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Abstract. We show that the polynomial decay rate of the heat semigroup of the Dirichlet
Laplacian in curved planar wedges that are obtained as a compactly supported perturba-
tion of straight wedges equals the sum of the usual dimensional decay rate and a multiple
of the reciprocal value of the opening angle. To prove the result, we develop the method of
self-similar variables for the associated heat equation and study the asymptotic behaviour
of the transformed non-autonomous parabolic problem for large times. We also establish
an improved Hardy inequality for the Dirichlet Laplacian in non-trivially curved wedges
and state a conjecture about an improved decay rate in this case.
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1. Introduction

Relations between the geometry of a domain, spectral properties of an associated

di¤erential operator and time evolution of the generated heat flow are one of the

vintage problems of mathematics. The interest lies in the involvement of di¤erent

fields of mathematics (notably di¤erential geometry, spectral theory and partial

di¤erential equations) and a wide scope of applications (from classical dissipative

systems and stochastic analysis to quantum mechanics). We refer to the classi-

cal book of Davies [8] and the recent monograph of Grigor’yan [20] with many

references.

In this paper, we are interested in a large time behaviour of the heat semigroup

associated with the Dirichlet Laplacian in the geometric setting of two-dimensional

unbounded domains which are obtained as a curved deformation of the straight

wedge

W0 :¼ fðr cos j; r sin jÞ j r a ð0;lÞ; j a ð0; 2paÞg ð1Þ



with a a ð0; 1�, see Figure 1. The Brownian motion in straight cones has been ex-

tensively studied; see in particular [11], [4] and the recent review [12] with many

further references. However, the present curved feature of the boundary seems

to be a new aspect. Our main result about the heat semigroup (Theorem 1) says

that the polynomial decay rate is insensitive to our specific compactly supported

perturbations of the straight wedges. Although the result is perhaps heuristically

expectable, it is still non-trivial because there is no general theory of properties

of the heat semigroup under compactly supported perturbations. Moreover, the

result admits an interesting stochastic interpretation in terms of properties of the

Brownian motion.

It is well known that the large time behaviour of the heat kernel is related

to transient/recurrent properties of the Brownian motion and spectral-threshold

characteristics of the generator; see, e.g., Pinsky’s monograph [29] and a recent

survey of Pinchover [28]. One way how to characterise the latter in our context

is through the existence/non-existence of the Hardy inequality for the Dirichlet

Laplacian. There is an extensive literature on Hardy inequalities in conical do-

mains (see [14] and references therein), but curved wedges do not seem to be

considered in the present context. Using a classical Hardy inequality for simply

connected domains with a Hardy weight expressed by the distance to the bound-

ary (see, e.g., [1], [9], [10], [25]), one can instantly obtain a number of Hardy

inequalities in our curved wedges. Using curvilinear coordinates, it is also possible

to get a Hardy inequality with a Hardy weight expressed by the distance to the

conical singularity which becomes optimal for straight wedges. In this paper, we

go beyond these immediate inequalities and establish an improved Hardy in-

equality which holds if, and only if, the wedge is curved (Theorem 2).

To state the main results of this paper, let us first introduce a general class of

curved wedges. Given a function y : ð0;lÞ ! R and a number a a ð0; 1�, let us
consider the two-dimensional domain

W :¼
��

r cos½jþ yðrÞ�; r sin½jþ yðrÞ�
� �� r a ð0;lÞ; j a ð0; 2paÞ

�
: ð2Þ

We call W a curved wedge of opening angle 2pa. We are primarily interested in the

large time behaviour of the heat semigroup

e tD
W
D ; ð3Þ

where �DW
D denotes the (non-negative) Dirichlet Laplacian in L2ðWÞ.

The geometry of a curved wedge can be quite complex, see Figure 1. In fact,

any type of unbounded domain from Glazman’s classification [19], Sec. 49 (see

also [15], Thm. X.6.1) can be realised: quasi-conical (i.e. containing arbitrarily

large disks), quasi-cylindrical (i.e. not quasi-conical but containing a sequence

of identical pairwise disjoint disks) and quasi-bounded (neither quasi-conical nor
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quasi-cylindrical). A characteristic assumption of this paper is that the derivative

y 0 vanishes at infinity, so that W is a local perturbation of the straight wedge (1).

More specifically, we assume that y a C1ðð0;lÞÞ is such that

lim
r!l

y 0ðrÞ ¼ 0: ð4Þ

For a majority of the results in this paper, we actually require that y 0 decays
at infinity fast enough (cf. (8)) or even that y 0ðrÞ ¼ 0 for all su‰ciently large r.

Then W is a compactly supported perturbation of the straight wedge W0. In

particular, W shares the property of W0 being quasi-conical, and consequently

(see, e.g., [15], Thm. X.6.5)

sð�DW
D Þ ¼ sessð�DW

D Þ ¼ ½0;lÞ: ð5Þ

(a) yðrÞ ¼ 0 (b) yðrÞ ¼ sinðrÞ=r (c) yðrÞ ¼ sinðrÞ; ra 3p=2

�1; r > 3p=2

�

(d) yðrÞ ¼ 3 logðrÞ (e) yðrÞ ¼ r (f ) yðrÞ ¼ r2=8

Figure 1. Examples of curved wedges of opening angle p=4. Domains (a)–(d) are all quasi-
conical and satisfy hypotheses (4) and (8) of this paper (moreover, y 0 is compactly sup-
ported for (a) and (c)). Wedges (e) and (f ) are examples of unbounded quasi-cylindrical
and quasi-bounded domains, respectively, that are not considered in this paper.
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It follows from the spectral mapping theorem that ke tDW
D kL2ðWÞ!L2ðWÞ ¼ 1 for all

tb 0.

To reveal a decay of the heat semigroup in a more adapted topology, we intro-

duce a weighted space

L2
wðWÞ :¼ L2

�
W;wðxÞ dx

�
; where wðxÞ :¼ ejxj

2=4; ð6Þ

and reconsider (3) as an operator from L2
wðWÞHL2ðWÞ to L2ðWÞ. As a measure of

the decay of the heat semigroup, we then consider the polynomial decay rate

Gy;a :¼ supfg j bCg > 0; Etb 0; ke tDW
D kL2

wðWÞ!L2ðWÞaCgð1þ tÞ�gg: ð7Þ

Our main result reads as follows.

Theorem 1. Let y a C1ðð0;lÞÞ be such that

r 7! ry 0ðrÞ a Llðð0;lÞÞ ð8Þ

and supp y 0 is compact in R. Then

Gy;a ¼
1

2
þ 1

4a
: ð9Þ

We remark that (8) implies the asymptotic behaviour at infinity (4), while

singularities of y 0 at zero are allowed by this hypothesis.

The 1=2 on the right hand side of (9) is the usual power in the polynomial

decay rate of the heat semigroup in R2 (more generally, one has d=4 in Rd ), while

the additional a-dependent term is an improvement due to the extra Dirichlet

boundary conditions. The results agree with the decay rates for the straight

wedges, where the heat kernel can be written down explicitly by a separation of

variables (see [6], p. 379 or more generally [4], Lem. 1). Despite of the existence

of an extensive literature on properties of the Brownian motion in straight cones

(see in particular [11], [4] and the recent review [12] with many further references),

the present Theorem 1 seems to be new because of the curved feature of the

boundary of W.

We expect that the conclusion of Theorem 1 remains valid even if y 0 is not

compactly supported but it decays to zero su‰ciently fast at infinity. On the other

hand, it is possible that the decay of the heat semigroup is faster than polynomial

provided that y 0 decays to zero very slowly at infinity. This conjecture is sup-

ported by subexponential asymptotics of the heat kernel of Schrödinger operators

with slowly decreasing potentials [32] and related properties of the Brownian

motion in parabolic domains [3], [27], [26], [31].
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The statement of Theorem 1 for solutions u of the heat equation

qtu� DW
Du ¼ 0;

uð0Þ ¼ u0;

�
ð10Þ

can be reformulated as follows. If u0 a L2
wðWÞ, then, for every d > 0, there exists a

positive constant Cd (depending in addition to d on a) such that

kuðtÞkL2ðWÞaCdð1þ tÞ�Gy; aþdku0kL2
wðWÞ ð11Þ

for each time tb 0 and any initial datum u0 a L2
wðWÞ. The constant Cd can in

principle explodes as d! 0, but we expect that it can be actually made indepen-

dent of d in the limit, relying on other situations where the method of proof that

we use is known to give optimal decay rates (see below).

From (11) it is possible to deduce the following pointwise bound.

Corollary 1. Let y a C1ðð0;lÞÞ be such that (8) holds and supp y 0 is compact in R.

For any positive number d, there exists a constant ~CCd such that the solution u of (10)

with an arbitrary initial datum u0 a L2
wðWÞ obeys

Etb 1; kuðtÞkLlðWÞa
~CCdt
�Gy; aþdku0kL2

wðWÞ; ð12Þ

where Gy;a is given by (9).

Our proof of Theorem 1 is based on the method of self-similar variables that

was originally developed for the heat equation in the whole Euclidean space by

Escobedo and Kavian in [17] and subsequently applied to the heat equation with

variable coe‰cients in numerous works; we refer to the recent paper [7] for an

extensive reference list. The method was also applied to the heat equation in

non-trivial geometries, namely in twisted tubes in [23] and [24] and in curved

manifolds in [21]. We shall see that the present problem exhibits certain similar-

ities with the problem in twisted tubes when suitable curvilinear coordinates are

applied, cf. Section 2.1.

Theorem 1 and its Corollary 1 are proved in the following Section 2. Theorem 1

follows as a consequence of lower (Theorem 3) and upper (Theorem 4) bounds to

the decay rate. Corollary 1 is a special case of a more general result (Theorem 5).

To the end of the paper we append Section 3, where we raise a conjecture

about an improved (possibly non-polynomial) decay rate in non-trivially curved

wedges (i.e. y 0A 0) with respect to the straight wedges. In fact, although the spec-

trum (5) is insensitive to variations of the boundary of W provided that (4) holds,

there is an improved Hardy inequality in the former case:
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Theorem 2. Let y a C1
�
½0;lÞ

�
be such that supp y 0 is compact in R. If y 0A 0,

then there exists a positive constant c such that

Eu a H 1
0 ðWÞ;ð

W

j‘uðxÞj2 dx� 1

4a2

ð
W

juðxÞj2

jxj2
dxb c

ð
W

juðxÞj2

1þ jxj2 log2ðjxjÞ
dx: ð13Þ

Inequality (13) holds in straight wedges (i.e. y 0 vanishes identically) with c ¼ 0

and it is optimal in this case (in the sense that it cannot be improved by adding a

positive term on the right hand side). The message of Theorem 2 is that a better

inequality holds whenever the wedge is non-trivially curved. Although there is

an extensive literature on Hardy inequalities in conical domains (see [14] and

references therein), Theorem 2 seems to be new.

2. The polynomial decay rate of the heat flow

This section is devoted to proofs of Theorem 1 and its Corollary 1.

2.1. Curvilinear coordinates. As usual, we understand �DW
D as the self-adjoint

operator in L2ðWÞ associated with the quadratic form QW
D defined by QW

D ½u� :¼
k‘uk2L2ðWÞ and DðQW

D Þ :¼ H 1
0 ðWÞ. In this subsection we express the Dirichlet

Laplacian and the associated heat equation (10) in natural curvilinear coordinates.

By definition (2), W coincides with the image of the mapping L : U ! R2,

where

Lðr; jÞ :¼
�
r cos½jþ yðrÞ�; r sin½jþ yðrÞ�

�
ð14Þ

and U :¼ ð0;lÞ � ð0; 2paÞ. Let y a C1ðð0;lÞÞ. Then it is easy to see that L in-

duces a C1-smooth di¤eomorphism between U and W. The corresponding metric

G :¼ ‘L � ð‘LÞT acquires the form

Gðr; jÞ ¼ 1þ r2y 0ðrÞ2 r2y 0ðrÞ
r2y 0ðrÞ r2

 !
; det

�
Gðr; jÞ

�
¼ r2: ð15Þ

Introducing also L0 : U ! R2 by L0ðr; jÞ :¼ ðr cos j; r sin jÞ a W0, we may

understand (14) as an identification of W with the straight wedge W0 introduced

in (1) via the commutative diagram

U

W0 ������!
L�L�1

0

W:
ð16Þ ���L0

 ���L
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Using the unitary transform

U : L2ðWÞ ! L2ðU ; r dr djÞ ¼: H ð17Þ

defined by the change of coordinates u 7! u �L, we consider the unitarily

equivalent operator H :¼ Uð�DW
D ÞU�1. The latter is just the operator in the

new Hilbert space H associated with the transformed form h½c� :¼ QW
D ½U�1c�,

DðhÞ :¼ UDðQW
D Þ. For later purposes, we also introduce the unitary transform

U0 : L
2ðW0Þ ! L2ðU ; r dr djÞ

by u 7! u �L0.

Proposition 1. Let y a C1ðð0;lÞÞ be such that (8) holds. Then

h½c� ¼
ð
U

���qr � y 0ðrÞqj
�
c
��2 þ qjc

r

����
����2

" #
r dr dj; ð18Þ

DðhÞ ¼H1
0 :¼ C1

0 ðUÞ
k�k

H1

; ð19Þ

where

kckH1 :¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið
U

jqrcj2 þ
qjc

r

����
����2 þ jcj2

" #
r dr dj

vuut :

Proof. If u a C1
0 ðWÞ, then c :¼ u �L a C1

0 ðUÞ and (15) yields that h acts as in

(18). It remains to show that the norm induced by h is equivalent to k � kH1 .

Note that the latter is just the norm of H 1ðW0Þ written in polar coordinates.

Assumption (8) means that there exists a constant C such that jy 0ðrÞjaC=r for

all r a ð0;lÞ. Elementary estimates yield

h½c�b
ð
U

�jqrcj2 �
�

1� �
jy 0ðrÞqjcj2 þ

qjc

r

����
����2

" #
r dr dj

b

ð
U

�jqrcj2 þ 1� C2�

1� �

	 

qjc

r

����
����2

" #
r dr dj ð20Þ

and

h½c�a
ð
U

2jqrcj2 þ ð1þ 2C2Þ qjc
r

����
����2

" #
r dr dj ð21Þ
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for all c a C1
0 ðUÞ and every � a ð0; 1Þ. Hence, the equivalence of the norms fol-

lows by choosing � su‰ciently small. r

In a distributional sense we may write

H ¼ � 1

r

�
qr � y 0ðrÞqj

�
r
�
qr � y 0ðrÞqj

�
� 1

r2
q2j: ð22Þ

We notice that H has a structure similar to the Dirichlet Laplacian in a twisted

tube when expressed in suitable curvilinear coordinates, cf. [16].

By the unitary equivalence above, it is enough to establish the result (9) for

the heat semigroup e�tH in H. Given c0 a H, cðtÞ :¼ e�tHc0 is a solution of

the Cauchy problem

qtcþHc ¼ 0;

cð0Þ ¼ c0:

�
ð23Þ

By the Hille-Yosida theorem [5], Thm. 7.7,

c a C0
�
½0;lÞ;H

�
BC1

�
ð0;lÞ;H

�
BC0

�
ð0;lÞ;DðHÞ

�
: ð24Þ

By the Beurling-Deny criterion, e�tH is positivity-preserving for all tb 0.

Moreover, the real and imaginary parts of the solution c of (23) evolve

separately. By writing c ¼ <cþ i=c and solving (23) with initial data <c0 and

=c0, we may therefore reduce the problem to the case of a real function c0,

without restriction. Consequently, all the functional spaces are considered to be

real in this section.

2.2. Self-similar variables. Now we adapt the method of self-similar variables.

It was originally developed for the heat equation in the whole Euclidean space in

[17]. We refer to [23] for an application to twisted tubes which exhibit technical

similarities with the present geometric setting.

If ðr; j; tÞ a U � ð0;lÞ are the initial space-time variables for the heat equa-

tion (23), we introduce self-similar variables ðr; j; sÞ a U � ð0;lÞ by

r :¼ ðtþ 1Þ�1=2r; s :¼ logðtþ 1Þ: ð25Þ

The angular variable j is not changed by this transformation. We naturally write

y :¼
�
r cosðjÞ; r sin j

�
a W0, so that jyj2 ¼ r2.

If c is a solution of (23), we then define a new function

~ccðr; j; sÞ :¼ es=2cðes=2r; j; es � 1Þ: ð26Þ
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The inverse transform is given by

cðr; j; tÞ ¼ ðtþ 1Þ�1=2 ~cc
�
ðtþ 1Þ�1=2r; j; logðtþ 1Þ

�
: ð27Þ

It is straightforward to check that ~cc satisfies a weak formulation of the non-

autonomous parabolic problem

qs ~cc�
1

2
rqr ~cc�

1

2
~ccþHs

~cc ¼ 0;

~ccð0Þ ¼ c0;

8<
: ð28Þ

where

Hs :¼ �
1

r

�
qr � y 0sðrÞqj

�
r
�
qr � y 0sðrÞqj

�
� 1

r2
q2j ð29Þ

with the rescaled function

y 0sðrÞ :¼ es=2y 0ðes=2rÞ: ð30Þ

The self-similarity transform c 7! ~cc acts as a unitary transform in HC
L2ðU ; r dr djÞ; indeed, we have

kcðtÞkH ¼ k ~ccðsÞkH ð31Þ

for all s; t a ð0;lÞ. This means that we can analyse the asymptotic time be-

haviour of the former by studying the latter. However, the natural space to study

the evolution (28) is not H but rather the transformed analogue of (6)

Hw :¼ L2
�
U ;wðyÞr dr dj

�
: ð32Þ

To avoid working in weighted Sobolev spaces, we proceed equivalently by intro-

ducing an additional transform

fðr; j; sÞ :¼ wðyÞ1=2 ~ccðr; j; sÞ: ð33Þ

Then the Cauchy problem (28) is transformed to

qsfþ LsfþMsf ¼ 0;

fð0Þ ¼ f0 :¼ w1=2c0;

�
ð34Þ
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where

Ls :¼ �
1

r

�
qr � y 0sðrÞqj

�
r
�
qr � y 0sðrÞqj

�
� 1

r2
q2j þ

r2

16
;

Ms :¼ �
1

2
ry 0sðrÞqj:

ð35Þ

More precisely, Ls is defined as the (self-adjoint) operator in H associated with

the quadratic form

ls½f� :¼
ð
U

���qr � y 0sðrÞqj
�
f
��2 þ qjf

r

����
����2 þ r2

16
jfj2

" #
r dr dj

DðlsÞ :¼ C1
0 ðUÞ

k�kls ;

where

kfkls :¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ls½f� þ kfk2H

q
:

The operator Ms can be handled as a small (non-self-adjoint) perturbation of Ls.

Indeed, by the Schwarz inequality, we have

jðf;MsfÞHja
1

2
Ce�s=2krfkH

qjf

r

����
����
H

for all f a C1
0 ðUÞ, where C :¼ supr A ð0;lÞjry 0ðrÞj is finite due to (8). Consequently,

Ms with the form domain DðlsÞ is relatively form-bounded with respect to Ls with

the relative bound Ce�s=2. Moreover, by an integration by parts, we have

<ðf;MsfÞH ¼ 0 ð36Þ

for all f a C1
0 ðUÞ, and this identity extends to the real part of the quadratic form

associated with Ms for all f a DðlsÞ.
We remark that the form domain DðlsÞ as a set is independent of s. To see it,

we compare l with the following s-independent form

l½f� :¼
ð
U

jqrfj2 þ
qjf

r

����
����2 þ r2

16
jfj2

" #
r dr dj;

DðlÞ :¼ fc a H1
0 : jyjf a Hg;

ð37Þ

where H1
0 is introduced in (19).
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Proposition 2. Let y a C1ðð0;lÞÞ be such that (8) holds. Then there is a positive

constant C such that

C�1l½f�a ls½f�aCl½f� ð38Þ

for every f a C1
0 ðUÞ.

Proof. The inequalities can be obtained in the same way as in the proof of

Proposition 1. It is only important to point out here that the constant C can be

chosen independent of s as a consequence of the scaling (25) and the assump-

tion (8). r

Consequently, the norms k � kls and k � kl are equivalent. In particular, DðlsÞ ¼
DðlÞ for all sb 0. We also remark that DðlÞ is compactly embedded in H, which

implies that Ls is an operator with compact resolvent for all sb 0.

The fact that (34) is well posed in the scale of Hilbert spaces

DðlÞHHHDðlÞ�

follows by an abstract theorem of J. L. Lions [5], Thm. 10.9 about weak solutions

of parabolic problems with time-dependent coe‰cients. We refer to [23] for more

details in an analogous situation. Here it is important that (36) holds true, so that

the form associated with the form sum Ls _þþMs is bounded and coercive on DðlÞ.

2.3. Reduction to a spectral problem. Using (36), it follows from (34) that the

identity

1

2

d

ds
kfðsÞk2H ¼ �ls½fðsÞ� ð39Þ

holds for every sb 0. Now, as usual for energy estimates, we replace the right

hand side of (39) by the spectral bound

ls½fðsÞ�b ly;aðsÞkfðsÞk2H; ð40Þ

where ly;aðsÞ is the lowest eigenvalue of Ls. Then (39) together with (40) implies

Gronwall’s inequality

kfðsÞkHa kf0kHe�
Ð s
0
ly; aðtÞdt ð41Þ

valid for every sb 0. From (41) with help of (33), (31) and the relationship (25),

we obtain the crucial estimate

Gy;ab ly;aðlÞ :¼ lim inf
s!l

ly;aðsÞ: ð42Þ
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We refer to [24], Sec. 4.5, [21], Sec. 7.10 or [7], Prop. 4.3 for more details in similar

problems.

2.4. The asymptotic behaviour. It remains to study the asymptotic behaviour of

ly;aðsÞ as s!l. If y 0 a L1ðð0;lÞÞ, then y 0s converges in the sense of distribu-

tions on ð0;lÞ to zero as s!l. Hence, it is expectable that Ls converges, in a

suitable sense, to the operator

L ¼ � 1

r
qrrqr �

1

r2
q2j þ

r2

16
ð43Þ

as s!l. The latter should be understood as the operator associated with the

quadratic form (37). The following result confirms this expectation.

Proposition 3. Let y a C1ðð0;lÞÞ be such that (8) holds and supp y 0 is compact

in R. Then the operator Ls converges to L in the norm-resolvent sense as s!l,

i.e.,

lim
s!l
kL�1s � L�1kH!H ¼ 0: ð44Þ

Proof. First of all, we note that 0 belongs to the resolvent set of L and Ls for

all sb 0. In fact, by Proposition 2 (proved under hypothesis (8)), we have the

Poincaré-type inequality

ls½f�bC�1l½f�bC�1l1kfk2H ð45Þ

for every f a DðlÞ, where l1 is the lowest eigenvalue of L, which is easily seen to be

positive due to the positivity of the form (37) and the fact that the spectrum of L is

purely discrete (explicit value of l1 is given in Proposition 4 below).

To prove the uniform convergence (44), we shall use an abstract criterion from

[7], App. according to which it is enough to show that

lim
n!l
kL�1sn

fn � L�1f kH ¼ 0 ð46Þ

for every sequence of numbers fsngn AN HR such that sn !l as n!l and

every sequence of functions f fngn AN HH weakly converging to f a H and such

that k fnkH ¼ 1 for all n a N.

We set fn :¼ L�1sn
fn, so that fn satisfies the weak formulation of the resolvent

equation

Ev a DðlÞ; lsnðv; fnÞ ¼ ðv; fnÞH: ð47Þ
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Choosing v :¼ fn for the test function in (47), we have

lsn ½fn� ¼ ðfn; fnÞHa kfnkHk fnkH ¼ kfnkH: ð48Þ

Recalling (45), we obtain from (48) the uniform bound

kfnkHa
C

l1
: ð49Þ

At the same time, employing the first inequality in (45), the bounds (48) and (49)

yield

kqrfnk
2
Ha

C2

l1
;

qjfn
r

����
����2
H

a
C2

l1
; krfnk

2
Ha

16C2

l1
: ð50Þ

It follows from (49) and (50) that ffngn AN is a bounded sequence in DðlÞ
equipped with the norm k � kl . Therefore it is precompact in the weak topology

of this space. Let fl be a weak limit point, i.e., for an increasing sequence

fnjgj AN HN such that nj !l as j !l, ffnjgj AN converges weakly to fl in

DðlÞ. Actually, we may assume that the sequence converges strongly in H because

DðlÞ is compactly embedded in H. Summing up,

fnj ��!wj!l
fl in DðlÞ and fnj ��!j!l

fl in H: ð51Þ

Now we pass to the limit as n!l in (47). Taking any test function v a C1
0 ðUÞ

in (47), with n being replaced by nj , and sending j to infinity, we obtain from (51)

the identity

lðv; flÞ ¼ ðv; f ÞH: ð52Þ

In the limit, we have used (8) to get rid of the terms containing y 0sn . More specifi-

cally, we write

jðqrv; y 0snqjfnÞHja kry
0
sn
qrvkH

qjfn
r

����
����
H

;

where the second term on the right hand side is bounded due to (50), while

kry 0snqrvk
2
H ¼

ð
U

r2esny 0ðesn=2rÞ2jqrvðr; jÞj2r dr dj ��!
n!l

0

by the dominated convergence theorem using (8) (to get a dominating function)

and y 0ðrÞ ¼ 0 for all su‰ciently large r (to get a pointwise convergence). A similar

argument holds for the other terms containing y 0sn .
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Since C1
0 ðUÞ is a core of l, then (52) holds true for all v a DðlÞ. We conclude

that fl ¼ L�1f , for any weak limit point of ffngn AN. From the strong conver-

gence of ffnjgj AN, we eventually conclude with (46). r

2.5. A lower bound to the decay rate. Since the operator L is naturally de-

coupled, its spectrum is easy to find.

Proposition 4. We have

sðLÞ ¼ nþ 1

2
1þ m

2a

	 
� �
n AN;m AN�

; ð53Þ

where we use the convention 0 a N and denote N� :¼ Nnf0g.

Proof. We have the direct-sum decomposition (cf. [30], Ex. X.1.4)

L ¼ 0
l

m¼1
Lm; Lm :¼ � 1

r
qrrqr þ

nm

r2
þ r2

16
;

where, for each fixed m a N�, Lm is an operator in L2
�
ð0;lÞ; r dr

�
and

nm :¼ m

2a

	 
2
and sinðnmjÞ; ð54Þ

with m a N�, are respectively the eigenvalues and the corresponding eigenfunc-

tions of the operator �q2j in L2ðð0; 2paÞÞ, subject to Dirichlet boundary condi-

tions. Fixing m a N�, the eigenvalues and the corresponding eigenfunctions of

the one-dimensional operator Lm are respectively given by (cf. [22], Prop. 3)

nþ 1þ ffiffiffiffiffi
nm
p

2
and rnme�r

2=8Lnm
n ðr2=4Þ;

where n a N and Lm
n are the generalised Laguerre polynomials (see, e.g., [2],

Sec. 6.2). Summing up, using the decoupled form of (43), the spectrum of L is

composed of the eigenvalue sum

nþ 1þ ffiffiffiffiffi
nm
p

2
; n a N; m a N�; ð55Þ

associated with the eigenfunctions

rnme�r
2=8Lnm

n ðr2=4Þ sinðnmjÞ: ð56Þ

Formula (55) leads to the set sum (53). r
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As a consequence of Proposition 3, the eigenvalues of Ls converge to the

eigenvalues of L as s!l. In particular, for the lowest eigenvalue we have

ly;aðlÞ ¼ lim
s!l

ly;aðsÞ ¼ inf sðLÞ ¼ 1

2
þ 1

4a
; ð57Þ

where the second equality follows from Proposition 4. Recalling (42), we have

thus established the following result.

Theorem 3. Let y a C1ðð0;lÞÞ be such that (8) holds and supp y 0 is compact in R.

Then

Gy;ab
1

2
þ 1

4a
: ð58Þ

2.6. An upper bound to the decay rate—proof of Theorem 1. In view of

Theorem 3, it remains to show that the lower bound to Gy;a is optimal.

Theorem 4. Let y a C1ðð0;lÞÞ be such that (8) holds and supp y 0 is compact in R.

Then

Gy;aa
1

2
þ 1

4a
: ð59Þ

Proof. By definition (7), it is enough to find an initial datum c0 a Hw such

that the solution of (23) satisfies the inequality kcðtÞkHb cð1þ tÞ�ly; aðlÞ for

all tb 0 with some positive constant c that may depend on c0. We choose

c0ðr; jÞ :¼ wðxÞ�1=2f0ðr; jÞ, where

f0ðr; jÞ :¼ rn1e�jxj
2=8 sinðn1jÞ

is the eigenfunction of L corresponding to the lowest eigenvalue (57) (cf. (56),

where we have used the identities L
m
0 ¼ 1 and H0 ¼ 1). Then the function f

defined by (33) and (26) solves (34), where c is the solution of (23). Let R be

such that y 0ðrÞ ¼ 0 for all rbR. By (25), y 0sðrÞ ¼ 0 for all rb e�s=2R ¼: Rs.

Since the action of Ls coincides with the action of L wherever y 0s ¼ 0, we have

the explicit solution

fðr; j; sÞ ¼ e�sly; aðlÞf0ðr; jÞ:

for every sb 0 and ðr; jÞ a ½Rs;lÞ � ð0; 2paÞ. Recalling (31) and (33) together

with the relationship (25), we get
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kcðtÞkH ¼ kw�1=2fðsÞkHb kwRs
w�1=2fðsÞkH

¼ e�sly; aðlÞkwRs
c0kH

b e�sly; aðlÞkwRc0kH
¼ ð1þ tÞ�ly; aðlÞkwRc0kH

for all tb 0, where wr denotes the characteristic function of the set ðr;lÞ�
ð0; 2paÞ. r

Theorem 1 follows as a consequence of Theorems 3 and 4.

2.7. From normwise to pointwise bounds—proof of Corollary 1. Corollary 1

follows as a consequence of this more general result.

Theorem 5. Let y a C1ðð0;lÞÞ be such that (8) holds and supp y 0 is compact in R.

For any positive numbers e and d, there exists a constant Cd; e such that the solution

u of (10) with an arbitrary initial datum u0 a L2
wðWÞ obeys

Etb e; kuðtÞkLlðWÞaCd; eð1þ t� eÞ�Gy; aþdku0kL2
wðWÞ; ð60Þ

where Gy;a is given by (9).

Proof. Using the semigroup property, the solution u of (10) satisfies

uðtÞ ¼ e tD
W
D u0 ¼ eeD

W
D eðt�eÞD

W
D u0 ¼ eeD

W
D uðt� eÞ

for every tb e > 0. By [8], Thm. 2.1.6, the heat kernel kðx; x 0; tÞ of e tD
W
D is

bounded by the heat kernel in the whole Euclidean space, i.e.,

0a kðx; x 0; tÞa ð4ptÞ�1e�jx�x 0j
2=ð4tÞ ð61Þ

for every t a ð0;lÞ and x; x 0 a W. Using the Schwarz inequality and (61), we get

juðx; tÞj ¼
��� ð

W

kðx; x 0; eÞuðx 0; t� eÞ dx 0
���

a kuðt� eÞkL2ðWÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið
W

kðx; x 0; eÞ2 dx 0
s

a kuðt� eÞkL2ðWÞð4peÞ
�1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið
Rd

e�jx�x 0j
2=ð2eÞ dx 0

s

¼ kuðt� eÞkL2ðWÞð4peÞ
�1ð2peÞ1=2
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for every tb e > 0 and x a W. Denoting ce :¼ ð4peÞ�1ð2peÞ1=2 and using (11), we

eventually obtain

kuðtÞkLlðWÞa ceCdð1þ t� eÞ�Gy; aþdku0kL2
wðWÞ

for every tb e > 0 and d > 0. r

3. The Hardy inequality

This section is devoted to a proof of Theorem 2. We again use the curvilinear

coordinates of Section 2.1.

3.1. An immediate Hardy inequality. Employing (18), it is easy to establish (13)

with c ¼ 0, that is,

Eu a H 1
0 ðWÞ;

ð
W

j‘uðxÞj2 dxb 1

4a2

ð
W

juðxÞj2

jxj2
dx: ð62Þ

Indeed, it is enough to estimate the angular part of the gradient in (18) by the

lowest eigenvalue of the operator �q2j in L2ðð0; 2paÞÞ, subject to Dirichlet bound-

ary conditions, i.e. to use the Poincaré-type inequality (cf. (54)),

Eu a H 1
0 ðð0; 2paÞÞ;

ð2pa
0

j f 0ðjÞj2 djb 1

4a2

ð2pa
0

j f ðjÞj2 dj; ð63Þ

and simply neglect the other term in (18).

By a test-function argument, it is also easy to see that the immediate Hardy

inequality (62) is optimal for straight wedges (i.e. y 0 ¼ 0), in the sense that the

operator �DW0

D � ð4a2jxj
2Þ�1 � VðxÞ (where the first sum should be understood

in a form sense) possesses negative eigenvalues for any non-negative non-trivial

potential V a Cl
0 ðW0Þ. Alternatively, the claim can be found in [13], Ex. 11.1

(see also [14], Ex. 1.4), where the question of optimal Hardy weights for elliptic

operators is treated in a great generality.

The content of our Theorem 2 is that a positive term can be added on the right

hand side of (62) provided that y 0 is not identically equal to zero. Our approach

employs some ideas of [23].

3.2. An improved local Hardy inequality. First, we establish an improved

Hardy inequality, for which the added term on the right hand side of (62) is not

positive everywhere in W.
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Given a positive number R, define UR :¼ ð0;RÞ � ð0; 2paÞ. Using (14), WR :¼
LðURÞ is a bounded subset of W. We set

lðR; y 0Þ :¼ inf
c AC 1

0
ðUÞ

cA0

ð
UR

���qr � y 0ðrÞqj
�
c
��2 þ qjc

r

����
����2 � 1

4a2
c

r

����
����2

" #
r dr djð

UR

jcj2r dr dj
: ð64Þ

We emphasise that the test functions c are restrictions of functions from the

whole U , so that the minimisers of (64) satisfy a Neumann boundary condition

on fRg � ð0; 2paÞ. The following result follows easily from Proposition 1 and

definition (64).

Theorem 6. Let y a C1ðð0;lÞÞ be such that (8) holds. We have

Eu a H 1
0 ðWÞ;

ð
W

j‘uðxÞj2 dx� 1

4a2

ð
W

juðxÞj2

jxj2
dxb lðR; y 0Þ

ð
WR

juðxÞj2 dx: ð65Þ

Of course, (65) represents an improvement upon (62) only if the number

lðR; y 0Þ is positive. In this case we call (65) a local Hardy inequality. It turns

out that it can be always achieved provided that W is non-trivially curved.

Proposition 5. Let y a C1ðð0;lÞÞ be such that (8) holds. If y 0A 0, then there

exists a positive number R0 such that

lðR; y 0Þ > 0

for all RbR0.

Proof. Let R0 be any positive number for which y 0 is not identically equal to zero

on ð0;R0Þ. Then, of course, y 0A 0 on ð0;RÞ for every RbR0. Because of the

boundedness of UR, one can show that the infimum in (64) is achieved by a func-

tion c a L2ðUR; r dr djÞ satisfyingð
UR

���qr � y 0ðrÞqj
�
c
��2�r dr dj < l;

ð
UR

qjc

r

����
����2 � 1

4a2
c

r

����
����2

" #
r dr dj < l:

ð66Þ

Moreover, by elliptic regularity, c is smooth in UR. Now let us assume, by

contradiction, that lðR; y 0Þ ¼ 0. Then the integrals in (66) are simultaneously
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equal to zero due to (63). From the vanishing of the second integral, we

obtain

cðr; jÞ ¼ gðrÞ sinðn1jÞ;

where n1 is the first angular eigenvalue defined in (54) and g is a smooth function.

Plugging this separated function c into the first integral in (66), putting it equal to

zero and integrating by parts, we conclude with the two identities

ðR
0

jg 0ðrÞj2r dr ¼ 0 and

ðR
0

y 0ðrÞ2jgðrÞj2r dr ¼ 0:

It follows that y 0 ¼ 0 on ð0;RÞ, a contradiction. r

3.3. An improved global Hardy inequality—proof of Theorem 2. In the next

step, we produce from the local Hardy inequality (65) the desired inequality (13),

with an everywhere positive Hardy weight. Here the main ingredient is the follow-

ing classical one-dimensional Hardy inequality, which we present without proof

(cf. [7], Lem. 3.1).

Lemma 1. Let r0 > 0. We have

Eg a C1
0 ððr0;lÞÞ;

ðl
r0

jg 0ðrÞj2r drb 1

4

ðl
r0

jgðrÞj2

r2 log2ðr=r0Þ
r dr:

Now we are in a position to prove Theorem 2.

Proof of Theorem 2. By virtue of Proposition 1, it is enough to prove

~hh½c� :¼ h½c� � 1

4a2
c

r

����
����2
H

b c

ð
U

jcj2

1þ r2 log2ðrÞ
r dr dj ð67Þ

for every c a C1
0 ðUÞ. From now on, we fix some R > 0 such that the support of

y 0 lies inside the interval ½0;R�. We note that, since y is assumed to be C1-smooth

up to the boundary point 0 and the support of y 0 is compact in R, the condition (8)

is satisfied and y 0 is bounded.
First, we shall apply Lemma 1 with r0 :¼ R=2. Let x : ð0;lÞ ! ½0; 1� be a

smooth function with support disjoint with the interval ½0; r0� and such that x ¼ 1

on ðR;lÞ. (We keep the same notation x for the function xn 1 on ð0;lÞ�
ð0; 2paÞ.) Writing c ¼ xcþ ð1� xÞc and using Lemma 1 with help of Fubini’s

theorem, we get
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ð
U

jcj2

1þ r2 log2ðr=r0Þ
r dr dj

a 2

ð
U

jxcj2

r2 log2ðr=r0Þ
r dr djþ 2

ð
U

jð1� xÞcj2r dr dj

a 8

ð
U

jqrðxcÞj2r dr djþ 2

ð
UR

jcj2r dr dj

a 16

ð
U

jqrcj2r dr djþ 16

ð
UR

jqrxj2jcj2r dr djþ 2

ð
UR

jcj2r dr dj

a 16

ð
U

jqrcj2r dr djþ ð16kx 0k2l þ 2Þ
ð
UR

jcj2r dr dj: ð68Þ

Here kx 0kl is the supremum norm of the derivative of x as a function on

ð0;lÞ.
Second, to apply (68), we need to estimate ~hh½c� by the integral involving the

radial derivative of c. It can be achieved by adapting (20) as follows

~hh½c�b
ð
U

�jqrcj2 þ
qjc

r

����
����2 1� �

1� �
jry 0ðrÞj2

	 

� 1

4a2
c

r

����
����2

" #
r dr dj

b

ð
U

�jqrcj2 �
�

1� �
jy 0ðrÞj2 jcj

2

4a2

" #
r dr dj

b �

ð
U

jqrcj2r dr dj�
�

1� �

ky 0k2l
4a2

ð
UR

jcj2r dr dj: ð69Þ

Here the second inequality is due to (63) after choosing � su‰ciently small com-

paring to the supremum norm of the function r 7! ry 0ðrÞ.
Finally, by Theorem 6, we have

~hh½c�b lðR; y 0Þ
ð
UR

jcj2r dr dj: ð70Þ

Combining (68) with (69) and interpolating the result with (70), we get

~hh½c�b d
�

16

ð
U

jcj2

1þ r2 log2ðrÞ
r dr dj

þ ð1� dÞlðR; y 0Þ � d
�

1� �

ky 0k2l
4a2

� d� kx 0k2l þ
1

8

	 
" # ð
UR

jcj2r dr dj
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with any d > 0. Since lðR; y 0Þ is positive due to Proposition 5 and our hypothesis

about y 0, we can choose d > 0 in such a way that the square bracket vanishes and

obtain (67) with

cb d
�

16
inf

r A ð0;lÞ

1þ r2 log2ðrÞ
1þ r2 log2ðr=r0Þ

> 0

This concludes the proof of Theorem 2. r

3.4. A conjecture about the heat flow. Let T W
D denote the self-adjoint operator

associated with the closure of the quadratic form

_ttWD ½u� :¼
ð
W

j‘uðxÞj2 dx� 1

4a2

ð
W

juðxÞj2

jxj2
dx; Dð _ttWD Þ :¼ C1

0 ðWÞ: ð71Þ

Under the hypotheses of Theorem 2 (namely, y 0A 0), T W
D satisfies a Hardy in-

equality (cf. (13)), while there is no Hardy inequality for T W0

D corresponding to a

straight wedge. In the language of [28], T W
D (with y 0A 0) and T W0

D are subcritical

and critical operators, respectively. In accordance with general conjectures stated

in [23], Sec. 6 and [18], Conj. 1, we expect that the heat semigroup associated with

T W
D (with y 0A 0) should decay faster comparing to the heat semigroup associated

with T W0

D .

More specifically, to deal with the fact that the operators T W
D and T W0

D act in

di¤erent Hilbert spaces, let us consider instead

HW
D :¼ UT W

D U�1 and HW0

D :¼ U0T
W0

D U�10 ;

where the unitary transforms U and U0 are introduced in Section 2.1 (recall also

(16)). The operators HW
D and HW0

D act in the same Hilbert space H introduced

in (17). Then the general conjecture from [23], Sec. 6 reads as follows:

Conjecture 1. Let y a C1
�
½0;lÞ

�
be such that supp y 0 is compact in R and y 0A 0.

Then there exists a positive function w : U ! R such that

lim
t!l

ke�tH W
D kHw!H

ke�tH
W0
D kHw!H

¼ 0;

where the weighted space Hw is defined as in (32).

A similar conjecture can be stated for the heat kernels of HW
D and HW0

D , cf. [18],

Conj. 1.
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