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Abstract. We study the Euler-Poisson system describing the evolution of a fluid without
pressure effect and, more generally, also treat a class of nonlinear hyperbolic systems with
an analogous structure. We investigate the initial value problem by generalizing a method
first introduced by LeFloch in 1990 and based on Volpert’s product and Lax’s explicit for-
mula for scalar conservation laws. We establish several existence and uniqueness results
when one component of the system (the density) is measure-valued and the second one
(the velocity) has bounded variation. Existence is proven for general initial data, while
uniqueness is guaranteed only when the initial data does not generate rarefaction centers.
Our proof proceeds by solving first a nonconservative version of the problem and construct-
ing solutions with bounded variation, while the solutions of the Euler-Poisson system is
then deduced by differentiation.
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1. Introduction

We study here a class of nonlinear hyperbolic systems in one space dimension
which includes, in particular, the pressureless Euler-Poisson system

0ip + 0x(pu) = 0,
(pu) + 0<(pu*) = KpE, (1.1)
0 E = p.

Here, u: R, x R — R denotes the velocity of the fluid, p: Ry x R — R, its
density, and E the electric field, normalized so that lim,_., ., E(z,x) = 0 for each
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time ¢ > 0. Here x is a given constant whose sign determines the (attractive or
repulsive) nature of the underlying force. More generally, we consider the systems

dup + 0x(pf ' (w) =0, (1.2a)

0:(pu) + 0x (pf ' (u)u) = ph (Jxoo P dy) : (1.2b)

with u: Ry X R— Rand p: R, x R— R,. In the above, #: R — R is a given
Lipschitz continuous function and f : R — R satisfies the following two assump-
tions:

(A1) f: R — Ris a smooth, strictly convex function.

(A2) Timyy oy 20 = 400,

Our objective is to establish several existence and uniqueness results in a suitable
class of weak solutions, for both the above systems and their nonconservative for-
mulations which are obtained by formally integrating in space.

In our investigation, we closely follow LeFloch [10], which treated the same
problem but without electric field. The presence of an electric field significantly
modify the analysis, although the strategy in [10] can still be closely followed. In
particular, as observed in [10], it is very convenient to introduce a nonconservative
version of the system under consideration and seek for solutions of bounded
variation—defined by relying on the so-called Volpert’s product [5], [9], [12],
[14]—and then to recover the original system by differentiation. It then naturally
follows that solutions can be measure-valued.

We do not try to review here the vast literature existing on the pressureless
Euler system and we simply refer to [2], [3], [4], [6] and the numerous references
cited therein. As far as the Euler-Poisson system is concerned, we recall that
Tadmor and Wei [13] recently proposed a theory of weak solutions based on a
variational approach. Note also that transport equations with discontinuous
coefficients have been found to be useful for the analysis of the linear stability of
shock waves [1].

An outline of this paper is as follows. In Section 2, we present some elemen-
tary properties of bounded variation (BV) functions and Volpert’s product. In
Section 3, we study the following hyperbolic system in a nonconservative form
(formally derived by integration of (1.2))

ow+ f'(u)ow =0, (1.3a)
O+ Oy f (u) = h(w). (1.3b)

Weak solutions to (1.3) are defined in the sense of Volpert’s product, and we
establish the existence and uniqueness of bounded variation solution when the
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initial data u(0,-) = uy has bounded variation and the initial data w(0,-) = wy is
Lipschitz continuous.

In Section 4, we return to the conservative formulation (1.2), but first substitute
(1.2b) by (1.3b), which, in some sense, contains “more information” (for the
dynamics of the velocity variable in the vacuum regions) than (1.2b). We note
that a solution to (1.2a) and (1.3b) is also a solution of (1.2). Finally, in Section
5, we generalize our existence theory above by allowing both initial data uy and
wo to be bounded variation functions and by defining the composition of a BV
function and a strictly monotone function.

2. Background material

2.1. Change of variable formulas. Throughout, we work with functions of
bounded variation (BV) and we recall that the total variation of a function
v: [a,b] — R is defined as

TV 5o = supz lo(x;) — v(x;i-1)],
=1

where the supremum is taken over all finite partitions a = xp < x; < -+ < X, = b.
The interval [a, b] can be decomposed in two disjoint sets: the set € of points of
continuity of v and the set ¢ of points of jump. The set ¢ is at most countable,
while left- and right-hand limits v(x+) exist for each x € [a, b] and are distinct if
x € #. For instance, monotone functions have (locally) bounded variation.

We will use the following notion of inverse of a non-decreasing and right-
continuous function F(x) : [a,b] — [A4, B]. Its generalized inverse is defined by

g(y) = inf{x: F(x) > y},

which is obviously non-decreasing. Similarly, we can define the inverse of left-
continuous/right-continuous and non-decreasing/non-increasing functions.

We will also need change of variable formula. Given any right-continuous BV
function v defined on an interval (a,b), there exists a unique finite Borel measure
U, associated to v, such that

o(x) = v(at) = p,((a, X)), v(at) —v(a) = p,(a).

We denote u, by dv and decompose it into an absolutely continuous part de-
noted by v’ dx, an atomic part d,v, and a singular part d,v. We thus have dv =
v'(x) dx + dyv + dyv.
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Given such a function v, we use the notation L'(dv) for the set of Borel func-
tions that are integrable with respect to the measure dv. From [14], we have the
following result.

Proposition 2.1. Let u : [a,b] — R be a right-continuous function of bounded vari-
ation and let X : [a,b] — [c,d] be a continuous, non-decreasing (and not necessary
strictly increasing) function with X (a) = ¢, X(b) = d.

1. If X! denotes the generalized inverse of X, then for all g € L' (d(u o X))

Jd g(s)d(uo X(s)) = Jb go X Vdu(x).

c a
2. For any function g € L' (d(uo X)), one has

b

d
J (g0 X)(s)d (1o X(s)) :J 9(x) du(x).

c a

2.2. Nonconservative products. More generally, the total variation of an inte-
grable function v = v(x) defined on a domain Q = RY (for N > 1) is defined
by

TVav = sup {JQ vV /g Q— R, smooth, compactly supported, [|¢]|;-q) < 1}.

When this total variation is finite, the first order derivatives < 5“ are finite Borel

measures. Let us recall the following regularity results for BV functlons as proven
first in Volpert [14]. For a function u in BV (Q, R), it happens that up to a set of
vanishing Hausdorff measure, each point x € Q is regular, that is, is either a point
of approximate continuity or a point of approximate jump. With obvious nota-
tion, we write Q = ¢ u # U A". To be more specific, recall that the formula

lim lzj [u(x) — Lu(xp)| dx =0
=087 N (v—x0,1) >0} "B, (x0)
holds at a point of approximate jump, where v is a unit normal at xo, B.(xo)
denotes the ball of radius ¢ > 0 centered at xo and /4,u(xy) =: ux(xy) denote the
left- and right-hand traces. At a point of approximate continuity, the normal v is
irrelevant and the traces u(xy) coincides.

We now turn to the notion of averaged superposition.



Existence and uniqueness results for the pressureless Euler-Poisson system 233

Definition 2.2. Given g € C'(R) and u € L*(Q,R) n BV(Q,R), the averaged
superposition of the function u by g is defined as

00 () g(u(x)), at an approximate continuity point,
u =
Jol g((1 = Au_(x) + Auy(x)) d4, ata jump point.

The following result was proven by Volpert [14].

Proposition 2.3. Let u, v be two functions in L™ (Q,R) n BV(Q,R) and g be in

CY(R). Then, the function §(u) above is measurable and integrable with respect to

. A ov
each Borel measure %’_, so that the nonconservative product §(u) 5= makes sense as

a finite Borel measure.

As was first proposed by LeFloch [9], [10], Volpert’s product is useful in order
to define a notion of weak solutions to systems in nonconservative form such as

S+ A(u)ou = 0, (2.1)

where u is the unknown function and 4 = A(u) is a matrix-valued map of u.

3. The nonconservative formulation

3.1. Definition and existence theory. We begin by introducing our notion of
solutions.

Definition 3.1. A pair of functions (w,u) in L* (R, BV (R)) is said to be a weak
solution to (1.3) if:

1. The component u is a weak solution in the sense of distributions to
O+ 0xf (u) = h(w). (3.1)
2. The component w is a weak solution in the sense of Volpert-LeFloch to
ow + fA’(u)wa = 0. (3.2)
In this section, we are interested in initial data with regularity
up € BV(R), wpe WHe(R).

We are going to rely on a generalization of Lax’s explicit formula [7], [8], which is
well-known for homogeneous conservation laws. Let G : R, x R?> — R be given by

G(t,x,y) = Jy(z—x—ﬁ—‘[

0 0

t

1" (u0(2) + h(wo(2))s)ds) =, (3.3)



234 P. G. LeFloch and S. Xiang

and denote by ¢: R, x R— R the minimizer associated with the function
vy G(t,x,p) (for ¢, x fixed), which is characterized by the property

G(1,x,&(1,x)) :;Ielga G(t,x,y), ae. (t,x)eR. xR (3.4)

We observe that, when ¢ approaches 0, the function G approaches
(1/2)((» — x)> — x?) which trivially achieves its minimum (with respect to the
variable y) at the point x, so that £(0,x) = x.

Lemma 3.2. For each time t, the function &(t,-) defined in (3.4) is non-decreasing
in Xx.

Proof. We write

t

H  (z)=z—x+ Jo S (uo(2) + h(wo(z))s) ds, (3.5)

so that G(t,x,y) = [j H,(z)dz. Let us assume that there exists two points
X1 < x3 such that &(z,x1) > &(¢,x2). Since &(z,x1) is a minimizer of G(z,x1, y),
we have

&(t,x1)
J - H, . (2)dz = G(1,x1,&(t,x1)) — G(t,x1,(2,x2)) <0.
&(t,x2
Moreover, we have
&(t,x) &(t,x1) &(t,x)
J H, . (z)dz = J H,  (2) dz—i—J (x1 —x2)dz < 0.
E(t,xa) &(t,x2) (t,x2)

Thus, G(,x2,&(t,x1)) < G(1,x2,&(t,x2)), which contradicts the definition of
(1, x2). O

We begin with the existence theory.

Theorem 3.3 (Existence result for the nonconservative formulation). Given any
initial data uo in BV (R) and wo in W' *(R), the system (3.1)—(3.2) admits at least
one weak solution (u,w) in L* (R, BV (R)) satisfying the initial data:

W(Oa ) = Wo, M(O, ) = Uy,
which is given by the formula

u(t,x) = b(t,x,&(1,x)) + h(wo (é(l, x)))t, (3.6)
w(t,x) = wo(&(1,x)), (3.7)
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where b(t, x, y) is defined by the implicit relation

Y(t,x,,b(t,x,y)) =0,
with (for all (1, x, y, b))

t

Y(t,x,y,b) = yx+Lf'(b+h(W0(y))s) ds. (3.8)

Proof. Since the function f is convex and satisfies lim,HMo’%) = +o0, the func-

tion G(t,x, y) reaches its minimum at some point(s). According to Lemma 3.2,
for each fixed ¢ the function &(¢,-) is non-decreasing, and therefore w is well-
defined. We have also, for all ¢ > 0,

lim th/(b + h(wo(y))s) ds = £oo.

b—+w0 0

Therefore, for every ¢ > 0 and fixed x, y, the function Y (¢, x, y,b) will have at
least one root . Moreover, by the strict monotonicity of f’, this root is unique.
Therefore, the expression proposed for u is also well-defined.

We next consider the equation (3.2). Thanks to ([5], Theorem A2), we see that
w belongs to L* (R, BV(R)) whenever wy (only) belongs to W' *(R). Since &
has bounded variation, so that we can introduce the decomposition R, x R =
% v ¢ u .V associated with £, as was introduced in Section 2. Consider first the
set of approximate continuity %, and define the function F by

F'(y) := f"(uo(p) + h(wo(¥))1)

for all #, y. Thanks to Proposition 2.1, F is well-defined. We combine ¢ and F
into the formula

_ [—yexp(—NG)dy

E(t,x) = NLHEOC En(t x), n(t,x) = f exp(—NG) dy

Similarly, we write

L _ JF(y)exp(—NG)dy
F(t,x) = NLIIE@ Fy(t,x), Fy(t,x) = [ exp(—NG) dy

In the set %, we have

dw = w((&)a.E, (3.9)
S a0 = wi(E) S (b(t,x,E(1, X)) + h(wo (2, X)) ) 1) €. (3.10)
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Now, we introduce the function
Vy = —lnj exp(—NG) dy
and compute
1
fN:_NaxVN7 Fy =—0,Vy.

Therefore, the equation 0,6y + 0,Fy =0 holds true. Letting N — +oo and
changing F’ back to f’, we get

0:& 4 f" (o (&) + h(wo(&))1)0:& = 0. (3.11)

Hence, on the set of approximate continuity points, we have

H, (&(1,x)) =0,

with H, .(z) defined in (3.5). The fact that b is uniquely defined ensures that

b(t, x, &(t, x)) = u (f(l, x))

Combining (3.5), (3.10) with (3.11), we obtain the equation (3.2).
Turning our attention to the set of jump points, we consider the Borel measure
defined by

W= 0w +f’(u)6xw. (3.12)

Taking a point in # denoted by (7., x,), we find according to Volpert’s definition

1

Wty x)} = —a(wy —w_)+ L S e+ Ay —us)) difwy —wo).

On the other hand, Rankine-Hugoniot jump condition yields us the shock speed

_ 1
_Sy) = fuo) J S+ Ay —u)) da.

U, —u_ 0
We thus conclude that the mass of the corresponding Borel measure x{ (., x.)} =0
vanishes. Combining our results for the set of approximate continuity points and
the set of jump points, we have thus derived the equation (3.2).
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We need next to discuss the equation (3.1). As done before, we introduce the
function

I'b(1,x,&(1,x)) exp(—NG) dy
| exp(—NG) dy

bN(l, x) =

and b(z,x) =limy_, o, by(t,x). In particular, we have

lim by (0,x) = up(x).

N—+0w0
As for the derivation of the equation (3.2), we have here

0ib + f7(b(t,x,&) + h(wo(&))1)0xb =0
and, since
dw + [ (b(t,x,&(1,x)) + h(w)1)dyw = 0,

we deduce

0r(h(wo(&(2,x)))1) + f'(b(2,x,&(t,x)) + h(wo(E(2,x))) 1) Ox (R (wo (E(2,X))) 1)
= h'(wo)wg (E(1,x)) (0w + f'(b(1,x,E(1,x)) + h(w)t)Oxw) + h(w)
= h(w).

Therefore, we have obtained (3.1) and this completes the proof of Theorem 3.3.
0

3.2. Uniqueness theory. For given initial data uy € BV (R) and wy € W1 (R),
we have constructed a solution in L* (R, BV(R)) given by the explicit formula
(3.6)—(3.7) based the (generalized) characteristic & = £(¢, x). As shown in [8], solu-
tions u = u(z, x) to homogeneous conservation laws satisfy the entropy inequality
(for all x; < x, and all times ¢ > 0)

u(t, xy) — u(t, x1)
X2 — X

< k(1), (3.13)

where k = k(z) > 0 is some function determined by the initial data and may blows
up at 1 =0. In particular, at each jump point, we have f'(u_) > a > f'(uy),
where ¢ denotes the shock speed. Relying on (3.13), we are going to prove a
uniqueness result for the system (3.1)—(3.2) under the assumptions that the map 4
is non-increasing and the initial data u, also satisfies the entropy condition.
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Proposition 3.4. Suppose that o.w >0 in the sense of distribution and that the
map w— h(w) is non-increasing. Suppose also that the initial data uy satisfies the
entropy condition

dup(x)
dx

< Ko (3.14)

in the sense of distributions. Then, the solution u to system (3.1)—(3.2) also satisfies
the entropy condition

—(1,") < Ko (3.15)

for each time t.

We emphasize that our addititional assumption d,w > 0 above is natural since
we are primarily interested in returning (in the following section) to the conserva-
tive system for which we write d,w = p with p > 0.

Proof. Consider the equation
Ot + O f () = 00> u+ h(w), (3.16)
with € > 0 and let us differentiate (3.16) once with respect to x:

3:(0xu) + £ ()> e+ £ () (051)* = 002 (xu) + h' (W)dw.

Since the flux f is a strictly convex, we have f” >0 and, in addition,
h'(w)0xw < 0 holds since / is non-increasing. Thus, we get

0:(0su) + f"(u) 0% u < 00 (0.u).
Writing @ = (0,u)" = max(0, d,u), we find
dia+ f(u)dca — 0% a <0,
Considering the function v = a — Kj, we thus have
o+ f(u) o0 — 002 v <0,

By the maximum principle, we conclude that ¢ < K. Finally, by letting § — 0,

we have proven that % < K. [
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The following technical observation will be useful.

Lemma 3.5. Assume that both (wy,u;) and (wa,uy) are entropy solutions to (3.1)—
(3.2) in L* (R4, BV(R)). Then the function w1 (t,x) — wi(t,x) has the same sign as
uy(t, x) — uy (¢, x) on the set of points of approximate continuity.

Proof. Assume that u(z,x) > u;(z,x) on some set of points of approximate
continuity. Consider the equation

owi + f(u;)oxw; = eaixwi. (3.17)
where i = 1,2 and ¢ > 0. Noting that

Owa + £/ (1) 0xwr — e02, w2
= 0wy + f'(up) 0wy — 86§xwz + (f'(u2) = [ (1)) 0w>

> 0wy + f(un) 0wy — €02 wy = 0,

we see that wy is a sub-solution of (3.17) with speed f”(u;). Letting ¢ — 0", we
conclude that wy > w; and that wy — w; has the same sign has u, — u;. O

Theorem 3.6 (Uniqueness result for the nonconservative formulation). Consider
initial data uy € BV (R) and wy € W' > (R) and suppose that uy satisfies the entropy
condition

for some constant Ky > 0. Then, provided the map h is non-increasing, the Cauchy
problem for the system (3.1)—(3.2) admits at most one entropy solution satisfying
ow > 0.

Proof. Let (wy,u;) and (w,, u) be entropy solutions to (3.1)—(3.2) and let us intro-
duce the decomposition R, x R=% U # u A" as in the proof of Theorem 3.3.
Standard techniques yield the inequality

%J |ty — uy | dx < L sgn(uz — uy) (h(w2) — h(wy)),

in which the right-hand side is non-positive since /4 is non-increasing and
sgn(up — uy) = sgn(w, — wy) (according to Lemma 3.5). Thus, we obtain u; (¢, x)
=uy(t,x) = u(t,x) for a.e. (¢, x).
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Consider next the components wy, w,. By a standard regularization argument,
we have

v = 0flwy — wy| +f’(u)@x\‘vz —wi| =0.
Define the Borel measure
U:6,|W2—W1|+6x(fA’(u)|wz—w1|). (3.18)
On the set of points of approximate continuity, we have
0= 3/ws — wi| + 6x(f’(u)|w2 —wi|) = f"(w)oculwr — wi| < K|ws — wil,

by Proposition 3.4.
On the set of points of jump, say at a point (7, x.) we have

o((t,x.)) = f'(u)|wa, —wi | = f"(u=)|wa —wi_|

1
_ L f’(u, + Muy — u,)) dA(lwa, —wi, | — w2 —wi |)

1

= bwa, = | () = | 7 =) )
1

+|wy — ml(J0 e+ Auy —u)) da —f/(u,)).

Since

— u7 1
fus) = flu) :J I (e + Ay — 1)) di,

u, —u_ 0
we find

U((t*,x*)) = |W2< — Wi, | (f’(u+) - w)

- (LSO ),

Uy —u_

Consequently, v((#,,x.)) < 0 holds since u_ > u; and f is convex.
We deduce the inequality

v < K|wy — wy| (3.19)
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and, after integration in space and time,

d
EJMZ —wildx < JK|wz —wil.

Applying Gronwall’s inequality, we get
J\Wg(l, x) — wi(t,x)|dx < X J [w2(0,x) — w; (0, x)]| dx,

which yields us the desired uniqueness property. O

4. The conservative formulation

4.1. Definition and existence theory. Following [9], the theoy in the previous
section can be reformulated at the level of the conservative system

0p + 0x(pf'(u)) = 0, (4.1)

such that the component u is a BV function in x, but the component p is a measure
in x. In particular, we can obtain uniqueness for the velocity component even in
regions where the mass density vanishes. We omit the details.

Consider next the system

0ip + 0y (pf/(“))

=0,

4.2
0:(pu) + 0x(puf’ (1)) = ph(p(—0,x)). 42
Denote by .#(R) the space of all bounded Borel measures. Clearly, uniqueness
can no longer be expected in regions where p vanishes, unless we strengthen
the notion of weak solution, as we do below. We emphasize that for sufficiently
regular solutions with non-vanishing density, (4.1) and (4.2) are equivalent. Fur-
thermore, the jump relations at non-vanishing and bounded density can aso be
checked to be equivalent. This motivates us to propose the following notion of
solution.

Definition 4.1. A pair of functions (p, u) satisfying

peL”(Ry, #(R)), ueL”(R;,BV(R))
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is said to be a precised entropy solution to the system (4.2) if (u, w) with

w(t,x) = p(t,(—o0,x))

(for all x and almost every 7) is a weak solution to (3.1)—(3.2) in the sense of
Definition 3.1.

Our first result based on this definition is as follows.

Theorem 4.2 (Existence result for the conservative formulation). Given any
up € BV(R) and p, € L'(R) n L™ (R) with p, > 0, the system (4.2) admits a precised
entropy solution in L™ (R.., BV (R)) x L™ (R, .#(R)) satisfying the initial data

p(0,-) = py, u(0,) = uo.

1t is given by the formula

p(t,) = 0y (f(m puls) ds). (4.3)

-0
&(t,x)

u(t, x) = b(t,x,&(t,x)) + h(J Po(s) ds) ‘, (4.4)

-0

where & = £(t,x) is the minimizer of G = G(t, x, y) defined in (3.4).

We have here wo(x) = [*_ py(s)ds for x € R, and Theorem 4.2 is immediate
in view of Theorem 3.3.

4.2. Uniqueness theory. Our next result is an immediate consequence of
Theorem 3.6, stated as follows.

Theorem 4.3 (Uniqueness result for the conservative formulation). Let ug €
BV (R) and p, € L'(R) n L™ (R) satisfying p, = 0 and the entropy condition

— < K 4.5

de =0 (45)
in the sense of distributions, and suppose that the map h is non-increasing. Then,
(4.2) admits at most one precised entropy solution (p,u) in L™ ([R+,BV([R)) X
L* (Ry, #(R)). satisfying p > 0.

Since our notion of solution requires that the velocity satisfies an evolution
equation, we have uniqueness of both p and u—whereas only the uniqueness of
the momentum pu would be expected otherwise. Finally, we have reached the
following final conclusion.
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Corollary 4.4. Let uy € BV(R) and p, € L'(R) n L*(R) with py, =0 be initial
conditions satisfying the entropy condition (4.5) and suppose that the map h is
non-increasing. Then, the Cauchy problem for (4.2) has one and only one precised
entropy solution in L* (R, BV (R)) x L™ (R, .#(R)).

5. Dealing with BV initial data

In Section 3, we have proved that (1.3) admits a weak solution when the initial
data are up € BV (R) and wy € W *(R). Here, we further generalize this result
and weaken the regularity requirement on the initial data by now taking both
ug, wo € BV (R).

Lemma 5.1. Let y = y(x) be a strictly increasing function and g € BV (R), then
the composition g o y + (x) is well-defined and is a BV function.

Proof. Use the notation (g o y),(x) := g(y(x)+). There is no difficulty to define
the function (g o y),(x) when x is a point of continuity of y or y is a continu-
ity point of h. Consider next the case where x, is a jump point for y, and
Vs« € [¥(xs=), y(x.+)] is a also a jump point for the function g. Since the map y
is strictly monotone, y(x,+) are uniquely determined by the value of x,. There-
fore, it makes sense to define (g o y),(x.) := g(y(x.£)). This provides us with a
unique definition for the composition of the two functions. dJ

Remark 5.2. When the function y is not strictly monotone, the definition of the
composition may fail. Consider the simple example

y(x)=1x, x<1,
yx) =4 yx) =1, 1<x<2, (5.2)
y(x)=x, x=2

At the point x, =1, we have y(x.—)=1 and Ai(y(x,—)) =1, but note that
yi— =14, so that g(y.—) # g(»(x.—)), which is in contradiction with the notion
of composition of functions.

Lemma 5.3. Assume that

du, . e
== < Ko, in the sense of distributions,

dx
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for some constant Ky > 0 and suppose that the map h is non-increasing. Then, the
minimizer & = &(t,x) of y — G(t,x, ) is such that x — &(t,x) is strictly increasing
for almost every time t.

Proof. Since x — £(t,x) is increasing for every ¢ (according to Lemma 3.2), so
on the set of jump points, we have &(z, x—) < &(¢,x+). We only have to focus
on the set of approximate continuity points. We would like to use the identity
H, (&(1,x)) = 0, which holds since ¢ is a minimizer of y — G(¢,x, y). Suppose
that there exist two points (¢, x) and (z, %) with x < X such that &(z, x) = &(7, x).
By monotonicity, &(¢,-) is a constant for all x € (x,X). Derive ¢ with respect to x
on (x, X):

_%_ 1
ox 14+ f(; S (uo (E(, %)) + h(wo (E(2,x)))s) (B (wo)swy + u)) ds’

from which we deduce that

J £ (o (E(1, %)) + h(wo (£(1,%)))s) (1 (wo)swl + ) ds = +o0

0

since (¢, x) = &(t,x) = £(¢,X) on (x,X). However, Since f” > 0 and / is non-
increasing, we have

J; S (uo (E(1, %)) + h(wo(E(2,%)))s) (B (wo)swg + uj) ds ds < KoMt,

where M > 0 depends on f and 7. This contradicts the fact that f—f: 0 on
x € (x,X). 0

Theorem 5.4 (Existence theory for the nonconservative system with BV initial
data). Let uy and wy be in BV (R) and satisfy the conditions in Lemma 5.3. Then
the system (3.1)—(3.2) has at least one weak solution (u,w) in L* (R, BV (R)) sat-
isfying the initial data that w(0,-) = wo, u(0, x-) = uqy given by

" wo (f(t, x)—|—), H, (&) <0,

) {Wo(ﬁ(t’x)_% H, (&) >0 (5.3)
) b(,x,E(t,x)+) + h(w)t, H (&) <0,

) {b(fv X, E(t,x) =) + h(w)t, H, (&) >0, (54)

with b(t, x,-) satisfying (3.8) and H, (-) defined in (3.5).
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In view of Lemmas 5.1 and 5.3, the solution is well-defined. Similarly, we have
the following statement for the conservative formulation.

Theorem 5.5 (Existence theory for the conservative system with general initial
data). Let uy be in BV (R) and py in M ,.(R) and assume that

du . o
d_o < Ky, in the sense of distributions
x

for some constant Ky > 0 and suppose that the map h is non-increasing. Then
the system (4.2) has a weak solution in L* (R, BV (R)) x L* (R, .#(R)) which
satisfies the initial data

and is given by

_po((=o0,E(x)4)), Hii(&) <0,
'D(t7 - {,00((—00,5([, x)—)), Ht.x(é) > 0, (5 5)
u(t,x) = b(t,x,E(t,x)+) + h(py((—o0,E(t,x)+))t, H, (&) <0, 56
’ b(l’ X,f(l‘, X)—) + h(po((—OO, (Z’ X)—))[, Ht!c(é) O, ’

with b(t,x,-) defined in (3.8) and H; .(-) in (3.5).
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