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On the group of germs of contact transformations

Ana Rita Martins and Orlando Neto*

Abstract. We show that the germ of a contact transformation F can be written in a unique
way as a product F1F2, where F1 only depends on the derivative of F and the derivative of
F2 is trivial. We show that each contact transformation with trivial derivative can be con-
structed solving a convenient Cauchy problem.
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1. Introduction

When trying to obtain normal forms of Legendrian curves, to study its deforma-

tions or to construct its moduli spaces (see [1], [2] and [3]) it is essential to have

a tool to construct germs of contact transformations of a contact manifold of

dimension 3. The main purpose of this paper is to generalize Theorem 3.2 of [1]

to a contact manifold of arbitrary dimension (see Theorem 4.1). This is an essen-

tial preliminary step to the study of the geometry of the germs of higher dimen-

sional Legendrian varieties.

The most important tool in the proof of the main result is the Cauchy-

Kowalevsky-Kashiwara theorem, a far reaching generalization of the classical

Cauchy-Kowalevsky Theorem. This is probably the first non trivial down to

earth application of that Theorem. Its cohomological formulation invites us to

think that it only could be useful in more rarefied environments. This is not the

case.

Corollaries 4.2 and 4.3 show how to construct two families of contact transfor-

mations particularly useful in the applications. Theorem 4.4 describes the group

of germs of contact transformations.

*The authors would like to thank João Cabral for several useful conversations.
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All the results of this paper are still true if we replace the complex analytic con-

tact manifolds by real analytic contact manifolds.

2. Contact geometry

Let X be a germ at a point o of a complex manifold of dimension 2nþ 1. Let O be

the ring of holomorphic functions of X . Let m be the maximal ideal of O. Let Wp

be the module of germs of di¤erential forms of degree p of X . A di¤erential form

o a W1 is called a contact form if the wedge product oðdoÞn does not vanish at o.

If o is a contact form it follows from the Darboux Theorem that there is a system

of local coordinates

ðx1; . . . ; xn; y; p1; . . . ; pnÞ ð1Þ

of X such that

o ¼ dy�
Xn

i¼1

pi dxi: ð2Þ

A submodule L of W1 is called a contact structure on X if L is generated by a

contact form. The pair ðX ;LÞ is the germ of a contact manifold. A holomorphic

map F : X ! X is called a contact transformation if for each generator o of L

there is j a O such that

F�o ¼ jo and jðoÞA 0:

Let M be a copy of Cnþ1 with coordinates ðx1; . . . ; xnþ1Þ. Let x1; . . . ; xnþ1 be

holomorphic functions on the cotangent bundle T �M of M such that

y ¼
Xnþ1

i¼1

xi dxi ð3Þ

is the canonical 1-form of T �M.

Example 2.1. We call the projectivization P�M of the vector bundle T �M
the projective cotangent bundle of M. Setting pi ¼ �xi=xnþ1 and y ¼ xnþ1, i ¼
1; . . . ; n, (1) defines a system of local coordinates of P�M at the point ðo; 3dy4Þ
such that y=xnþ1 induces the contact form (2) on an open set of P�M. The germ

of P�M at ðo; 3dy4Þ and the contact structure generated by (2) define a germ of

contact manifold.
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Let p : T �M ! M be the cotangent bundle of a complex manifold M. A sub-

manifold L of T �M is called a conic Lagrangean submanifold of T �M if L

has the same dimension as M and yjL ¼ 0. Let N be a submanifold of M.

There is one and only one conic Lagrangean submanifold L of T �M such that

pðLÞ ¼ N. We denote L by T �
NM and call L the conormal of N. Given local

coordinates ðx1; . . . ; xnþ1Þ on an open subset V of M such that NBV ¼
fx1 ¼ � � � ¼ xk ¼ 0g,

T �
NMBp�1ðVÞ ¼ fx1 ¼ � � � ¼ xk ¼ xkþ1 ¼ � � � ¼ xnþ1 ¼ 0g;

where x1; . . . ; xnþ1 are holomorphic functions such that yjp�1ðVÞ ¼
Pnþ1

i¼1 xi dxi.

3. D-modules

We shall recall here some results on D-modules. References are made to [4] and

[6] for details.

Let X be a complex analytic manifold. We denote by OX the sheaf of holo-

morphic functions on X and by DX the sheaf of holomorphic di¤erential opera-

tors on X .

Recall that given local coordinates ðx1; . . . ; xnÞ in an open subset U of X , every

di¤erential operator P in U can be written uniquely in the form

P ¼
Xk

jaj¼0

aaðxÞ
qjaj

qxa
; ð4Þ

where k a N0 is the order of P, aa is an holomorphic function in U , jaj ¼
a1 þ � � � þ an and

qjaj

qxa
¼ qa1

qxa1
1

. . .
qan

qxan
n
;

for each a ¼ ða1; . . . ; anÞ a Nn. Moreover, if one denotes by ðx; xÞ the induced

coordinates in T �U UU � Cn, we associate to P its principal symbol:

sðPÞðx; xÞ ¼
X
jaj¼k

aaðxÞxa; ð5Þ

where xa ¼ xa1
1 . . . xan

n .

Given a point o of X , let OX ;o (resp. DX ;o) be the ring of germs of holomorphic

functions (resp. di¤erential operators) at the point o.
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A left DX ;o-module is of finite type if it admits a presentation of the type

Xs

j¼1

Pijuj; i ¼ 1; . . . ;m1: ð6Þ

If M is a finite type DX ;o-module it admits a resolution of the type

� � � ��! Dml

X ;o ��!Pl�1 � � � ��!P2
Dm2

X ;o ��!P1
Dm1

X ;o ��!P Ds
X ;o ��! M ��! 0: ð7Þ

Applying the functor HomDX ; o
ð�;OX ;oÞ to the exact sequence above, after

replacing M by 0, we obtain a complex

0 ��! Os
X ;o ��!Pt

Om1

X ;o ��!Pt
1

Om2

X ;o ��!Pt
2 � � � ��!Pt

l�1
Oml

X ;o ��! � � � : ð8Þ

The k-th cohomology group of (8) is denoted by

ExtkDX ; o
ðM;OX ;oÞ; kb 0:

The complex vector space HomDX ; o
ðM;OX ;oÞ ¼ Ext0DX ; o

ðM;OX ;oÞ is the space

of germs of holomorphic solutions of the homogeneous equation associated to (6).

The other Extk’s contain relevant information about the holomorphic solutions of

the inhomogeneous equation associated to (6).

Let M be a DX ;o-module of finite type. We associate to M a very important

geometric invariant, its characteristic variety CharðMÞ, an analytic subset of T �
o X .

Recall that if M ¼ DX ;o=I, where I is a left ideal of DX ;o, one has:

CharðMÞ ¼ fy a T �
o X : sðPÞðyÞ ¼ 0; EP a Ig:

Let Y be a submanifold of X . Let M be a DX -module. The restriction functor

F 7! F jY that associates to a sheaf on X a sheaf on Y does not transform M into

a DY -module. In order to perform this operation we need to consider the transfer

module

DY!X ¼ OY n
OX jY

DX jY ;

which has a natural structure of ðDY ;DX jY Þ-bimodule. We define the restriction

of M to Y as the DY -module

MY ¼ DY!X n
OX jY

MjY :

This operation has an equivalent at the level of germs.
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Note that, in general, the restriction to Y of a DX ;o-module of finite type need

not to be of finite type over DY ;o. That property is only guaranteed if

CharðMÞBT �
YX HT �

XX : ð9Þ

When (9) holds, M is said to be non-characteristic relatively to Y .

We now recall the Cauchy-Kowalevsky-Kashiwara theorem:

Theorem 3.1. Let Y be a submanifold of X and o a Y. Let M be a DX -module.

Assume Mo is a DX ;o-module of finite type. If Y is non characteristic for M, MY ;0

is a DY ;o-module of finite type and the natural morphisms

ExtkDX ; o
ðMo;OX ;oÞ ! ExtkDY ; o

ðMY ;o;OY ;oÞ; kb 0 ð10Þ

are isomorphisms.

4. Contact transformations

Let ðX ;LÞ be a germ of contact manifold of dimension 2nþ 1. Let us fix a gen-

erator o of L and system of local coordinates (1) such that (2) holds. Set Y ¼
fp1 ¼ � � � ¼ pn ¼ 0g, x ¼ ðx1; . . . ; xnÞ and p ¼ ðp1; . . . ; pnÞ. Denote by m the

maximal ideal of Cfx; y; pg.

Theorem 4.1. Let a1; . . . ; an a Cfx; y; pg; b0 a Cfx; yg be power series such that

qai

qxj
;
qb0
qy

a m; i; j ¼ 1; . . . ; n: ð11Þ

There are b; g1; . . . ; gn a Cfx; y; pg such that b � b0 a ðpÞ and a ¼ ða1; . . . ; anÞ,
b; g1; . . . ; gn define an infinitesimal contact transformation Fa;b0 given by

ðx; y; pÞ 7! ðx1 þ a1; . . . ; xn þ an; yþ b; p1 þ g1; . . . ; pn þ gnÞ: ð12Þ

The power series b and g1; . . . ; gn are uniquely determined by these conditions.

If F is the contact transformation given by (12), F ¼ Fa;b0 , where b0 ¼ bjY .

Proof. The map (12) is a contact transformation if and only if there is j a
Cfx1; . . . ; xn; y; p1; . . . ; png such that jð0ÞA 0 and

dðyþ bÞ �
Xn

i¼1

ðpi þ giÞdðxi þ aiÞ ¼ j
�
dy�

Xn

i¼1

pi dxi

�
: ð13Þ

The condition (13) holds if and only if the conditions
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qb

qpj
¼

Xn

i¼1

ðpi þ giÞ
qai

qpj
; ð14Þ

j ¼ 1þ qb

qy
�
Xn

i¼1

ðpi þ giÞ
qai

qy
; ð15Þ

�pjj ¼ qb

qxj
�
Xn

i¼1

ðpi þ giÞ
qai

qxj

� �
� ðpj þ gjÞ; ð16Þ

hold for j ¼ 1; . . . ; n. Set

Di ¼
q

qxi
þ pi

q

qy
; i ¼ 1; . . . ; n; Aij ¼ dij þDiaj; i; j ¼ 1; . . . ; n:

It follows by (15) and (16) that:

Xn

j¼1

Aijðpj þ gjÞ ¼ Dib þ pi; i ¼ 1; . . . ; n: ð17Þ

Setting Bi ¼ Dib þ pi and Xi ¼ pi þ gi, i ¼ 1; . . . ; n, one can write the equa-

tions (17) as the matrix identity

AX ¼ B;

where A (resp. B and C) is the square matrix (resp. column matrices) ðAijÞ (resp.
ðBiÞ and ðXiÞ). Hence, by Cramer’s rule, there are matrices Ai, i ¼ 1; . . . ; n, such
that

pi þ gi ¼
jAij
jAj : ð18Þ

Replacing in (14), one gets

jAj qb
qpj

¼
Xn

i¼1

jAij
qai

qpj
: ð19Þ

On the other hand, developing the determinants along the i-th column, there

are cik a m such that

jAij ¼
Xn

k¼1

ðdik þ cikÞðpk þDkbÞ; i ¼ 1; . . . ; n; ð20Þ
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and

jAj ¼
Xn

k¼1

ðdik þ cikÞAki; i ¼ 1; . . . ; n: ð21Þ

More precisely, cik belongs to the ideal generated by ðDjalÞj; l¼1;...;n.

Setting

ajk ¼
Xn

i¼1

ðdik þ cikÞ
qai

qpj
; j; k ¼ 1; . . . ; n;

(19) can be written as

jAj qb
qpj

�
Xn

k¼1

ajkDkb ¼
Xn

k¼1

ajkpk: ð22Þ

Therefore if b exists, b is the solution of the Cauchy problem

Pjb ¼ gj; j ¼ 1; . . . ; n; b � b0 a ðpÞ; ð23Þ

where

Pj ¼ jAj q

qpj
�
Xn

k¼1

ajkDk;

and

gj ¼
Xn

k¼1

ajkpk; j ¼ 1; . . . ; n:

Consider the DX -module

M ¼ DX

.�Xn

j¼1

DXPj

�
:

Since jAjA 0 near the origin and

T �
YX ¼ fðx; y; p; x; h; rÞ a T �X : p ¼ x ¼ h ¼ 0g;

M is non characteristic relatively to Y in a neighborhood of the origin. Moreover,

it follows by the division theorems for D-modules that MY ;0UDY ;0.
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Therefore, by the Cauchy-Kowalevsky-Kashiwara Theorem

Ext1DX ; 0
ðM0;OX ;0ÞUExt1DY ; 0

ðMY ;0;OY ;0Þ ¼ 0: ð24Þ

Let us consider di¤erential operators R1; . . . ;Rn such that
Pn

i¼1 RiPi ¼ 0. If

Pib ¼ gi; i ¼ 1; . . . ; n; ð25Þ
Pn

i¼1 Rigi ¼
Pn

i¼1 RiPib ¼ 0. Hence, the compatibility condition

Xn

i¼1

Rigi ¼ 0 ð26Þ

is a necessary condition for the existence of a solution of (25). Let

DN
X ;0 !

Q
Dn

X ;0 !
P

DX ;0 ! 0;

be a resolution of M0, where N a N, Q a MN�nðDX ;0Þ and P ¼ ½P1 . . .Pn� t a
Mn�1ðDX ;0Þ.

Since

kerðOn
X ;0 !

Q
ON
X ;0Þ=POX ;0UExt1DX ; 0

ðM0;OX ;0Þ ¼ 0;

the compatibility condition (26) is also su‰cient to ensure the existence of a solu-

tion of (25), which implies the existence of a solution of the Cauchy problem (23).

Now, if
Pn

i¼1 RiPi ¼ 0,

Xn

i¼1

Rigi ¼
Xn

i¼1

Ri

�Xn

k¼1

aikpk

�
¼

Xn

i¼1

Ri

�Xn

k¼1

aikDky
�
¼

Xn

i¼1

RiðPiyÞ ¼ 0:

Hence, the compatibility condition is verified.

If we combine (18), (20) and (21), it follows that

gi ¼
Pn

k¼1ðdik þ cikÞðpk þDkbÞPn
k¼1ðdik þ cikÞAki

� pi ¼
Pn

k¼1ðdik þ cikÞðpk þDkb � AkipiÞ
jAj ;

for i ¼ 1; . . . ; n: Hence

gi ¼
Pn

k¼1;kAi cikðpk þDkb � piDiakÞ þ ð1þ ciiÞðDib � piDiaiÞ
jAj ; ð27Þ

for i ¼ 1; . . . ; n; which is enough to conclude that the gi’s are also determined by

the ai’s and b0. r
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Let a a Nn. If a1 þ � � � þ anb 2, detðai � dijÞA 0. Hence, the linear system

Xn

k¼1

ðak � dkjÞck ¼ 1; j ¼ 1; . . . ; n ð28Þ

determines c1; . . . ; cn a Qn.

Corollary 4.2. Let a a Nn and l a C�. Assume that a1 þ � � � þ anb 2. Set

b ¼ lpa; ai ¼ ci
qb

qpi
; gi ¼ 0; i ¼ 1; . . . ; n:

Then a1; . . . ; an; b; g1; . . . ; gn define a contact transformation of type (12).

Proof. Set b0 ¼ 0. Following the Proof of Theorem 4.1

Aij ¼ dij ; Bi ¼ pi; jAij ¼ pi; i; j ¼ 1; . . . ; n:

By (18), gi ¼ 0, i ¼ 1; . . . ; n. By (20), cik ¼ 0, i; k ¼ 1; . . . ; n. Moreover,

aji ¼
qai

qpj
; gj ¼

Xn

k¼1

qak

qpj
pk; i; j ¼ 1; . . . ; n;

and b is a solution of the Cauchy problem

qb

qpj
�
Xn

k¼1

qak

qpj
Dkb ¼

Xn

k¼1

qak

qpj
pk; j ¼ 1; . . . ; n; b a ðpÞ: ð29Þ

The initial condition is satisfied, Dib ¼ 0, for i ¼ 1; . . . ; n, and

Xn

k¼1

qak

qpj
pk ¼

Xn

k¼1

pk
q

qpj
ck

qb

qpk

� �
¼

Xn

k¼1

ðak � dkjÞck
qb

qpj
¼ qb

qpj
: ð30Þ

for j ¼ 1; . . . ; n. r

Corollary 4.3. Let a; b a Nn and l a C�. Assume that a1 þ � � � þ anb 2. Set

b� ¼ lpaxb; b0 ¼ 0; ai ¼ ci
qb�
qpi

; i ¼ 1; . . . ; n:
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Then the associated contact transformation Fa;0 is such that

b ¼ b� þ e; where e a ðpÞjajþ1
xb ð31Þ

and

gi ¼
Pn

k¼1;kAið�1Þ iþk
pkDiak þDib þ ei

jAj ; ei a ðpÞjajþ1 qxb

qxl

� �
l¼1;...;n

; ð32Þ

i ¼ 1; . . . ; n:

Proof. It follows from (21) that

jAj ¼
Xn

i¼1

Xn

k¼1

ðdik þ cikÞ
n

Aki: ð33Þ

Hence, (22) can be written as:

Xn

i;k¼1

ðdik þ cikÞ
Aki

n

qb

qpj
� qai

qpj
Dkb � pk

qai

qpj

� �
¼ 0:

Since Aki ¼ dki þDkai, b is the solution of the Cauchy problem

ð1þWÞ qb
qpj

¼ Uj þ Vj; j ¼ 1; . . . ; n; b a ðpÞ;

where

W ¼
Xn

i¼1

�cii þDiai

n
þ
Xn

k¼1

cikDkai

n

�
; Vj ¼

Xn

i¼1

�
pi
qai

qpj
þ
Xn

k¼1

cikpk
qai

qpj

�
;

Uj ¼
Xn

i¼1

�qai
qpj

Dib þ
Xn

k¼1

cik
qai

qpj
Dkb

�
; j ¼ 1; . . . ; n:

Since Uj a ðpÞjaj�2
xb, j ¼ 1; . . . ; n and Vj a ðpÞjaj�1

xb,

qb

qpj
a ðpÞkxb; j ¼ 1; . . . ; n; ð34Þ

with k ¼ jaj � 2. Since b a ðpÞ, b;Uj a ðpÞjaj�1
xb, j ¼ 1; . . . ; n. Therefore, (34)

holds with k ¼ jaj � 1 and b;Uj a ðpÞjajxb, j ¼ 1; . . . ; n. Since W ; cik a ðpÞ,

402 A. R. Martins and O. Neto

(AutoPDF V7 15/9/15 16:06) EMS (170�240mm) Tmath J-3037 PMS, 72:4 () PMU: (IDP) 27/8/2015 pp. 393–406 PMS_72-4_03 (p. 402)



i; k ¼ 1; . . . ; n

qb

qpj
C

Xn

i¼1

pi
qai

qpj
modðpÞjajxb; j ¼ 1; . . . ; n: ð35Þ

Repeating the argument of (30),

qb�
qpj

¼
Xn

i¼1

pi
qai

qpj
; j ¼ 1; . . . ; n: ð36Þ

By (35) and (36),

qðb � b�Þ
qpj

a ðpÞjajxb; j ¼ 1; . . . ; n:

Since b � b� a ðpÞ, (31) follows.
Let now g1; . . . ; gn as in Theorem 4.1.

If we denote by I the ideal generated by ðDlarÞl; r¼1;...;n, it is easy to prove

that, if nb 2 and i; k ¼ 1; . . . ; n, iA k, one has cik ¼ ð�1Þ iþk
Dkai þ dik, for some

dik a I 2, which entails (32). r

Let C be the group of germs of contact transformations of ðX ;LÞ. Set

m ¼ fu a ToX : aðoÞðuÞ ¼ 0 for each a a Lg:

Since

ðdoÞðoÞ ¼
Xn

i¼1

dxi dpi

and m ¼ Tofy ¼ 0g,

s ¼ ðdoÞðoÞjm

is a linear symplectic form on m. Given j a O such that jðoÞA 0,

dðjoÞðoÞjm ¼ jðoÞðdoÞðoÞjm þ ðdjÞðoÞoðoÞjm ¼ jðoÞs:

Hence s is canonically defined modulo the product by a non vanishing scalar.

If F a C,

dF�y ¼ F� dy ¼ ðF�oÞðoÞ ¼ jðoÞoðoÞ ¼ jðoÞ dy:
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Hence

F�y ¼ lyþ e; ð37Þ

where l ¼ jðoÞ a C� and e a m2. Moreover, F�ðdyÞðoÞ ¼ l dyðoÞ. Therefore

DFðoÞðmÞ ¼ m:

Let G be the group of F a C such that for each a a L, there is j a O such that

F�a ¼ ja; and jðoÞ ¼ 1:

Let F a G. Since

ðF� doÞðoÞ ¼ ðdoÞðoÞ;

then

DFðoÞ�s ¼ s:

Hence each F a G induces a linear symplectic transformation of m. The symplec-

tic group Spðm; sÞ is composed of the linear transformations

p 7! Apþ Bx; x 7! CpþDx; ð38Þ

such that A;B;C;D a MnðCÞ and

A B

C D

� �t 0 1

�1 0

� �
A B

C D

� �
¼ 0 1

�1 0

� �
:

There is a morphism of groups from Spðm; sÞ into G that associates to (38) the

paraboloidal contact transformation (see [5]) given by (38) and

y 7! yþ 1

2
ptC tApþ ptC tBxþ 1

2
xtDtBx: ð39Þ

We will denote by P the group of paraboloidal contact transformations.

Let S be the group of scalar contact transformations sl, l a C�, such that

slðx; y; pÞ ¼ ðlx; ly; pÞ: ð40Þ

Let Q be the group of contact transformations F such that DFðoÞ equals the
identity.
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Theorem 4.4. Given F a C there are sl, P a P and C a Q such that

F ¼ slPC: ð41Þ

Moreover, sl, P and C are determined by F.

The group Q is the group of contact transformations Fa;b0 such that

ai;
qb0
qxj

a m2;
qb0
qy

a m; i; j ¼ 1; . . . ; n: ð42Þ

Proof. There is a morphism F 7! sl from C onto S, where l is given by (37). Its

kernel equals G.

There is a morphism from G into P, that associates to F a G the paraboloidal

transformation associated to DFðoÞjm. Since PHG, this morphism is onto. It

follows from (37) that if DFðoÞjm equals the identity of m, DFðoÞ equals the iden-

tity of ToX .

Since SHC and PHG, the exact sequences

1 ! G ! C ! S ! 1 and 1 ! Q ! G ! P ! 1

split. Hence, (41) holds.

Let a1; . . . ; an; b; b0; g1; . . . ; gn in the situation of Theorem 4.1. We start by

noticing that the condition ai a m2, for i ¼ 1; . . . ; n, entails cik a m, for i; k ¼
1; . . . ; n.

Assume that (42) holds. By (14),

qb

qpj
a m; j ¼ 1; . . . ; n:

Hence, it follows by (27) that gi a m2. Therefore, Fa;b0 a Q.

Conversely, if C a Q, there are a1; . . . ; an; b; g1; . . . ; gn a m2 such that C equals

to (12). Therefore, C ¼ Fa;b0 and by (27), Dib a m2, i ¼ 1; . . . ; n, which in turn

implies (42). r

Following the notation of Example 2.1, let N be a smooth hypersurface of M.

Let q a N. Assume that f define N in a neighbourhood of q and df ðoÞA 0. Con-

sider X the germ of P�M at o ¼ ðq; 3df 4Þ. Set L ¼ ToT
�
NM. Given local coordi-

nates ðx1; . . . ; xn; yÞ on a neighborhood of q such that y defines N near o, the germ

of T �
NM at o equals

fy ¼ p1 ¼ � � � ¼ pn ¼ 0g:
Set

CN ¼ fF a C : DFðsÞðLÞ ¼ Lg; PN ¼ CN BP:
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Note that PN is the group of paraboloidal contact transformations defined by A,

B, C, D such that D ¼ 0.

Corollary 4.5. Given F a CN, there are sl a S, P a PN and C a Q such that (41)

holds. Moreover, sl, P and C are determined by F.

Remark 4.6. We can call the linear map DjðoÞ the infinitesimal model of the

holomorphic map j. In the say same spirit, it makes sense to look at a symplectic

map DCðoÞ as the infinitesimal model of a symplectic map C. Can we find an

‘‘infinitesimal model’’ for a contact transformation? Indeed, there is no ‘‘contact

linear algebra’’. Nevertheless, if F a G, DFðoÞjm : m ! m is a symplectic linear

map. The paraboloidal contact transformation P behaves as an infinitesimal

model for F. If F a C, slP behaves as an infinitesimal model of F.

Notice that groups S and P depend on the choice of the system of local coor-

dinates (1).
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