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Abstract. In this paper we study a Stackelberg-Nash strategy to control systems of coupled
linear parabolic partial differential equations. We assume that we can act on the system
through several controls called followers, intended to solve a Nash multi-objective equilib-
rium, and a single /eader control satisfying a null controllability objective. We obtain the
existence and uniqueness of the Nash equilibrium, its characterization and the optimal
leader control satisfying the null controllability problem.
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1. Introduction

The development of science and technology has motivated many branches of
control theory. Initially, in the classical control theory, we encountered problems
where a system must reach a predetermined target by the action of a single con-
trol, for example, find the control v € 7,; of minimum norm such that the design
specifications are met. To the extent that more realistic situations were con-
sidered, it was necessary to include several different (and even contradictory) con-
trol objectives, as well as develop theory that would handle the concepts of multi-
criteria optimization, where optimal decisions need to be taken in the presence
of trade-offs between these different objectives. There are many points of view to
deal with multi-objective problems. Notions of economics and game theory were
introduced in the works of H. von Stackelberg [25], J. F. Nash [22] and V. Pareto
[24], where each has a particular philosophy to solve these problems.

According to the formulation introduced by H. von Stackelberg [25], we
assume the presence of various local controls, called followers, which have their
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own objectives, and a global control, called leader, with a different goal from the
rest of the players (in this case, the followers). The general idea of this strategy is a
game of hierarchical nature, where players compete against each other, so that the
leader makes the first move and then the followers react optimally to the action of
the leader. Since many followers are present and each has a specific objective, it is
intended that these are in Nash equilibrium.

Up to date, in the context of partial differential equations (PDEs), there are
several papers related to this topic. As a precedent, in the papers by Lions [19]
and [20], the Stackelberg equilibrium was studied when control is applied on the
boundary of a wave equation and control is exerted in the interior of an equa-
tion of parabolic type, respectively. Later, Diaz [9], in collaboration with Lions,
studied the existence and uniqueness of Stackelberg-Nash equilibrium, as well as
its characterization. In that work, the followers and the leader have both objec-
tives of approximate controllability, the first ones locally and the second in a
global way. On the other hand, Glowinski, Ramos, and Periaux [13] studied the
Nash equilibrium for linear parabolic equations from a theoretical and numeri-
cal point of view. More recently, Limaco, Clark, and Medeiros [18] developed
results of hierarchical control for parabolic equations with moving boundaries,
while Guillén-Gonzalez, Marques-Lopes, and Rojas-Medar [16] presented a
Stackelberg-Nash strategy for the Stokes problem in the velocity and pressure
formulation. Finally, in [4], the authors developed the first hierarchical results
within the exact controllability framework for a parabolic equation.

Nevertheless, most of the previous works have one thing in common: they deal
with hierarchical control of a single equation. In this paper we are interested in
developing a Stackelberg-Nash strategy where the system dynamics is given by a
non-scalar system of parabolic equations in which we act through a hierarchy of
controls. This type of systems are particularly studied in mathematical biology.
The systems analyzed in this paper represent a linear version of more complex
models obtained from Chemotaxis (see for instance [7], [21]) or treatment of
tumors [6]. To our knowledge, the only paper dealing with coupled systems is
[5]. There, the authors study a Stackelberg-Nash strategy for two coupled equa-
tions of fluid mechanics, with the particularity that they act by means of the
leaders and followers on both of the equations involved satisfying an approximate
controllability constrain. In this paper, the main novelty is that we deal with a
system of two coupled parabolic equations acting only in the first equation and
addressing a null controllability result.

2. The problem and its formulation

Let Q be an open and bounded domain of R" with boundary 6Q of class C? and
w be an open and nonempty subset of Q. Given 7" > 0, we consider the following
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system of coupled parabolic PDEs with leader control localized in w and follower
controls localized in wy, w; = Q with w; nw = 0. More precisely

Y, — Ayt Fany +any: = hy, + Ul)(wl + Uz%wz inQ=Qx(0,7),

Vo —Aya+anyi +any; =0 inQ, (1)
=0 onX=0Qx(0,7), j=1,2,

60 = 300x)  inQ j=1.2,

where a; = a;(x,t) € L*(Q) and y}’ e L*(Q) are prescribed. Equivalently, the
previous system can be written as

yi— Ay + A(x, 1)y = Blhy, +v'y, +v7x,,] inQ,
y=0 on X, (2)
y(x,0) = y°(x) in Q,

where 30 = (30),_, 5 € [LA(Q) Alx,1) = (ay(x.1))
B=(1 0)".

In system (2), y = (y1,2)" is the state, v’ = v'(x,7) and h = h(x,t) are the
follower and leader control functions, respectively, while y,, and y,, denote the
characteristic functions of @ and w;. Observe that for each 1 € L*(w x (0, 7)),
vl e L2(w; x (0,T)), i=1,2 and »° € L>(Q)?, system (2) admits a unique weak
solution, hereinafter denoted as

, € [L*(0)]”* and

1<ij <

y = y(x, t;h,vl,vz).

In the case where only a leader control is exerted on w, there exist several
papers devoted to the controllability of parabolic non-scalar systems of PDEs,
see for instance [1], [2], [15], [23] or [3] for a recent survey on the controllability
of coupled parabolic systems. In particular, in [14] the authors proved that system
(2) is indeed null controllable whenever a single control is applied in the first equa-
tion of the coupled system, as long as a,; has a fixed sign on an open subset of w.

Now, we introduce the control point of view where we assume that we have a
hierarchy in our wishes and we will describe the Stackelberg-Nash strategy for sys-
tem (2). Let O 4,0, 4 = Q be open subsets, representing the observation domains
of the followers, which are localized arbitrarily in Q. Define the functionals

o i 2 i 2
O | IR WS PR A
i ax(0.7)

+ﬂ” W2 dxdr, i=1,2, (3)
2 ))wixo,1)
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and the main functional

J(h) = 1“ |h|? dx dt,
2 ) )oxo,1)

where o;,; >0 are constants and y) = (i, »5,)" are given functions in
L2(Crg % (0,T)),i=1,2. -

The main goal is to choose / such that the following general objective (of null
controllability) is achieved

y(, Tih,v',v*) =0  inQ. (4)

The second priority is the following. Given the functions y] , and yj ,, we
want to choose the controls v’ such that throughout the interval 7 € (0, T)

y(x, £ h,0",v?) “do not deviate much” from y’(x, ),

in the observability domains ¢; 4, i = 1, 2. (5)

To achieve simultaneously (4) and (5) the control process can be described
as follows. For a fixed leader control A, find controls (#',5?) that depend on /
and the corresponding state solution y = y(h, 5!, %) of equation (2) satisfying the
Nash equilibrium related to (Jy,J,) defined in (3). That is, given A, find (', 5?)
such that

01, 0%) < Ji(ho',5%), Vol e L* (o x (0, 7)),
01, 0%) < h(hd'v?), Voo e L (wy x (0,7)),

or equivalently
Ji(h,5',5%) = min Jy (h,0',5%), (6)
JZ(h71717172) :m%n JZ(haﬁlrvz)' (7)
Any pair (p',7%) satisfying (6)—(7) is called a Nash equilibrium for (J,J).

Since J; and J; are strictly convex functionals, (', %) is a Nash equilibrium with
respect to (Jy,J») if and only if

(%(h,vl,uz),vl> =0 WYo'e LZ(CUI x (0, T))7 (8)

(% (h,51,172),l’2) =0 Vore L*(wyx(0,7)). ®)
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After identifying the Nash equilibrium and the associated state y=
y(h,v'(h),v*(h)) for each h, we look for an optimal control A such that

J(h) = min J(h, 5" (h),5*(h)) (10)

subject to the restriction
y(-, T;h, o' (h),5*(h)) =0 inQ. (11)

Within this spirit, the main contribution of this paper can be stated as follows.
Assume that

Or,a = Oa,4, (12)
denoted in the next sections as ;. Then we state the following:

Theorem 2.1. Let A = A(x,t) be the corresponding coupling matrix of system (2).
Assume that Oy ~ w # O and that u; for i = 1,2, are sufficiently large. If

app = 0 in Q, (13)
and

ay=ap>0 or —ay=>a>0 in(Ognw)x(0,T), (14)

there exists a positive function p = p(t) blowing up at t = T such that if

JJ p2|y}d|2dxdl<+oo, i,j=1,2, (15)
0% (0,T) ’

then for any y° e L*(Q)* there exists a control h € L*(w x (0, T)) and the corre-
sponding Nash equilibrium (b',5%) such that the solution of (2) satisfies (11).

Remark 2.2. Some remarks are in order.

e The hierarchical control is largely motivated by applications where more than
one objective is desirable in the behavior of the system under study. For in-
stance, if u = u(x, t) represents the concentration of a chemical product, the
methodology is to reach the state 0 by means of an optimal control / acting
on the domain w, but at the same time try to keep the concentration near
a reasonable quantity in (/; along the time interval (0, 7). In this paper we
extend this concept to coupled parabolic systems.

e Just as in [4], condition (15) seems natural and it means that the follower
objectives y; 4 approach 0 as t — 7. This is because after computing the
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follower controls (', %) the leader control 4 should not find any obstruction
to control the system. Also in [4], condition (12) is required to control a single
parabolic equation. It remains an open problem to verify if this condition is
necessary.

e [t remains an open problem, in [4] and here, to eliminate the condition
01,4 = 0, 4: intuitively it should be more difficult to drive the solution close
to two different objectives in the same subset than close to two different ones
in different subsets.

e Assumption (13) might seem restrictive, but this condition appears naturally
in cascade systems. See Remark 6.5 below.

e Unlike other papers as [16] (in the scalar case) or [5] (in the coupled case),
we are supposing that the follower controls are being applied in some sets w;
disjoint of the leader set w. This leads to a more realistic situation, otherwise
once the followers choose a policy, the leader modifies its behavior at the
same points.

The proof of Theorem 2.1 requires several steps: in Section 3 we give sufficient
conditions for the existence and uniqueness of Nash equilibrium, while in Section
4 we give its characterization. In Section 5 we prove that if there exists a Nash
equilibrium for the followers, then the leader solve the problem of null control-
lability. Lastly, we devote Section 6 to prove the observability inequality needed
to establish the null controllability result.

3. Existence and uniqueness for the Nash equilibrium

In this section, we recall an existence and uniqueness result concerning the Nash
equilibrium in the sense of (8)—(9) (see, for instance, [9]). We follow the same
spirit as in [16] to present the result. Here, no hypotheses are required regarding
the control sets w; and  or the observation sets (); 4, nor the coefficient a;,, so we
keep the notation from the problem formulation.

For this, consider the functionals given by (3) and define the functional
spaces

A =L*(w; x (0,T)), i=12,
H = 1 X A,

as well as the operator

Ai € g(%,LZ(Q)z) defined as Aivi _ y[’
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where y’ = (pi, y}) is solution of

y{,z — Ay{ +anyj +any; = Ui)(w[ in Q,
J’iz —AyS +any| +any;=0 inQ,
y}(O):O in Q, yj?:() onZ, j=1,.2.

With this notation, for any & € L*(w x (0,7)) we write the solution of (2) as
follows

y=A' + Aw® + q(h),
where g(h) = (q1(h), q2(h)) solves the system
q1.: — Agy + angy + angy = hy,, in Q,
¢ — App + anqr +ang; =0 in Q,

g;(0)=»" inQ, ¢=0 on% j=1.2.

Thus, we rewrite the functionals (3) as

Ji(h,v',v?) :&JJ |v'|? dx dt
2 })wxo.1)

o

T3

JJ A" + Agv? — )7;||2dxdl fori=1,2,
i, qx(0,T)

where i =y} — q(h)le, ,» (i,j=1,2) and || -|| stands for the usual Euclidian
norm. Therefore, (5',7%) is a Nash equilibrium if and only if satisfies (8)—(9),
namely

s ” o'vl dx dt + o ” (A18" + Apt* — 1) - A’ dxdt = 0,
@;x(0,T) ;. q%x(0,T)

for i = 1,2 and for any (v!,v?) € #. It follows that
/"i(l_)iv Ui)w,»x(o. T) + ai(A;k[(Alﬁl + A252)|@M - j}all]v vi)wfx(O, T) = Ov

with (-,-),, denoting the internal product in L*(.«7) and A; € Z([L*(Q)]*, #;) is
the adjoint operator of A;. Hence,

15"+ oA [(AD + Mgt ] = AT
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For all v = (v!,0?), we define the operator R = (Ry, Ry) € L(A', H) as
Riv = o' + o AT [(Arv' + Asv®)yg, ],
for each i = 1,2. Thereby, & = (', 5%) is a Nash equilibrium if and only if
Ro =oAL, i=1,2, (16)

where the right hand side is a given fixed element of /#. Let us calculate

2
1|2
(RU, U)/{ = Z#iHUZHLZ(w,-x(O,T)) + al(Alvl + A2023A101)6ﬁ1741x(0, T)
i=1

=

+ ocz(Awl + A202, AZU2)@2,‘,x(0, T)"

By developing the product of cross terms and applying Young’s inequality to
them, we finally obtain

2 2 o 2 2
(Rv,0) 5 = py[|0" 15 + mall0?]15 — ZIIAzx@l,,,IIM,,,HszIm
%] 2 12
=7 1A, s 1o 16

where || - ||, ~denotes the norm in the space & (#3_;, L*(0;q x (0,T))) for
i =1,2. Then, for parameters x4, and u, sufficiently large such that

2
4y > ol Ay, s
2
4uy > o l[Aoxe, Mo oo
we have

2 p %3—i 2
(RU7 U)Jf = y”””/{’v Y= IIEIII%{/"I - 4 I ”Al%(ugi.d”?fji.d} > 0. (17)

We define the functional a(v,u) : # x # — R as
a(v,u) = (Ro,u) ,.

Then, from the definition of R and the estimation (17), a is a continuous and
coercive bilinear form. Applying the Lax-Milgram theorem (see e.g. [8]), we
have that for all ¢ € #, there exists a unique element v € # such that

a(v,u) = (p,u) Yue A,
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particularly satisfying (16). Thus we have proved the existence and uniqueness of

the Nash equilibrium related to (Jy,J3).

4. Optimality conditions for the followers

We have shown in the previous section that for x; and u, large enough, there exist
a unique Nash equilibrium for (J;,J;). We want to express it in terms of a new

adjoint variable. We have that (', %) is solution of (8)—(9) if

o JJ (y1 — y{,d)j}{ + (y2 — ¥ )P dxdt
0;.4x(0,T)

+u,»” 00" dxdt =0, Vil e L*(w; x (0,T)),i=1,2,
w;x(0,T)

where j' = (pi, p}) is the solution of system
o= Mpf +andi +anyh =0y, in O,
Vb — Ay Fanyi +any; =0 in Q,
5(0)=0 inQ, 5 =0 onZE, j=12
Let us introduce the adjoint state to (19), that is, p’ = (pi, pi)” solution of
—pi, = Ap{ +aupi +anps = ey — yi Jre,, n 0,
_Piz - Apé + alzpf + 6122175 =ai(y2 — J’id))(@‘,ﬂ, in O,
pi(T)=0 inQ, p/=0 onk ;=12

If we multiply (20) by y' in [LZ(Q)]2 , and integrate by parts, we obtain

J[ oton = vtz 31 - anpisiasa= || pitwin, - ansiasa
|| wton = stz st = || (-axpist +aepish s
(% 0

Adding up the above expressions and replacing on (18) we have

JJ p{ﬁidXd[ + u; JJ ﬁiﬁidXdl = 07
;x(0,T) ;x(0,T)

(19)

(20)
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which implies that
PiXe, + 10" = 0.

Therefore, given h e L*(w x (0,7T)), the pair (¢',7%) is a Nash equilibrium of
problem (6)—(7) if and only if

. 1
ﬁ’z—;p{){wi, i=1,2,

1

where (y, p) is solution of the coupled system

i —Ayr+anyr +any: = hy, — ipll)(wl - il’]z){wz in Q,
V2.0 — Aya +anyr +any, =0 in O,
—pi,— A + aupl + anpi = %(y — yi e, inQ, (21)
_Pé,z — Ap} + anpl + anph = oi(y2 — yid)}{@,l‘d in O,

5. Null controllability

Recall that the main objective is to prove the null controllability of (y, y,) at
time 7. Note that the computation of the follower controls satisfying conditions
(8)—(9) added four additional equations coupled to the original system under
study. Thus, in this section, we look for a control /1 € L?(w x (0, T)) such that
the solution of (21) satisfies (11).

In order to accomplish this, consider the following system which is the adjoint
of (21)

=01, — Apy +ang, +ang, = 0619%)(@1_{, + 062012){(«,2'[, in Q,

—py.1 — Apy + anp, + anp, = wbyy,, , + wbiye,, in Q,

01, — A0} + anb; + anbs = — Loz, inQ, (22)
05, — A0S + a2 0] + anly; =0 in O,

o (T)=/f, 0/(0)=0 inQ, ¢ =0/=0 onZX, ;=12

The main task is to prove an observability inequality for system (22). In fact, it
remains an open problem if the required observability inequality holds true when
01,0 # O0r,q and a;p # 0.

Taking into consideration assumptions (12) and (13) we can simplify the pre-
vious system as follows
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=01, — Apy +ang, +ang, = (051‘911 + “2912))((@1 in Q,

—02, — Apy + anp, = (105 + 0‘295%@ in Q,

01, — A0y +anb = — Loy, inQ, (23)
05, — A0y + a210; + axnly =0 in Q,
p(T)=f, 0/0)=0 inQ, ¢=0=0 onx, j=12

J

The estimate is given in the following result:

Proposition 5.1. Suppose that assumptions (12)—(14) hold, Oy nw # O and that
W, are sufficiently large. There exist a positive constant C and a weight function
p = p(t) blowing up at t = T, such that, for every (fi, f2) € [LZ(Q)]Z, the solution
(p,0") to (23) satisfies

2 2
j |¢1(0)|2dx+J |w2<0>|2dx+2jj p*wuzdxdwzjj P20 ddi
Q Q =1 7J0 i=1 70
< CJJ oy |* dx dt. (24)
wx(0,T)

The proof of Proposition 5.1 relies on various well-known arguments that will
be clarified in its proof. For now, we suppose that the proposition holds and
we will conclude the proof of Theorem 2.1. There are several ways to show that
inequality (24) implies the existence of a null control of minimal norm. We sketch
one of them. First, we can prove that

IR = |

wx (0,

oy | dx dt,
T)

where ¢, is the corresponding (first component of the) solution to (23) defines a
norm in [L2(Q)]*. This can be readily verified by means of Proposition 6.4 below
or directly from (24), using classical results for cascade systems that provide a
unique continuation property. Now, define W as the completion of [L2(£2)]2
with this norm and set

Ff) =3 G B+ | 0 dxt | yol0)as

2 2
- Z JJ oc,U{y{\d dxdt — Z JJ w05 s, dxdt,
i=1 ({‘dX(O7 T) ! i=1 @}[X(O, T) ’

where (p,0') is the solution to (22). It is clear that .# is continuous and strictly
convex. Moreover, the observability inequality (24) allows to prove that
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I (N, f2)
1

> 31 Al - o[ tPars | e
Q Q

2

+D o (Jjgpzlyf,dzdxdt + ”szlyé,dIZcixdtD,

i=1

where C and p are provided by Proposition 5.1. Therefore, .#(fi, f3) is coercive in
W. Note that here, we have used the growth assumption (15). Consequently, the
existence of a minimizer (f;, f,) solving

S f) = min I (fi,f2)

1,J2) €

is guaranteed. Hence, the control /1 = ¢,y,,, where ¢, is the solution of (23) cor-
responding to this minimum solves (10)—(11), see for instance [10]. This ends the
proof of Theorem 2.1.

6. Proof of Proposition 5.1

We will devote this section to prove Propostion 5.1. To this end, we recall some
results that will be useful to prove (24). The starting point is a well-known global
Carleman inequality for solutions to scalar parabolic equations:

zi—Az=F in Q,
z=10 onZx, (25)
2(x,0) = 2(x) in Q.

where F e L*(Q) and z° € L?(Q). To formulate this inequality we first need to
introduce a special weight function whose existence is guaranteed by the following
result (see Lemma 1.1 in [12]).

Lemma _6.1. Let B c< Q be a nonempty open subset. Then there exists
n° e C*(Q) such that

n°(x) >0 allxeQ, 5°.,g=0,
V| >0 for all x e Q\A.

Fixing an open subset # cc Q, we set

Bo(x) = 2C7 Il — oCn°), (26)
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for x € Q, where #° is the function provided by Lemma 6.1 for this particular %
and C* is an appropriate positive constant only depending on Q and 4.

In the following result, due to Imanuvilov and Yamamoto (see [17]), we have a
global Carleman inequality for the solutions to (25):

Lemma 6.2. Let # == Q be a nonempty open subset. For any m € R, there exist

constants s,, > 0 and C,, > 0 such that, for any s > s,, and every z° € L*(Q), the
solution z to (25) satisfies

I(m,z) := JJ e 2P (sp)" 2 |Vz|* dx dr + JJ e 2P (sp)"|2| dx dt
o 0

< Cp (a?f%(m z) + ”Q e 2P (59)" 3| F|* dx dt) . (27)

Furthermore, C,, only depends on Q, B and m and s,, can be taken of the form
Sm = (T + T?) where a,, only depends on Q, # and m. In inequality (27), f is
defined by

ﬁ(x) [) :l — fOV (X, t) €0,

with f the function appearing in (26) and where Ly(m,z) and y = y(t) stand for

Lp(m, z) = JL o e P (sy)" |z dedr, (1) = (T=1)

Remark 6.3. Note that by changing ¢ for 7 — ¢, Lemma 6.2 remains valid for
linear backwards in time systems. Therefore, we can apply it interchangeably in
what follows.

Now we are in position to prove inequality (24). It is consequence of a com-
bination of global Carleman inequalities and suitable energy estimates for the
solutions to system (23). In view of assumptions (12) and (13), we may simplify
(23) as

—P1,r — Apy + anp) + anep, = lﬁlX(Q, in Q,
=02, — Apy + ang, = Y1, in O,
Vi — Ay +anyy = _C(‘_:X‘”‘ +Z_§sz)fﬂ1 in Q, (28)
Vo =AYy + anyy +any, =0 in Q,
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where ; = qujl + oc29j2 for j =1,2. Let us now present a Carleman estimate for
the solutions to the non-scalar adjoint problem (28) that is the key point to accom-
plish the proof of Proposition 5.1:

Proposition 6.4. Suppose that assumptions (12)—(14) hold and that O; ~w # 0.
Then, for an adequate selection of parameters d; and p; € R, for i = 1,2, there exist
a functzon ag € C*(Q) and positive constants C and o, such that, for every (fi, >) €
[L2(Q)]?, the solution to system (28) satisfies

I(dla(ﬂl) +I(d2a¢2) +I(p1)lp1) +I(p27l//2)

< c” e~ 2% ()21 12 dx d (29)
wx(0,T)
Vs> =0y(T+T>+ T max{max llagl| >3, [laz |2/ (D=3,

s ”2/ pi- (Pz*3))})'

In inequality (29) o = a(x, 1) is given by

Proof. The proof is standard and relies on various well-known arguments.
Define

O:=0;n o,

and since () # (), there exists a non-empty open set (/) == (0. Let o and o be the
functions associated to # = () provided by Lemma 6.2. We will achieve the
proof in three steps.

Step 1. We begin by applying inequality (27) to each function ¢; and 0, solu-
tion to (28), with different real numbers d; and p; to be chosen later. We add such
inequalities and obtain the following

I(dla(ﬂl) +I(d27(02) +1(P17W1) +I(p27l/j2)

2
= CO(Z'fC(?()( (0] +Zg(f pja ZJJ 23(1 5)/ d 3|l//]){(r| dx dt
j=1

2

+ZZJJQ€zsa(sy)di3|aji”i|¢j|2 dx dt

J=1 =1
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2
ES [ e

i=1 j=1

ol e

valid for every s > 5o = ao(T + T?), with Cy and ¢, two positive constants de-
pending on Q, O, d; and p;. The next step is to absorb as many possible terms
from the right hand side into the left hand side of (30). To accomplish this, we
have to properly select each of the powers d; and p; involved. It is not difficult
to see that if

2 dx dt) , (30)
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di—3<p<di+3 and dr—3<p, (31)
we get
I(dy,p1) + 1(d2, 05) + 1(p1,¥y) + 1(p2,¥r2)
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Vs > 59 and where C is a new constant only depending on Q, O, d;, p; and o;;. We
can get rid of the two last sums in the previous inequality if we take into account
that p(/)"' < T2/4 in (0, T), then select

di —3<d and p2—3<p1, (32)
and take

2/3 2/(dr—(ch—3))

s>s=0(T+ T2+T2max{max||a]]|| ||| ,

||a21||2/ 1= (17’*3))})7

thus obtaining
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I(dv, 1) + 1(d2, 2) + 1(p1; ) + 1(p2,2)

2 2
<G (Z Loodro) + > Loo(py, lpj)), Vs > 5. (33)
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with C; and o> two new positive constants only depending on Q, Oy, d;, p;, «; and
gl

Step 2. Now, we want to eliminate the local terms corresponding to i, in the
right-hand side of (33). We will reason out as in [26] and [14]. Given a set (/; such
that )y cc O; =< O, we consider a function & € C*(R") verifying: 0 <& < 1in
RY, £ =11in O, supp ¢ < O, and

AL
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e L*(Q) and W

e L*(Q)".

We set u; = e~ 2*(sy)” for j = 1,2. Then, we multiply the equations satisfied by 9;
in system (28) by u;Cy;, respectively, and integrate in Q. We add those expressions
to obtain

Los(proy) + Loy (posthy) < ”Qulawlﬁ + UQ w0l
= ”Q Wl (=1, — Apy + ang; + anep,)

+” iU (~py, — Apy +angy). (34)
0

Integrating by parts several times with respect to the time and space variables in
the right hand side of (34) we obtain the following expression

g{@o(plvlpl) + g(@o(p2,lp2) < SCA (I(plvlpl) +I(p23 WZ))

+ Co (“ e 2 (sy) "y |7
0 x(0,7)

+ ” e ()" gy, (35)
0,%(0,T)

where ¢ > 0, Cy, C; 4 are new constants only depending on Q, 0y, (1, w;, p; and
llaijll .- Replacing (35) in (33) with e = with C, the constant appearing in
(33), we obtain

1
2C4Cy0
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I(dhwl) + I(d27(p2) + I(p17 l//1) +I(P27W2)
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for a new positive constant C and valid for all s > s,.

Step 3. Thanks to assumption (14) and by selecting appropriately the pa-
rameter s we will eliminate the local term corresponding to ¢, in the previous
inequality. To this end, consider a new set (), such that (/) c<= (/; = @ and a func-
tion & € C*(R") with properties analogous to that of Step 2.

We set u = e~ 2*(sy)"*™. Recall that the coefficient a; satisfies (14) and, for
simplicity, assume that ay; > ap in @ x (0, 7). We multiply the equation satisfied
by ¢, in system (28) by uép, and integrate in Q. We obtain

ay Lo, (p2 +4,0,) < “Q M5021|¢2|2 = ”Q((ﬂl,z + Ay — anp)up,
" ”Q Ve, 1m0y (37)

Again, reasoning out as in [14], we integrate by parts several times with respect to
the time and space variables in the right hand side of (37) to obtain

1 .
ayZLe, (p2 +4,9,) < 6el(d>, p,) + C <1 + E) ” e 2 (sy) TR 2
0>%(0,T)

i CJ J e 2 (s Hun |, (38)
0

for a new positive constant C and ¢ > 0. Replacing (38) in (36) with ¢ = 3% where
C is the constant appearing in (36) we get

I(dy, 1) + 1(d2, 05) + 1(p1,¥y) + 1(p2, )

| e T | e C e TG D)
0,%(0,T) 0

valid for all s > s5. Selecting p, + 4 < p; and increasing the parameter s, if nec-
essary, we obtain

I(dla(pl) +I(d2a(02) +I(p17¢1) +I(P27¢2)

0>%x(0,T)

Therefore the proof is complete. O
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Remark 6.5. So far, we have not been able to remove the assumption (13) from
Theorem 2.1. Indeed, consider that aj; # 0 in Q in system (28). Following the
ideas of the proof of Proposition 6.4, it is not difficult to see that two new terms
appear in the right-hand side of (30), more precisely

—2s dr—3 2 2 — st -3 2 2
”Qe 2%(5) 2 aps| 2 gy * and HQ O P AT

Note that (31) and (32) remain to be a valid choice, but we have to add the addi-
tional constraints

d» — 3 < d, and P1— 3< D2, (40)

in order to absorb this terms. We proceed as before and eliminate the local terms
associated to ;. Then, we estimate the local term corresponding to ¢, and by
replacing as in (39) we note that we cannot longer choose p, +4 < p; since it
interferes with the previous selection (40).

As mentioned earlier, the observability inequality (24) is a combination of
a global Carleman estimate and suitable energy estimates. To this aim, we set
§ = s, where s, is the constant furnished by Proposition 6.4. Let us consider the
function

i) = T?%/4 for0<:1<T7/2,
UT—1) for T/2<t<T,

and the following associated weight functions

a(x, 1) =

Let n € C'([0, T]) be a function satisfying
n=1 in[0,7/2], =0 np3T/4T], |p'(OI<C/T. (41)
Hereinafter C will denote a generic positive constant that may vary from line to

line. Arguing as in [11], we proceed to obtain energy estimates for ¢; with this
cut-off function, this is,

JQ(_%’[ — Ay + ang, + anpy)ne; dx = JQ VX0, dX,

JQ(_%,: — Apy + ang;y)ne, dx = JQ Yoo, Mo; dx,
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Then, by adding up and integrating by parts we obtain that

1d 2 2 2 2
=5 5 nteP +1ePrx) + [ (90 + 190 d

:—J 77011\(%’1|2dx—J ’7022|§02|2dX—J naz o9, dx
) Q Q

1
- —J ' (loy |2 + |¢2\2) dx + J X, np1 dX + J Vo), nps dx.
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Then
d 2 2
- J (o1 |* + lpo|*) d )+2J n([Ver|” + Vool 7) dx
< 5| U+l s 2004 1) | Ui +1oal) s
+

j H( + o) dx

where [|4]| := 37, >y llagll,,. We multiply by e>!*I4 the above expression
and integrate in [0, 7]. Then, in view of (41), we obtain for a new constant that

)
|, (0 @F <o P) st | | (1901 + V) v
3T/4 , , 3T/4 , ,
<cf| ] el elmlava [ ] (il P axar).
772 Jo 0 Q
Using Poincaré’s inequality it is not difficult to see that
2 2 T2 2 2 2 2
J, G @ 410200 [ [ (o1 410l + 901 + Vel s
3T/4 , , 3T/4 , ,
sc(| ] el slwlava [ ] (o) axar)
72 Ja 0 Q

Since & and 7 have lower and upper bounds for (x,#) € Q x [0, T/2], we can intro-
duce the corresponding weight functions in the above expression, namely

JQ(|§01(0)|2 + |¢2(0)|2) dx + I, 75)(d1, 01) + I, 72 (d2, 9,)

3T/4 , , 3T/4 , ,
<c(],, | G loayacar | T gl sy aca). @)
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where

b b
i[avb}(d,z) = J J e_zs_"z)?d|z|2dxdt+J
a JQ

a

J e 25542\ 2)2 dx dt.
Q

We add to both sides of the inequality (42) the terms 17[0’ /2] (p1,¥,) and
10, 7/2/(p2,¥>), therefore

|, IO P+ | 1200 v + T zym (i)
+ o, 772 (da, 02) + Tio. 7721 (1, Y1) + Lo, 72 (2, W)
< C(Iio,72(p1:¥1) + Lo, 7721 (P2, ¥2)

37/4
] ol i+ ). (43)
72 Jo

To get rid of the terms corresponding to Ijo /5 (p1,¥,) and I 7/2(p2, ) in the
right-hand side, first we see that from classical energy estimates for the third and

fourth equation in (28), we have
/2
J J o, | dx dt
0o Jo

where C is independent of x4, and u,. We introduce the weight functions in this
new expression and obtain

T/2 5 5 5 , az (x2
[ ] ol 10+ gy v < (24 2)
0 Q My M

Lo, 7721 (p1, W) + Tio, 72 (P2, W)

) 2 T2 di T2 . _‘_
<C (“_12 4 zx_22> <T> J J o |2e_2”‘;7d‘ > dx dt. (44)
Hy K 0 Q

where we used the fact that 3~! < 72 /4. Replacing (44) in the right-hand side of
(43) and noting that for y,, i = 1,2, sufficiently large, we can absorb the new term
into the left hand side to obtain

meww+meww+mwﬂw%>
+ Ito, 772 (da; 03) + Tio. 7721 (P1, Y1) + Lo, 72 (P2, W)

3T/4 . i i 2
SC(J J (o™ + ool ™+ W |” + o )dxdz).
2 Jo

Then, using (29) and the upper bounds on the weight functions, we obtain
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|, lor@P dx-+ | 1p2(0) -+ Toreh)

+ Iio, 772 (da, 03) + Tio. 7721 (P1, 1) + Lo, 72 (P2, W)
=< C(I<d17§01) +I(d27§02) +I(p13l/jl) +I(p23¢2))

sc”‘ 01| dx . (45)
wx(0,T)

On the other hand, since & = o and 7 = y in Q x (7/2, T') we use again inequality
(29) to obtain

L, r(dv, 01) + Iz pa, 1y(das 02) + Lo, 11 (P, ) + Tiege,11(p2, ¥)
< I(d\,p)) + I(d2, ;) + 1(p1, Y1) + 1(p2,¥2)

sC“) o, | dx dt. (46)
wx(0,T)

We put together (45) and (46)

kmmwﬂ+ﬁ%@VW+mﬂwwo
+ Ijo, 71(d2, 03) + Tjo, 71(p1, Y1) + Lo, 1y(p2, W)

sC”j o, | dx dt. (47)
wx(0,T)

Now we conclude the proof of Proposition 5.1. Set &*(f) = maxg &(x, ) and
define p(f) := ¢**". Thus, p(¢) is a non-decreasing strictly positive function blow-
ing up at t = 7. We obtain energy estimates with this new weight for 0/’ solution
to the third equation and fourth equation in (23) (recall that at this point we are
assuming that (12) and (13) hold). More precisely,

JJJ%MPH%mmeC“ poyPdxdr, i=1,2.

0 @;x(0,T)

We note that the right hand side of the previous inequality is indeed comparable
to I, 7)(d1, ¢;) up to a multiplicative constant and by replacing accordingly in (47)
we finally obtain inequality (24).
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