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1. Introduction

The method of two-scale convergence, introduced by G. Nguetseng in [18] and

further developed by G. Allaire in [1], is an important tool in the study of homog-

enization theory. Although periodicity poses constraints on physically realistic

models, it is generally agreed that understanding the e¤ective behavior of periodi-

cally structured composite materials may aid in the study of more complex media.

Accordingly, the theory of two-scale convergence has played an important role in

the study of PDEs and their applications in homogenization.

Both Nguetseng and Allaire restricted most of their interest to the case of two-

scale convergence in L2ðWÞ. The proof by Allaire in [1] of two-scale compactness

in L2ðWÞ relies on duality and the separability of L2ðWÞ. As stated in his paper

[1], this proof easily extends to the case of two-scale compactness in LpðWÞ with
1 < paþl. This is the form of two-scale compactness that is most commonly

used in the literature. Unfortunately, the arguments used for the case when

1 < paþl cannot be applied to the case when p ¼ 1 due to a lack of sepa-

rability of the dual of L1ðWÞ, LlðWÞ. The case of p ¼ 1 is rarely mentioned



explicitly. A few authors have touched on the problem, including Holmbom,

Silfver, Svanstedt and Wellander in [16] and A. Visintin in [19], although detailed

arguments seem to be unavailable in the literature. In [5], [6] the authors address

a related case of two-scale convergence in generalized Besicovitch spaces where

there is also lack of separability.

In this paper we present three proofs for the two-scale compactness of bounded

sequences in L1ðWÞ under appropriate assumptions. To be precise,

Theorem 1.1. Let W be an open subset of RN. Let fuegHL1ðWÞ be a bounded

sequence in L1ðWÞ, equi-integrable, and assume that for all h > 0 there exists an

open set EHW such that jEj < þl and

sup
e>0

ð
WnE

jueðxÞj dx < h:

Then there exists a subsequence (not relabled ) such that fueg two-scale con-

verges to some u0 a L1ðW�YÞ. In particular, ue * u0 in L1ðWÞ, with u0ðxÞ :¼Ð
Y
u0ðx; yÞ dy.

The first proof of this theorem uses a truncation argument in order to apply

two-scale compactness results for p > 1. The second makes use of the two-scale

compactness proved for Radon measures by M. Amar in [2]. The last approach

relies on the periodic unfolding characterization of two-scale limits, as introduced

in [7] (see also [9], [10], [19]). The latter proof is the simplest and most intuitive,

due to the fact that the periodic unfolding method reduces two-scale convergence

in LpðWÞ to standard weak Lp convergence in W� Y (where Y is the period of the

oscillations) of the unfolded functions, thus allowing us to replace rapidly oscillat-

ing test functions with non-oscillatory test functions. This method has been used

in many contexts, including electromagnetism, homogenization in a domain with

oscillating boundaries, and thin junctions in linear elasticity [3], [4], [8], [11], [12],

[14], [15], [17].

2. Preliminaries

In this paper feg ¼ fengln¼1 stands for a generic decreasing sequence of positive

numbers such that limn!l en ¼ 0.

We recall the definition of two-scale convergence [1]. Let WHRN be an open

set, and let Y :¼ ð0; 1ÞN . We denote by Cl
a ðYÞ the set of smooth, periodic func-

tions on RN with period Y . In the following, for E a measurable set in RN , jEj
denotes the N-dimensional Lebesgue measure of E.
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Definition 2.1. Let fuegHLpðWÞ where 1a paþl. Then fueg two-scale con-

verges to a function u0 a LpðW� YÞ if

lim
e!0

ð
W

ueðxÞc x;
x

e

� �
dx ¼

ð
W

ð
Y

u0ðx; yÞcðx; yÞ dy dx ð2:1Þ

for all c a Cl
c ½W;Cl

a ðYÞ�.

We will denote two-scale convergence by ue �*
2�s

u0. If a sequence fueg in

LpðWÞ two-scale converges for 1 < paþl, since we may consider Cl
c ðWÞ as a

subset of Cl
c ½W;Cl

a ðYÞ� and as Cl
c ðWÞ is dense in Lp 0 ðWÞ, then we also know,

from [1], that ue *
Ð
Y
u0ðx; yÞ dy in LpðWÞ (*? if p ¼ þl). This argument does

not apply to p ¼ 1, because Cl
c ðWÞ is not dense in LlðWÞ. However, this is a

property we would like to preserve for two-scale compactness theorem for L1

functions. Hence, we will assume the Dunford-Pettis criterion for weak sequential

compactness in L1ðWÞ (see [13]) on fueg in our main theorem. We recall the defi-

nition of equi-integrability.

Definition 2.2. A family F of measurable functions f : W ! ½�l;þl� is said to

be equi-integrable if for every e > 0 there exists d > 0 such thatð
E

j f jdxa e

for all f a F and for every measurable set EHW such that jEja d.

Theorem 2.3 (Dunford-Pettis). A family FHL1ðWÞ is weakly sequentially pre-

compact if and only if

(i) F is bounded in L1ðWÞ,
(ii) F is equi-integrable,

(iii) for every h > 0 there exists a measurable set EHW with jEj < þl such that

sup
f AF

ð
WnE

juj dxa h: ð2:2Þ

Remark 2.4. By the regularity properties of LN , it can be shown that assuming

conditions (ii) and (iii) is equivalent to assuming (ii) and (iii 0), where in (iii 0) E is

an open bounded set of finite measure.

3. Method using two-scale compactness for pI 1

Our first proof relies on the two-scale compactness result for p > 1, as proved by

Allaire in Corollary 1.15 in [1]. To be precise,
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Theorem 3.1. Let fueg be a bounded sequence in LpðWÞ, with 1 < paþl. There

exists a function u0ðx; yÞ in LpðW� YÞ such that, up to a subsequence, fueg two-

scale converges to u0.

We are able to use this result to prove the following:

Proposition 3.2. Let W be an open subset of RN with jWj < þl. If fuegHL1ðWÞ
is a bounded equi-integrable sequence, then there exists a subsequence (not relabled )

such that fueg two-scale converges to u0 a L1ðW� YÞ.

Proof. For M > 0, let tM be the truncating operator tM : L1ðWÞ ! L1ðWÞ defined
by

tMuðxÞ :¼
uðxÞ if juðxÞjaM;

M if uðxÞ > M;

�M if uðxÞ < �M;

8<
:

where u a L1ðWÞ. Since jWj < þl, if u a L1ðWÞ then tMu a 7
1<p<þl LpðWÞ and

(iii) in Theorem 2.3 is trivially satisfied. Equi-integrability of fueg and Theorem

2.3 imply that there exists a weakly convergent subsequence and so, without loss

of generality, we assume that ue * u in L1ðWÞ for some u a L1ðWÞ.

Step 1: Consider first the case in which ueb 0 a.e. in W and for all e > 0. Fix

M > 0. By Theorem 1.2 in [1] we know that, up to a subsequence (not relabeled),

ftMueg �*2�s
uM for some uM a L2ðW� YÞ, i.e.

lim
e!0

ð
W

tMueðxÞc x;
x

e

� �
dx ¼

ð
W

ð
Y

uMðx; yÞcðx; yÞ dy dx

for all c a Cl
c ½W;Cl

a ðYÞ�. From this we deduce that uM b 0.

We will extract a two-scale convergent subsequence as follows: For M ¼ 1 let

fueð1Þg be a subsequence of fueg such that ft1ueð1Þg two-scale converges to a func-

tion u1 a L2ðW� YÞ. Recursively, for M > 1, M a N, apply the compactness

theorem for p ¼ 2 in [1] to the sequence ftMueðM�1Þg to obtain fueðMÞgH fueðM�1Þg
such that ftMueðMÞg two-scale converges to some uM a L2ðW� YÞ. Since

feðMþ1Þg is a subsequence of feðMÞg, we have that tMueðMþ1Þ �*2�s
uM . In turn, as

ueb 0 a.e., then tMþ1ueðMþ1Þ b tMueðMþ1Þ , and thus, passing the two-scale limit we

conclude that uMþ1b uM a.e. Let

uþðx; yÞ :¼ sup
M

uMðx; yÞ ¼ lim
M!þl

uMðx; yÞ: ð3:3Þ

104 L. Bu¤ord and I. Fonseca



Next we show that uþ a L1ðW� YÞ. Consider an increasing sequence of test

functions fjngHCl
0 ðW; ½0; 1�Þ such that jnC 1 in

�
x a W : distðx; qWÞ > 1

n

�
B

Bð0; nÞ and jnC 0 in
�
x a W : distðx; qWÞa 1

2n

�
A
�
RNnBð0; nþ 1Þ

�
. Then

jn a Cl
c ½W;CaðYÞ� and

þl > lim sup
e!0

ð
W

ue dxb lim sup
eðMÞ!0

ð
W

tMueðMÞ ðxÞ dx

b lim
eðMÞ!0

ð
W

tMueðMÞ ðxÞjnðxÞ dx

¼
ð
W

ð
Y

uMðx; yÞjnðxÞ dy dx

for all M; n a N. Taking the limit first in n as n ! þl, and applying the

Monotone Convergence Theorem, we obtain

þl > lim sup
e!0

ð
W

ue dxb

ð
W

ð
Y

uMðx; yÞ dy dx;

and next taking the limit in M as M ! þl, by (3.3) we deduce

þl > lim sup
e!0

ð
W

ue dxb

ð
W

ð
Y

uþðx; yÞ dy dx: ð3:4Þ

Hence, as uþ is non-negative, uþ a L1ðW� YÞ.
We claim that, up to a subsequence, for all c a Cl

c ½W;Cl
a ðYÞ�

lim
e!0þ

ð
W

ueðxÞc x;
x

e

� �
dx ¼

ð
W

ð
Y

uþðx; yÞcðx; yÞ dy dx:

Fix c a Cl
c ½W;Cl

a ðyÞ�. We have

ð
W

ueðxÞc x;
x

e

� �
dx�

ð
W

ð
Y

uþðx; yÞcðx; yÞ dy dx

¼
ð
W

tMueðxÞc x;
x

e

� �
dx�

ð
W

ð
Y

uMðx; yÞcðx; yÞ dy dx

þ
ð
W

ð
Y

�
uMðx; yÞ � uþðx; yÞ

�
cðx; yÞ dy dx

þ
ð
W

�
ueðxÞ � tMueðxÞ

�
c x;

x

e

� �
dx:
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First, we analyze the convergence of the first di¤erence in the right hand side

above. Consider the diagonalizing sequence fêeg where êej :¼ e
ð jÞ
j , the jth element

of the subsequence feð jÞg. We claim that

lim
êe!0þ

ð
W

tMuêeðxÞc x;
x

êe

� �
dx�

ð
W

ð
Y

uMðx; yÞcðx; yÞ dy dx
����

����¼ 0 ð3:5Þ

for all M. This can be easily seen by observing that for j > M, fêejg is a sub-

sequence of feðMÞg. Hence,

lim
êe!0þ

ð
W

tMuêeðxÞc x;
x

êe

� �
dx ¼ lim

eðMÞ!0þ

ð
W

tMueðMÞ ðxÞc x;
x

eðMÞ

� �
dx

¼
ð
W

ð
Y

uMðx; yÞcðx; yÞ dx dy;

proving (3.5). We conclude that

lim
êe!0þ

ð
W

uêeðxÞc x;
x

êe

� �
dx�

ð
W

ð
Y

uþðx; yÞcðx; yÞ dy dx
����

����
a kckLlðW�YÞ lim

M!l

h ð
W

ð
Y

�
uþðx; yÞ � uMðx; yÞ

�
dy dx

þ sup
e>0

ð
W

�
ueðxÞ � tMueðxÞ

�
dx
i
: ð3:6Þ

From (3.3), taking into account that uþ a L1ðW� YÞ, we have by the

Monotone Convergence Theorem,

lim
M!l

ð
W

ð
Y

�
uþðx; yÞ � uMðx; yÞ

�
dy dx ¼ 0:

Also,

sup
e>0

ð
W

�
ueðxÞ � tMueðxÞ

�
dxa sup

e>0

ð
fue>Mg

ueðxÞ dx;

so using the equi-integrability of fueg and the fact that jWj < þl, we conclude

that

lim
M!l

ð
W

�
ueðxÞ � tMueðxÞ

�
dx ¼ 0:

By (3.6), this concludes the proof.
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Step 2: In this case the sequence fueg may take both positive and negative values.

The positive and negative parts of these functions can be considered separately,

precisely, let uþe :¼ uewfueb0g and u�e :¼ �uewfuea0g. Then for all e, ue ¼ uþe � u�e ,
where uþe b 0 and u�e b 0. From the previous step, there exists a subsequence

fêeþgH feg such that fuêeþg two-scale converges to some uþ a L1ðW� YÞ. Apply-

ing that step again we can extract an additional subsequence fêe�gH fêeþg such

that fuêe�g two-scale converges to some u� a L1ðW� YÞ. Let u0 :¼ uþ � u�.
Then u0 a L1ðW� YÞ, and for all c a Cl

c ½W;Cl
a ðYÞ�

lim
êe�!0þ

ð
W

uêe�ðxÞc x;
x

êe�

� �
dx�

ð
W

ð
Y

u0ðx; yÞcðx; yÞ dy dx
����

����
a lim

êe�!0þ

ð
W

uþêe�c x;
x

êe�

� �
dx�

ð
W

ð
Y

uþðx; yÞcðx; yÞ dy dx
����

����
þ lim

êe�!0þ

ð
W

u�êe�ðxÞc x;
x

êe�

� �
dx�

ð
W

ð
Y

u�ðx; yÞcðx; yÞ dy dx
����

����
¼ 0: 9

Now that we have established two-scale compactness assuming that W is of

finite measure, we may use this result in order to prove Theorem 1.1.

First Proof of Theorem 1.1. For each k a N let Ek HW be open and such that

jEkj < þl, Ek�1 HEk, and

sup
e>0

ð
WnEk

jueðxÞj dx <
1

k
:

Step 1: Again, we first address the case in which ueb 0 a.e. in W. By Proposition

3.2, for k ¼ 1 there exists a subsequence feð1ÞgH feg such that fueð1Þg two scale

converges in L1 to some uþ1 a L1ðE1 � YÞ withð
E1�Y

uþ1 ðx; yÞ dy dxa lim sup
e!0

ð
E1

ue dxa lim sup
e!0

ð
W

ue dx ¼: C < þl

where we have used (3.4). For k > 1 extract feðkÞgHfeðk�1Þg such that ueðkÞ �*
2�s

uþk
for some uþk a L1ðEk � YÞ withð

Ek�Y

uþk ðx; yÞ dy dxaC: ð3:7Þ

The function uþk can be extended to be a function in L1ðW� YÞ by setting it to be

zero on ðWnEkÞ � Y . Consider the diagonalizing subsequence fêeg where êej :¼ e
ð jÞ
j ,

the jth element of the subsequence feð jÞg. We prove that uþk a uþj if ka j. Let
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c a Cl
c ½Ek;C

l
a ðYÞ� and define ĉc a Cl

c ½Ej;C
l
a ðYÞ� by ĉc ¼ c in Ek and ĉc ¼ 0 on

EjnEk. Thenð
Ek

ð
Y

uþj ðx; yÞcðx; yÞ dy dx ¼
ð
Ej

ð
Y

uþj ðx; yÞĉcðx; yÞ dy dx

¼ lim
êe!0

ð
Ej

uêeðxÞĉc x;
x

êe

� �
dx ¼ lim

êe!0

ð
Ek

uêeðxÞc x;
x

êe

� �
dx

¼
ð
Ek

ð
Y

uþk ðx; yÞcðx; yÞ dy dx

and we conclude that uþj ¼ uþk a.e. in Ek � Y . The claim now follows by observ-

ing that 0 ¼ uþk a uþj on WnEk. Set uþ :¼ supk u
þ
k ¼ limk!l uþk . By (3.7),ð

W�Y

uþðx; yÞ dy dx ¼ lim
k!l

ð
W�Y

uþk ðx; yÞ dy dx

¼ lim
k!l

ð
Ek�Y

uþk ðx; yÞ dy dxaC < þl:

Hence uþ a L1ðW� YÞ.
We claim that fuêeg two-scale converges to uþ. Let c a Cl

c ½W;Cl
a � be given.

We have for all k a N

ð
W

uêeðxÞc x;
x

êe

� �
dx�

ð
W

ð
Y

uþðx; yÞcðx; yÞ dy dx
����

����
a

ð
Ek

uêeðxÞc x;
x

êe

� �
dx�

ð
Ek

ð
Y

uþk ðx; yÞcðx; yÞ dy dx
����

����
þ
��� ð

Ek

ð
Y

uþðx; yÞ � uþk ðx; yÞ dy dx
���

þ
ð
WnEk

uêeðxÞc x;
x

êe

� �
dx�

ð
WnEk

ð
Y

uþðx; yÞcðx; yÞ dy dx
�����

�����: ð3:8Þ

For a fixed k a N, recall that fêejglj¼k H feðkÞj glj¼k so uêe �*
2�s

uþk , and thus

lim
êe!0

ð
Ek

uêeðxÞc x;
x

êe

� �
dx�

ð
Ek

ð
Y

uþk ðx; yÞcðx; yÞ dy dx
����

����¼ 0:

Also, recall that uþk ¼ uþ in Ek, therefore

��� ð
Ek

ð
Y

uþðx; yÞ � uþk ðx; yÞ dy dx
��� ¼ 0:
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Moreover, by the Monotone Convergence Theorem and as uêe * uþj in L1ðEjÞ,ð
WnEk

ð
Y

uþðx; yÞ dy dx ¼ lim
j!l

ð
ðWnEkÞBEj

ð
Y

uþj ðx; yÞ dy dx

¼ lim
j!l

lim
êe!0

ð
ðWnEkÞBEj

uêeðxÞ dxa sup
e

ð
WnEk

ueðxÞ dxa
1

k
:

Also,

ð
WnEk

uêeðxÞc x;
x

êe

� �
dx�

ð
WnEk

ð
Y

uþðx; yÞcðx; yÞ dy dx
�����

�����
a 2kckLlðW�YÞ sup

e>0

ð
WnEk

ueðxÞ dxa
2kckLlðW�YÞ

k
;

By first taking the limit êe ! l and then the limit k ! l in (3.8) we obtain

lim
êe!l

ð
W

uêeðxÞc x;
x

êe

� �
dx�

ð
W

ð
Y

uþðx; yÞcðx; yÞ dy dx
����

����¼ 0;

and thus fuêeg two-scale converges in L1 to uþ.

Step 2: A similar argument as in the previous proof can be used for the case in

which ue may also take negative values.

Lastly, we notice that should a weak limit, u0, of fueg exist, then for all

j a Cl
c ðWÞ
ð
W

jðxÞu0ðxÞ dx ¼ lim
e!0

ð
W

jðxÞueðxÞ dx ¼
ð
W

jðxÞ
ð
Y

u0ðx; yÞ dy dx: ð3:9Þ

From this we see that u0ðxÞ ¼
Ð
Y
u0ðx; yÞ dy a.e. x a W. From Theorem 2.3 we

know that fueg is weakly sequentially precompact and from (3.9) it is easy to see

that u0ðxÞ *
Ð
Y
u0ðx; yÞ dy. 9

4. The measure approach

In [2] Amar defines two-scale convergence of measures. We will denote by MðWÞ
the set of all signed Radon measures on W, C0ðW;RNÞ is the space of all continu-
ous functions that vanish on the boundary of W, and C0½W;CaðYÞ� is the space

of all continuous functions j : W ! CaðYÞ that vanish on qW (see [2]).
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Definition 4.1. A sequence of measures fmegHMðWÞ is said to two-scale con-

verge to a measure m0 a MðW� YÞ if for any function j a C0½W;CaðYÞ� we

have

lim
e!0þ

ð
W

j x;
x

e

� �
dmeðxÞ ¼

ð
W�Y

jðx; yÞ dm0ðx; yÞ: ð4:10Þ

Using an argument similar to that of Allaire in [1], if W is an open bounded

subset of RN with Lipschitz continuous boundary qW, then the following compact-

ness result for measures is obtained in Theorem 3.5 in [2].

Theorem 4.2. Every bounded sequence of measures fmege a MðWÞ, admits a sub-

sequence fmehgh which two-scale converges to a measure m0 a MðW� YÞ.

We remark that the boundedness of W and the Lipschitz continuity of its

boundary are not used in the proof of this result in Theorem 3.5 in [2]. Using

this theorem we provide an alternate proof for the two-scale compactness of

sequences bounded in L1ðWÞ. We will use the following lemma.

Lemma 4.3. Let l be a positive Radon measure on an open subset U HRN. Then

l is absolutely continuous with respect to LN ðlfLNÞ if and only if for all e > 0

there exists a d < 0 such that for all j a Cl
c ðU ; ½0; 1�Þ with jsuppðjÞj < d

ð
U

jðxÞ dlðxÞ < e:

Proof. First assume that lfLN . Then, for all e > 0 there exists d > 0 such that

lðAÞ < e for all measurable sets A such that jAj < d. Let j a Cl
c ðU ; ½0; 1�Þ be such

that jsuppðjÞj < d, and let A :¼ suppðjÞ. Then

ð
U

jðxÞ dlðxÞa
ð
A

dlðxÞ ¼ lðAÞ < e:

Now, assume the alternate condition. Fix e > 0 and choose d > 0 such that for

all j a Cl
c ðU ; ½0; 1�Þ with jsuppðjÞj < d

ð
U

jðxÞ dlðxÞ < e

2
:

As l is a Radon measure, every Borel set in U is outer regular and every open set

in U is inner regular. Let AJU be such that jAj < d
2 . We claim that lðAÞa e.
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By the outer regularity of l, there exists an open set E, with AJE and jEj < 2
3 d.

We may use the inner regularity of l to find a compact set KHE such that

lðEÞa lðKÞ þ e

2
: ð4:11Þ

As K is compact and E is open, there exists a function j a Cl
c ðU ; ½0; 1�Þ such that

j ¼ 1 on K and j ¼ 0 outside E. Then

lðKÞa
ð
U

jðxÞ dlðxÞa e

2
; ð4:12Þ

where in the second inequality we have used the assumption. Hence, by (4.11)

and (4.12),

lðAÞa lðEÞa e

2
þ e

2
¼ e

and this concludes the proof that l is absolutely continuous with respect to LN .

9

Second Proof of Theorem 1.1. Step 1: Assume that ueb 0 a.e. in W. By

Theorem 4.2 there exists a Radon measure l such that ueL
NbW �*2�s

l. Note

that, by (4.10),
Ð
W�Y

jðx; yÞ dlðx; yÞb 0 for all j a Cl
c ½W;CaðYÞ� such that

jb 0, so l is a positive Radon measure.

We claim that l is absolutely continuous with respect to L2NbW� Y , and for

this purpose we will use Lemma 4.3. Fix h > 0. By equi-integrability there exists

d > 0 such that for all measurable AHW such that jAj < d,

sup
e>0

ð
A

ueðxÞ dx < h: ð4:13Þ

Let j a Cl
c ðW� Y ; ½0; 1�Þ.

First let us assume that suppðjÞJA� BJW� Y where A :¼ x0 þ ð�r; rÞN
for some x0 a W, B :¼ y0 þ ð�r; rÞN for some y0 a Y , and r > 0. We can take,

without loss of generality, r > e. Note also that jAj ¼ ð2rÞN ¼ 2NrN . Extend j

periodically in the variable y with period Y so that j is an admissible test function

for two-scale convergence. Then, for any e > 0

supp j �; �
e

� � !
J x a W : x a A and

x

e
a k þ B; k a ZN

� 	
;
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so

supp j �; �
e

� �����
����a X

fk AZN :ABfekþeBgAjg
jeK þ eBj ¼

X
fk AZN :ABfekþeBgAjg

eN jBj: ð4:14Þ

Now, if k ¼ ðk1; k2; . . . ; kNÞ a ZN is such that AB fek þ eBgA j, then there exists

b a B, with b ¼ ðb1; . . . ; bNÞ such that ek a A� eb or, equivalently, there exist

si a ð�r; rÞ (where bi ¼ y0; i þ si) such that

eki a
�
x0; i � r� eðy0; i þ siÞ; x0; i þ r� eðy0; i þ siÞ

�
:

This is equivalent to

ki a Xi; e þ
�r

e
� si;

r

e
� si

� �
with Xi; e :¼

x0; i

e
� y0; i:

Therefore, the number of integer valued vectors in ZN such that AB fek þ eBg

A j is at most the number of integer valued vectors in X þ � r

e
� r;

r

e
þ r

� �N

with

X a RN , which is the number of k a ZN such that k 2 � r

e
� r;

r

e
þ r

� �N

H

�2r

e
;
2r

e

� �N

(here we used the fact that r > e), and this is at most
4r

e

� �N

. In

view of (4.14), we deduce that

supp j �; �
e

� � !�����
�����a 4N rN

eN
eN jBj ¼ 2N jAj jBj: ð4:15Þ

Now let j be a function in Cl
c ðW� Y ; ½0; 1�Þ such that for K :¼ suppðjÞ,

jK j < d

2Nþ1
. By the construction of the Lebesgue measure and the

compactness of K , there exists a finite cover of K by sets of the type

Ai � Bi :¼
�
xi þ ð�ri; riÞ

N
�
�
�
yi þ ð�ri; riÞ

N
�
, ri > 0, xi a W, yi a Y , such that

EJ6m

i¼1 Ai � Bi HW� Y and

Xm
i¼1

jAi � Bij ¼
Xm
i¼1

jAij jBij <
d

2N
:

Set r0 :¼ minfri : i ¼ 1; 2; . . . ;mg. Then, for e < r0 and by (4.15),

112 L. Bu¤ord and I. Fonseca



supp j �; �
e

� � !�����
�����a

Xm
i¼1

jfz a W : z a Ai and z a ek þ eBi; k a ZNgj

a 2N
Xm
i¼1

jAij jBij < d; ð4:16Þ

and so, in view of (4.13) and (4.16), we have

ð
W�Y

jðx; yÞ dlðx; yÞ ¼ lim
e!0

ð
W

ueðxÞj x;
x

e

� �
dx

a lim sup
e!0

ð
suppðjð�; �eÞÞ

ueðxÞ dx < h:

By Lemma 4.3 we deduce lfL2NbW� Y , and so by the Radon-Nikodym

Theorem there exists a function u0 a L1ðW� YÞ such that l ¼ u0L
2NbW� Y .

Thus, for all j a Cl
c ½W;CaðYÞ�

lim
e!0

ð
W

j x;
x

e

� �
ueðxÞ dx ¼

ð
W�Y

jðx; yÞu0ðx; yÞ dy dx;

and fueg two scale converges in L1 to u0.

Step 2: The proof for the general case in which ue are allowed to take both

positive and negative values can be completed in the same manner as Step 2

of the proof of Proposition 3.2. From here, it is also easy to see that u0ðxÞ ¼Ð
Y
u0ðx; yÞ dy. 9

5. Periodic unfolding approach

Recall that fueg is a family of functions in L1ðWÞ. For the following we will

extend ue by zero outside of W for convenience of notation. An alternate approach

to the study of two-scale convergence, the periodic unfolding introduced in [7],

involves defining a family of scale transformations Se : R
N � ½0; 1ÞN ! RN which,

for e > 0, are defined by

Seðx; yÞ :¼ eNðx=eÞ þ ey for ðx; yÞ a RN � ½0; 1ÞN ; ð5:17Þ

where

NðxÞ :¼
�
n̂nðx1Þ; . . . ; n̂nðxNÞ

�
for x ¼ ðx1; . . . ; xNÞ a RN ;
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and

n̂nðsÞ :¼ maxfn a Z : na sg for s a R:

Furthermore, let

r̂rðsÞ :¼ s� n̂nðsÞ a ½0; 1Þ for s a R

and

RðxÞ :¼ x�NðxÞ a ½0; 1ÞN for x a RN :

Using these scale transformations it is possible to define obtain a characterization

of two-scale convergence as follows (see [19] Proposition 2.5 and (1.9)).

Proposition 5.1. Let fuegHL1ðWÞ. Then

ue �*
2�s

u0 if and only if ue � Se �* u0 in L1
�
RN � ½0; 1ÞN

�
: ð5:18Þ

Additionally, we will use the following result in [19]:

Lemma 5.2. Let f be a function in L1ðRNÞ. Then for any e > 0

ð
RN

f ðxÞ dx ¼
ð
RN�½0;1ÞN

f
�
Seðx; yÞ

�
dx dy: ð5:19Þ

For our last proof of Theorem 1.1, we present a modified version of the proof

of two-scale compactness by Visintin in [19], Proposition 3.2 (iii).

Third Proof of Theorem 1.1. From the periodic unfolding characterization

(5.18) of two-scale limits, it is su‰cient to prove that if fueg is weakly sequentially

precompact in L1ðRNÞ then so is fue � Seg in L1
�
RN � ½0; 1ÞN

�
. In turn, the latter

condition is equivalent to fue � Seg being weakly sequentially precompact in

L1ðRN � YÞ, therefore, in view of Theorem 2.3 it is su‰cient to check that

conditions (i), (ii) and (iii) hold for the sequence fue � Seg. Additionally, we may

assume, without loss of generality, that 0 < e < 1.

(i) From (5.19) it is easily seen that if fueg is bounded in L1ðWÞ then so is

fue � Seg in L1ðRN � YÞ.
(ii) By the classic de la Vallée-Poussin criterion, fueg is equi-integrable if and

only if there exists a Borel function j : Rþ ! Rþ such that

lim
t!þl

jðtÞ
t

¼ þl and sup
e

ð
RN

j
�
jueðxÞj

�
dx < þl: ð5:20Þ
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By (5.19), ð
RN

j
�
jueðxÞj

�
dx ¼

ð
RN�Y

j
���ue�Seðx; yÞ

���� dy dx:
Therefore, the criterion (5.20) holds for fueg in RN if and only if it holds for

fue � Seg in Rn � Y .

(iii) Last we show that fue � Seg also inherits property (iii) from fueg, i.e., we
claim that for all h > 0 there exists a set EHRN � Y such that jEj < þl

sup
e

ð
ðRN�YÞnE

��ue�Seðx; yÞ
��� dy dx < h:

Fix h > 0 and in view of Remark 2.4 let E0 be open, bounded and such that

sup
e

ð
RNnE0

jueðxÞj dy dx < h: ð5:21Þ

Let E :¼ ðE0 þ ½�1; 1�NÞ � Y . Clearly jEj < þl, and we show that if ðx; yÞ a
ðRN � YÞnE then Seðx; yÞ a RNnE0. Indeed,

ðRN � YÞnE ¼
�
RNnðE0 þ ½�1; 1�NÞ

�
� Y ;

thus the claim reduces to proving that if x a RNnðE0 þ ½�1; 1�NÞ then Seðx; yÞ a
RNnE0, or, equivalently,

if Seðx; yÞ a E0 then x a E0 þ ½�1; 1�N : ð5:22Þ

From the definition of Se we know that

x ¼ Seðx; yÞ � e y�R
x

e

� �
 �
;

and e
�
y�R

�
x
e

�

a ½�1; 1�N , and this asserts (5.22). We conclude thatð

ðRN�YÞnE

��ue�Seðx; yÞ
��� dy dx ¼

ð
ðRNnðE0þ½�1;1�N ÞÞ�Y

��ue�Seðx; yÞ
��� dy dx

a

ð
RN�Y

wRNnE0

�
Seðx; yÞ

���ue�Seðx; yÞ
��� dy dx

¼
ð
RNnE0

jueðxÞj dx < h

where in the last equality we have used (5.19) and (5.21).
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We have shown that fue � Seg is relatively weakly sequentially compact in

L1ðRNÞ, therefore it admits a subsequence that converges weakly in L1ðRNÞ
which, by (5.18), is equivalent to fueg admitting, up to a subsequence, a two-scale

limit. 9
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