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A multiparameter family of irreducible representations
of the quantum plane and of the quantum Weyl algebra
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Abstract. We construct a family of irreducible representations of the quantum plane and of
the quantum Weyl algebra over an arbitrary field, assuming the deformation parameter is
not a root of unity. We determine when two representations in this family are isomorphic,
and when they are weight representations, in the sense of [1].
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1. Introduction

Assume throughout that F is a field of arbitrary characteristic, not necessarily
algebraically closed, with group of units F*. Fix ¢ € F* with ¢ # 1. The quantum
plane is the unital associative algebra

Fylx, ] = F{x, y}/(yx — gxp) (L.1)

with generators x and y subject to the relation yx = gxy.
Consider the operators 7, and d, defined on the polynomial algebra F[z] by

plqt) — p(1)

promra for p e F[7]. (1.2)

(p)(1) = p(qt), and  O4(p)(1) =
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Then the assignment x — 1,, y — J, yields a (reducible) representation [F,[x, y| —
Endg(F[7]) of F,[x, y|, which is faithful if and only if ¢ is not a root of unity. The
operators 7, and 0, are central in the theory of linear g-difference equations and
04 1s also known as the Jackson derivative, as it appears in [4]. See e.g. [6], Chap.
IV of [5] and references therein for further details.

The irreducible representations of the quantum plane F,[x, y] have been clas-
sified in [1] using results from [2]. Following [1] we say that a representation of
F,lx, y] is a weight representation if it is semisimple as a representation of the
polynomial subalgebra F[H| generated by the element H = xy. When ¢ is a root
of unity all irreducible representations of [,[x, y] are finite-dimensional weight
representations, and these are well understood. For example, if F is algebrai-
cally closed and ¢ is a primitive n-th root of unity then the irreducible represen-
tations of [F,[x, y| are either 1 or n dimensional. When ¢ is not a root of unity
there are irreducible representations of F,[x, y] that are not weight representa-
tions, and in particular are not finite dimensional. These turn out to be the F[H]-
torsionfree irreducible representations of F,[x, y], as they remain irreducible (i.e.
nonzero) upon localizing at the nonzero elements of F[H]. In [1], Cor. 3.3 the
torsionfree representations of [F,[x, y| are classified in terms of elements satis-
fying certain conditions, but no explicit construction of these representations is
given.

We assume ¢ is not a root of unity, and we give an explicit construction of a
3-parameter family ij"’" of infinite-dimensional representations of F,[x, y] having
the following properties (compare Propositions 2.4, 2.6 and 2.7):

e m and n are positive integers, and f : Z — F* satisfies condition (2.1) below,
which essentially encodes n independent parameters from [F*;

e V" is irreducible if and only if ged(m, n) = 1;
o if (m,n) # (m',n’) then V{"" and V}’f/'”/ are not isomorphic;
e V" is a weight representation if and only if m = n;

e if [ is algebraically closed and V is an irreducible weight representation of
F,[x, y] that is infinite dimensional, then V' ~ Vfl."] for some [ : Z — [F".

Thus, in some sense weight and non-weight representations of F,[x, y] are rejoined
in the family V;*".

The localization of F,[x, y| at the multiplicative set generated by x contains a
copy of the ¢g-Weyl algebra, which is the algebra

Ai(q) =HX,Y}/(YX —gXY — 1) (1.3)

with generators X and Y subject to the relation YX — ¢XY =1 (see (3.1) for
details about this embedding). This is used in Subsection 3.1 to regard the repre-
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" as infinite-dimensional irreducible representations of A;(g). In

sentations V

contrast with the action of F,[x, y] on V/"" when m = n, it turns out that V{"" is
never a weight representation of A;(g) in the sense of [1]. In Subsection 3.2 we
pursue a dual approach by constructing representations Wy of A;(¢) and then re-
stricting the action from the ¢g-Weyl algebra to two distinct subalgebras of A;(g)

isomorphic to F,[x, y].

2. A family V7" of infinite-dimensional irreducible representations
of [,[x, y] for ¢ not a root of unity

Assume g € F* is not a root of unity. We introduce a family V;”"” of infinite-
dimensional representations of [F,[x, y] which are not in general weight repre-
sentations in the sense of [l], but which includes all irreducible infinite-
dimensional weight representations of [F,[x, y] if we further assume F to be
algebraically closed.

2.1. Structure of the representations V}”"’. Fix positive integers m,n € Z~, and
a function f : Z — F* satisfying

fli+n)=qf(i), forallieZ. (2.1)

Such functions are in one-to-one correspondence with elements of ()", Let V;""
denote the representation of F,[x, y] on the space F[t*!] of Laurent polynomials in
t given by

xtl =" oyt = f(i)"™,  forallieZ. (2.2)

Condition (2.1) ensures that the expressions (2.2) do define an action of F,[x, y| on
Flt*!] as, for all i € Z,

(yx — gxy).t' = (f(i +n) —qf (i)™ = 0.

Example 2.1. Fix y € F* and m,n € Z.. Forie Z let f(i) = ugl/", where ||
denotes the largest integer not exceeding £. Then f : Z — F* satisfies condition
(2.1) and thus there is a representation V™" of F,[x, y] on F[#*'] with action

xtl =7yt = pglimem forallie 7.
We begin the study of the representations V;" """ by first considering the case that

the parameters m and n are coprime. The following consequence of (2.1) will be
helpful.
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Lemma 2.2. Assume gcd(m,n) =1 and f:7Z — F* satisfies (2.1). For ke Z
define

sy(k) = [ [/ (k= im). (23)

Then sr(k) = s7(0)g*.

Proof. For j e Zlet 0 <7< n be the unique integer such that 7= j modn. Then

the formula f(j) = f(7)¢Y~?/" can be verified by induction on / 1| Thus,
n—1 n—1 nel o
Sf(k) = Hf(k — lm) = Hf(k _ Zm) H q(k*lmfkfzm)/n'
i=0 i—0 =0

Since m and n are coprime, the set {k —um |0 < i < n} consists of all the integers
from 0 to n — 1, and is thus independent of k. Moreover,

Lk —im—k—um —im — —L —im um)
Coinofom g Sk § e )

i=0 i=0
Hence,
n—1 n—1 )
s(k) = ¢* [[ &) [T a0 = ¢Fs/(0). O
i=0 i=0

Proposition 2.3. Assume ged(m,n) =1 and f: Z — F* satisfies (2.1). Then the
representation V}" " defined by (2.2) is an irreducible representation of Fyx, y|.

Proof. We begin with a computation: for k € Z we have, by Lemma 2.2,

XMyt gk — m(Hf ) 7 = s, (k)" = s(0)g" ik (2.4)

Hence, x"y".p(t) = s;(0) p(qt) for all p e F[¢*!].

Let W< V}""” be a nonzero subrepresentation. If p(z) e W then also
p(qt) € W, by (2.4). As ¢ is not a root of unity, the latter implies that ¢/ € W for
some / € Z. The coprimeness of m and n shows the existence of integers a and
b so that an — bm = 1. By replacing a and b with a + jm and b + jn for a suf-
ficiently large integer j, we can assume a,b € Z-o. Then x%p’.t* = A t**! for
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some /; € F*, showing that t € W for all k > /. A similar argument shows that

tk e W for all k < /. Hence W = V}"’", establishing the irreducibility of V*". [J

Next we describe V" in terms of a maximal left ideal of Fy[x, y]. Recall that
for a representation V of F,[x, y] and an element v € V, the annihilator of v in
Fylx, y] is anng, [, (v) = {r € Fy[x, y||r.v = 0}, a left ideal of F,[x, y].

Proposition 2.4. Assume gcd(m,n) =1 and f : 7 — F* satisfies (2.1).
(a) For 1€ V", anng, [ (1) = Fylx, y](x"y" — 7(0)) and

V.;'nm o~ qu[xv y}/wq[% ¥ (xmyn - sf(o))'

(b) For positive integers m', n’, and f "7 — F* satisfying (2.1) (with n replaced
by n'), we have V}"’ ~ V;f " if and only if m=m', n=n' and sr(0) =
q"*sy(0) for some k € Z.

Proof. (a) Let 0 = x™y". First we show that
anng v (1) = Fglox, 1] (F[0] 0 anng, iy, (1)) (2.5)

The inclusion 2 is clear, so suppose u € anng, [, (1). Write u =, o ux“ phi
=Y gz tr, Where we =3, . ux9yP. Since w1 is in Fr*, it follows
that uy € anng, [y, ;1) for all kez and it suffices to prove u;e
Fylx, y1(F[O] nanng i ,i(1)).

If na; — mb; = naj — mb; then, as ged(m,n) =1, we deduce that (a;,b;) =
(aj, bj) + &(m,n) for some & € Z. Thus, by the q-commutativity of x and y, there
are a,b > 0 with na — mb = k such that uk = x“p"w,, where wy = Sis0Y XSy
e F[0). Notlce that for any / € Z, x?y".t/ is a nonzero scalar multlple of t/+k,
so xYbwy =y € anng, [ ,)(1) implies that wo € anng ., (1). Hence, u €
Fylx, y](F[0] nanng i ,i(1)) and (2.5) is established.

Now (2.4) implies that 6 — s,(0) € F[6] nanng, [, ,(1). Since F[0](0 — sf (0)) is
a maximal ideal of F[f] it follows that F[0] nanng, [, (1) = F[0](0 — s,(0)) and
anng, [ ,1(1) = Fylx, (0 — s7(0)). This proves (a) as 1 € V/"" generates V™",

(b) We observe that the arguments above also show that for % e v,

ann[Fq[x,y](tk) = Fy[x, (0 — ¢*s/(0)) and
VI =yl ]/ Fylx ) (x7" = ¢Fsr(0)),

for any k € 7. Thls establishes the if part of (b). For the direct implication, sup-
pose V" ~ Vm " We have, for a,h >0 and ¥ € vt

b—1
xayb'lk _ (H f(k _ l-m))lk+na—n1b
i=0
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and Hf:_ol (k —im) # 0. This implies that x“y” is diagonalizable on V" if and
only if na =mb. As gcd(m,n) =1 this amounts to having (a,b) = &(m,n) for
some ¢ > 0.

Since V™" ~ V""" then x™'y"" is diagonalizable on V" and similarly x"y" is
diagonalizable on V7,"" . By the relation above we conclude that (m,n) = (m’,n’).
Moreover, the elgenvalues of x"y" on Vf are of the form ¢ ks/(0), whereas s;/(0)
is an eigenvalue of x"'y" = x"y" on V’" "' Hence s;/(0) = g¥s(0) for some
k € Z, which concludes the proof. O

m' I’l

Remark 2.5. By Proposition 2.4 above, for gcd(m,n) =1 and f:7Z — F* sat-
isfying (2.1), the isomorphism class of V;”’” depends only on m, n and
Sf(O) e [F*.

Fix A € F*. Since gcd(m,n) =1 there is a unique f; : Z — F* such that (2.1)
holds and f;(km)= A if k=0 and fl(km) =1if —(n—1)<k<-1. Then
s,(0) = 2, Vi =~ Fy[x, y]/Fy[x, y](x"y" — 4) and, for 2’ € F*, V" ~ V{7" if and
only if 2/ e {q>, where {g) is the subgroup of F* generated by ¢.

If F contains an n-th root of A, say u, there is a more natural construction for
the irreducible representation F,[x, y]/F,[x, y](x"y" — ). Define f*(i) = uql/™,
as in Example 2.1. Then s;.(0) = ¢*u" = ¢*4, for some k € Z. 1t follows from
Proposition 2.4 that V" ~ Fy[x, y]/Fy[x, y](x"y" — 1) and V" depends only on
m, n and 1, and not on the particular n-th root of 4 that was chosen.

Finally we consider the general case of arbitrary m,n € 7.

Proposition 2.6. Let m,n € Z-y be arbitrary, with d = gcd(m,n), and assume
[+ Z — F” satisfies (2.1). Then there is a direct sum decomposition

m n o @ m/d n/d (26)

into irreducible representations, where fi(i) = f(k +id), for 0 <k < d andi € Z
Moreover, suppose m’,n’ € Z~o, and [’ : 7 — F* satisfies (2.1) (with n replaced
by n'). IfV}""” ~ V}’f " thenm =m’' andn = n'.
Proof. For 0 < k < d, the subspace t*F[t] of V;” "is readlly seen to be invariant
under the actions of x and y, and we have V @k 0 Yk t+d]. Thus, next we
argue that the subrepresentation t*F[t*7] is 1somorphlc to V;f/ anld \where fi(i) =
f(k+id)foralli e Z. First notice that f; (i +n/d) = f(k +id + n) =qf(k+id)
= qf(i), so Vj'f:/d /4 is defined. Consider the map ¢ : Vm/d "4 _, (kF[+d] given by
d(p)(t) = t*p(z9), for all p e F[t*']. In partlcular ¢( ) = ¢k+id for i e 7. Still
viewing tFF[¢*7] as a subrepresentation of Vi"", we have:
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¢(X.li) _ ¢(Ii+n/d) _ [k+id+n — x.tkﬂ'd _ X.¢(li),

B-t7) = PR = flle+ id)Hm = 3.0 — (1),

Since ¢ is clearly bijective, the calculations above show that ¢ is an iso-
morphism of representations, and V" @Zio Vm/ 4n/d " The fact that each
summand V'"/ /4 s irreducible follows from gcd(m/d,n/d) =1 and Prop-
osition 2.3.

Finally, assume V}”"” ~ Vj’Zf/’”/ for positive integers m’ and n’, and /' : Z — F*
satisfying f'(i+n")=gqf'(i), for all i e Z. Then, up to isomorphism, V’" " and
V}" " have the same composition factors, and in particular the same compos1—
tion length. This proves that d = ged(m,n) = ged(m’,n’) and that V'"/ dnfd
v /4 o some k. By Proposition 2.4, we have m/d = m'/d and n/d =n /d,
som=m'and n=n'. O

m,n

2.2. Weight representations of the form V;*". Let us now determine when V;"
is a weight representation in the sense of [1]. Recall that this occurs when V"
is semisimple as a representation over the polynomial subalgebra F[H], where
H = xy. Assume first that m =n =1 and fix A € F*. The map f; defined in
Remark 2.5 is given by f;(i) = Aq’ for all i € Z, and the corresponding representa-
tion V}f ~ F,[x, y]/Fy[x, y](H — 7) is irreducible. Since H.t' = xy.t' = Aqt" for
all 7, the decomposition V " =P,_, Fr' shows that V1 !is semisimple over F[H].
Moreover, for v e F*, V f" ~ V1 "if and only if Llv e <q>, the multiplicative sub-
group of F* generated by ¢, by Proposmon 2.4. In case [ is algebraically closed,
these are all the infinite-dimensional irreducible weight representations of [, [x, y],
by [1], Cor. 3.2. Combined with Proposition 2.4(b) the above yields the classifica-
tion of irreducible weight representations in the family V'" "

Proposition 2.7. Assume gcd(m,n) =1 and [ : Z — [ satisfies (2.1). Then V;""
is a weight representation if and only if m =n = 1.

For completeness, we include a brief and direct proof of Proposition 2.7 not
assuming that [ is algebraically closed, a condition that was used implicitly at
the end of the previous paragraph.

Proof. Assume first that m =n = 1. Then since f satisfies (2.1) we have f = f;
for A = f(0) and the discussion above shows that V;”’” is a weight representation
of Fy[x, y]. Conversely, suppose V;"" is a weight representation of F,[x, y]. Then
clearly dimy F[H].v < +o0 for any ve V" Notice that, for all ie Z, H.t' =
xp.tt = f(i)t™" ™. Thus, for / € Z, H’ .t" = {1/~ for some { € F*. But then
the condition dimy F[H].1 < 400 immediately implies m = n, and hence m = n =
1, as ged(m,n) = 1. O
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Remark 2.8. Given arbitrary positive integers m and n, and f satisfying (2.1), the
representation V;”” is a weight representation if and only if m = n. The direct im-
plication follows from the proof of Proposition 2.7. For the converse implication,
recall that V"™ is the direct sum of m representations of the form V_/].k'l, for
0 < k < m, by Proposition 2.6, so the claim follows as each of these is a weight
representation.

3. Connections with the representation theory of the g-Weyl algebra A(q)

We continue to assume g € F* is not a root of unity. Let A;(g) be the g-Weyl
algebra given by generators X and Y and defining relation YX — ¢XY =1, as in
(1.3). Ttis straightforward to show that {x* | k > 0} is a right and left Ore set con-
sisting of regular elements of F,[x, ], and we denote the corresponding localiza-
tion by F,[x*!, y]. The calculation

(xy=D)x—gx(x'(y=1))=xyx—gq(y-1)—1
=qy—q(y—-1)—1l=g-1

shows that there is an algebra map

1
Ai(q) — [Fq[xil,y], with X —x, Y~ l)cfl(y —-1). (3.1)

q—
To see that the map in (3.1) is injective we can argue as follows. The multiplica-
tive subset {X*|k >0} of Aj(g) is a right and left Ore set of regular elements
and we denote the corresponding localization by A;(g). Then the map in (3.1)
extends to a map A;(g) — F,[x*', y], which has an inverse F,[x*!, y] — A;(q)
with x*! — X+l and y — (¢ — 1)XY + 1. It follows that (3.1) induces an isomor-
phism A, (q) ~ F,[x*!, ], and in particular (3.1) is injective. In view of the above
we will identify X with x, ¥ with _L;x7'(y — 1) and A;(g) with the correspond-
ing subalgebra of F,[x*!, y]. Since y = (¢ — 1)XY +1 = YX — XY, we have the
embeddings

Folx, ] < Ai(g) < Folx*', ¥l = Ai(q). (3.2)

3.1. Extension of the representations V;*" to A;(¢). Our aim in this subsection
is to extend the action of [, [x, y] on V}""" to an action of the g-Weyl algebra A (q).
Assume thus that m, n are positive integers and f :Z — F* satisfies (2.1). If
P Fylx, y] — Endr(V/"") is the representation of Fy[x, y] on V/"", we first ob-
serve that p/""(x) is an invertible linear map on V¢"”, a fact which is clear from

(2.2). Therefore p;" extends to the localization Fy[x*', y], and V{"" can be seen
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as a representation of [F gxE ] with x7 1l = t"’” for all i € Z. Now we get an
action of A(¢g) on V = F[t*!] by restricting pf
Xt =x.t' =",
A 1 A 1 A A
Vil = g - D = (O =), forallie . (33)

In our next result we view V}”’" as a representation of A(g), as above.

Proposition 3.1. Assume gcd(m,n) =1 and f : Z — F* satisfies (2.1). Then:
(a) V{"" defined by (3.3) is an irreducible representation of A (q).

(b) For positive integers m', n', and f': 7 — F* satisfying (2.1) (with n replaced
by n'), we have V/'”’” ~ V/"f’” as representations of Ay(q) if and only if
m=m',n=n"and s;(0) = gks;(0) for some k € Z.

(c) V" is not semisimple as a representation over the polynomial subalgebra of
Ay (q) generated by XY hence, V}"’" is not a weight representation of Ai(q)
in the sense of [1].

Proof. Part (a) and the direct implication in (b) follow from the embedding (3.2),
and from Propositions 2.3 and 2.4.

Suppose now f':7Z — [F* satisfies (2.1), and there is k € Z so that s;/(0) =
¢*s;(0). Then by Proposition 2.4 there is an isomorphism ¢ : Vit — V}'f"” as
representations of Fy[x, y]. For v e V/"" we have ¢(v) = ¢p(xx~".v) = x.¢(x"".0),
thus ¢(x~'.v) = x 1.¢(v). Whence ¢ is an isomorphism of representations of
F,[x*!, y]. The other implication in (b) now follows from (3.2).

Observe that XY = q— (¥ — 1), so the polynomial subalgebra of A(g) gener-
ated by XY is just F[y]. Given 0 # v e V/"", the formula y. t'=f(i)i"forie”
implies dimg F[y].v = +o0. Hence, Vf 1s not semisimple over F[y| = F[XY], and
therefore it is not a weight representation of A;(g) in the sense of [1]. O

Remark 3.2. In [3] the authors introduce Whittaker representations for gener-
alized Weyl algebras. For the cases covered in this note, a representation V is
a Whittaker representation for F,[x, y| (respectively, for A(q)) if V is generated
by an element v € V which is an eigenvector for the action of x € [F,[x, y| (respec-
tively, for the action of X € A(g)). Since m,n > 1, it is immediate that the oper-
ators x, y € [Fy[x, y] (respectively, X, Y € A;(g)) have no eigenvectors in Vf’-”’", o)
\(;'7’” is not a Whittaker representation for the quantum plane (respectively, for the
g-Weyl algebra).

3.2. The representations W, of A(g) and their restriction to F,[x, y]. We will
now use a similar idea to construct representations of the ¢g-Weyl algebra on the
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Laurent polynomial algebra F[¢*!]. Fix positive integers m,n € Z~, and a func-
tion g : Z — F. Then the formulas

Xt =" Y =g@)™, forallieZ (3.4)
yield a representation of Aj(g) on F[t*!] if and only if m = n and ¢ satisfies
g(i+n)=gqg(i)+1, forallieZ. (3.5)

We denote the corresponding representation of A;(g) by W;. Notice that for all
ie”

XY.i' = g(i)t',
(YX = XY).t' = (9(i +n) — g(i))t' = ((¢ — 1)g(i) + 1)1, (3.6)
so Wy is a weight representation of A(g) in the sense of [1].

Remark 3.3. It follows from the computations at the beginning of Section 3
that the element YX — XY is normal in A;(g) and it is sometimes referred to as
a Casimir element, in spite of not being central. The equality YX — XY =
(¢ — 1)XY + 1 shows that YX — XY and XY generate the same unital subalgebra
of Aj(g) and thus a weight representation of A;(g) could be defined in an equiva-
lent manner as a representation which is semisimple over the subalgebra generated
by the Casimir element YX — XY.

Our first observation is the analogue of Proposition 2.6.

Lemma 3.4. Let n € Z- and assume g : Z — F satisfies (3.5). There is a direct
sum decomposition

n—1
n 1
W~ k@owg“ (3.7)

where gi(i) = g(k +in), for 0 <k <nandie Z.

Proof. For 0 < k < n, the subspace t*F[t*"] is invariant under the actions of X
and Y and W) = Z;é t*F[*"]. Moreover, the map ¢ : W, — t*F[¢*"] given by
d(p)(t) = thp(1"), for all p e F[t*] is easily checked to be an isomorphism.  []

In view of the above, it is enough to study the structure of the representa-
tions W;, where g : Z — F satisfies g(i + 1) = qg(i) + 1 for all i € Z. Equivalently,
g(i) = 9(0)q" + [i],, where [i], = L= for all i e Z.
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Proposition 3.5. Let g,g' : 7 — F satisfy (3.5) withn = 1. Then:
(a) W; ~ Wg], if and only if g(0) = ¢'(i) for some i € Z;
(b) W; is irreducible if and only if g(0) ¢ {[i],|i e Z} v { L }

q—1
Proof. For (a), suppose W1 . By (3.6) the eigenvalues of XY on W are ¢g(i),
for i € Z and similarly the elgenvalues of XY on W1 are g'(i), for i e Z Thus,
g and ¢’ must have the same image and in partlcular g(0) = ¢'(i) for some i € Z.
Conversely, if the latter holds then the map ¢ : W1 — W1 given by ¢(p) (1) = t'p()
for all p € F[¢t*!] is an isomorphism.

For (b), first observe that for i € Z we have ¢(0) = [i], < g(—i) = 0. Thus, if
9(0) = [i], for some i € Z, then ¢~ 'F[7] is invariant under the actions of X and Y,
o) W1 is not irreducible in this case. Next observe that g(0) = qll & g is not
1nJectlve < g is constant. It follows that if ¢(0) = = Lo then (r—1)F[r*'] is a
proper subrepresentation and hence W1 is not irreducible. This proves the direct
implication in (b). For the converse, by the observations above, we can assume
that g(i) # 0 for all / € Z and that ¢ is injective. Let S be a nonzero subrepresen-
tation of W1 By repeatedly applying the operator X to a chosen nonzero element
of S, we W111 obtain a nonzero element of S F[f]. Let p be one such element,
chosen so that it has minimum degree, say p = Z/il:o art*, with a; #0. Since
g(i) # 0 for all i € Z, the minimality of p implies that ¢y # 0. Then

U

SnF> (XY —g(d)p=" (g9(k) — g(d))art*.
0

>
Il

By the minimality of p we must have (XY — g(d)).p = 0. Hence, g(0) = g(d) and
the injectivity of ¢ gives d = 0. It follows that t° € S and thus S = W;. O

Now that we understand the representations W/, we will consider their restric-
tion to [F,[x, y] via each of the two embeddings

o:Fylx,y] = Ai(q), x—X, y—YX-XY=(q-1)XY+1; (3.8)
T Fylx,y] = Ai(g), x—YX-XY=(¢-1)XY+1, y—Y. (39)

We consider first the restriction relative to o. In this case, the action of F,[x, y]
on W/ is given by
xt' =1 oy =((g—Dg(i)+ 1), forallie Z (3.10)

Lemma 3.6. Consider the restriction map o given in (3.8) to view the representa-
tions Wy, as representations of Fy[x, y].
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(a) Let ne Z-o and assume g : Z — [ satisfies (3.5). Then W; ~ Z;(l) W;k as
representations of Fy[x, y], where gi (i) = g(k +in), for 0 <k <nandie Z.

(b) Let g,g': Z — F satisfy (3.5) with n = 1. Then W, ~ W}, as representations
of Fylx, y] if and only if g(0) = ¢'(i) for some i € Z.

(c) Assume g : 7 — [ satisfies (3.5) withn = 1. Then W; has trivial socle as a rep-
resentation of Fy[x, y|, i.e., it has no irreducible [F,[x, y]-subrepresentations.

Proof. Part (a) follows directly from Lemma 3.4 and part (b) follows from the
proof of Proposition 3.5(a), as the argument for the direct implication in Proposi-
tion 3.5(a) used only the restriction of the action to the subalgebra generated by
XY, which coincides with the subalgebra generated by YX — XY.

For part (c), suppose by way of contradiction that S is an irreducible F,[x, y]-
subrepresentation of W1 Let 0 #s€S. Then x.s # 0 and thus F,[x, yJx.s =S,
which is a contradlctlon as s ¢ Fy[x, y]x.s. O

Remark 3.7. In the conditions of Lemma 3.6, it can be checked that ng has max-
imal F,[x, y]-subrepresentations if and only if g is constant.

Now we consider the restriction of Wy to Fy[x, y| relative to the map 7 defined
in (3.9). In this case, the action of Fy[x, y| on Wy is given by

xt'=((g—Dg(i)+ 1), yi'=g(i)™", foralliez.  (3.11)

Lemma 3.8. Consider the restriction map t given in (3.9) to view the representa-
tions Wy as representations of Fy[x, y].

(a) Let n e Z-o and assume g : Z — [ satisfies (3.5). Then Wy ~ Z;(; W;k as
representations of Fy[x, y], where gi(i) = g(k +in), for 0 <k <nandie 7.

(b) Let g,g9' : Z — F satisfy (3.5) withn=1. Then W; ~ W;, as representations
of Fy[x, y] if and only if g(0) = g'(i) for some i € Z.

(c) Assume g : Z — T satisfies (3.5) withn = 1. Ifg( ) ¢ {lil,|i € Z} then W1 has
trivial socle as a representation of Fy[x, y], i.e., it has no irreducible T [x y]-
subrepresentations. 1f g(0) = [i], for some i € Z then Ft~ is the unique irre-
ducible F,[x, y] -subrepresentatzon of W

Proof. The proof is the same as the proof of Lemma 3.6, except for part (c). For
this part, suppose that S is an irreducible F,[x, y]-subrepresentation of W1 If there
is 0 # s € S such that y.s # 0, then we obtain a contradiction as in the proof of
Lemma 3.6(c), showing that no such irreducible F,[x, y]-subrepresentation of W1
exists. If g(0) ¢ {[i], i € Z} then g(i) # 0 for all i € Z, so y.s # 0 for all s 7&0
and the first claim follows. Now suppose ¢(0) = [i], for some i€ Z. Then
g(k) =0« k= —i. In particular, x.t7' =¢" and y.t7' =0, so that Fr~' is an
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irreducible [F,[x, y|-subrepresentation of W;. If S is any irreducible F,[x, y]-
subrepresentation of W:,, then the argument above implies that y.s =0 for all
s € S, and this in turn implies that S = Fr~, which establishes the second claim
in (c). O
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