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Abstract. We present a class of adaptive multilevel trust-region methods for the efficient
solution of optimization problems governed by time-dependent nonlinear partial differen-
tial equations with control constraints. The algorithm is based on the ideas of the adaptive
multilevel inexact SQP-method from [26], [27]. It is in particular well suited for problems
with time-dependent PDE constraints. Instead of the quasi-normal step in a classical SQP
method which results in solving the linearized PDE sufficiently well, in this algorithm a
(nonlinear) solver is applied to the current discretization of the PDE. Moreover, different
discretizations and solvers for the PDE and the adjoint PDE may be applied. The resulting
inexactness of the reduced gradient in the current discretization is controlled within the
algorithm. Thus, highly efficient PDE solvers can be coupled with the proposed optimi-
zation framework. The algorithm starts with a coarse discretization of the underlying
optimization problem and provides during the optimization process implementable criteria
for an adaptive refinement strategy of the current discretization based on error estimators.
We prove global convergence to a stationary point of the infinite-dimensional problem.
Moreover, we illustrate how the adaptive refinement strategy of the algorithm can be
implemented by using a posteriori error estimators for the state and the adjoint equation.
Numerical results for a semilinear parabolic PDE-constrained problem with pointwise con-
trol constraints are presented.
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1. Introduction

In this paper we introduce and analyze a class of adaptive multilevel trust-region
methods for the efficient solution of optimization problems governed by time-
dependent nonlinear partial differential equations (PDEs) with control constraints.
The resulting method can be considered as an inexact trust-region method applied
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to the reduced problem, where the state is eliminated by using the discretized state
equation on the current grid. One can alternatively also intepret the method as a
generalized composite step SQP method, where instead of the quasi-normal step of
a classical composite step trust-region SQP method which results from solving the
linearized PDE sufficiently well, a (nonlinear) solver is applied to the current dis-
cretization of the PDE. The algorithm is based on ideas of the adaptive multilevel
inexact SQP-method from [26], [27]. It is inspired by and particularly shaped for
optimization problems governed by parabolic PDEs, since solving a linearized
parabolic PDE or the nonlinear parabolic PDE itself numerically with linear im-
plicit methods in time, as e.g. Rosenbrock schemes, on a given spatial discretization
has about the same computational costs. The adaptive multilevel trust-region
method is designed to combine efficient optimization techniques and fast PDE
solvers with error estimators in a rigorous way. Therefore, it offers the possibility
to use different solvers for the state PDE and the adjoint PDE. The occuring in-
exactness in the reduced gradient on a fixed discretization level is controlled and
modern adaptive discretization techniques for PDEs based on a posteriori error
estimators are integrated in this framework. The algorithm starts with a coarse
discretization of the underlying optimization problem and provides during the
optimization process implementable criteria for an adaptive refinement strategy
of the current discretization based on error estimators. This offers the possibility
to perform most of the optimization iterations and PDE solves on coarse meshes.
Moreover, the optimization problem is always well represented and the infinite-
dimensional problem is approached during the optimization in an efficient way.

We consider PDE-constrained optimization problems of the form

min  f(y,u) st. C(y,u)=0, ue Uy, (1)
yeY,uelU

where U is the control space, U,g C U a closed and convex subset representing
the set of admissible controls, Y is the state space, f : ¥ x U — R is the objective
function. The state equation C: Y x U — A, C(y,u) =0 comprises a (system
of ) partial differential equation(s) with appropriate initial and/or boundary condi-
tions in a variational formulation with V" as the set of test functions. V* denotes
the dual space of V' and, thus, we have A = VV*. We assume that U are Hilbert
spaces and that Y and V' are reflexive Banach spaces. Moreover, we will require
that f and C are continuously Fréchet differentiable on a subset of Y x U.

As an example we will consider in Section 5 a semilinear parabolic boundary
control problem of the form

min f(y,u) st y,+Ly+d(y)

0, on(0,7T)xQ,
Yyt b(y)=u n (0,7) x 0Q,
y(0,:) =y onQ,

a<u<b on(0,7T)xdQ,
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where Q C R" is a bounded Lipschitz domain, 7" > 0, y, denotes the outer normal
derivative, u: (0,T) x 0Q — R is the control and y;: Q — R are given initial
data. b and d are monotone increasing C>-functions. L denotes for each time ¢
a second order elliptic operator

n

Ly = Z(aij([a x)yx,-)xj + Zbi(t7x)yx1' + CO(Za x)ya
i=1

i,j i=
i.e., there exists a constant 6 > 0 such that

> ay(t,x)EE > 0[E|]P foraa. (1,x) € (0,T) x Qand all & € R",

i,j=1

see for example [10], [15], [20], [23].
The proposed adaptive multilevel trust-region algorithm for (1) generates a
hierarchy of finite-dimensional approximations

min (Y u") st CMyMut)y =0, u"e UL, (3)

yheY,uleU,

which result from conformal discretizations of (1) on adaptively refined meshes.
Our assumptions on the discretization will be made precise in Section 2.

Multilevel optimization techniques for optimal control problems governed
by (nonlinear) PDEs are an active research area. There is a variety of literature
for optimization problems governed by elliptic PDEs as outlined in [26], [27].
However, only a few publications are concerned with multilevel adaptive solution
techniques for optimal control problems governed by (nonlinear) parabolic PDEs.
[3], [21] derive error estimates for adaptive mesh refinements and show possibilities
for derivative evaluations of the reduced cost functional. The algorithms from [3],
[21] for adaptive mesh refinement solve the optimization problem on the current
grid and then refine the mesh.

In [12], [13], [18] multilevel trust-region methods are proposed that focus on the
efficient use of a hierarchy of discretizations to solve an optimization problem on
the finest grid, but the coupling with adaptive mesh refinement is not considered.

In [17] truncated Newton methods with inexact function and gradient eval-
uations have been studied, but the combination with error estimators was not
considered. A general algorithmic framework for dealing with approximate func-
tion and gradient evaluations in steepest descent algorithms for optimal control
problems has been proposed in [22]. In this approach the accuracy control mech-
anism requires an error estimator for the function and gradient value depending
on a scalar mesh parameter and is quite different from the method proposed in
this work.
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The rigorous coupling of error estimators with efficient optimization methods
in a multilevel optimization framework for parabolic PDE constrained optimi-
zation problems (with control constraints) was to the best of our knowledge not
considered so far.

In this paper we develop an implementable adaptive refinement strategy based
on error estimators and combine it with an efficient inexact trust-region method.
The possibility to use different solvers for the PDE and the adjoint PDE is given.
The resulting adaptive multilevel trust-region method generates a hierarchy of
adaptive discretizations (3), controls the inexactness of the reduced gradient on
the current discretization and refines the grid — if necessary — adaptively in an
appropriate way based on error estimators, e.g. [1], [2], [8], [9], [21], [24], to ensure
convergence to a solution of the original problem (1). We will prove global con-
vergence under standard assumptions to a first-order optimal point of the infinite-
dimensional problem (1). Moreover, we illustrate how the adaptive refinement
strategy of the algorithm can be implemented by using a posteriori error estima-
tors for the state and the adjoint equation.

The presented method has several advantages. The multilevel approach carries
out most optimization iterations on coarse meshes. The accuracy of the opti-
mization result is controlled and the mesh adaptation is tailored to the needs of the
optimization method. This offers the possibility to obtain optimization results of
high accuracy by an effort of a few simulation runs on the finest grid.

This paper is organized as follows. In Section 2 we formulate our general
assumptions that take the nature of nonlinear PDE constraints into account and
can easily be verified e.g. for semilinear parabolic problems as well as the Navier—
Stokes equations. We derive optimality conditions and formulate our assump-
tions on the discretization. In Section 3 we develop step by step the adaptive
multilevel trust-region method. The convergence analysis is carried out in Section
4. In Section 5 the assumptions are verified for a semilinear parabolic boundary
control problem and numerical results are presented.

Notations. For a Gateaux- or Fréchet-differentiable operator C: ¥ x U — V'*,
we denote by C,(y,u) e L(Y,V*) and C,(y,u) € L(U, V") the partial deriva-
tive with respect to y and wu, respectively. If f: Y x U — R is Gateaux- or
Fréchet-differentiable and U is a Hilbert space then we denote by the gradient
V.f(y,u) € U the Riesz representation of f,(y,u) € U*.

2. Optimality conditions and discretization

We make the following assumptions, which can conveniently be verified, e.g., for
semilinear parabolic problems or the unsteady Navier—Stokes equations in 2D and
takes care of the fact that for nonlinear problems often additional regularity of
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the state is necessary to obtain differentiability properties of the control to state
mapping u € Uyg— y=S(u) e Y.

Assumption 2.1. U is a Hilbert space, Y, V are reflexive Banach spaces, Uy C U
is closed and convex. Moreover, there exists a Banach space Y — Y and a convex
closed subset D := Dy x Dy C Y x U with Uy C Dy such that the following
holds.

Al f:Y xU— R is continuously Fréchet differentiable and the derivative is
Hoélder continuous on bounded subsets of Y+ x U.

A2 There exists a unique solution operator ue Dy vw— S(u)e Dy C Y for
C(y,u) =0 that is bounded on bounded sets in (Dy,|-||,). Moreover,
ue (Dy,||ly) — S(u) € Y is continuous.

A3 C:Y" x U— V* is continuously Fréchet differentiable.  Moreover, also
C: (Dy,|I'lly) x U— V* is continuously Fréchet differentiable. The partial
derivative Cy(x) € L(Y*,V*) admits for all x € D an extension Cy(x) €
L(Y, V™) that has a bounded inverse Cy(x)_l e L(V*,Y). Moreover, (y,u) €
(Dy, Illy) x U Cy(y,u) € L(Y x U, V*) is Holder continuous on bounded
subsets of Y+ x U.

By applying the generalization [11], Thm. 3.1 of the implicit function theorem
we obtain the differentiability of the control-to-state map and of the reduced
objective funtional.

Proposition 2.2. Let Assumption 2.1 hold. Then the mapping u € (Dy, |-||y) —
S(u) € Y is continuously Fréchet differentiable with derivative

-1

S'(u) = —Cy(S(u),u)  Cu(S(u),u) 4)

that is Holder continuous on bounded subsets of (Dy,|-||;;). Moreover, also the
reduced objective functional

we Dy, |ly) — fu) = f(S(w),u)
is continuously Fréchet differentiable with derivative
') = £,(S(u), 1) S"(w) + £u(S(u),u) € U” ()

that is Holder continuous on bounded subsets of (Dy, ||-||;;). Finally, the solution
operator

(v,u) € (Dy, [l-ly) x (Du, [Mlly) = Si,(y,u) := C(y,u) " f(y,u) €V

of the adjoint equation I,(y,u, A) = 0 is continuous.
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Proof. The Fréchet differentiability of u € (Dy, ||-||) — S(u) € Y and (4) fol-
low from [11], Thm. 3.1 by setting Y, = Y, :=Y, Z=Z,:= V" and by using
(Du,||-||;) instead of U. The continuity of S’(x) and boundedness on bounded
subsets follows from (4) by A1-A3. The continuity of Sy (u) is also a consequence
of A1-A3. Hence, S is Lipschitz continuous on bounded subsets and from Al—
A3 and (4) it follows that S’ is Holder continuous on bounded subsets.

The continuous Fréchet differentiability of u € (Dy, ||-|| ) = /(1) = £ (S(u), u)
is now a consequence of Al and the chain rule. f’(x) € U* follows by (4), Al
and A3. Moreover, the Holder continuity on bounded subsets is a consequence
of the Hoélder continuity of S”. n

We introduce the Lagrangian function
lYXUXV—)R, l(yvuvi):f(yau)+<;bvc(y7u)>VV* (6)

By using Proposition 2.2, differentiating f(u) = f(S(u),u) = /(S(u),u, ) with
respect to u and choosing 4 € V as the unique solution of the adjoint equation

L(S(u),u,2) =0, ie, C(S(u),u) 2= —f(Su),u),

which has a unique solution by A2 and A3, we still obtain the classical adjoint
representation

fl(u) = L,(S(u),u, %),  where I,(S(u),u, 1) =0. (7)

We conclude that under Assumption 2.1 the problem (1) can equivelantly be
written as the reduced problem

géilrjl f(u):= f(S(u),u)  sunject to u € Upg. (8)

Moreover, the reduced objective function u € (Dy, ||-||;) — f(S(u),u) is contin-
uously Fréchet differentiability and its derivative can be computed by the adjoint
formula (7).

2.1. Optimality conditions. Let (7,i1) € Y x Uy be a locally optimal solution
of problem (1). Then y = S(&z) € Dy C Y* by A2 and # is a local solution of
the reduced problem (8). Hence, Proposition 2.2 yields with the Riesz representa-
tion Vf(i1) € U of f'(i1) € U*) that for the local solution i of (8) the optimality
condition

i€ Uyg, (Vf(@)u—it), >0 Yue Uy
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holds. Since U,g C U is closed and convex, it is well known that this variational
inequality is equivalent to

Py, (1= Vf (@) =0,

where Py, : U — U, — u denotes the projection onto the closed and convex set
Uad 1e.

Puy(u) € Vs, Puy(u) = arg min v —ul, Yue U.
"€ Uad

see, e.g., [15], [23]. Using (7) we conclude that under Assumption 2.1 in a local
solution (y,#) of (1) the following first-order necessary optimality conditions hold:
There exists an adjoint state 4 € J such that

<
<
I

C(y,u)
I}’(j}’aaz)

Py, (it —V,I(y,i,7)) =0 (stationarity),

0 (state equation),

0  (adjoint equation), 9)

where V,/(7,4, ) € U denotes the Riesz representation of the control gradient
L,(y,u,A) of the Lagrangian, cf. [15], [23]. We will call || Py,, (u — Vil(y,u, 1))
criticality measure.

ly

2.2. Discretized problem. To allow for a wide variatey of possible PDE solvers
within the proposed optimization method, we assume the following framework.
We assume that there is a suitable solver for the state equation C(y,u) =0
available, which generates for simplicity a conformal discretization. More pre-
cisely, for a given mesh .7, corresponding to a state space Y, C Y and U, C U
it generates for given u” € U, a unique solution y” € Y}, of a discretized state
equation C"(y", u") =0 leading to a discrete solution operator S : u" € U, —
y" e Y. By h' < h we indicate that the mesh 77, is a refinement of .7, in the
sense that Y € Y" and U" Cc U". Moreover, we denote by / \, 0 that 77, is
a sequence of refined meshes, such that 1) the maximal diameter of mesh cells
tends to zero, 2) dy(y, Ys,) +du(u, Uy,) — 0 for all (y,u) e Y x U, 3) specific
requirements of the solver are satisfied, e.g. ratio between time step and spacial
mesh size and regularity properties of the meshes. Here, dy and dy denote the
distance with respect to ||-|| and ||||,, respectively. Finally, let U/, C U, be an
approximation of U,qg with dy (u, U;’é) — 0 for all u € Uyg as ;. \, 0. A possible
choice is U;’d = Uy N Uy. This leads for a mesh 7, to the corresponding dis-
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cretized problem (3). The reduced objective function for (3) is given by f*(u") =
F(8"(u"),u") and the equivalent reduced problem by

min f(u") = f(S"u"),u") st ue UL (10)

uh e U,

We do not necessarily require that the exact gradient Vf "u") e U, is com-
puted by using the discrete adjoint. Instead, we assume that for given (y" u") e
Yy x Uy, there is an appropriate conformal solver available for the adjoint PDE
L(y",u",2) = 0 leading to a discrete solution operator (y",u") e Y, x Uy — A
= S/'(y",u") € V},, where V), C V. As above, we assume that /iy \, 0 implies
dy (3, Vi) =0 for all e V. For u" e U, we approximate now Vf"(u") e U,
(and thus V/”(u") € U) by

g =Vaul(y" u' i e v, A= S,I:(yh,uh),

where Vi l(y" u", /lh) e U, is the Riesz representation of (1", u”, /Ih) eU*CUj.
We make the following assumptions on the discrete solution operators that are
analogous to Assumption 2.1.

Assumption 2.3. Let Assumption 2.1 hold and let Ty be an initial grid. Then
for each refined mesh T, h < H (see above), let U, C U, Y, C YT, Uahd c Dy,
Vi C V. Moreover, the following holds.

D1 There exists a unique continuously differentiable solution operator u" e
U,nDy— S"(u"y e YynDy C Y+ for Ch(yh,uh) =0 that is bounded on
bounded sets of (Du, ||||y,) uniformly in h < H. Moreover, u" e U,n Dy —
(SN (u") e L(Uy, Yy) is Hélder continuous on bounded subset of (Dy, I,
uniformly in h < H.

D2 The discrete solution operator (y",u") € (Y, n Dy) x (U, " Dy) — S,’:(y”, ul)
€ Vy, of the adjoint PDE 1,(y",u", 1) = 0 is continuous. ’

D3 For any sequence hy. \, 0 of mesh refinements of the initial mesh hy = H and
any bounded sequence (y!,ul') € (Y, nDy) (Uy 0 Dy) and vl € Uy, the
discrete approximations converge, i.e.,

Jim (1™ @) = 8" @)l o v) = O
Jim 1157 () = 8, O )Ly = 0.

. h hy
lim [Py (6) = Pugo)lly = 0, Ul € U™ C s Wk

k— o0
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D4 For the state solver S™ and the adjoint solver Sh reliable a posteriori estimators
17;“ and 1’ " are available, i.e. there exist constants ¢y, ¢; > 0 such that for all
e N\, 0 and (yt,ul') as in D3 it holds

IC(S™ @), ue) . < esmy ($™ () — 0,

10, (vt SP s i)y < e (SP (s ul), vis ) — 0,
or alternatively

D4’ Instead of the a posteriori estimators for the residuals there are reliable a
posteriori estimators ;7’“ and ;7/1" available for the error in state and adjoint,
more precisely,

18" ) = Sy < ey (S™ (ug!)) — 0,
I he ( G
S /(ykvuk> Sy (i)l < eany* (Slk(ykauk) visut) = 0.
For our numerical results we will work with an a posteriori error estimator

proposed in [8], but any reliable a posteriori error estimator could be used, see
for example [1], [2], [9], [24].

Proposition 2.4. Under Assumptions 2.1 and 2.3 the discrete reduced objective
function f":U,nDy — R is continuously differentiable and the derivative is
Hélder continuous on bounded subsets of (Duy, ||-||y,) uniformly in h < H.

Proof. By Assumptions 2.1 and D1 this follows analogously as at the end of the
proof of Proposition 2.2. Ol

3. An adaptive multilevel trust-region algorithm

3.1. Main components of the adaptive multilevel trust-region algorithm. In
this section we derive and motivate the adaptive multilevel trust-region method.

3.1.1. Basic concept. Consider the reduced problem (8). Let u; € U,q be a cur-

rent iterate. A trust-region type method for (8) computes a step s; by (approxi-
mately) solving the trust-region problem

mm G (s) = (Vf uy;) s>U + = <s HAS>U ve St +5€ Uy, |8y <Ak, (11)
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where A, > 0 is a trust-region radius and Hj € L(U, U*) is an approximation of
the reduced Hessian f”(uy) (if it exists). The step is now evaluated by using the
decrease ratio

_aredy(sx)

PR pred, (se)

with actual reduction and predicetd reduction

aredk(sk) = f(uk) — f(uk + Sk), predk(sk) = qk(O) — qk(sk).

If p, is large enough, the step is accepted, i.e., w1 := Uy + Sk, Agr1 = Ar and
otherwise rejected, i.e., up.1 := ux, Arr1 < Ax. See below for the precise update
mechanism.

By using (7), we have

. 1 -
Gi(s) = (gka)U +§<S, HkS>U,U*a
where

gk = Vul(yiesuie, 2x), v = Suk), e = Si, (i, k).

Let now 7, be an initial mesh that is adaptively refined during the optimi-
zation and let & with iy < hy_; < --- < hy be the current grid and u,f € Uy, the
current control. We approximate now the trust-region problem (11) by using the
solvers S’ and S Zk for the state equation and the adjoint equation on the current
mesh. This leads to the approximation of (11)

oo . 1 -
min q,’(’(s) = (g,/{’,s>U +§<s, Hisyy st u/f’ +se U:’é‘, sl < Ak, (12)

RIS U/x/(
where
gk = Vu”kl(yli’au/]:?iz) € Uhka yli’:Shk(ullz)v AZ:S]]jk(yll;au/];) (13)

The basic idea is now to apply a trust-region method on the current mesh /i
until error control criteria based on error estimators indicate that the mesh should
be refined in order to approach the solution of (8) efficiently. Then the mesh is
refined accordingly and the trust region method is continued on the new mesh.

To this end, the following errors have to be controlled.

e The error f(u)') — f™(ul') in the reduced objective function can be reduced
by choosing an adaptively refined mesh A, < hy for the state solver S%+1.
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e The error Vf (u}') — gI' in the reduced gradient at the current control u] as
well as the inexactness V/ (u]l) — g of the discrete reduced gradient resulting
from using independent state and adjoint solvers can be controlled by adaptive
mesh refinement for the state solver S+ and the adjoint solver S,/:”'.

e The error in the admissible sets U,y and Uah[f can be reduced by mesh refine-
ment /1 < hy of the control space Uy,,,.

3.1.2. Sufficient decrease condition for the trust-region step. Let /i be the
current mesh. We compute now an approximate solution s/’j of the trust-region
problem (12) that satisfies the generalized Cauchy decrease condition

ui+speUs,  |Istlly < A,
pred;(s¢) == g (0) — g7 (s¢) (14)

> 11| Py (uf = Gl min{iea| Py (f = G138
where k1, i3, k3 are positive constants independent of k& and the grid.

If Upg = U then we have || P, (uy — G;)|| = 17|l and (14) is just the classi-
cal Cauchy decrease condition eﬁguring that s,’j provides a fraction of the decrease
that is possible along the direction of steepest descent inside the trust-region. We
refer to [27], §5.3 for several possibilities to compute suitable steps.

If control constraints are considered, the decrease condition is generalized to
the projected negative gradient path direction. Possibilities to compute such steps
are discussed in [26]. A simple procedere to guarantee the generalized Cauchy
decrease condition is to compute the projected negative gradient direction with
Armijo or Goldstein type linesearch. If the Hessians are bounded, which will be
guaranteed by Assumption 4.1, then one can show that in this way (14) can be
ensured, cf. [26].

To invoke second order methods, in the case of simple pointwise bound con-
straints it is possible to compute a projected inexact Newton step ([4], [16]) and to
check if the generalized Cauchy decrease condition (14) is satisfied as described in
the fallback projected inexact Newton algorithm in [26], Alg. 5.10. By [26], Rem.
5.11 the step s computed by Algorithm [26], Alg. 5.10 satisfies the generalized
Cauchy decrease condition (14).

3.1.3. Acceptance of steps. As in the standard trust-region method sketched
above the decision about the acceptance of the step and the update of the trust-
region radius Ay is based on the ratio

ph — aredlil (sl]cl>
© pred] (sp)
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of the actual reduction
ared;/(sf) == /" (uy) — f"(u + 57), (15)
and the predicted reduction based on the quadratic model on the current mesh

pred;(sf) = 41 (0) — g/ (sh). (16)

Note that q,’j is an approximation of the reduced cost functional f M but the
gradient ¢! is in general inexact. This issue will be considered in 3.1.4.
The step s/ is accepted if

pllcl 27717

otherwise s,’j is rejected and the trust-region is reduced.

We choose the trust-region radius as follows:

Forfixed 0 <op <oy <1 <o, 0 <y <5y <l1,and Ay, > 0 set

[OC()Ak, OClAk], if p/i’ <1
Ars1 € S [max{Amin, 1A}, max{Amin, Ac}], if pf € [11,7) (17)
[max{Amin, Ak}, max{Amin, OCgAk}], if pllg =>1y.

3.1.4. Accuracy control of the inexact reduced gradient. To control the inex-
actness of the reduced gradient g,f we use the following condition, which is a
weakened variant of the condition proposed in [14], see also [25-27].

If the step s/ was rejected then the gradient accuracy condition

(V") s0) g = @15t ul < & ming || Py (=gl o MiHlIsglly (18)

is checked, where &, > 0 is a fixed constant. Note that the directional derivative
(Vf hk(u,’j),s,’j)U can also be computed approximately by a difference quotient
using the state solver. If (18) is satisfied, the accuracy of g,’; is sufficient and no
mesh refinement is required.

If (18) fails, then the discretization is refined and the iteration is recomputed
until either the stopping criterion of the algorithm is satisfied or the trial step is
accepted or the gradient accuracy condition (18) is satisfied. The latter can be
achieved by sufficient refinement as shown in the convergence analysis.

Remark 3.1. If g is the exact discrete reduced gradient, i.e., g = Vf (u}') then
(18) is always satisfied, since the left hand side vanishes.
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3.1.5. Refinement criteria. So far only the gradient accuracy condition (18)
may require a mesh refinement. As we will see, the trust-region method together
with the accuracy condition (18) ensures that the criticality measure satisfies

liminfy_. o HPUu’;k (u! — g1y = 0 under weak additional assumptions.

To ensure that for the generated iterates ( yk, uk,/lk) the residual of the opti-
mality system (9) for the infinite dimensional optimization problem (1) is driven
to zero, we have to refine the meshes accordingly during the optimization.

The main idea for refinement is to control the residuals in the infinite dimen-
sional optimality system (9) with the discrete criticality measure ”PU,”dk (! — gl -
As long as the criticality measure is large enough compared to the residuals
IC(yul)|,. of the state equation and ||/, (v}, ul', )| y. of the adjoint equation,
the current discretization can be considered as sufficiently accurate to compute
productive steps. On the other hand, if the norm of the discrete criticality measure
on the current grid is small compared to the residuals of state and adjoint equation
then one has to ensure by refinement of the discretizations that the infinite dimen-
sional problem and, in particular, the infinite dimensional reduced gradient and its
projection are well represented in the current discretization such that reasonable
steps can be Computed Observe that the inexact reduced gradient gk depends on
the (inexact) state y = S™ (/") and the (inexact) adjoint /1 S’“ (i, ufl). There-
fore, the residual norms of the infinite dimensional state- and adjoint equation
must be controlled. Since these residual norms cannot be computed directly, we
will use reliable error estimators instead.

Hence, we would like to ensure the following inequalities

P, "A( )y
Hl (yk’uk’ “k)”Y* <K}HP ”k< gAl/:)HU (19)

i ~ h ~h
1P (et = Gic) = Py (= gi)lly < Kull Py (e = gii)lly

Hc(ykvuk)”V* <K,

with fixed constants K, K, K,, > 0, where
:Shk<ulil)a )L]]: _Shk(ykauk)

The third inequality in (19) results from the difference of the (infinite dimensional)
projection onto U,q and the discrete projection onto Ufé‘ . Note that it implies

1P = 3y < (K, +1 Py (= G0l (20)

Since a direct computation of the residual norms of the state and adjoint PDE
is too expensive to compute, we use the reliable error estimators in Assumption
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2.3, D4. Then instead of (19) we check the condition

mE(ve) < 6P, i =Ny (21a)
hk(/lk,yica”k) < CAHP 0 (u/’Z gk)HU (21b)
IPout )~ Py Dl < P — Dy (210

with fixed (arbitrary) constants ¢,,¢;,¢, > 0. By D4 this implies (19) with
Ky = cyEy, Kg = C;,Ei and Ku = Eu.

Remark 3.2. In the important case U = L*((0,T) x Q) and Uy ={ue U:
a <u<b} witha,be L*((0,T) x ©) the left hand side of (21c) can usually be
estimated directly as long as a, b are not too complicated.

If according to D4’ a posteriori estimators for the error in state and ad-
joint are available then one can use the fact that by Al and A3 the mapping
C: (Dy,||'lly) x U — V*is Lipschitz continuous on bounded subsets of Y x U
and /,(y,u,-) € L(V,Y*) is bounded on bounded subsets of Y x U. If Dy in
Assumptions 2.1 and 2.3 are bounded in U then by A2 and D1 we can choose
Dy C Y bounded and have S(u ”) € Dy and Shk( " e Dy for all u € Uaz C
Dy. Now let L, and L; be the correspondlng local Llschltz constants of C and
l,(y,u,-) on Dy x Dy. Under assumption D4’ we obtain with xJ = (y, ul")

ICCy = [COE ) = C(S),uf) || . < Lyl = Sy,
Hl’(xkv’{k ||Y —Hl xk» ) I(XA»SI )Hy <L}|Mk ( )”V

(22)

If we use now (21) with the a posteriori error estimators in D4’ then (22) yields
that again (19) holds with constants K, = L,c,¢,, K; = L;c;¢;, and K, = ¢,.

3.1.6. Sufficient mesh refinement. After the computation of a successful step
on the current grid we need (at least after some iteration K) that the decrease
produced for 7% on the current grid ensures also decrease for the exact objec-
tive function f”. To this end, we impose the following condition for sufficient
refinement

ared}'(s/) > (1 —|—5)((f(u,’c’ + ) — feuf + st)
— (fuf)y = f™@p)) k=K, (23)

with 0 < § < 1. If criterion (23) is not satisfied the Y-grid is refined properly and
the step is recomputed until (23) holds.
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To implement condition (23) assume that the algorithm generates a sequence
he \, 0. Ifuf,ul + s C Dy remain bounded, D3 and Al yield

() = flu) = () == 0

. . (24)
w(u + 5¢) = f g +5) = S+ 5) = 0.

Assume now that we have a realible estimator /" (uf', st") > 0, which can be con-
tructed from the error estimator ;7;?" in D4 or D4’, such that

a(ul + ) — a(ul) < Kp™ Wl sty — 0  fork — o (25)

with some fixed possibly unkown K > 0.
Then to ensure (23) it suffices to verify the following sufficient refinement
condition

ared/!(s) = ™ (uf,s})” (26)

for fixed w € (0,1) and & > 0. In fact, having (26), assumption (24) yields with
(25)

(1+0) (ot + ) — a(ul)) < (1 +O)KB™ (ufl,sp) < EB™ (i, sp)”  Vk =K

with K large enough and consequently (23).
An alternative criterion to (23) is the sufficient refinement condition

o0
Zf Shkﬂ “k+1 ”llc1+1) _f(Shk(ullciH)v”//zH) < 0 (27)
=0

that originates from the jumps in the differences of the cost functional due to
refinement of the meshes which shall be summable.

Our convergence proof is given for criterion (26) which implies (23) after
finitely many iterations if the algorithm refines infinitely many times. A conver-
gence proof using condition (27) instead of (23) or (26) in the algorithm is very
similar. Only a few details in the proof of Theorem 4.5 need to be adapted.

3.2. Statement of the adaptive multilevel trust-region algorithm. We now state
the complete algorithm.

Algorithm 3.3. Adaptive multilevel trust-region algorithm

SO Initialization: Choose & >0, 0 < op <o <1 <o, 0<n <1, <1, Apin >

0,&,>0,0>0,¢,¢;,¢, >0, an initial mesh T, ”0 U:’é’ and Ay > 0 with
Ao > Anin. Set k := 0.
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Fork=0,1,2,...
S1 Compute y)! = S™(u}') as solution of the discretized state equation and the error
estimator nh’f( vl for the state as in D4 or D4’ (if not already done).
S2 Compute the discretized adjoint state /1 Sh"( yiul) and the error estimator
(/lk7 yk, u}') for the adjoint as in D4 or D4'. Determine the inexact reduced
gradlent gt by (13) and the criticality measure HPU:;k u — gl -
S3 If the refinement condition (21) holds then goto S5.

S4 If the refinement condition (21a) fails then refine the Y-grid adaptively. If (21Db)
or (21c¢) is violated then refine the V- or U-grid, respectively. Goto Sl.

S5 Ifnf (yk) +171(/1k,yk,uk) + ||P /IA( h_ )||U < &) holds in S5 or during the

refinement in S4 then stop and return (yk,uk) as approximate solution for
problem (1).

S6 Compute s¢ as inexact solution of (12) satisfying (14) and compute predk(sk)
in (16).

S7 Compute a discrete state y)', | = S" (u]l + s!') and ared; (sP) as in (15).

S8 If ph = aredk( 2) /predk (s1) > n,, then provisionally accept s}, update the trust-
region radius according to (17) and goto S9.
If the gradient accuracy condition (18) is violated then refine the Y- and V-grid
properly leading to a new mesh hy and go back to S1 with u,’z
Otherwise reject the step s and reduce the trust-region radius according to (17).
Set (yp .y, ut,) = (yk,uk) k :=k + 1 and goto S6.

S9 If (26) is satisfied (or (23)) then accept sk, set (yioul ) = (Vi ul + sp),
k :=k+ 1 and goto S2. Otherwise reject sk, refine the Y-grid properly leading
to a new mesh hy and go back to S1 with u,’j

4. Convergence analysis

We make the following assumption.

Assumption 4.1. The iterates ul',ul' + si' remain in a bounded closed convex set
Dy C U with Uy C Dy and Assumptions 2.1 and 2.3 hold. By A2 and D1 we
can choose Dy C Y bounded and S(ul!), S(ul + si'), S"(ul), S™ (ul + s) € Dy
holds for all k. Finally, there exists My > 0 with

||Hk”L2(U7U*) <My Vk.

Throughout this section we assume that Assumption 4.1 holds.
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4.1. Well definedness of refinement conditions. First we will show that the
gradient accuracy condition (18) can always be satisfied by sufficient refinement.

Lemma 4.2. Let Assumption 4.1 hold. If || Py,, (ufl — Vf (u] )|y >0 then a new
iteration k := k + 1 is generated after finitely many grid refinements.

Proof. As long as the algorithm stays in iteration k, the control u] remains
unchanged.

By Assumption 2.3, D3 and D4 or D4’ the refinement (/ ;) ; \, 0 within itera-
tion k ensures together with the continuity properties in Assumption 2.1 that the
left hand side of (21) tends to zero for j — o0. Moreover, by D3 we have with
J/k,_/ = S" (uy i) and) =5 kj()’k g )

9 ) = 1<yk,, als i) = l(SCa) e Sy, (S(uf) ) = VF ). (28)

Hence, the right hand side of (21) satisfies

~h J h h p
1P 1y (k= 8 @)y = 1o (i = VF )|y =22 >0 (29)
ad
and thus (21) holds after finitely many refinements and S5 ist reached.
We show that after finitely many refinements also the gradient accuracy condi-
tion (18) in S8 is satisfied if it is checked. In fact, by D3 we have

1) () = Syl (S™0) () + fu( Wil
= S (S, )" () + fu(SCu) ) = f' ().
Hence, together with (28) we see that (18) eventually holds, since by (29) the right
hand side of (18) is eventually > & /2min{|| Py, (' — Vf ()| > Ak sl =
const. ||51/§,j||u~
Finally, also the sufficient reﬁnement criterion (26) in step S9 is satisfied after

finitely many refinements. In fact, ) and A, remain unchanged and thus (29)
yields after finitely many refinements ||P w (Ul — M|y =e/2. Since S9 is only
d

reached if ared] (st )= pred;’ (sp ), the decrease condition (14) yields
h 1 1 !
ared; (s;' J=m predk(sk )= 21711c18m1n K258, K3A; p =& > 0.

Since " f(uk,sk ;) — 0as j— 0 by (25), the sufficient refinement criterion (26) is
satisfied after finitely many iterations. O

4.2. Acceptance of steps. We start by estimating the difference of actual and
predicted reduction.
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Lemma 4.3. Let Assumption 4.1 hold and let 0 <y <1 be such that f™ is
y-Holder continuously differentiable, which is ensured Proposition 2.4. Then there
exists Creq > 0 such that for any inexact reduced gradient g,ﬁ satisfying the gradi-
ent accuracy condition (18) and any step s!' computed by the Algorithm 3.3 the
inequality

Jared!(s¢) — predi (s¢)] < Crea(A ™7 + A7)
holds.

Proof. By the definition of actual and predicted reduction we have by using the
y-Hélder continuous differentiability of /" on bounded sets, see Proposition 2.4,
and the mean value theorem with a 7 € [0, 1]

Jaredy (sy) — pred; (s¢)| < ’(thk(“;g +s) - Vf’“(“z’i) Sk)U‘
+ ‘(thk(uk) gkvsk) ‘ +5 <S Hksk>U Ux

1
= MyA}.

sg&”+@ﬁ+2

Here, L, denotes the uniform local Hélder constant of V/™ and we have used
(18), the boundedness of Hy and [|sf'||,; < Ay. H

We next show that after finitely many trial iterations with possible refinements
and reductions of the trust-region radius there will be a successful step. In partic-
ular, there is a lower bound for the trust-region radius if the criticality measure is
bounded from below.

Lemma 4.4. Let Assumption 4.1 hold. Let ¢ > 0, then there exists a constant
A" > 0 depending on ¢ such that if 1P, i (ul! — g1y > ¢ and the gradient accuracy
condition (18) holds then

aredy,(s') = n, pred]'(s}")

for Ay <A'.  In particular the step s,’(’ will be eventually accepted in S8 and
A1 = Ay

Proof. By Lemma 4.3 we have
|ared} (s) — pred}'(sf)| < Crea(AL + A}).

On the other hand the decrease condition (14) yields



Adaptive multilevel trust-region methods for optimization with unsteady PDEs 55
predi (s¢) == x1|| P, o (U ¢ = gi)lly min{x2|| P, m( — 3i)llu 30k}
> xjemin{re, kK3Ay }.
Hence, there exists A" = A’(g) > 0 such that

ared/(sf) | _ _ Jared](s]) — pred} (s}

ke 1/ JREE N Sp -1 Y0<A <A
pred; (s pred,]: (si)

This proves the first assertion.

Now consider step S8. The next iteration k + 1 is only reached if the step is
accepted or if possibly after mesh refinement the gradient accuracy condition (18)
is satisfied. Hence, the decrease ratio is tested with (18) holding before a step is
rejected and the trust region radius is reduced. After finitely many unsuccessful
iterations we have A; < A’ and the step is accepted. O

4.3. Global convergence result. We show now global convergence to a station-
ary point of the infinite dimensional problem (1) if g = 0 or finite termination if
&l > 0, respectively. We start with the following result.

Theorem 4.5. Let Assumption 4.1 hold. If &0 > 0 then Algorithm 3.3 terminates
finitely. If & = 0 then Algorithm 3.3 terminates finitely or the sequence of iterates
generated by Algorithm 3.3 satisfies

timinf 1P, 5, (af = G101, () + s v tl) = 0. (30)

Proof. Consider first the case g > 0. Suppose that Algorithm 3.3 runs infinitely.
Since [P, hA( L= aDlly + () + n, (A0 i ul) > e in S5 and (21) holds by
S3, S4, there exists & > 0 such that

h A
1Pyl = gy 2 V.

By Lemma 4.4 there exists A’ > 0 such that for all accepted steps we obtain by the
update rule for the trust-region radius

Ap > OC()A/ =: A,

and there is an infinite sequence of accepted steps. For all eccepted steps we get by
the generalized Cauchy decrease condition (14)

ared;'(s))) = nyxiemin{rae, 13A} =& >0 (31)

for constants xy, xy, k3 > 0.
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We will distinguish the two different cases where either only finitely many mesh
refinements are performed by the algorithm or the algorithm produces infinitely
many mesh refinements.

Let us first consider the case where only finitely many mesh refinements are
carried out by the algorithm. Then there exists K € N such that the mesh is not
refined for all iterations with k larger than K. Consequently, condition (26) does
not necessarily imply (23). Therefore, we give a separate proof for this case that is
similar to the finite dimensional convergence theory.

By Assumptlon 4.1, uk remains in a bounded set Dy and consequently

= S™(ul') and also S(uk) remain in a bounded subset Dy C Y. Hence, the
sequence fhk(u,’j) = f(yf,ul) as well as f(u)) = f(S(u})), u,’j) is bounded below.
Summation of the actual reduction in the successful steps gives

/; ared}(s{') = ;(f’“( wt) = ()
= kZK ared (s} +]ZK (" () = F" ()
= Z redk(sk) fhK(u/) hm fhK( 1) < 0.
k<K

Hence, the summability yields ared,(s{) — 0 as k — oo bus this contradicts (31).

Let us now consider the case where the algorithm produces infinitely many
refinements. Then condition (26) implies condition (23) for all k£ > K with some
K > 0. We then consider the exact actual reduction

ared(sy) := f(u) = £ +57) = £ (S(u), i) — 1 (SCuf + s),ufl + 1),

where S denotes the solution operator of the PDE constraint. Condition (23) then
yields

o
ared! (s)') = T ared! (s)') + T ared! (s))
o . N N
= 1+5ared/1§(3) + (") = F @) = (" y) = fwil)))
=1 f-é ared; (s!) + ared!'(si') — ared(s])

for all k > K, with some 6 > 0. Hence, using this inequality, we obtain

0 o 1)
T aredk(sk) = I +5’71predk(sk) T

ared(s!) > me' (32)
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for all k > K. Now, by assumption, f (u') is bounded below. Summation of the
infinite dimensional actual reduction in the successful steps gives

3 ared(sf) = £(uf) — fim fuf) < .
k=0

Hence, the summability yields ared(s}') — 0 as k — oo which contradicts (32).
Now let ¢, = 0 and assume that (30) does not hold. Then there exists ¢/, > 0

small enough such that the algorithm would also not terminate for the stopping

tolerance ¢/,; > 0. But this contradicts the finite termination for &g > 0. OJ

By using the reliability of the error estimators, we obtain the following conver-
gence result.

Corollary 4.6. Let Assumption 4.1 hold. If &0 = 0 then Algorithm 3.3 terminates
finitely with a stationary point of problem (1) or the sequence of iterates generated
by Algorithm 3.3 satisfies

timinf || C(vf )+ 1 (s 201y

+ HPUud(uk V Z yk7uk7 )H (33)

Proof. The steps S3 and S4 ensure that (21) holds and we have shown in 3.1.5 that
Assumption 2.3, D4 or D4’ ensure (19).
Hence, if the algorithm runs infinitely then (30) implies by (19) the assertion
(33).
If the algorithm terminates finitely then || P, Ul — gl = 0 and (19) shows
d
with U/ C U,q (see D3) that (y}, u}!) satisfies (9). O

5. Numerical results

In this section we present some numerical results for the adaptive multilevel trust-
region method. The algorithm has been implemented in MATLAB. We use the
method of lines with conformal finite element discretization in space by quadratic
finite elements and the 3-stage Rosenbrock method ROS3P from [19] in time.
Moreover, our MATLAB implementation uses adaptive refinement in time and uni-
form refinement in space. We present results for a semilinear parabolic boundary
control problem with control constraints of the form (2).

Further results can be found in [25]. Moreover, we have coupled the presented
algorithm with the highly efficient PDAE solver KArRDOs, which uses adaptive
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refinements in space and time, and have applied it to a realistic glass cooling
problem as well as a thermistor problem, see [5—7].

5.1. An a posteriori error estimator for parabolic PDEs. In our numerical
examples we used the error estimator from [8]. We briefly sketch the main ideas
of this error estimator. The derivation, proofs and numerical tests can be found in
[8].

The error estimator is designed for parabolic initial boundary value problems
as the state PDE in (2). The PDE is discretized with the method of lines using for
example finite elements in space with a spatial mesh of characteristic mesh size
h and an existing time integrator for the resulting system of ordinary diferential
equations (ODEs). Let y,(¢) be the unique solution vector of the resulting system
of ODEs representing the spatial degrees of freedom. Moreover, let v,(#;) denote
its approximations in the time grid point #; on a certain timegrid obtained by
applying a numerical integration method of order p < 3 and denote by vj(¢) an
interpolatory polynomial by using Lagrange or Hermite interpolation. The global
time error is then defined by e,() = v, (1) — yu(2). Let Ry, : y(t,-) — Ryp(¢) be the
restriction operator which maps y(¢) to its spatial degrees of freedom. Then the
spatial discretization error is defined by #,(¢) = y,(¢) — Ryy(¢), where y denotes
the solution of the PDE. The overall discretization error Ej(¢) = vy() — Ry y(2)
is then given as the sum of global time and spatial error, Ej(t) = e;(2) + 1,,(¢).

Debrabant and Lang approximate these residuals by solving a linear spatial
error transport equation and a linear time error transport equation. They involve
the spatial truncation error, which is in [8] estimated by Richardson extrapola-
tion, and the residual time error, respectively. The obtained approximations of
the global error Ej(f) = &,(t) + 7, (¢) can be controlled by spatial and temporal
adaptivity. [8] conclude that based on tolerance proportionality, reducing the
local error tolerances by a factor will reduce the global error by the same factor.
Hence, given a prescribed tolerance for the global error, the local tolerances can
be chosen appropriately. If the global error is not below a prescribed tolerance,
the state computation is redone with adjusted tolerances and refined spatial reso-
lution, cf. [8].

In the context of our adaptive multilevel trust-region algorithm global error
estimators for the difference between the solution y;, of the discretized PDE and
the infinite dimensional solution y of the original PDE are required. With the
global estimates of the space and time error from [8], we obtain the error estimate

T
o = Rusl vy~ | WO . (34)

Numerical tests show that the approach yields accurate estimates of global space
and time error [8§].
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5.2. Local refinement and its implementation. The error estimator of Debra-
bant and Lang [8] provides an estimate of the global space and time error. More-
over, since the error estimator is computed while solving the discretized PDE, the
timestep size can be adjusted adaptively such that the local time residual estima-
tion is a suitable portion of a predefined tolerance for the global time error. Thus,
a time refinement results in a change of the predefined tolerance for the local time
residual, a solve of the discretized PDE including the residual estimation and the
possible insertion of additional timepoints.

Thus, since the error estimator provides a global time and space error estima-
tion, we implement the refinement criteria (21) by first checking the refinement con-
dition just for the global time error, here given exemplarily for the state equation

My (8) < el Pys (= G0l (35)

where 7, , denotes the error estimator for the time error and ¢, , > 0 is the (appro-
priately chosen) constant for the time refinement in the state. For the adjoint state
the equation looks the same with A instead of y. After having checked the refine-
ment condition for the state in time, the refinement condition (21) with the estima-
tion of the global space-time error is tested.

To prevent too much spatial refinements if the stationary measure becomes
very small on the current grid, we modify the spatial refinement condition (21)
with an additional space residual tolerance ¢, > 0 of the form

h ~ h A~
s (1) < max(y 1Py (] = )} (36)

and analogously for the adjoint with y replaced by A. By choosing the space
residual tolerance for example as ¢, = min{¢,, 1/3}¢,1, an additional refinement
when the criticality measure drops below the stop tolerance can be prohibited.
Nevertheless, space refinements are still possible through the gradient condition
(18) such that convergence of the criticality measure to the prescribed tolerance
&1 can still be guaranteed.

We describe the adaptive refinement strategy. If a time refinement is triggered
by the state error estimation we do not only compute the state on an adaptively
refined timegrid but also perform an adaptive solve of the discretized adjoint
PDE with the same predefinded tolerance for the global time residual estimation
in the adjoint state as before and possibly additional timepoints due to the
(slightly) different state. If a time refinement is necessary by the adjoint error esti-
mate it is done vice versa. After such a refinement the timegrid is fixed. In our
implementation a spatial refinement is performed as a uniform refinement of the
space grid followed by an adaptive time refinement during the state and adjoint
computation as described above. For numerical results with the fully space-time
adaptive solver KArRDOS, we refer to [5-7].



60 S. Ulbrich and J. C. Ziems

Let Toly,,, Tolg, > 0 denote the tolerances for the control of the adaptive
stepsize choice for the state computation as described in [8] and Tol, ;, Tolg ;, > 0
the corresponding ones for the adjoint state computation. Let 7, , denote the
estimator for the time error in the state computation. Let ¢, , > 0 denote the
refinement constant in (21a) for the time error. We then implemented the follow-
ing refinement procedere for the state in time:

While 7, > ¢y 1| Py (1 = G| o> do
1. Sete= (Cy,tHPUa/;k (g —a)ly) /(1.2 My.0)-

Set Tol,,, = max (0.2, min(e, 0.9)) - Tol,,.

Set Tolg,, = max (0.2, min(e, 0.9)) - Tolg,,.

2. Recompute the state with Toly ,, Tolg , and insert additional timepoints when
necessary.

3. Recompute the adjoint state with Toly ;, Tolg ; and insert additional time-
points when necessary.

4. Recompute g} and 1P U —gh|y-
ad

The refinement procedere for the adjoint state in time is the same as for the state
with changed roles of y and /4. In our examples, the refinement procedures both in
time or in space and time usually needed only one refinement iteration.

5.3. A semilinear parabolic optimal boundary control problem. We consider
the following semilinear parabolic boundary control problem of the form (2).

Let Q= (0,1)x (0,1) CR*, T=1,%7:=(0,T) x 0Q, « >0, a,b € L*(Z7)
and set U= L*(37), H=L*((0,T) xQ), and Q= H'((0,T) x Q). With the
Gelfand triple Q — H = H* — Q* we set

Y =W(0,T)={yeL*0,T;0): yre L*(0,T;0")},
V=V xV,=L*0,T;0) x H.

Moreover, let yo =1 in Q, y; =0.2 in Q and let yo(t,x) =1-0.8¢, (1,x) €
[0,1] x Q. Then the problem is given by

. . 1 2 1 2 o 2
yef;{luneUf(ya u) == 5 [(T) = yallz20) —|—§||y = yollza (0. 1<) +§||u||U

st. y—Ay=0 in (0,7) x Q,
37
yo=u—ply| on(0,T)xdQ=:2r, (37)
y(Oa) =)o in Qa

a<u<hb,
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where y, denotes the outer normal derivative and the state equation has to be
understood in the weak sense.

Hence, Uyg = {u € U:a <u < b} is a bounded, convex and closed subset of
L*(Zr) and of U.

5.3.1. Verification of Assumption 2.1. We now verify Assumption 2.1 with
Yt :=YnC(0,T] x Q) and Dy := Uy. Al is obvious.

Since U,gq is bounded in L* (Xr), the state PDE admits for all # € Uy,g a unique
weak solution y € ¥ n C([0, T] x Q), see [23], Thm. 5.5 and the solution remains
in a convex bounded closed set Dy C Y. Moreover, by [23], Thm. 5.8 the solu-
tion mapping S : u € L*(Zr) — S(u) € Y is Lipschitz continuous for s > 3. Since
Dy = U,q is bounded in L* (£7) and by interpolation [[u|,. < ||ul|?/*|jul[}~""*, we
conclude that S : (Dy, ||-||;) — Y is Holder continuous. This proves A2.

To verify A3 we note that the weak solution of the state equation is the unique
solution of the operator equation C(y,u) = 0, where

L*(0,T;0%)

C:Y+><U»—>(
H

)_Vl*sz*_V*
Cly,u) = Vet (Vy, Vo) a0, myxe) + (v —u, L2z .
’ 2(0.) = yo

From standard parabolic theory it is obvious that the linear part of C(y,u) is in
L(Y x U,V*). We study now the differentiability properties of the nonlinear
term

B:ye Y = (33, )2, € L0, T;Q7) = V7.

It is obvious that B: Y — V" is continuously Fréchet differentiable with deriva-
tive

B'(y)v = (4|J’|307')L2(2T) ey

Since Dy C Y is bounded, also the operator B: (Dy,|-||,) — V; is well de-
fined. Moreover, for all y € Dy the operator B’(y) admits an extension B'(y) €
L(Y, V7). Infact, we have Y — V; — L*(0,T; L7 (0Q)) for all 1 < p < o0 and
thus

3 3
B(y)o,wove v = @y o,w) s,y < 4y ol ey 9z,
3
< cl[ylly-[lellylIwlly, -

Finally, we show that also B: (Dy, ||-||y) — V7" is continuously Fréchet differen-
tiable with y-Hoélder continuous derivative for all 0 < y < 1.
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We start by showing that B": (Dy, ||-[|y) — L(Y, V) is y-Hélder continuous
for all 0 < y < 1. We will need the embedding ¥ — L**(0, T; L'/(1-9(0Q)) for
all 1/2 <s < 1. In fact, the embedding can be proven as follows. The trace
theorem and interpolation yields for 1/2 < s < 1

ll 20y < elllley < el
and thus, since Y = W (0, T) — C([0, T]; H) and H*"'/?(0Q) — L'1-9(5Q)
[l z2ss(0, 7 a9 aq)) < €ll-lzaso, 7 mr-1200)) < €ll- [ o.7.m 220, 7.0) < cll“lly-
There exists a constant R > 0 such that
Py ly+hllys <R Vy,y+heDy.

For all y, y + h € Dy Taylor expansion yields with r := fol 12(y + th)|y + th|dz

<(B'(y +h) — B’(y))v,w>V1*’Vl = (rhv, W)LZ(ZT).

We have the embedding Vy — L2(0, T; H'/?(0Q)) — L?(0, T; L?(0Q)) for all
1 < p<oo. Let now p > 2 (will be adjusted later depending on y) and let p’ be
the dual index with 1/p + 1/p’ = 1. Then

(rho,w) 25,y < 12R? cllioll 20,7, o @y Wy, -

Fix an arbitrary 0 <y < 1 and set ¢ =2y + 2. Moreover, choose 1/2 < s <1
with 2/s=¢ and 1 < p’ <2 with 2p’ < L. Then Y — L9(0,T; L% (0Q)),
1/2=1/q + y/q and thus

1-
HhU”LZ(O,T;LP (o) = 1ll o (0,T; L' ( ||v||L4 0.7:02' () < R Ay ol y-

Thus, B': (Dy, ||-|ly) — L(Y, V") is y-Holder continuous for all 0 < p < 1.

Now the Fréchet-differentiability of B : (Dy, ||-||y) — Vi follows easily. Point-
wise Taylor expansion with integral remainder term yields with the y-Holder con-
tinuity of B’

(B(y+h)—B(y) = B'(»)h, W)y v,
1
< Jo ||Bl(y+fh) - ( )HL Y, vy dT”hHY”WHV] < C”hHHY”WHVV

Using the properties of B we have shown that C: (Dy,|||y) x U~ V* is
Fréchet-differentiable with y-Hoélder continuous derivative for all 0 <y < 1. To
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conclude the verification of A3 we note that for (y,u) € Dy x Dy the linear
parabolic operator C,(y,u) € L(Y, V*) has a bounded inverse by standard para-
bolic theory, since the nonlinear term (4] y|*-,-) 12z, 18 continuous and nonnega-
tive on L?(X7) x L*(Z7).

Finally, it can be shown that the problem (37) has at least one optimal solu-
tion, cf. [23], Thm. 5.7.

5.3.2. Numerical results. We present now numerical results for problem (37).
We use the method of lines with quadratic finite elements in space and the 3-stage
Rosenbrock method ROS3P from [19] in time. For the discretization of the ad-
joint equation we use also quadratic finite elements in space and ROS3P in time.
For the mesh refinement we apply the a posteriori time and space error estimator
of [8] and adaptive time refinement as described in 5.2 as well as uniform refine-
ment in space.

For the approximate solution of the trust-region problem we use the projected
cg-Newton algorithm [26], Alg. 5.10 with at most 10 cg iterations, where we com-
pute H;v by the discretized version of the exact evaluation of the Hessian vector
product based on the standard adjoint formula, see [15], §1.6.5.

For the particular instance of (37) weseta = —0.2, b = 0.3, and o = le — 2. In
Algorithm 3.3 with the implementation details of 5.2 we have chosen ¢, = 5¢ — 5,
ex=8—4,¢,,=05,¢=10,¢;,,=0.5,¢;, =10, ¢, =0.25, and & = 1.5. The
starting control was u! =

Table 1 depicts the iteration history. The first column shows the iteration
number, the second column the type of refinement. ¢m is the discrete criticality
measure, 7, is the error in the discrete criticality measure (left hand side of (21c)),
Ny./n,, and n, . /n, . denote the time and space error of state/adjoint according to
5.2 and the last column shows the size of the (x, 7)-grid.

Figure 1 shows the computed optimal state at end time 7" with two different
scalings of the y-axis. One sees that the desired state y,;, = 0.2 is reached quite
accurately. Moreover, the adaptive time grid of the final discretization is shown.
The bound constraints become sigificantly active for the computed optimal control
ul

It can be seen that the algorithm requires several refinements for the state and
the adjoint in time and two times also in space to achieve the prescribed spatial
tolerance. Particularly, the refinement for the adjoint in time in iteration 2 shows
that the current discretization was not suitable to compute a sufficiently accurate
adjoint state, implying that the gradient could not be resolved adequately. All
residuals are driven to zero by suitable refinement. Thus, the residuals in the
optimality system are reduced efficiently to the desired tolerance and most of the
optimization iterations are carried out on coarser grids, only the last few iterations
require execution on the finest mesh.
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Table 1. Iteration history for problem 37

It. | Refine cm 7, Myt My x Nyt M x (x, 7)-grid
0 27e—1| 0.0e0 | 1.8e—4 | 4.6e—3 | 53e—3 | 7.7e—2| 289 x32
1 44e—2| 0.0e0 |2.8e—4|9.6e—3 | 13e—2|2.1le—2| 289 x32
2 l.4e—2 8.6e—4 | 1.6e—2 | 80e—3 | l.4e—2 | 289 x 32
adjoint t | 1.4e—2 | 1.9e—4 | 5.2¢e—4 | 7.6e—3 | 3.6e—4 | 7.5e—3 | 289 x 57
3 84e—3 | 85¢—4|24e—4|94e—3 | l.6e—4 | 3.7e—3 | 289 x 57
4 32e—3 | 7.2e—4 | 53e—4 | l.le—2 | 8.8¢—5 | 1.8¢—3 | 289 x 57
5 1.2e—3 | 22e—4 | 32e—4 | 1.0e—2 | 4.6e—5|9.9e—4 | 289 x 57
6 1.5¢e—3 | 1.6e—4 | 49¢e—4 | 9.5¢—3 | 7.6e—5 | 1.5e—3 | 289 x 57
7 1.5¢e—=3 | 2.0e—4 | 44e—4 | 1.0e—2 | 6.7e—5 | 1.3e—3 | 289 x 57
8 4.0e—4 41e—4 | 1.0e—2 | 6.le—5| 1.2e—3 | 289 x 57
state x,t | 4.8¢—3 | 1.6e—5| 2.0e—4 | 29e—3 | 7.2e—5 | l.le—3 | 1089 x 113
9 21e—3|22e—6|2.0e—4 |28 —3|6.8e—5]| 1.0e—3 | 1089 x 113
10 1.8¢—3 | 1.2e—4 | 9.8¢—5|2.7e—3 | 74e—5| 1.1e—3 | 1089 x 113
11 7.8e—4 | 1.2e—5|98¢—5|28c—3 | 49¢—5 | 4.5¢—4 | 1089 x 113
12 4.5¢—4 | 33e—5|45—5|28—3|57—5| 7.4e—4 | 1089 x 113
13 l.le—4 39¢e—5|28e—3 | 4.6e—5 | 6.3e—4 | 1089 x 113
state X,t | 8.0e—5 | 1.0e—5 | 1.3e—5| 7.2e—4 | 1.8e—5 | 3.1e—4 | 4225 x 228
14 l.le—4 | 1.2e—5]9.8e—6 | 7.3e—4 | 1.9e—5 | 3.2e—4 | 4225 x 228
15 1.2e—4 | 9.5¢e—6 | 54e—6 | 7.6e—4 | 2.0e—5 | 3.3e—4 | 4225 x 228
16 l.le—4 | 9.0e—6 | 5.4e—6 | 7.6e—4 | 2.0e—5 | 3.3e—4 | 4225 x 228
17 2.1e—5 54e—6 | 7.60e—4 | 1.9e—5 | 3.1e—4 | 4225 x 228
adjoint t | 2.3e—5 | 5.0e—6 | 3.0e—6 | 3.9e—4 | 9.0e—6 | 1.8e—4 | 4225 x 306

6. Conclusions

In this paper we have presented an adaptive multilevel trust-region algorithm for
optimization problems governed by nonlinear PDEs with control constraints. The
algorithm starts on a coarse discretization of the problem and combines an effi-
cient trust-region method with an implementable adaptive refinement strategy
for the current discretization based on a posteriori error estimators. The refine-
ments are controlled by a criticality measure which we choose as the norm of the
projected gradient step. The optimization method can be used with any given
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Figure 1. Optimal state of problem (37) at time 7" in two scalings of the y-axis (top) and
adaptive time grid of the last discretization (bottom).

adaptive state and adjoint solvers. In particular, highly efficient solvers for
unsteady PDEs can be coupled with the optimization framework. The resulting
inexactness of the reduced gradient in the discretizations is controlled by the
algorithm. The presented numerical example shows that the algorithm carries
out most optimization iterations on relatively coarse discretizations. The error
estimators for the state and the adjoint equation as well as the criticality mea-
sure are efficiently driven to zero. Thus, the algorithm is a promising rigorous
framework for a globally convergent adaptive multilevel method for PDE con-
strained optimization problems with control constraints that can be used with
PDE solvers provided by the user. The approach presented in this paper has sev-
eral advantages: 1) Different solvers for the state and the adjoint PDE can be used
within this optimization framework. 2) The mesh is refined as needed during the
optimization algorithm to approach the solution of the PDE constrained problem
with control constraints efficiently. 3) (First order) convergence of the proposed
multilevel algorithm for nonlinear, non-convex, PDE constrained optimization
problems with control constraints is proven.
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