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On the group of germs of contact transformations

Ana Rita Martins and Orlando Neto*

Abstract. We show that the germ of a contact transformation ® can be written in a unique
way as a product @ ®,, where ®@; only depends on the derivative of @ and the derivative of
®, is trivial. We show that each contact transformation with trivial derivative can be con-
structed solving a convenient Cauchy problem.
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1. Introduction

When trying to obtain normal forms of Legendrian curves, to study its deforma-
tions or to construct its moduli spaces (see [1], [2] and [3]) it is essential to have
a tool to construct germs of contact transformations of a contact manifold of
dimension 3. The main purpose of this paper is to generalize Theorem 3.2 of [1]
to a contact manifold of arbitrary dimension (see Theorem 4.1). This is an essen-
tial preliminary step to the study of the geometry of the germs of higher dimen-
sional Legendrian varieties.

The most important tool in the proof of the main result is the Cauchy-
Kowalevsky-Kashiwara theorem, a far reaching generalization of the classical
Cauchy-Kowalevsky Theorem. This is probably the first non trivial down to
earth application of that Theorem. Its cohomological formulation invites us to
think that it only could be useful in more rarefied environments. This is not the
case.

Corollaries 4.2 and 4.3 show how to construct two families of contact transfor-
mations particularly useful in the applications. Theorem 4.4 describes the group
of germs of contact transformations.

*The authors would like to thank Jodo Cabral for several useful conversations.
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394 A. R. Martins and O. Neto

All the results of this paper are still true if we replace the complex analytic con-
tact manifolds by real analytic contact manifolds.

2. Contact geometry

Let X be a germ at a point o of a complex manifold of dimension 2n + 1. Let O be
the ring of holomorphic functions of X. Let m be the maximal ideal of @. Let Q”
be the module of germs of differential forms of degree p of X. A differential form
w € Q' is called a contact form if the wedge product w(dw)” does not vanish at o.
If w is a contact form it follows from the Darboux Theorem that there is a system
of local coordinates

(xla"'axnayapla"'apn) <1)

of X such that

w=dy - pidx; (2)

i=1

A submodule % of Q! is called a contact structure on X if & is generated by a
contact form. The pair (X, %) is the germ of a contact manifold. A holomorphic
map @ : X — X is called a contact transformation if for each generator w of &
there is ¢ € (@ such that

d'o=9pw and ¢(0) #0.

Let M be a copy of C"! with coordinates (xi,...,x,.1). Let &,..., &, be
holomorphic functions on the cotangent bundle 7*M of M such that

n+1

0="> &dx; (3)
i=1

is the canonical 1-form of T*M.

Example 2.1. We call the projectivization P*M of the vector bundle T*M
the projective cotangent bundle of M. Setting p; = —¢&;/&,,1 and y = x4, i =
l,...,n, (1) defines a system of local coordinates of P*M at the point (o, {dy))
such that /¢, induces the contact form (2) on an open set of P*M. The germ
of P*M at (o0,<{dy)) and the contact structure generated by (2) define a germ of
contact manifold.
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Let n: T*M — M be the cotangent bundle of a complex manifold M. A sub-
manifold A of T*M is called a conic Lagrangean submanifold of T*M if A
has the same dimension as M and 0|, =0. Let N be a submanifold of M.
There is one and only one conic Lagrangean submanifold A of 7*M such that
n(A) = N. We denote A by Ty M and call A the conormal of N. Given local

coordinates (xj,...,X,y1) on an open subset V' of M such that NnV =
{x1 =" =x =0},

TA*,an’l(V) ={xj==x=&1="-=¢, =0},
where &y, ..., &, are holomorphic functions such that 9|n,1(V) = Z,":ll ;dx;.

3. -modules

We shall recall here some results on Z-modules. References are made to [4] and
[6] for details.

Let X be a complex analytic manifold. We denote by (x the sheaf of holo-
morphic functions on X and by Zx the sheaf of holomorphic differential opera-
tors on X.

Recall that given local coordinates (x, ..., x,) in an open subset U of X, every
differential operator P in U can be written uniquely in the form

k o]
0
P = l;_:oaa(x) Ox’ (4)

where k € Ny is the order of P, a, is an holomorphic function in U, |a| =
oy + -+ + o, and

)
ox* oxyt T Oxpt’

for each o = (oy,...,0,) € N”. Moreover, if one denotes by (x,¢) the induced
coordinates in 7*U ~ U x C", we associate to P its principal symbol.

O'(P)(X, é) = Z a“(x)é“, (5)
|| =k
where &% = &' .. &0
Given a point o of X, let Oy , (resp. Zx ,) be the ring of germs of holomorphic
functions (resp. differential operators) at the point o.
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396 A. R. Martins and O. Neto

A left Zx ,-module is of finite type if it admits a presentation of the type

N
ZPUMJ7 i:l,...,ml. (6)
=1
If . is a finite type Zx ,-module it admits a resolution of the type
e g, T g, DL, Dy — A — 0. (7)

Applying the functor Homg, (-,0y,) to the exact sequence above, after
replacing .# by 0, we obtain a complex

1

' P! P! P
0_,@>§(70L)@}130;)@?;’204...40?;50_).... (8)
The k-th cohomology group of (8) is denoted by
Extl, (,0x,), k=0.

The complex vector space Homg, (4, 0x ,) = Ext%X (A, Oy ,) is the space
of germs of holomorphic solutions of the homogeneous equation associated to (6).
The other Ext*’s contain relevant information about the holomorphic solutions of
the inhomogeneous equation associated to (6).

Let .# be a Zx ,-module of finite type. We associate to .# a very important
geometric invariant, its characteristic variety Char(.# ), an analytic subset of 77 X.
Recall that if # = Zx ,/.7, where .7 is a left ideal of Zy ,, one has:

Char(#/)={0e T, X : o(P)(0) =0,VP € J}.

Let Y be a submanifold of X. Let .# be a & y-module. The restriction functor
F — F|, that associates to a sheaf on X a sheaf on Y does not transform .# into
a Y y-module. In order to perform this operation we need to consider the transfer
module

9Y~>X:(OY ® 9X|Y7

Oxly

which has a natural structure of (Zy, Zx|,)-bimodule. We define the restriction
of .# to Y as the ¥ y-module

My =Dy-x Q@ Mly.

Oxly

This operation has an equivalent at the level of germs.
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Note that, in general, the restriction to Y of a Zx ,-module of finite type need
not to be of finite type over Zy ,. That property is only guaranteed if

Char(M#)NTyX c TyX. 9)

When (9) holds, .# is said to be non-characteristic relatively to Y.
We now recall the Cauchy-Kowalevsky-Kashiwara theorem:

Theorem 3.1. Let Y be a submanifold of X and 0o € Y. Let .M be a 9 x-module.
Assume M, is a Dy ,-module of finite type. If' Y is non characteristic for M, My o
is a 9y, ,-module of finite type and the natural morphisms

Extly (Mo, Ux,o) = Extl (Myo,Oy,), k=0 (10)

are isomorphisms.

4. Contact transformations

Let (X, %) be a germ of contact manifold of dimension 21 + 1. Let us fix a gen-
erator @ of % and system of local coordinates (1) such that (2) holds. Set Y =
{pr=-=p, =0}, x=(x1,...,x,) and p=(p1,...,p,). Denote by m the
maximal ideal of C{x, y, p}.

Theorem 4.1. Let oy, ..., 0, € C{x, y, p}, By € C{x, y} be power series such that

%,%’io m, i,j=1,...,n. (11)
There are f,y;,...,7, € C{x, y, p} such that f—f, € (p) and o = (oy,..., %),
B.71,--.,7, define an infinitesimal contact transformation @, 4, given by
(X, 2, p) = (X1 oy, X+ 0, Y+ B P V1 DoY) (12)
The power series f and y,,...,7, are uniquely determined by these conditions.

If @ is the contact transformation given by (12), ® = @, g , where ) = f|.

Proof. The map (12) is a contact transformation if and only if there is ¢ €
C{x1,..,Xn, ¥, P1,-- -, Pu} such that p(0) # 0 and

n n

d(y+B) =Y (pi+)d i+ ) = p(dy =3 pidx;). (13)

i=1 =

The condition (13) holds if and only if the conditions
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398 A. R. Martins and O. Neto

op ~ Ooy;
9z ) 14
=g (14)

B & doy;
1+ ) 2 15
9 3y éﬁp M@/ (15)
—pjp = —f(h+y)aw (pi+7) (16)
4 an P ! 6xj 4 77
hold for j =1,...,n. Set
0 0 . .
Di_ﬁ—xi—i—pig’ i=1,...,n, Aj=06;+Djoy, i,j=1,...,n.

It follows by (15) and (16) that:

n

ZAﬂ(pj+Vj):Diﬁ+Pi, i=1,...,n. (17)
=1

Setting B; = D;f + p; and X; = p;+7y,, i =1,...,n, one can write the equa-
tions (17) as the matrix identity

AX = B,
where A (resp. B and C) is the square matrix (resp. column matrices) (4;;) (resp.
(B;) and (X;)). Hence, by Cramer’s rule, there are matrices 4;, i = 1,...,n, such
that
4]
, L= ) 18
it = (18)

Replacing in (14), one gets

B I~ oy
Al—= Al —. 19
417, = D14l (19)

On the other hand, developing the determinants along the i-th column, there
are ¢, € m such that

n

|Al| :Z(élk+clk)(pk+Dkﬂ)7 i= 17"'7”7 (20)
k=1
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and

4] = > O+ ea) A, i=1,...,n. (21)
=1

More precisely, ci belongs to the ideal generated by (Djou); 1y -
Setting

n

Ju; .
ajk:;(@k-i—cik)@, Jok=1,...,n,

(19) can be written as
aﬂ n n
Al5 -~ > axDief = appr. (22)
Pi = k=1

Therefore if f exists, S is the solution of the Cauchy problem

Pjﬂ:gjv j:17"'7na ﬂ*ﬂoe(P)v (23)

where

a n
P, = |A|—— a~ka,
J apj ; !
and
n
gj:Zajkpka ]:173’1
k=1

Consider the Z y-module

M =D 9xP;).
(o)
Since |A4| # 0 near the origin and

TyX ={(x,y,p,&,m,p) e T"X : p=¢=n=0},

. 1s non characteristic relatively to Y in a neighborhood of the origin. Moreover,
it follows by the division theorems for Z-modules that .#y o ~ Zy .
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400 A. R. Martins and O. Neto
Therefore, by the Cauchy-Kowalevsky-Kashiwara Theorem
Ext), (Mo, Ox.0) = Ext}, (AMy,o,Oy0) =0. (24)
Let us consider differential operators Ry, ..., R, such that " | R;,P; = 0. If
Pp=yg;, i=1,...,n (25)

Sy Rigi =Y. RiPif = 0. Hence, the compatibility condition
n
Z Rigi =0 (26)
pa

is a necessary condition for the existence of a solution of (25). Let
P
7% z Dyo— Zx0—0,

be a resolution of .#), where N e N, Q € My,,(Zx,) and P=[P...P,)] €
My (Zx.0).
Since

ker(@j’(’o A @)Q]’o)/P(OX,O ~ EXt;j”C%o, Ox,0) =0,

the compatibility condition (26) is also sufficient to ensure the existence of a solu-
tion of (25), which implies the existence of a solution of the Cauchy problem (23).
NOW, if Z;l:] R[P[ = 0,

n n n n n n
> Rgi=> Ri (Z ﬂikpk) => R (Z aikaJ’) =Y Ri(Piy)=0.
i=1 =1 k=l =1 k=l i=1

Hence, the compatibility condition is verified.
If we combine (18), (20) and (21), it follows that

. > i1 O + cie) (pr + DiP) i — > k1 O + ci) (pi + Diff — Aipi)
l Y et ik + cix) Agi l 4| ’

fori=1,...,n. Hence

et geri Cik (i + Dicf — piDiou) + (1 + ¢it)(Difp — piDjos;)

yi ) <27)

4]
for i =1,...,n, which is enough to conclude that the y,’s are also determined by
the o;’s and f,. 0
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On the group of germs of contact transformations 401
Letae N". Ifa; +---+a, > 2, det(a; — ;) # 0. Hence, the linear system

Z(ak—ékj)ckzl, j=1,...,n (28)
k=1

determines ¢y, ...,c, € Q".

Corollary 4.2. Let a e N" and 2 € C*. Assume that a; + --- + a, > 2. Set
B=7p, o= y; =0, i=1,...,n
Then oy, ...,0, 0 71,-..,7, define a contact transformation of type (12).
Proof. Set i, = 0. Following the Proof of Theorem 4.1
A =65,  Bi= pi, |4;| = pi, iLj=1,...,n.

By (18),7,=0,i=1,...,n. By (20), cix =0, i,k =1,...,n. Moreover,
60{,- aock ..
adji = =, Pk, 17]217"'7’17
" op Zaj

and £ is a solution of the Cauchy problem

Ooyye 0ol .
, =1,...,n, e (p). 29
ap, kZ&p, Diff = Zajl’k J Be(p) (29)

The initial condition is satisfied, D;f =0, fori=1,...,n, and

n

Za“k Zpk < 515);() > (- 5k;)ck§£ aﬁ_. (30)

Op] Je=1 opj

forj=1,...,n. O
Corollary 4.3. Let a,b € N" and A € C*. Assume that a; + - -+ a, > 2. Set

0
B, = ipx", B, =0, oc,-:c,-a’g*, i=1,...,n
Pi
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402 A. R. Martins and O. Neto
Then the associated contact transformation @, is such that
=B, +e  whereee (p)Hx? 31
* p

and

ercl:l,/c;éi(_l)i+kkaiak +Dif+e a1 [0x"
Vi= |A| ) & € (p) A

yeeny

Proof. 1t follows from (21) that

|| = Z zn:Lk Jnr ) g, (33)

i=1 k=1

Hence, (22) can be written as:

L Ak,’ 8ﬁ aO(,' (30(,'
i )| — = ——Dif— pi=— ) =0.
i;l Ou + ) ( n dpj  0p; kf = 5Pj) 0

Since Ay; = 0 + Dyoy, f 1s the solution of the Cauchy problem

0
G+mL v, =1 npe ),
ap;
where
S ¢+ Div = Cie Do . 0 0
W= < + )a Vi= (Pi_+ CikPk 72— )>
; n /; n ; ap; ; 5171)

n n

oo Oal; .
%:Z<%Diﬂ+;clk%Dkﬂ)7 J=1..n

i=1
Since U; € (p)“I2x?, j=1,...,nand V; e (p)1~"x?,

P

k _b -
x7, =1,...,n, 34
3 (p) J (34)

with k = |a| —2. Since f e (p), B, U; € (p)!"'x?, j=1,...,n. Therefore, (34)
holds with k = |a| —1 and §,Uje (p)“x?, j=1,...,n. Since W,cy € (p),
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On the group of germs of contact transformations 403

0ﬁ L 60(1' la] b .
= = pi— mod(p)“'x”,  j=1,...,n 35
3, ; 3, (p) (35)

B, I~ o
* = pi—, Jj=1,....n 36
op; ; op; (36)
By (35) and (36),
ap—B.) la| b -
—__" e x’, =1,...,n.
o (p) J

Since ff — f, € (p), (31) follows.

Let now y,,...,7, as in Theorem 4.1.

If we denote by / the ideal generated by (Do), ,_; ,, it is easy to prove
that, if n >2 and i,k =1,...,n, i # k, one has ¢ = ('—1)"+ka0<,- + dy., for some
dy € I?, which entails (32). O

Let € be the group of germs of contact transformations of (X, .#). Set
uw={ue T,X :a(o)(u) =0 for each « € ¥}.

Since
(dew)(0) = dx; dp;
i=1

and 1= T,{y = 0},
o = (do) (o)

u

is a linear symplectic form on u. Given ¢ € O such that ¢(0) # 0,

d(po)(0)], = ¢(0)(dw)(0)|, + (dp)(0)w(0)|, = ¢(0)a.

Hence ¢ is canonically defined modulo the product by a non vanishing scalar.
Ifd e,

dd"y = @ dy = (Q"w)(0) = p(0)w(0) = ¢(0) dy.
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404 A. R. Martins and O. Neto
Hence
Dy =y +e, (37)
where /. = p(0) € C* and ¢ € m*>. Moreover, ®*(dy)(0) = Ady(0). Therefore
DD(0) (k) = .
Let % be the group of ® € % such that for each « € Z, there is ¢ € O such that
Qo =¢px, and (o) =1.

Let ® € 4. Since
then

Hence each ® € % induces a linear symplectic transformation of x. The symplec-
tic group Sp(u, o) is composed of the linear transformations

p— Ap+ Bx, x+— Cp+ Dx, (38)
such that 4, B,C,D € M,(C) and
A BY'T0 1][4 B] [0 1
C D||-1 0J][C D] [-1 0]
There is a morphism of groups from Sp(u, o) into & that associates to (38) the
paraboloidal contact transformation (see [5]) given by (38) and

1 1
Y y—i—zptC’Ap—|—p’C’Bx+§x’D’Bx. (39)

We will denote by £ the group of paraboloidal contact transformations.
Let . be the group of scalar contact transformations ¢;, 4 € C*, such that

oz(x7y,p):(/1x,/1y,p). (40)

Let 2 be the group of contact transformations @ such that D®(o) equals the
identity.
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Theorem 4.4. Given © € € there are g;, I1 € 2 and ¥ € 2 such that
O = g)I1Y. (41)

Moreover, g, I1 and ¥ are determined by ®.
The group 2 is the group of contact transformations ®, g, such that

B0 B

— € L j=1,...
ax/ m7 ay m7 l?] )

J . (42)

Proof. There is a morphism ® — ¢, from % onto ., where 4 is given by (37). Its
kernel equals 9.

There is a morphism from ¥ into 2, that associates to ® € ¥ the paraboloidal
transformation associated to D®(0)|,. Since # < %, this morphism is onto. It
follows from (37) that if D®(0)|, equals the identity of x, D®(0) equals the iden-
tity of 7, X.

Since ¥ < ¥ and 2 < ¥, the exact sequences

1-%—-%—-9%—1 and 1—-2—-9%—2—1

split. Hence, (41) holds.
Let o,...,00,0,00,71,---,7, In the situation of Theorem 4.1. We start by

noticing that the condition «; € m?, for i=1,...,n, entails ¢ € m, for i,k =
1,...,n.
Assume that (42) holds. By (14),
0
—ﬁem, j=1...,n
opj
Hence, it follows by (27) that y; € m?. Therefore, @, 5, € 2.
Conversely, if ¥ € 2, there are ay,..., 0%, B, 7, -.,7, € m> such that ¥ equals
to (12). Therefore, ¥ = @, 4, and by (27), D;f € m?, i = 1,...,n, which in turn
implies (42). O

Following the notation of Example 2.1, let N be a smooth hypersurface of M.
Let ¢ € N. Assume that f define N in a neighbourhood of ¢ and df'(0) # 0. Con-
sider X the germ of P*M at o = (¢,{df)). Set A= T,T3 M. Given local coordi-
nates (x,...,X,, ) on a neighborhood of ¢ such that y defines N near o, the germ
of Ty M at o equals

{y:pl :"’:p1120}~
Set
(gN :{CDE(gD(D(O')(A):A}, 37]\/ :(gN N2,
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Note that 2y is the group of paraboloidal contact transformations defined by A4,
B, C, D such that D = 0.

Corollary 4.5. Given ® € Gy, there are g, € &, 11 € Py and ¥ € 2 such that (41)
holds. Moreover, a,, I1 and ¥ are determined by ®@.

Remark 4.6. We can call the linear map Dg(o) the infinitesimal model of the
holomorphic map ¢. In the say same spirit, it makes sense to look at a symplectic
map DW(o0) as the infinitesimal model of a symplectic map ¥. Can we find an
“infinitesimal model” for a contact transformation? Indeed, there is no “‘contact
linear algebra”. Nevertheless, if ® € 4, D®(0)|,: 4 — p is a symplectic linear
map. The paraboloidal contact transformation IT behaves as an infinitesimal
model for ®. If ® € €, g,I1 behaves as an infinitesimal model of ®.

Notice that groups . and 2 depend on the choice of the system of local coor-
dinates (1).
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