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Abstract. We consider the Cauchy problem for the equation

ut � div
�
aðx; tÞj‘ujpðxÞ�2‘u

�
¼ f ðx; tÞ in ST ¼ Rn � ð0;TÞ

with measurable but possibly discontinuous variable exponent pðxÞ : Rn 7! ½ p�; pþ�H
ð1;lÞ. It is shown that for every uðx; 0Þ a L2ðRnÞ and f a L2ðST Þ the problem has at least
one weak solution u a C 0

�
½0;T �;L2

locðRnÞ
�
BL2ðST Þ, j‘ujpðxÞ a L1ðST Þ. We derive su‰-

cient conditions for global boundedness of weak solutions and show that the bounded
weak solution is unique.
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1. Statement of the problem and results

Let us consider the Cauchy problem for the pðxÞ-Laplace equation

ut � divAðz;‘uÞ ¼ f ðzÞ in ST ¼ Rn � ð0;T �;
uðx; 0Þ ¼ u0ðxÞ a L2ðRnÞ;

�
ð1Þ
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where Aðz;‘uÞ ¼ aðzÞj‘ujpðxÞ�2‘u and z ¼ ðx; tÞ denotes the point of ST . It is

assumed that

aðzÞ is a measurable function such that

0 < a�a aðzÞa aþ < l for a:e: z a ST

�
ð2Þ

with some constants ae,

p : Rn 7! R is a measurable function with

p� ¼ ess inf
Rn

pðxÞ > 1; pþ ¼ ess sup
Rn

pðxÞ < l:

(
ð3Þ

The continuity of pðxÞ is not required. By Cl
0 ðRnÞ we denote the space of infi-

nitely di¤erentiable functions with compact support and define the space W as

the closure of Cl
�
½0;T �;Cl

0 ðRnÞ
�
with respect to the norm

kukW ¼ kuk2;ST
þ k‘ukpð�Þ;ST

;

where k � kpð�Þ;ST
denotes the Luxemburg norm

khkpð�Þ;ST
¼ inf

n
l > 0 :

ð
ST

jh=ljpðxÞ dx dt < l
o

on the space of functions

Lpð�ÞðST Þ ¼
n
uðzÞ is measurable in ST :

ð
ST

juðzÞjpðxÞ dx dt < l
o
:

The dual space to W is denoted by W 0. This is the space of linear functionals over

W ,

F a W 0 ()
bf0 a L2ðSTÞ; fi a Lp 0ðxÞðSTÞ; i ¼ 1; . . . ; n;

Ev a W ðv;FÞ2;ST
¼ ðv; f0Þ2;ST

þ
Pn
i¼1

ðDiv; fiÞ2;ST
;

8<
:

endowed with the usual norm

kFkW 0 ¼ supfðF; uÞ2;ST
: kukW ¼ 1g:

Definition 1.1. A function u : ST 7! R is called weak solution of problem (1) if

(1) u a W , ut a W 0,

(2) for every f a C1
�
½0;T �;C1

0 ðRnÞ
�

ð
ST

�
utfþAðz;‘uÞ � ‘f� f f

�
dx dt ¼ 0; ð4Þ
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(3) u a C0
w

�
½0;T �;L2ðRnÞ

�
, in particular, for every fðxÞ a C1

0 ðRnÞ

ð
Rn

fðxÞðu� u0Þ dx ! 0 as t ! 0:

Theorem 1.2. Let conditions (2), (3) be fulfilled. Then for every u0 a L2ðRnÞ and
f a L2 ðSTÞ problem (1) has at least weak solution in the sense of Definition 1.1.

This solution satisfies the energy estimate

1

2
ess sup

ð0;TÞ
kuðtÞk22;Rn þ

ð
ST

j‘ujpðxÞ dza 1

2
ku0k22;Rn þ

ðT

0

k f ð�; sÞk2;Rn ds: ð5Þ

Uniqueness of weak solutions is established under additional restrictions on

the data of problem (1).

Theorem 1.3. Let the conditions of Theorem 1.2 be fulfilled.

(1) If supST
j f jaCf and supRn ju0jaM with finite positive constants Cf , M, then

the solution of problem (1) satisfies the estimate

juja ð1þMÞeðCf =ð1þMÞÞT a:e: in ST : ð6Þ

(2) If pðxÞb 2 a.e. in Rn, then problem (1) cannot have more than one bounded

solution.

(3) If u0 a L2ðRnÞBW
1;pðx;0Þ
0 ðRnÞ with compact support, f a L2ðSTÞ and jatja

aT ¼ const, then ut a L2ðST Þ, j‘ujpðxÞ a Ll
�
0;T ;L1ðRnÞ

�
and

kutk22;ST
þ ess sup

ð0;TÞ

ð
Rn

j‘ujpðxÞ dxaC

with a finite constant C.

In the recent decade, nonlinear PDEs with variable nonlinearity have been

studied very intensively. Most of results concerning existence and uniqueness of

solutions of parabolic PDEs of the type (1) were established under certain reg-

ularity restrictions on the variable exponent pðxÞ (or pðx; tÞ), which allow one to

approximate the elements of the space W by infinitely di¤erentiable functions—

see, e.g., [5], [8]. The question of solvability of the homogeneous Dirichlet prob-

lem for equation (1) with measurable but not necessarily continuous exponent

pðx; tÞ was discussed by several authors. It is shown in [3], [4] that problem (1)

with measurable and bounded exponent pðx; tÞ admits a weak solution, but this
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solution need not satisfy the energy identity of the type (26) below. The solution

possesses better properties if the exponent p is independent of t. The proofs given

in [4] rely on the theory of monotone operators and a singular perturbation of the

operator Aðz;‘uÞ. The sub-di¤erential approach is used in [1], [2] to prove

solvability of the homogeneous Dirichlet problem for equation (1) with discon-

tinuous exponents pðxÞ. This method is applicable if the coe‰cient a is inde-

pendent of t.

To the best of our knowledge, by now there are no results on the solvability of

the Cauchy problem for parabolic equations with variable nonlinearity.

2. Lebesgue spaces with variable exponents

A solution of the Cauchy problem (1) will be constructed as the limit of a sequence

of solutions of the Cauchy-Dirichlet problems posed in expanding cylinders. The

members of this sequence are elements of the Lebesgue and Sobolev spaces with

variable exponents defined in the present section.

2.1. Basic properties. Let WHRn be an open bounded set with Lipschitz-

continuous boundary qW and QT ¼ W� ð0;T �. The space W ðQT Þ is defined as

the closure of Cl
�
½0;T �;Cl

0 ðWÞ
�
with respect to the norm

kukW ðQT Þ ¼ kuk2;QT
þ k‘ukpð�Þ;QT

; ð7Þ

where

kvkpð�Þ;QT
¼ inf

n
l > 0 :

ð
QT

jv=ljpðxÞ dx < l
o
: ð8Þ

We will repeatedly use the following known properties of the spaces LpðxÞ. Let the

exponent pðxÞ satisfy conditions (3). Then

E f a Lpð�ÞðQT Þ; g a Lpð�Þ0 ðQTÞ; p 0 ¼ p

p� 1
;

��� ð
QT

fg dz
���a 1

p�
þ 1

ðp 0Þ�
� �

k f kpð�Þ;QT
kgkp 0ð�Þ;QT

ð9Þ

and

minfk f kp�

pð�Þ;QT
; k f kpþ

pð�Þ;QT
ga

ð
QT

j f jpðxÞ dzamaxfk f kp�

pð�Þ;QT
; k f kpþ

pð�Þ;QT
g: ð10Þ

128 S. Antontsev, S. Shmarev



Inequality (10) means that k fk � f kpð�Þ;QT
! 0 if and only if

Ð
QT

j fn � f jpðxÞ dz! 0.

The proofs of properties (9) and (10) can be found in [9], [7].

2.2. Steklov’s means. Denote by fh the Steklov mean of the function

f a LpðxÞðQTÞ:

fh ¼
1

h

ð tþh

t

f ðx; tÞ dt:

Proposition 2.1. The operator Sh : f ! fh maps LpðxÞðQT Þ into LpðxÞðQT�hÞ.

Proof. By virtue of Hölder’s inequality we have that for an arbitrary given

e a ð0;TÞ, every h a ð0; eÞ and a.e. x a W

j fhjpðxÞ ¼
1

hpðxÞ

��� ð h

0

f ðx; tþ tÞ dt
���pðxÞ

a
1

hpðxÞ

� ð h

0

j f ðx; tþ tÞjpðxÞ dt
�� ð h

0

dt
�pðxÞ=p 0ðxÞ

¼ 1

h

ð h

0

j f ðx; tþ tÞjpðxÞ dt ¼ ðj f jpðxÞÞh: ð11Þ

In particular,

1

hpðxÞ

��� ð h

0

�
f ðx; tþ tÞ � f ðx; tÞ

�
dt

���pðxÞa 1

h

ð h

0

j f ðx; tþ tÞ � f ðx; tÞjpðxÞ dt: ð12Þ

Applying (12) we immediately obtain

ð
QT�e

j fhjpðxÞ dx dt ¼
ð
QT�e

1

hpðxÞ

��� ð h

0

f ðx; tþ tÞ dt
���pðxÞ dx dt

a
1

h

ð
QT�e

� ð h

0

j f ðx; tþ tÞjpðxÞ dt
�
dx dt

a
1

h

ð h

0

� ð
QT

j f jpðxÞ dx dt
�
dt ¼

ð
QT

j f jpðxÞ dx dt: r

Proposition 2.2. The translation operator is continuous: for every e > 0 and

f a LpðxÞðQTÞ

k f ðx; tþ hÞ � f ðx; tÞkpðxÞ;QT�e
! 0 as h ! 0:
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Proof. Take f a LpðxÞðQT Þ and an arbitrary e > 0. Since C0ðQTÞ is dense in

LpðxÞðQT Þ, there exists f a C0ðQTÞ such that k f � fkpðxÞ;QT
< e. For ea 1 this

means that

ð
QT

j f � fjpðxÞ dz < e p
�
:

Since f is uniformly continuous in QT , there exists d > 0 such that

Ex a W; t; t a ½0;T � jt� tj < d ¼) jfðx; tÞ � fðx; tÞj < e

ð1þ 2jWjTÞ1=p�
:

Thenð
QT�h

j f ðx; tþ hÞ � f ðx; tÞjpðxÞ dx dta
ð
QT�h

j f ðx; tþ hÞ � fðx; tþ hÞjpðxÞ dx dt

þ
ð
QT�h

jfðx; tþ hÞ � fðx; tÞjpðxÞ dx dt

þ
ð
QT�h

j f ðx; tÞ � fðx; tÞjpðxÞ dx dt

a 2e p
� þ ep

�jWjT
1þ 2jWjT a 3ep

�
: r

Remark 2.3. Proposition 2.2 is false if p depends on t. It is known that in the

case p ¼ pðx; tÞ the translation operator is unbounded unless p ¼ const—see

([7], Proposition 3.6.1)

Proposition 2.4. If f a WðQT Þ, then k fh � f kW ðQT�hÞ ! 0 as h ! 0.

Proof. It is su‰cient to check that for every f a LpðxÞðQTÞ k fh � f kpðxÞ;QT�e
! 0

as h ! 0. By (12)

ð
QT�e

j fh � f jpðxÞ dx dt ¼
ð
QT�e

��� 1
h

ð h

0

�
f ðx; tþ tÞ � f ðx; tÞ

�
dt

���pðxÞ dx dt
a

1

h

ð
QT�e

� ð h

0

j f ðx; tþ tÞ � f ðx; tÞjpðxÞ dt
�
dx dt

¼ 1

h

ð h

0

� ð
QT�e

j f ðx; tþ tÞ � f ðx; tÞjpðxÞ dx dt
�
dt

C
1

h

ð h

0

FðtÞ dt:
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By Proposition 2.2 FðtÞ ! 0 as t ! 0þ. For every e > 0 there is hðeÞ such that

F ðtÞ < e if t < hðeÞ. It follows that

Eh < hðeÞ 1

h

ð h

0

FðtÞ dt < e;

whence the assertion. r

Proposition 2.5. If u a W ðQTÞ and ut a W 0ðQT Þ, then ðutÞh ¼ ðuhÞt and ðuhÞt *
ut in W 0ðQT�eÞ for every e > 0.

Proposition 2.6. If u; v a W ðQTÞ and ut; vt a W 0ðQTÞ, then for a.e. t1; t2 a ð0;TÞ
ð t2

t1

utv dx dtþ
ð t2

t1

uvt dx dt ¼
ð
W

uv dx
��� t¼t2

t¼t1
:

We omit the proofs of Propositions 2.5, 2.6 which are imitations of the proofs

of Lemmas 4.2, 4.3 in [6].

Proposition 2.7. If u a WðQT Þ and ut a W 0ðQT Þ, then u a C0
�
½0;T � e�;L2ðWÞ

�
for every e a ð0;TÞ.

Proof. Since uh a L2ðQTÞ and ðuhÞt a L2ðQT�eÞ, it follows from ([10], Ch. 1,

Lemma 1.2) that uh a C0
�
½0;T � e�;L2ðWÞ

�
after possible redefining on a set of

zero measure in ð0;T � eÞ. Thus, for every h1; h2 a ð0;T � eÞ

kuh1 � uh2k
2
2;WðtÞ ¼ 2

ð
Qt

ðuh1 � uh2Þðuh1 � uh2Þt dzþ ku0h1 � u0h2k
2
2;W:

By Proposition 2.4 uh ! u in W ðQT�eÞ as h ! 0, i.e., fuhg is a Cauchy

sequence in W ðQT�eÞ. By Proposition 2.5 ðuhÞt * ut in W 0ðQT�eÞ and, thus,

ðuhÞt are bounded in the norm of W 0ðQT�eÞ. Notice also that ðu0ÞhC u0 and

ku0h2 � u0h1k2;W ¼ 0. For every t a ð0;T � eÞ

kuh1 � uh2k
2
2;WðtÞ ¼ 2

ð
Qt

ðuh1 � uh2Þðuh1 � uh2Þt dz

a 2kðuh1 � uh2ÞtkW 0 kuh1 � uh2kW ! 0 as h1; h2 ! 0:

This means that fuhg is a Cauchy sequence in C0
�
½0;T � e�;L2ðWÞ

�
and there is

a function ~uu a C0
�
½0;T � e�;L2ðWÞ

�
such that uh ! ~uu. Since uh ! u a WðQT�eÞ,

it necessary that u ¼ ~uu after possible redefining on a set of zero measure in

ð0;T � eÞ. r
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Corollary 2.8. It is easy to see that all the above propositions, except Proposition

2.2, remain true if the cylinder QT is substituted by the layer ST ¼ Rn � ð0;T �. The

proof of Proposition 2.2 can be modified as follows. If f a LpðxÞðSTÞ, for every

e > 0 there is R > 0 such thatðT

0

ð
RnnBRð0Þ

j f ðx; tþ hÞ � f ðx; tÞjpðxÞ dz < e:

Set QT�h;R ¼ BRð0Þ � ð0;T � hÞ. Using the representationð
ST�h

j f ðx; tþ hÞ � f ðx; tÞjpðxÞ dz ¼
ð
ST�hnQT�h;R

j f ðx; tþ hÞ � f ðx; tÞjpðxÞ dz

þ
ð
QT�h;R

j f ðx; tþ hÞ � f ðx; tÞjpðxÞ dz

< eþ
ð
QT�h;R

j f ðx; tþ hÞ � f ðx; tÞjpðxÞ dz

we complete the proof applying Proposition 2.2.

3. Regularization. Problems in bounded cylinders

Let us denote Bk ¼ fx a Rn : jxj < kg, QT ;k ¼ Bk � ð0;T �, ðk a NÞ, and consider

the sequence of regularized problems

ut � divAðz;‘uÞ ¼ f in QT ;k;

u ¼ 0 on qBk � ð0;T �; uðx; 0Þ ¼ u0ðxÞ a L2ðBkÞ;

�
ð13Þ

where for the initial data we take the restriction of u0 to Bk, f is the restriction

of f to QT ;k. The natural energy space for problem (13) is defined by (7)–(8).

The solution is understood is the sense of Definition 1.1 with obvious changes:

u is a weak solution of the regularized problem (13) if u a C0
�
½0;T �;L2ðBkÞ

�
B

W ðQT ;kÞ, ut a W 0ðQT ;kÞ, for every test-function f a C1
�
½0;T �;C1

0 ðBkÞ
�

ð
QT ; k

�
utfþAðz;‘uÞ � ‘f� f f

�
dz ¼ 0; ð14Þ

and ðf; u� u0Þ2;Bk
! 0 as t ! 0 for every fðxÞ a C1

0 ðBkÞ.

Theorem 3.1. Let condition (3) be fulfilled. For every

u0 a L2ðRnÞ; f a L2ðSTÞ; k a N;

problem (13) has a unique weak solution uC uk.
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3.1. Galerkin’s approximations. Let fcig be the orthonormal basis of L2ðBkÞ
composed of the eigenfunctions of the operator

ðw;ciÞH s
0
ðBkÞ ¼ liðw;ciÞ2;Bk

Ew a Hs
0ðBkÞ:

The integer s is chosen so big that the embedding Hs
0ðWÞHW

1;pþ

0 ðWÞ is compact:

s� 1

n
b

1

2
� 1

pþ
. Accept the notation

PN ¼ spanfc1; . . . ;cNgHLpþ
�
0;T ;Hs

0ðBkÞ
�
HW ðQT ;kÞ:

Lemma 3.2. The space Lpþ
�
0;T ;Hs

0ðBkÞ
�
is dense in W ðQT ;kÞ.

Proof. Let u a WðQT ;kÞ. By the definition there is a sequence fusg such that

us a Cl
�
0;T ;Cl

0 ðBkÞ
�

and us ! u in W ðQT ;kÞ. Since Cl
�
0;T ;Cl

0 ðBkÞ
�
H

Lpþ
�
0;T ;Hs

0ðBkÞ
�
, the assertion follows. r

A solution of problem (13) will be obtained as the limit of the sequence

uðNÞ ¼
XN
i¼1

ciðxÞdi;NðtÞ a PN ð15Þ

with the coe‰cients di;NðtÞ to be defined. Substituting uðNÞ into equation (13),

multiplying by ci and integrating over Bk we obtain the system of ODEs for the

coe‰cients dN ¼ fd1;NðtÞ; . . . ; dN;NðtÞg:

d 0
NðtÞ ¼ F

�
t; dNðtÞ

�
; t > 0

di;Nð0Þ ¼ ðu0;ciÞ2;Bk
; i ¼ 1; . . . ;N;

(
ð16Þ

Fi

�
t; dNðtÞ

�
¼ �

ð
Bk

Aðz;‘uðNÞÞ � ‘ci dxþ
ð
Bk

fci dx:

Since Fðt; dNÞ is continuous with respect to dj;N and t, it follows from Peano’s

theorem that system (16) has a solution on an interval ½0;TNÞ.

3.2. Uniform a priori estimates.

Lemma 3.3. For every N the function uðNÞ satisfies the estimate

ess sup
ð0;TÞ

kuðNÞðtÞk22;Bk
þ
ð
QT ; k

j‘uðNÞjpðxÞ dzaC ð17Þ

133On the Cauchy problem for evolution pðxÞ-Laplace equation



with a constant C depending on a�, T, ku0k2;Rn and k f k2;ST
, but independent of

k and N.

Proof. Set yðtÞ ¼ kuðNÞðtÞk22;Bk
. Multiplying the ith equation of system (16) by

di;NðtÞ and summing up the results we obtain the inequality

1

2
y 0ðtÞ þ a�

ð
Bk

j‘uðNÞjp dxa
ð
Bk

j f j juðNÞj dxa
ffiffiffiffiffiffiffiffi
yðtÞ

p
k f k2;Bk

; ð18Þ

whence

ffiffiffiffiffiffiffiffi
yðtÞ

p
a

ffiffiffiffiffiffiffiffiffi
yð0Þ

p
þ
ð t

0

k f ð�; sÞk2;Bk
ds:

Substituting this inequality into (18) and integrating over the integral ð0; tÞ we

conclude that

kuðNÞðtÞk22;Bk
þ 2a�

ð
QT ; k

j‘uðNÞjp dz

a ku0k22;Bk
þ 2

�
ku0k2;Bk

þ
ðT

0

k f ð�; sÞk2;Bk
ds
� ðT

0

k f ð�; sÞk2;Bk
ds:

This inequality yields the assertion because

� ðT

0

k f ð�; sÞk2;Bk
ds
�2

aTk f k22;QT ; k
aTk f k22;ST

and

2ku0k2;Bk

ðT

0

k f ð�; sÞk2;Bk
dsa ku0k22;Rn þ

� ðT

0

k f ð�; sÞk2;Bk
ds
�2
: r

Corollary 3.4. Estimates (17) are independent of N, which allows one to continue

each of uðNÞ to the maximal existence interval ½0;T �.

Lemma 3.5. There is an independent of k and N constant C such that

kðuðNÞÞtkLð pþÞ 0 ð0;T ;H�sðBkÞÞaC: ð19Þ

The constant C depends only on ae, T, ku0k2;Rn and k f k2;ST
.

Proof. Given f a Lpþ
�
0;T ;Hs

0ðWÞ
�
, we denote fðNÞ ¼

PN
i¼1 fkðtÞckðxÞ a PN :

Since fckg are orthogonal in L2ðWÞ, the definition of uðNÞ yields
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�
ð
QT ; k

u
ðNÞ
t f dz ¼ �

ð
QT ; k

u
ðNÞ
t fðNÞ dz

¼
Xn

i¼1

ð
QT ; k

Aðz;‘uðNÞ � ‘fðNÞ dzþ
ð
QT ; k

f fðNÞ dz;

whence

��� ð
QT ; k

u
ðNÞ
t f dz

���
a aþk j‘uðNÞjp�1kp 0ð�Þ;QT ; k

k‘fðNÞkpð�Þ;QT ; k
þ k f k2;QT ; k

kfðNÞk2;QT ; k

aCð1þ k‘uðNÞkpð�Þ;QT ; k
þ k f k2;QT ; k

ÞðkfðNÞk2;QT ; k
þ k‘fðNÞkpð�Þ;QT ; k

Þ:

By virtue of (10)

k‘fðNÞkpð�Þ;QT ; k

amax
n� ð

QT ; k

j‘fðNÞjpðxÞ dz
�1=pþ

;
� ð

QT ; k

j‘fðNÞjpðxÞ dz
�1=p�o

aC

�
1þmax

n� ð
QT ; k

j‘fðNÞjp
þ
dz
�1=pþ

;
� ð

QT ; k

j‘fðNÞjp
þ
dz
�1=p�o�

aCð1þmaxfkfðNÞkpþ=p�

Lpþð0;T ;H s
0
ðBkÞÞ

; kfðNÞkLpþð0;T ;H s
0
ðBkÞÞgÞ:

Since

kfðNÞkpþ

Lpþð0;T ;W 1; pþ
0

ðBkÞÞ
aC

ðT

0

kfðNÞkpþ

H s
0
ðBkÞðtÞ dt

aC

ðT

0

kfkpþ

H s
0
ðBkÞðtÞ dt ¼ Ckfkpþ

Lpþð0;T ;H s
0
ðBkÞÞ

;

applying estimate (17) we find that for every

f a Lpþ
�
0;T ;Hs

0ðBkÞ
�

with kfkLpþ ð0;T ;H s
0
ðBkÞÞa 1

the function u
ðNÞ
t satisfies the inequality

��� ð
QT ; k

u
ðNÞ
t f dz

���aC

with an independent on uðNÞ and f constant C. r
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Lemma 3.6. The sequence fuðNÞg is precompact in LmðQT ;kÞ with some m > 1.

Proof. Estimates (17), (19) and the inclusion V HW
1;p�

0 ðBkÞ yield the indepen-

dent of k, N estimates

kuðNÞk
Lp� ð0;T ;W 1; p�

0
ðBkÞÞaC: ð20Þ

The inclusion W
1;p�

0 ðBkÞHLrðBkÞ with r < np�=ðn� p�Þ is compact and

LrðBkÞHH�sðBkÞ. The assertion follows now from Lemma 3.5 and the com-

pactness results in [11]. r

3.3. Passage to the limit. Due to estimates (17) and Lemmas 3.5, 3.6 we may

find functions wk a Lp 0ð�ÞðQT ;kÞ, uk a LmðQT ;kÞBW ðQT ;kÞ, U a Ll
�
0;T ;L2ðBkÞ

�
such that

uðNÞ ! uk in LmðQT ;kÞ with some m > 1 and a:e: in QT ;k;

uðNÞ ! U �-weakly in Ll
�
0;T ;L2ðBkÞ

�
;

Aðz;‘uðNÞÞ * wk in Lp 0 ðQT ;kÞ;

ðuðNÞÞt * uk; t in LðpþÞ 0�0;T ;H�sðBkÞ
�
:

ð21Þ

Lemma 3.7. For every k a N uk; t a W ðQT ;kÞ0 and

kuk; tkW 0
k
aC

with an independent of k constant C.

Proof. Take some N a N, fix jaN and test (14) with a function f a Pj:ð
QT ; k

�
u
ðNÞ
t fþAðz;‘uðNÞÞ � ‘f

�
dz ¼

ð
QT ; k

f f dz: ð22Þ

Passing to the limit as N ! l we have that

Ef a Pj

ð
QT ; k

ðuk; tfþ wk � ‘fÞ dz ¼
ð
QT ; k

f f dz: ð23Þ

Since Lpþ
�
0;T ;Hs

0ðBkÞ
�
is dense in W ðQT ;kÞ, letting j ! l we conclude that (23)

holds for an arbitrary f a W ðQT ;kÞ. It follows then that for every f a W ðQT ;kÞ
��� ð

QT ; k

uk; tf dz
���aCkfkWðQT ; kÞ

with the constant C from (17). r
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Lemma 3.8. For every k and a.e. t a ð0;TÞ

1

2

ð
Bk

u2k dx
���t¼t

t¼0
þ
ð t

0

ð
Bk

wk � ‘uk dz ¼
ð
QT ; k

fuk dz: ð24Þ

Proof. It is shown in the proof of Lemma 3.7 that

ð
QT ; k

ðuk; tuk þ wk � ‘uk � fukÞ dz ¼ 0:

The assertion follows now from Proposition 2.6 with u ¼ v ¼ uk. r

Lemma 3.9. uk a Cw

�
0;T ;L2ðWÞ

�
and

�
hðxÞ; uk � u0

�
2;Bk

! 0 as t ! 0 for every

h a Cl
0 ðBkÞ.

Proof. Let us take for the test-function f ¼ hðxÞyðtÞ with yðtÞ a C1½0;T � such that

yð0Þ ¼ yðTÞ ¼ 0 and hðxÞ a C1
0 ðBkÞ. Denote FðtÞ ¼

Ð
Bk

ukh dx. By (23)

ðT

0

y 0ðtÞFðtÞ dt ¼
ðT

0

yðtÞCðtÞ dt; C ¼
ð
Bk

ðwk � ‘h� f hÞ dx a L1ð0;TÞ:

It follows that F ðtÞ a W 1;1ð0;TÞ, whence FðtÞ is absolutely continuous on ð0;TÞ
and the limits F ð0Þ and FðTÞ are well-defined. r

Lemma 3.10. wk ¼ Aðz;‘ukÞ a.e. in QT ;k.

Proof. We apply the standard monotonicity argument. Recall that
�
Aðz; sÞ�

Aðz; rÞ
�
� ðs� rÞb 0 for a.e. z a QT ;k and all s; r a Rn. By construction

1

2

ð
Bk

ðuðNÞÞ2 dx
��� t¼T

t¼0
þ
ð
QT ; k

Aðz;‘uðNÞÞ � ‘uðNÞ dz ¼
ð
QT ; k

fuk dz:

For every f a PN

Aðz;‘uðNÞÞ � ‘uðNÞ ¼ Aðz;‘uðNÞÞ � ‘ðuðNÞ � fÞ þAðz;‘uðNÞÞ � ‘f

¼
�
Aðz;‘uðNÞÞ �Aðz;‘fÞ � ‘ðuðNÞ � fÞ

þAðz;‘uðNÞÞ � ‘fþAðz;‘fÞ � ‘ðuðNÞ � fÞ

whence, by monotonicity,
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ð
QT ; k

Aðz;‘uðNÞÞ � ‘uðNÞ dzb

ð
QT ; k

Aðz;‘uðNÞÞ � ‘f dz

þ
ð
QT ; k

Aðz;‘fÞ � ‘ðuðNÞ � fÞ dz:

Since uðNÞ a PN

0 ¼ 1

2

ð
Bk

ðuðNÞÞ2 dx
��� t¼T

t¼0
þ
ð
QT ; k

Aðz;‘uðNÞÞ � ‘uðNÞ dz�
ð
QT ; k

fuðNÞ dz

b
1

2

ð
Bk

ðuðNÞÞ2 dx
��� t¼T

t¼0
þ
ð
QT ; k

Aðz;‘uðNÞÞ � ‘f dz

þ
ð
QT ; k

Aðz;‘fÞ � ‘ðuðNÞ � fÞ dz�
ð
QT ; k

fuðNÞ dz:

Fix an arbitrary f a PK , KaN. Letting N ! l and using (21) we obtain

1

2

ð
Bk

u2k dx
��� t¼T

t¼0
þ
ð
QT ; k

wk � ‘f dz

þ
ð
QT ; k

Aðz;‘fÞ � ‘ðuk � fÞ dz�
ð
QT ; k

fuk dza 0:

Writing (23) in the form

1

2

ð
Bk

u2k dx
��� t¼T

t¼0
�
ð
QT ; k

fuk dz ¼ �
ð
QT ; k

wk � ‘uk dz

and substituting the result into the previous inequality we obtain

ð
QT ; k

�
wk �Aðz;‘fÞ

�
� ‘ðuk � fÞb 0

for every f a PK . Letting K ! l we may take for f an arbitrary element from

the main functions space. Let us now choose f in the special way: f ¼ uk þ lw

with l > 0 and w a W : letting l ! 0 we have

ð
QT ; k

�
wk �Aðz;‘ukÞ

�
� ‘wb 0;

which is only possible if wk ¼ Aðz;‘ukÞ a.e. in QT ;k.
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This completes the proof of existence of a weak solution of problem (13).

Uniqueness of the weak solution is an immediate byproduct of monotonicity of

the operator A. Assume that there are two di¤erent solutions ui of problem (13)

and set w ¼ u
ð1Þ
k � u

ð2Þ
k . Choosing u

ðiÞ
k for the test-function in identities (14) for

u
ðiÞ
k and gathering the results we have that for every t a ð0;T �

1

2

ð
Bk

wðtÞ2 dxa�
ð t

0

ð
Bk

�
Aðz; u1Þ �Aðz; u2Þ

�
� ‘ðu1 � u2Þ dza 0;

whence w ¼ 0 a.e. in QT ;k. r

Remark 3.11. Identity (14) holds true for the test-functions f a W with ft a W 0.

Lemma 3.12 (Improved regularity). Let u0 a L2ðRnÞBW
1;pðx;0Þ
0 ðRnÞ, f a L2ðSTÞ

and jatja aT ¼ const. Then

kuk; tk22;QT ; k
þ ess sup

ð0;TÞ

ð
Bk

j‘ukjpðxÞ dxaC ð25Þ

with a constant C depending on ku0k2;Rn , k‘u0kpð�Þ;Rn and k f k2;ST
, aT , but inde-

pendent of k.

Proof. To prove the lemma it su‰ces to show that (25) holds for the Galerkin

approximations of the regularized problems uðNÞ. Let us multiply the ith equation

of system (16) by d 0
i;NðtÞ, integrate over Bk and sum up:

kuðNÞ
t ðtÞk22;Bk

þ d

dt

� ð
Bk

aðzÞ
pðxÞ j‘u

ðNÞðtÞjpðxÞ dx
�

¼
ð
Bk

atðzÞ
pðxÞ j‘u

ðNÞðtÞjpðxÞ dxþ
ð
Bk

fu
ðNÞ
t dx:

Integrating in t and applying Young’s inequality we arrive at the estimate

kuðNÞ
t k22;QT ; k

þ
ð
Bk

aðzÞ
pðxÞ j‘u

ðNÞðtÞjpðxÞ dxa 1

2
k f k22;QT ; k

þ 1

2
kuðNÞ

t k22;QT ; k

þ
ð
Bk

aþ
pðxÞ j‘u

ðNÞ
0 jpðxÞ dx

þ aT

a�

ð t

0

ð
Bk

aðzÞ
pðxÞ j‘u

ðNÞðtÞjpðxÞ dz:
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Set

YNðtÞ ¼
ð t

0

ð
Bk

aðzÞ
pðxÞ j‘u

ðNÞðtÞjpðxÞ dz:

The function YNðtÞ satisfies the linear di¤erential inequality

Y 0
NðtÞa

aT

a�
YNðtÞ þ

1

2
k f k22;QT ; k

þ
ð
Bk

aþ
pðxÞ j‘u

ðNÞ
0 jpðxÞ dx:

Integration of this inequality gives the required uniform estimate:

YNðtÞa
a�
aT

ðeðaT=a�ÞT � 1Þ
� 1

2
k f k22;QT ; k

þ
ð
Bk

aþ
pðxÞ j‘u

ðNÞ
0 jpðxÞ dx

�

a
a�
aT

ðeðaT=a�ÞT � 1Þ
� 1

2
k f k22;QT ; k

þ C

ð
Bk

j‘u0jpðxÞ dx
�
: r

4. The Cauchy problem

Let fukg be the sequence of solutions of the regularized problems (13). Define the

sequence of functions extended to the whole ST

wk ¼
uk in QT ;k;

0 in STnQT ;k;

�
fk ¼

f in QT ;k;

0 in STnQT ;k:

�

According to the uniform estimates of Lemmas 3.3, 3.7

wk are bounded in Ll
�
0;T ;L2ðRnÞ

�
and in W ;

Aðz;‘wkÞ and wk; t are bounded in W 0:

It follows that there exist functions w a W , w a W 0, U a L2ðRnÞ such that

wkðTÞ ! U in L2ðRnÞ; wk * w in W ;

wk * w �-weak in Ll
�
0;T ;L2ðRnÞ

�
;

Aðz;‘wkÞ * w and wk; t * wt in W 0:

Lemma 4.1. The sequence fwkg contains a subsequence which converges in

C0
�
½0;T �;L2ðWÞ

�
on every compact WHRn.
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Proof. By Proposition 2.7 for every k there is a subsequence fwmk
g converging

in C0
�
½0;T �;L2ðBkÞ

�
. Choosing subsequences fwmkþ1

gH fwmk
g, k ¼ 1; 2; . . . , we

conclude that the diagonal sequence fwmm
g converges in C0

�
½0;T �;L2ðBkÞ

�
for

every k. r

An immediate corollary from Lemma 4.1 is the equality U ¼ wðTÞ. Take an

arbitrary f a C1
�
0;T ;C1

0 ðRnÞ
�
and choose k0 a N so big that supp fð�; tÞHBk

for all kb k0 and t a ½0;T �. Since C1
�
½0;T �;C1

0 ðBkÞ
�
HW ðQT ;kÞ for all kb k0,

the extended functions wk satisfy the identity

ð
ST

�
wk; tfþAðz;‘wkÞ � ‘fþ fkf

�
dz ¼ 0:

Letting k ! l we obtain

ð
ST

ðwtfþ w � ‘f� f fÞ dz ¼ 0:

Since C1
�
0;T ;C1

0 ðRnÞ
�
is dense in W ðQT ;kÞ for every k, the same is true for

f ¼ wk, which gives the energy identity as k ! l:

ð
ST

ðwtwþ w � ‘w� fwÞ dz ¼ 0: ð26Þ

By virtue of Proposition 2.6 and Corollary 2.8 the energy equality holds:

1

2

ð
Rn

w2 dx
��� t¼T

t¼0
þ
ð
ST

ðw � ‘w� fwÞ dx dt ¼ 0:

It is now standard to check that w ¼ Aðz;‘wÞ a.e. in ST .

5. Boundedness and uniqueness of weak solutions

In this section we give the proof of Theorem 1.3, which is split into three assertions.

Lemma 5.1 (The maximum principle). Let supST
j f jaCf and supW ju0jaM0

with finite positive constants Cf and M0. Then the solution of problem (1) satisfies

the estimate

jujaMeðCf =MÞT a:e: in ST with M ¼ 1þM0: ð27Þ
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Proof. It is su‰cient to show that estimate (27) holds true for the solutions of the

auxiliary problems (13) uk. Set vk :¼ e�ltuk with a constant l to be defined and

write identity (14) in the formð
QT ; k

elt
�
vk; tfþAðz; elt‘vkÞ � ‘f

�
dz ¼ �

ð
QT ; k

ðleltvk � f Þf dz:

Now set

l ¼ Cf

M
; vk;M ¼ maxfvk �M; 0g; f ¼ e�ltvk;M :

By virtue of Remark 3.11 f is an admissible test-function. Notice that

vk; tvk;M ¼ 1

2
qtv

2
k;M ; Aðz; elt‘vkÞ � ‘vk;M ¼ Aðz; elt‘vk;MÞ � ‘vk;M b 0:

Then ð
QT ; k

�
vk; tvk;M þAðz; elt‘vkÞ � ‘vk;M

�
dz

¼ 1

2

ð
Bk

v2k;MðTÞ dxþ
ð
QT ; k

Aðz; elt‘vkÞ � ‘vk;M dz :¼ J

with

J ¼ �
ð
QT ; k

ðleltvk � f Þf dz ¼ �
ð
QT ; kBfvk>Mg

ðlvk � e�ltf Þvk;M dz

a�
ð
QT ; kBðvk>MÞ

ðlM � Cf Þvk;M dza 0:

It follows that vk aM a.e. in QT ;k. In the same way we check then that �vk aM.

Thus, jvkjaM and jukjaMeðCf =MÞT . r

Lemma 5.2 (Uniqueness of bounded solutions). If pðxÞb 2 a.e. in Rn, problem

(1) cannot have more than one bounded solution.

Proof. Let u1, u2 be two weak solutions of problem (1). Assume that there exists a

finite constant M such that juijaM a.e. in ST , set w ¼ u1 � u2 and introduce the

function

cðsÞ ¼
1 if jsjaR;

s� Rþ 1 if R < jsj < Rþ 1;

0 if Rþ 1a jsj:

8<
:
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It is easy to see that jc 0ðsÞja 1. Taking cðjxjÞui for the test-functions in the inte-

gral identities (4) for ui and subtracting the results we arrive at the relation

1

2

ð
Rn

w2ðTÞcðjxjÞ dxþ
ðT

0

ð
Rn

cðjxjÞ
�
Aðz; u1Þ �Aðz; u2Þ

�
� ‘wdz ¼ I

with

I ¼ �
ðT

0

ð
Rn

w
�
Aðz; u1Þ �Aðz; u2Þ

�
� ‘cðjxjÞ dz:

This integral is estimated as follows:

jI ja aþ

ðT

0

ð
RnnBRð0Þ

ðj‘u1jp�1 þ j‘u2jp�1Þðju1j þ ju2jÞ dz

aC
� ðT

0

ð
RnnBRð0Þ

ðj‘u1jp þ j‘u2jpÞ dzþ
ðT

0

ð
RnnBR

ðju1jp þ ju2jpÞ dz
�

C I1ðRÞ þ I2ðRÞ; C ¼ Cðaþ; peÞ:

Due to estimate (5) it is necessary that I1ðRÞ ! 0 as R ! l. Let us consider the

integral I2ðRÞ. By assumption juijaM with a finite constant M. Since pðxÞb 2

a.e. in Rn, applying (5) we obtain

I2ðRÞaT sup
Rn

MpðxÞ�2 ess sup
ð0;TÞ

ð
RnnBRð0Þ

ðju1j2 þ ju2j2Þ dx ! 0 as R ! l: r

The assertion of item 3) of Theorem 1.3 follows from Lemma 3.12 as k ! l.
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