p = ¢ < 2* — 1 is not restrictive. Indeed,
if for instance p <2* —1< g, we define g,(s) as in Subsection 5.3. Since
p < 2* —1, extending the case of pure powers to our new settings, it is easily
seen that for every n € N, the modified system

—Au=g,(v) InQ
—Av=[uf"'u inQ (8.6)
u,v =0 on 0Q
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has an unbounded sequence of solutions (u,vi), = H}(Q) x H}(Q). Finally,
arguing as in Section 5.3, it comes out that those solutions are bounded in the
L* norm independently of n. This means that for every k € N, the first k£ solu-
tions of (8.6) are indeed solutions of the original system provided # is chosen large
enough. Since this is true for every k € N, the conclusion follows. O

8.3. The Symmetric Mountain Pass Lemma combined with the reduction by
inversion. Here we show how the reduction by inversion approach of Section 4
combined with the Symmetric Mountain Pass Lemma [9], see also ([89], p. 5),
provide yet another short proof, even simpler than that of Theorem 8.2, of the
existence of countable infinitely many solutions in a symmetric framework. Here
we closely follow the presentation in [60].

Let Q be a smooth bounded domain in RY with N > 1. We consider the
system

—Au= o] inQ,
—Av=|u"'u inQ, (8.7)
u,v=>0 on 0Q),

under the same hypothesis made in Section 3, namely

1 n 1 >N—2
p+1 qg+1 N

p,g>0, 1> (H3)

As we have seen at Section 4, the system (8.7) is equivalent to the fourth-order

equation

{A(|Au|1/‘71Au) = |ul'u inQ
u,Au=20 on 0Q.

Let E = W2@tD/a(@Q)~ wy“"(Q). So, under (HI1), classical solutions

(u,v) of (8.7) are the pairs such that u is a critical point of the C'(E,R) func-
tional J : E — R defined by

1
J(u) =—1 J |Au|(‘”1)/qu—7j ! dx.
q+1J)a r+1la

Here we prove the following theorem which improves Theorem 8.2.

Theorem 8.3. Assume (H3). Then (8.7) has a sequence of classical solutions
(uy, vy) such that J(u,) — oo as n — oo.
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Proof. By using Lemma 3.2, since (H3) is satisfied, it is possible to show that J
satisfies the Palais-Smale condition; cf. ([59], Lemma 3.4).

On the other hand, by using the superlinear hypothesis 1 > ﬁ + q%, that is
pgq > 1, and standard arguments it follows that J has a mountain pass geom-
etry around its local minimum at origin. Also, its is clear that J is an even
functional.

Then, by ([89], p. 5), we just need to prove that for every finite dimensional
subspace F' = E, there exists R = R(F) > 0 such that J(u) <0 for u € F\Bgr).

This follows from the hypothesis p > é, since

4q (a+1)/q 1 ptl
J = —
() = g Il =
and that on finite dimensional subspaces all norms are equivalent. O

8.4. Perturbation from symmetry. Throughout this subsection we will restrict
the discussion to the case N > 3. Using the direct variational approach and
adapting Rabinowitz’s arguments [89], Tarsi [111] obtained a first result in the
vein of [17], [89], [90], [106] for the system (8.5). As in [46], the approach relies
on Galerkin type arguments. Tarsi [111] proved the existence of infinitely many
solutions for the perturbed system (8.4) under the restriction (assuming also that
l<p<gq)

Lo p+l 2N -2
p+1l q+1 plg+1) N

(8.8)

We observe that this condition implies condition (8.2) and it reduces to (8.2) in
case p =¢q. In particular, p + 1 is not allowed to be close to the critical range
(2N —2)/(N — 2) which appears in (8.3). Observe also that both p+ 1 and
¢ + 1 have to be smaller than the critical Sobolev exponent 2N /(N — 2).

Using the Lyapunov-Shmidt type reduction of Section 5, Bonheure and Ramos
[30], [31] get rid of the indefiniteness of the energy functional associated to the
system, giving rise to critical points whose energy is controlled (from below) by
their Morse indices. This allows to obtain a result in the vein of Bahri and Lions
[15] and Tanaka [110] improving (8.8).

Theorem 8.4 ([30], [31]). Let h,k € L*(Q) and take (p, q) satisfying

N 1 1 p
1 < —(1-— — . 8.9
sP=4 2( p+1 q+1><p+1 (8.9)

Then the system (8.4) admits an unbounded sequence of solutions (uy,vy), <
Hi (Q) x Hy(Q).
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Q

2 N+2 N+4 P
N—-2 N-—-2 N —4
Triti = i e o —_ N
— Critical hyperbola — pa=1 region covered by Theorem 8.4, u = <

Observe that the condition (8.9) is sharp in the sense that it reduces to (8.3)
in the case p = g. Moreover, this condition is implied by that expressed in (8.8).
On the other hand, (8.9) does force both p+ 1 and ¢ + 1 to be smaller than the
Sobolev exponent 2N /(N — 2). Observe also that we do assume both equations
to be superlinear. Up to our knowledge, it is not known whether Theorem 8.4
extends to superlinear systems under the milder assumption pg > 1, except in
dimension N = 1, see the forthcoming Theorem 8.5.

The proof of Theorem 8.4 combines the perturbation argument from
Rabinowitz [90] and Tanaka [110] for the single equation (8.1) with the
Lyapunov-Schmidt type reduction of Section 5 and makes use of a new estimate
of the augmented Morse index of some min-max critical points of the reduced
function #. In fact, the main ingredients for proving this estimate is the family
of reduced functional depending on a parameter ¢, (Subsection 5.4) and the
well-known Cwikel [43], Lieb [72] and Rosenbljum [97] inequality (see [100] for
a proof), which asserts that if m;, (o) denotes the number of eigenvalues u < 1 of
the problem

—Ap =uV(x)p, ¢eH(Q),

with N > 3, then

my(a) < CJ V(x)N? dx

for some universal constant C > 0. We refer to [30], [31] for the complete proof.
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As discussed above, the condition on the exponents p and ¢ can be improved in
dimension N = 1. The price to pay is that one needs to require more regularity on
the perturbations f, g.

Theorem 8.5 ([26]). Suppose that p,q >0, pg > 1 and f,g € C'([0,1]). Then the
system

—u" = |v|q_lv+f(x) x e (0,1),
" = \u|p71u+g(x) xe (0,1),
u(0) =v(0) =u(l)=v(1)=0 on{0,1}.

has infinitely many classical solutions.

The proof consists first in reducing (8.5) to a single nonlinear fourth-order
equation as in Section 4. Let u, be the unique solution of —u" = f(x), x € (0,1)
that vanishes on at x = 0 and x = 1. Considering w = u — uy, one is led to study
the equation

(")) = (P 4 w4 P (w4 ) — WP w + g(x)in (0, 1),
w,w” =0 on {0, 1}.

Assuming that 0 < ¢ < 1, the function
(x,8) = |s + ur ()] (s + ur(x) = [s1” s + g (x)

is in L*([0, 1] x R) as soon as us and g are bounded. This motivates to consider
the model problem

8.10
w,w" =0 on {0, 1}, (8:10)

{ (w4 )" = |w|P~"w + h(x,w) in (0, 1),
with i € L*([0, 1] x R) and Carathéodory. The proof next follows Rabinowitz’s
approach [88] adapted by Garcia Azorero and Peral Alonso [64] to deal with
perturbations from symmetry involving the p-Laplacian operator. A crucial
argument in Rabinowitz’s method is the use of the asymptotic estimates for the
eigenvalues of the Laplacian. In the case we have the Laplacian operator, since
it is linear, these asymptotic estimates lead directly to Poincaré type inequalities
on the orthogonal of the spaces generated by the n-th first eigenfunctions. When
dealing with a nonlinear differential operator, this step is much more delicate
and relies on some results on Schauder bases which are derived from Fourier anal-
ysis theory and topological isomorphism, for instance between W?27((0,1)) and
L7((0,1)) x R?> when dealing with the fourth order quasilinear operator as in
(8.10). One of the main ingredient then for the proof of Theorem 8.5 is that for
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every 1 < p < oo, {sin(nnt):n > 1} is a Schauder basis for Wol’p((O, 1)) and for
w2r((0,1)) N Wol’p((O, 1)). It is this step which would require new ideas if one
wants to improve Theorem 8.5 to higher dimension. Indeed, for instance, if N =2
and Q = (0,1) x (0,1), the sequence of eigenfunctions of (—A, H}(€Q)), ordered
according to the corresponding increasing value of the sequence of eigenvalues,
is not a Schauder base for L»*1/P(Q) if p # 1, since the process of “ball
summation” for the double Fourier series does not work; see ([71], Section 3.3 &
Theorem 3.5.6). We refer to [26] for the complete proof of Theorem 8.5.

9. Sign-changing solutions

In this final section we briefly describe two results about sign-changing solutions of
Hamiltonian systems. In the first subsection, we report a recent work dealing with
least energy nodal solution for an Hénon—type system, proving existence and sym-
metry properties. In the second subsection, we go back to the symmetric problem
(8.5), showing the existence of infinitely many sign-changing solutions. The latter
result is proved with the Lyapunov-Schmidt type reduction approach, while the
former uses the dual method.

9.1. Least energy nodal solutions. In some of the first sections we addressed,
from several points of view, the question of existence and symmetry of ground
state solutions (or least energy solutions). Recently in [29], the authors together
with Miguel Ramos have succeeded in proving similar results for least energy
nodal solutions, that is, solutions which minimize the energy among the set of all
solutions which change sign. More precisely, the results hold for the Hénon—type
systems in a bounded domain Q:

—Au= x| inQ
—Av=[x]*]ul"'u inQ

u,v =20 on 0Q
under the assumptions

- 1 n 1 >N—2
p+1 qg+1 N

o, ff >0, 1
(which include the biharmonic case, namely when f =0 and ¢ =1). We have
used the dual method to treat the problem, and we will follow closely the nota-

tions from Section 3. Given r,y > 0, define

L"(Q,|x]") = {u : Q — R measurable : JQ u|"|x| 7" dx < oo}
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which is a Banach space equipped with the norm

N
= (1ol )

Observe that, since Q is bounded and y > 0, we have the inclusions L"(Q, |x| 7) =
L"(Q), where the last is the usual L"-space. Define

X = L(p+1)/p(Q’ |x|*06/])) % L(qul)/q(Q, ‘x|7ﬁ/q),
[vr, w2 )llxe = Iwill pny poagp + W2l gry gprg - YW = (W1, m2) € X

and consider the map 7 : X — L'(Q) given by
Tw=wiKwy +wr,Kw;  w=(w,m)eX

where, with some abuse of notations, K denotes the inverse of the Laplace opera-
tor with zero Dirichlet boundary conditions. Let 7: X — R be the associated
energy functional

p (p+1)/p| | —/p
I(wp,wy) = w X dx
( 1 2) p+1 Lz ‘ 1| | |

1
+LJ |W2|([’H)/q|x|7ﬁ/qu—fj Twdx.
q+1)o 2)o

Then the least energy nodal level can be defined by
Cnod = INf{I (w1, w7) : wli,w;—r #0,1'(wywy) = 0}.

As in the case of ground states (cf. Section 3), this level can be characterized via a
fiber-type map. Having this in mind, consider the constants

et o 2alpt D)
P+q+2pq’ P+q+2pq’

so that

I i
y::l%:‘u% el,2] and A4u=2.

Given w € X, define 0 = 0,, : Rj x R — R by

0(t,5) = I(t"w] — s*wi, t"wy — s*wy),
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and observe that (z,s) is a critical point of ¢ if and only if
(t*wi = sPwi, tfw) — s*wy) € Nod,
where
Nod := {(wi,w2) € X : wE £ 0and I'(w)(Aw;", uwy ) = I'(w) (4w, uw; ) = 0}.

Since 0,, may not have a global maximum for some w € .A4,q, We need to consider
the following auxiliary set
o= v wn) e X 2o wf_”sz dx+u [q lewz_r dx >0 .
Ao wi Kwydx + p [o wiKwy dx < 0

Observe that wi" #0 Vi=1,2, (w;,w) € A%. It can be proved that for each
w e N, 0, admits a unique global maximum, which corresponds to a point in
Nnod- The main results in [29] deal with existence and symmetry of least energy
nodal solutions, and provide several equivalent characterizations of the corre-
sponding energy level.

Theorem 9.1. The number cnoq is attained by a function w € Nyoq, and

Cnod = inf I = inf sup I(t'w, — s*w, t"wy — s'wy).
N od we N t,5>0

Moreover, if Q is a ball, then each least energy nodal solution (u,v) is such that
both u, v are foliated Schwarz symmetric with respect to the same p € dB;(0).

The proof of foliated Schwarz symmetry uses the notion of polarization, which
has been introduced in Subsection 6.1. In [29], several examples of symmetry
breaking are provided.

Remark 9.2. It is not clear if any approach different from the dual method could
have been used to solve this problem. For instance if one tried the Lyapunov-
Schmidt type reduction (Section 5), one would have to deal with the functions
W,+, W,-, which seem difficult to characterize and to compare. On the other
hand, by choosing the reduction by inversion approach (Section 4), one could
not have worked with positive and negative parts of functions, since these are
no longer in the domain of the corresponding energy functional; instead, one
would have to deal with the projections on the cones of positive and negative
functions.
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9.2. Multiplicity results. Next we go back to the task of obtaining multiplicity
results for the system (1.3), which we repeat here for convenience of the reader:

—Au=|""v inQ,
—Av=|ul"'u inQ, (9.1)
u,v =20 on 0Q.

We will assume (H4), which we recall as being

. L1 N-2
P> ATyl N

(H4)

In Subsections 8.1-8.2—8.3 we have seen several ways of proving that (9.1) ad-
mits infinitely many solutions (which have increasing energy). On the other hand,
a priori bounds for positive solutions are known to hold under (H4) for N <4
(see [86], [105]). For N > 5, there are some partial results which do not cover
entirely the case (p,q) satisfying (H4), namely [33], [105], to which we refer for a
more complete history of the subject*. In the additional assumptions that Q is
convex and (H4) holds, a priori bounds of positive solutions are known for all
space dimensions [39].

In these cases, the a priori bounds combined with the previously mentioned
multiplicity results yield the existence of infinitely many sign-changing solutions.
These results do not cover all space dimensions; nevertheless, the existence of
infinitely many sign-changing solutions was proved directly with success in ([91],
Theorem 4) by using the approach introduced in Section 5:

Theorem 9.3. Assume that (p, q) satisfies (H4). Then (9.1) admits an unbounded
sequence of sign changing solutions (uy,vy) in the sense that (uy +vi)™ #0,
(ur + vr)~ # 0 for every k.

Remark 9.4. For (u,v) solution of the problem, one has that u + v changes sign
if and only if both u# and v change sign. In fact, the direct implication can be
proved by using the maximum principle. As for the reverse implication, suppose
that u®,0* #0. One must have {u >0} {v >0} #0, otherwise {u >0} =
{v < 0} and, by multiplying the equation of u by u™, we would get |, IVut|? dx =
Jo 0] 'out dx < 0 and u* = 0, a contradiction. Analogously, {u < 0} N {v < 0}
# (0, and the claim follows.

“These questions are strongly related with the so called Lane-Emden conjecture, which affirms that
there are no positive solutions in the entire space to (9.1) under (H1); this is completely established by
now in dimension N < 4.
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Sketch of the proof of Theorem 9.3. As explained in Section 5 (see in particular
Remark 5.17), we can suppose without loss of generality that 1 < p =¢ <2* — 1.
We will use the notations of that section, recalling for instance the notion of re-
duced functional

JW) = Iu+¥,u—",), ueH} Q)

(cf. (5.5)). Fork e N, let Ey := span{¢,,...,d,}, where ¢, is again the i-th eigen-
value of (—A, H}(Q)), and Si := {E}* : |ul|,, = 1}. It can be proved that there
exists ¢p > 0 (independent of k) such that

inf 7> —co

S/(

and that (for large R; > 0)

sup ¢ < —co, for Ok := B, N E}.
00k

In order to prove existence of sign-changing solutions, it is important to have
some estimates outside the set 2, the cone of positive solutions. One proves that
there exists M} and g, such that

dist(u, 2) > 21y,  Yu € Sk, J(u) < My,

and that the cone 2 is invariant for the flow, in the sense that if o(¢, u) solves

- V.7 (o(t,u))
(t,u) = —X(U(la ”)) Wa

for some smooth function y : H} (Q) — [0, 1], then

da
ot

a(0,u) =0
dist(u, 7) < . = dist(a(t,u),?) <py Vi >0.
Then it can be proved that

¢ = inf sup I,
7€k Q) {dist(u, 2) =y}

with

I, = {y € C(Qk,Hol(Q)) tyis odd, 0, = Id, s(gp) I < Mk},
Yk

is a critical level of #, having a sign changing critical point u; with Morse index
less than or equal to k. By combining this with a suitable notion of linking, it is
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proved the existence of a sign-changing solution u; with augmented Morse index
m*(uy) greater than or equal to k, and such that

C'K2r D)/ (p—1N C/(m*(u))2(p+1)(q+1)/(qul)N

< Jw) < e < Ck>PHD/N(=1) 4
where in the second inequality ([31], Proposition 9) is used. O

It should be noted that the strategy of the proof is flexible enough to be applied
to obtain “‘perturbation of symmetry” results in the case of single equation prob-
lems involving the harmonic or the biharmonic operator [91].
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