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Abstract. In this paper, we give a correspondence between the Berezin–Toeplitz and the
complex Weyl quantizations of the torus T2. To achieve this, we use the correspondence
between the Berezin–Toeplitz and the complex Weyl quantizations of the complex plane
and a relation between the Berezin–Toeplitz quantization of a periodic symbol on the real
phase space R2 and the Berezin–Toeplitz quantization of a symbol on the torus T2.
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Introduction

The object of this paper is to construct a new semi-classical quantization of the

torus T2 by adapting Sjöstrand’s complex Weyl quantization of R2 and to give the

correspondence between this quantization and the well-known Berezin–Toeplitz

quantization of T2. When the phase space is R2n, the pseudo-di¤erential Weyl

quantization allows us to relate a classical system to a quantum one through the

symbol map; thus pseudo-di¤erential operators have become an important tool in

quantum mechanics. On the mathematical side, these operators have been intro-

duced in the mid-sixties by André Unterberger and Juliane Bokobza [22] and in

parallel by Joseph Kohn and Louis Nirenberg [16] and have been investigated by

Lars Hörmander [13], [14], [15]. They allow to study physical systems in positions

and momenta. On the other hand, Berezin–Toeplitz operators have been intro-

duced by Feliks Berezin [2] and investigated by Louis Boutet de Monvel and Victor

Guillemin [5] as a generalization of Toeplitz matrices. The study of these operators

has been motivated by the fact that pseudo-di¤erential operators take into account

only phases spaces that can be written as cotangent spaces, whereas in mechanics,

there are physical observables like spin that naturally lives on other types of phases



spaces, like compact Kähler manifolds, which can be quantized in the Berezin–

Toeplitz way. In fact, it was realized recently that the Berezin–Toeplitz quantiza-

tion applies to even more general symplectic manifolds, and thus has become a

tool of choice for applications of symplectic geometry and topology, see [7].

In this paper, we give a relation between the Berezin–Toeplitz quantization of

the torus, studied for instance by David Borthwick and Alejandro Uribe in [4] and

the complex Weyl quantization of the torus, which we introduce as a variation of

Sjöstrand’s quantization of R2. The complex Weyl quantization of R2 has been

investigated by Johannes Sjöstrand in [21], then by Anders Melin and Johannes

Sjöstrand in [17], [18], also by Michael Hitrik and Johannes Sjöstrand in [10] and

in their mini-courses [11] and by Michael Hitrik, Johannes Sjöstrand and San

Vũ Ngo
˙
c in [12]. This quantization of the real plane R2 allows to study pseudo-

di¤erential operators with complex symbols, and therefore is particularly useful

for problems involving non self-adjoint operators or quantum resonances. It is

defined by a contour integral over an IR-manifold (I -Lagrangian and R-symplectic)

which plays the role of the phase space. Here, we define an analogue of this

notion in the torus case.

If we consider the complex plane as a phase space, there exists a correspon-

dence between the complex Weyl and the Berezin–Toeplitz quantizations (this

correspondence uses a variant of Bargmann’s transform and can be found, for

instance, in the book [23], Chapter 13 of Maciej Zworski); using this result, we

are able to obtain Bohr-Sommerfeld quantization conditions for non-selfadjoint

perturbations of self-adjoint Berezin–Toeplitz operators of the complex plane C

by first proving the result in the case of pseudo-di¤erential operators (see [20]).

Therefore, we expect that this new complex quantization of T2, together with its

relationship to the Berezin–Toeplitz quantization, will be crucial in obtaining pre-

cise eigenvalue asymptotics of non-selfadjoint Berezin–Toeplitz operators on the

torus.

Structure of the paper:

• In Section 1, we state our result.

• In Section 2, we give the proof of our result which is divided into three parts,

the first one consists in recalling the Berezin–Toeplitz quantization of the

torus, the second one in introducing the complex Weyl quantization of the

torus and the last one in relating these two quantizations.

1. Result

1.1. Context. In this section, we recall the definition of the Berezin–Toeplitz

quantization of a symbol on the torus T2 (see for example [6]) and we give a def-
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inition of the complex Weyl quantization of a symbol on the torus. Let 0 < �ha 1

be the semi-classical parameter. By convention the Weyl quantization involves the

semi-classical parameter �h, contrary to the Berezin–Toeplitz quantization which

involves the inverse of this parameter, denoted by k. In the whole paper, we will

use these two parameters.

Notation: let k be an integer greater than 1. Let u and v be complex numbers of

modulus 1.

• If z a C, we denote by z ¼ ðp; qÞ a R2 or z ¼ pþ iq via the identification of

C with R2.

• T2 denotes the torus ðR=2pZÞ � ðR=ZÞ.

• Gk is the space of measurable functions g such that:ð2p
0

ð1
0

jgðp; qÞj2e�kq2 dp dq < þl;

which are invariant under the action of the Heisenberg group (for more

details, see Subsection 2.1), i.e. for all ðp; qÞ a R2, we have:

gðpþ 2p; qÞ ¼ ukgðp; qÞ and gðp; qþ 1Þ ¼ vke�iðpþiqÞkþk=2gðp; qÞ:

• Hk is the space of holomorphic functions in Gk, i.e.:

Hk ¼ g a HolðCÞ; gðpþ 2p; qÞ ¼ ukgðp; qÞ;
gðp; qþ 1Þ ¼ vke�iðpþiqÞkþk=2gðp; qÞ

� �
:

• Pk is the orthogonal projection of the space Gk (equipped with the weighted

L2-scalar product on ½0; 2p� � ½0; 1�) on the space Hk.

Remark 1.1.

• The spaces Gk and Hk depend on the complex numbers u and v.

• In [4], they consider the torus T2 ¼ R2=Z2 and they choose an other quanti-

zation which leads to an other space of holomorphic functions, also called

Hk, defined as follows:

Hk ¼
g a HolðCÞ; Eðm; nÞ a Z2;

gðzþmþ inÞ ¼ ð�1Þkmn
ekpðzðm�inÞþð1=2Þðm2þn2ÞÞgðzÞ

( )
:

Definition 1.2. Let fk a ClðR2Þ. We say that fk admits an asymptotic expansion

in powers of 1=k for the Cl-topology of the following form:

fkðx; yÞP
X
lb0

k�l flðx; yÞ;
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if:

(1) El a N, fl a ClðR2Þ;
(2) EL a N�, Eðx; yÞ a R2, bC > 0 such that:

��� fkðx; yÞ �XL�1

l¼0

k�l flðx; yÞ
���aCk�L for large enough k:

We denote by Cl
k ðR2Þ the space of such functions.

Definition 1.3. Let fk a Cl
k ðR2Þ be a function such that, for ðx; yÞ a R2, we have:

fkðxþ 2p; yÞ ¼ fkðx; yÞ ¼ fkðx; yþ 1Þ:

Define the Berezin–Toeplitz quantization of the function fk by the sequence of

operators Tfk :¼ ðTkÞkb1 where, for kb 1, the operator Tk is given by:

Tk ¼ PkMfkPk : Hk ! Hk;

where Mfk : Gk ! Gk is the multiplication operator by the function fk.

We call fk the symbol of the Berezin–Toeplitz operator Tfk .

Now, we define the complex Weyl quantization of a symbol on the torus. We

will explain in details in Subsection 2.2 why we consider such a notion. First, we

introduce some notations.

Notation: let F1 be the strictly subharmonic quadratic form defined by the follow-

ing formula for z a C:

F1ðzÞ ¼
1

2
=ðzÞ2:

• LF1
denotes the following set:

LF1
¼ z;

2

i

qF1

qz
ðzÞ

� �
; z a C

� �
¼
��

z;�=ðzÞ
�
; z a C

	
UC:

• LðdzÞ denotes the Lebesgue measure on C, i.e. LðdzÞ ¼ i

2
dzbdz.

• L2
�hðC;F1Þ :¼ L2

�
C; e�2F1ðzÞ=�hLðdzÞ

�
is the set of measurable functions f such

that: ð
C

j f ðzÞj2e�2F1ðzÞ=�hLðdzÞ < þl:
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• H�hðC;F1Þ :¼ HolðCÞBL2
�hðC;F1Þ is the set of holomorphic functions in the

space L2
�hðC;F1Þ.

• Cl
�h ðLF1

Þ denotes the set of smooth functions on LF1
admitting an asymptotic

expansion in powers of �h for the Cl-topology in the sense of Definition 1.2

(by replacing 1=k by �h and R2 by LF1
).

Remark 1.4. There are several definitions of the Bargmann transform. Here we

chose the weight function F1ðzÞ ¼
1

2
=ðzÞ2 instead of jzj2 because it is well-adapted

to the analysis of the torus.

Definition 1.5 (see Definitions 2.22 and 2.24). Let b�h a Cl
�h ðLF1

Þ be a function

such that, for ðz;wÞ a LF1
, we have:

b�hðzþ 2p;wÞ ¼ b�hðz;wÞ ¼ b�hðzþ i;w� 1Þ:

Define the complex Weyl quantization of the function b�h, denoted by Opw
F1
ðb�hÞ, by

the following formula, for u a H�hðC;F1Þ:

Opw
F1
ðb�hÞuðzÞ ¼

1

2p�h

ð ð
GðzÞ

eði=�hÞðz�wÞzb�h
zþ w

2
; z

� �
uðwÞ dw dz;

where the contour integral is the following:

GðzÞ ¼ ðw; zÞ a C2; z ¼ 2

i

qF1

qz

zþ w

2

� �
¼ �= zþ w

2

� �� �
:

We call b�h the symbol of the pseudo-di¤erential operator Opw
F1
ðb�hÞ.

We will show that for b�h a Cl
�h ðLF1

Þ satisfying the hypotheses of Definition

1.5, the complex Weyl quantization defines an operator Opw
F1
ðb�hÞ which sends the

space of holomorphic functions Hk on itself (see Proposition 2.25). Therefore, the

Berezin–Toeplitz and the complex Weyl quantizations give rise to operators acting

on the space of holomorphic functions Hk.

1.2. Main result.

Theorem 1.6. Let fk a Cl
k ðR2Þ be a function such that, for ðx; yÞ a R2, we have:

fkðxþ 2p; yÞ ¼ fkðx; yÞ ¼ fkðx; yþ 1Þ:

Let Tfk ¼ ðTkÞkb1 be the Berezin–Toeplitz operator of symbol fk. Then, for kb 1,

we have:

Tk ¼ Opw
F1
ðb�hÞ þ Oðk�lÞ on Hk;
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where b�h a Cl
�h ðLF1

Þ is given by the following formula, for z a LF1
UC:

b�hðzÞ ¼ exp
1

k
qzqz

� ��
fkðzÞ

�
:

This formula means that b�h is the solution at time 1 of the following ordinary di¤er-

ential equation:

qtb�hðt; zÞ ¼
1

k
qzqz

�
b�hðt; zÞ

�
;

b�hð0; zÞ ¼ fkðzÞ:

8<
:

Besides, b�h satisfies the following periodicity conditions, for ðz;wÞ a LF1
:

b�hðzþ 2p;wÞ ¼ b�hðz;wÞ ¼ b�hðzþ i;w� 1Þ:

Remark 1.7. This result is analogous to Proposition 2.29 (see for example [23],

Chapter 13) which relates the Berezin–Toeplitz and the complex Weyl quantiza-

tions of the complex plane. The important di¤erence here is that the phase space

is the torus.

Remark 1.8. As a corollary of this result, we can establish a connection between

the Berezin–Toeplitz and the classical Weyl quantizations of the torus (see Corol-

lary 2.36).

2. Proof

The structure of the proof is organized as follows:

• in Subsection 2.1, we recall the Berezin–Toeplitz quantization of the torus;

• in Subsection 2.2, we introduce the complex Weyl quantization of the torus;

• in Subsection 2.3, we relate the Berezin–Toeplitz quantization of the torus to

the complex Weyl quantization of the torus.

2.1. Berezin–Toeplitz quantization of the torus T2. In this paragraph, we

recall the geometric quantization of the torus (see for example the article [6] of

Laurent Charles and Julien Marché).

Consider the real plane R2 endowed with the euclidean metric, its canonical

complex structure and with the symplectic form o ¼ dpbdq. Let LR2 ¼ R2 � C

be the trivial complex line bundle endowed with the constant metric and the con-

nection ‘ ¼ d þ 1

i
a where a is the 1-form given by:

a ¼ 1

2
ðp dq� q dpÞ:
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The holomorphic sections of LR2 are the sections f satisfying the following

condition:

‘z f ¼ q

qz
f þ 1

4
zf ¼ 0:

We are interested in the holomorphic sections of the torus T2 ¼ ðR=2pZÞ �

ðR=ZÞ. Let x ¼ 2p
q

qp
, i.e. if we denote by tx the translation of vector x, it is

defined by the following formula:

tx : R
2 ! R2

ðp; qÞ ! ðpþ 2p; qÞ:

And let y ¼ q

qq
which corresponds to the translation ty given by:

ty : R
2 ! R2

ðp; qÞ 7! ðp; qþ 1Þ:

Note that the o volume of the fundamental domain of the lattice is 2p.

Let kb 1, the Heisenberg group at level k is R2 �Uð1Þ with the product:

ðx; uÞ � ðy; vÞ ¼ ðyþ x; uveðik=2Þoðx;yÞÞ;

for ðx; uÞ; ðy; vÞ a R2 �Uð1Þ (where Uð1Þ denotes the set of complex numbers of

modulus one). This formula defines an action of the Heisenberg group on the

bundle Lnk

T2 endowed with the product measure. We identify the space of square

integrable sections of Lnk

T2 which are invariant under the action of the Heisenberg

group with the space Gk (defined in Subsection 1.1). In fact, if c denotes such a

section, we associate to it a function g a Gk using the following application:

L2ðT2;Lnk

T2 Þ ! Gk

c 7! gð~xxÞ;

where ~xx a R2 and ~xx ¼ x0 þ ðn1; n2Þ with x0 a ½0; 2p� � ½0; 1�, ðn1; n2Þ a Z2 and

where: �
~xx; gð~xxÞ

�
¼
�
ðn1; n2Þ; 1

�
�
�
x0;cðx0Þ

�
:

Similarly, we identify the space of holomorphic sections of Lnk

T2 with the following

Hilbert space:

Hk ¼ g a HolðCÞ; gðpþ 2p; qÞ ¼ ukgðp; qÞ;
gðp; qþ 1Þ ¼ vke�iðpþiqÞkþk=2gðp; qÞ

� �
;
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endowed with the L2-weighted scalar product on ½0; 2p� � ½0; 1�. The complex

numbers u and v are called Floquet indices. The Hilbert space Hk admits an

orthogonal basis, given for l a f0; . . . ; k � 1g, by the functions el which are

defined, for z a C, as follows:

elðzÞ ¼ ukz=ð2pÞ
X
j AZ

ðv�ke�l�kj=2uik=ð2pÞÞ jeiðlþjkÞz: ð1Þ

2.2. Complex Weyl quantization of the torus T2. In this paragraph, we intro-

duce the notion of complex Weyl quantization of the torus which, to our knowl-

edge, is new. To do so, we follow these three steps:

(1) we recall the definition of the classical Weyl quantization of the torus;

(2) we recall the definition of the semi-classical Bargmann transform and we look

at some of its properties;

(3) we introduce the complex Weyl quantization as the conjugate of the classical

Weyl quantization by the Bargmann transform.

2.2.1. Classical Weyl quantization of the torus. The classical Weyl quantiza-

tion of a symbol on the torus has been studied, for example, by Monique Combes-

cure and Didier Robert in the book [9], Chapter 6. We need to introduce the fol-

lowing notation.

Notation:

• SðRÞ denotes the Schwartz space, i.e.:

SðRÞ ¼
�
f a ClðRÞ; kfka;b :¼ sup

x AR
jxaqb

xfðxÞj < þl; Ea; b a N
	
;

• for f a SðRÞ, F�hf denotes the semi-classical Fourier transform of the func-

tion f and it is defined by the following equality:

F�hfðxÞ ¼
ð
R

e�ði=�hÞxxfðxÞ dx

this transform is an isomorphism of the Schwartz space and its inverse is

given by:

F�1
�h fðxÞ ¼ 1

2p�h

ð
R

eði=�hÞxxfðxÞ dx;

• S 0ðRÞ denotes the space of tempered distributions, it is the dual of the

Schwartz space SðRÞ, i.e. it is the space of continuous linear functionals on

SðRÞ;
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• 3� ; �4S 0;S denotes the duality bracket between S 0ðRÞ and SðRÞ;

• for c a S 0ðRÞ, F�hc denotes the semi-classical Fourier transform of a

tempered distribution and it is defined by the following equality, for

f a SðRÞ:

3F�hc; f4S 0;S ¼ 3c;F�hf4S 0;S;

• for a a R, we denote by ta the translation of vector a defined as follows:

ta : R ! R

x 7! xþ a;

recall that the translation of a tempered distribution c a S 0ðRÞ is defined as

follows, for f a SðRÞ:

3tac; f4S 0;S ¼ 3c; t�af4S 0;S

the distribution c is called a-periodic if tac ¼ c, in this case, c can be written

as a convergent Fourier series in D 0ðRÞ (see for example the book of Jean-

Michel Bony [3]):

c ¼
X
l AZ

cle
ilt2p=a;

where the sequence ðclÞl AZ is such that, there exists an integer Nb 0 such

that:

jcl jaCð1þ jljÞN El a Z:

Recall now the definition of the subspace of tempered distributions that corre-

sponds to the natural space on which pseudo-di¤erential operators of the torus act

(see [9], Chapter 6). For kb 1 and for u; v a Uð1Þ, we consider the following

space:

Lk ¼ fc a S 0ðRÞ; t2pc ¼ ukc; t1F�hðcÞ ¼ v�kF�hðcÞg:

Remark 2.1.

• The definition of the space Lk involves two complex numbers u and v. We

will see that they correspond to the Floquet indices seen in the definition of

the space Hk.

• In [8], they consider the torus T2 ¼ R2=Z2 and they choose u ¼ v ¼ 1.
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This space admits a basis (see for example [9], Chapter 6), given for l a f0; . . . ;
k � 1g, by the distributions el which are defined as follows:

el ¼ ukt=ð2pÞ
X
j AZ

ðv�kÞ jeiðlþjkÞt: ð2Þ

We consider the structure of Hilbert space such that the family ðelÞl AZ is an ortho-

normal basis of the space Lk. Recall now two di¤erent definitions of the Weyl

quantization of a symbol on the torus T2. In the whole paper SðR2Þ denotes the
following class of symbols on R2:

SðR2Þ ¼ fa a ClðR2Þ; Ea a N2; bCa > 0; jqaajaCag:

Remark 2.2. Let a�h a Cl
�h ðR2Þ be a function such that, for all ðx; yÞ a R2, we

have:

a�hðxþ 2p; yÞ ¼ a�hðx; yÞ ¼ a�hðx; yþ 1Þ:

Then the function a�h belongs to the class of symbols SðR2Þ.

Definition 2.3 (First definition of the Weyl quantization of the torus). Let

a�h a Cl
�h ðR2Þ be a function such that, for all ðx; yÞ a R2, we have:

a�hðxþ 2p; yÞ ¼ a�hðx; yÞ ¼ a�hðx; yþ 1Þ:

Define the Weyl quantization of the symbol a�h, denoted by Opwða�hÞðx; �hDxÞ, by
the following integral formula, for u a SðRÞ:

Opwða�hÞðx; �hDxÞuðxÞ ¼
1

2p�h

ð
R

ð
R

eiðx�yÞx=�ha�h
xþ y

2
; x

� �
uðyÞ dy dx:

We call a�h the symbol of the pseudo-di¤erential operator Opwða�hÞðx; �hDxÞ.

Recall that if a�h a SðR2Þ, then (see for example the book of Maciej Zworski

[23], Chapter 3):

(1) Opwða�hÞðx; �hDxÞ : SðRÞ ! SðRÞ;
(2) Opwða�hÞðx; �hDxÞ : S 0ðRÞ ! S 0ðRÞ;

are continuous linear transformations and the action of Opwða�hÞ on S 0ðRÞ is

defined, for c a S 0ðRÞ and f a SðRÞ, by:

3Opwða�hÞc; f4S 0;S ¼ 3c;Opwð~aa�hÞf4S 0;S; ð3Þ
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where, for ðx; yÞ a R2, ~aa�hðx; yÞ :¼ a�hðx;�yÞ a SðR2Þ. This property allows to

easily prove the following proposition (see [8]).

Proposition 2.4. Let a�h a Cl
�h ðR2Þ be a function such that, for all ðx; yÞ a R2,

we have:

a�hðxþ 2p; yÞ ¼ a�hðx; yÞ ¼ a�hðx; yþ 1Þ:

Then, if �h ¼ 1

k
for kb 1, we have: Opwða�hÞðx; �hDxÞ : Lk ! Lk.

Since we consider a symbol a�h a Cl
�h ðR2Þ which is periodic, we can rewrite it as

a Fourier series, for all ðx; yÞ a R2:

a�hðx; yÞ ¼
X

ðm;nÞ AZ2

a�h
m;ne

ixne�i2pym ð4Þ

where ða�h
m;nÞðm;nÞ AZ2 is a sequence of complex coe‰cients depending on the semi-

classical parameter �h. Recall an other definition of the Weyl quantization of a

symbol on the torus, linked to Equation (4), found in the book of Monique Cobes-

cure and Didier Robert [9], Chapter 6. By convention, this definition uses the

parameter k, which is the inverse of the semi-classical parameter �h. Throughout

this text, we will make the abuse of notation of using ak and a�h for the same object

where �h ¼ 1=k.

Definition 2.5 (Second definition of the Weyl quantization of the torus). Let

ak a Cl
k ðR2Þ be a function such that, for all ðx; yÞ a R2, we have:

akðxþ 2p; yÞ ¼ akðx; yÞ ¼ akðx; yþ 1Þ:

Define the Weyl quantization of the symbol ak, denoted by Opw
k ðakÞ, by the follow-

ing formula:

Opw
k ðakÞ ¼

X
ðm;nÞ AZ2

ak
m;nT̂T

2pm

k
;
n

k

� �
;

where the sequence ðak
m;nÞðm;nÞ AZ2 is defined by Equation (4) and where T̂Tðp; qÞ

is the Weyl-Heisenberg translation operator by a vector ðp; qÞ a R2 defined, for

f a SðRÞ, by:

T̂Tðp; qÞfðxÞ ¼ e�iqpk=2eixqkfðx� pÞ:
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Proposition 2.6 ([9]). Let ak a Cl
k ðR2Þ be a function such that, for all ðx; yÞ a R2,

we have:

akðxþ 2p; yÞ ¼ akðx; yÞ ¼ akðx; yþ 1Þ:

Then, we have: Opw
k ðakÞ : Lk ! Lk.

Remark 2.7 ([8]). Definition 2.3 and Definition 2.5 coincides in the sense that,

if a�h ¼ ak a Cl
�h ðR2Þ is a function such that, for all ðx; yÞ a R2, we have:

a�hðxþ 2p; yÞ ¼ a�hðx; yÞ ¼ a�hðx; yþ 1Þ:

Then, Opwða�hÞ ¼ Opw
k ðakÞ on the space Lk.

2.2.2. Bargmann transform. In this paragraph, we recall the definition of the

semi-classical Bargmann transform and we study some of its properties. The

principal di¤erence with the transform introduced by Valentine Bargmann in

the article [1] is the weight function that we choose. The semi-classical Bargmann

transform has been studied by Anders Melin, Michael Hitrik and Johannes Sjös-

trand in [10], [17], [18] and by the last two authors in the mini-course [11]. Here,

we investigate the action of the semi-classical Bargmann transform on the

Schwartz space, on the tempered distributions space and on the space Lk.

First, we recall the definition of the Bargmann transform and its first properties

(see for example the book of Maciej Zworski [23], Chapter 13).

Definition 2.8. Let f1 be the holomorphic quadratic function defined, for ðz; xÞ a
C� C, by:

f1ðz; xÞ ¼
i

2
ðz� xÞ2:

The Bargmann transform associated with the function f1 is the operator, denoted

by Tf1 , defined on SðRÞ by:

Tf1uðzÞ ¼ cf1�h
�3=4

ð
R

eði=�hÞf1ðz;xÞuðxÞ dx ¼ cf1�h
�3=4

ð
R

e�ð1=2�hÞðz�xÞ2uðxÞ dx;

where:

cf1 ¼
1

21=2p3=4

jdet qxqzf1j
ðdet=q2xf1Þ

1=4
¼ 1

21=2p3=4
: ð5Þ
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Define the canonical transformation associated with Tf1 by:

kf1 : C� C ! C� C;�
x;�qxf1ðz; xÞ

�
¼: ðx; xÞ 7!

�
z; qzf1ðz; xÞ

�
¼ ðx� ix; xÞ:

We have the following properties on the Bargmann transform (see for example

[23], Chapter 13).

Proposition 2.9.

(1) Tf1 extends to a unitary transformation: L2ðRÞ ! H�hðC;F1Þ.
(2) If T �

f1
: L2

�hðC;F1Þ ! L2ðRÞ denotes the adjoint of Tf1 : L
2ðRÞ ! L2

�hðC;F1Þ,
then it is given by the following formula, for v a L2

�hðC;F1Þ:

T �
f1
vðxÞ ¼ cf1�h

�3=4

ð
C

e�ð1=2�hÞðz�xÞ2e�2F1ðzÞ=�hvðzÞLðdzÞ:

(3) Let c1 be the unique holomorphic quadratic form on C� C such that, for all

z a C, we have:

c1ðz; zÞ ¼ F1ðzÞ:

Then the orthogonal projection PF1;�h : L
2
�hðC;F1Þ ! H�hðC;F1Þ is given by the

following formula:

PF1;�huðzÞ ¼
2 det q2z;wc1

p�h

ð
C

e2ðc1ðz; wÞ�F1ðwÞÞ=�huðwÞ dw dw:

Moreover, PF1;�h ¼ Tf1T
�
f1
.

The following proposition gives a connection between the Weyl quantization

of R2 and the complex Weyl quantization of R2 (see for example the mini-course

[11]).

Proposition 2.10. Let a�h a SðR2Þ be a function admitting an asymptotic expansion

in powers of �h. Let Opw
F1
ðb�hÞ :¼ Tf1 Opwða�hÞT �

f1
. Then:

(1) Opw
F1
ðb�hÞ : H�hðC;F1Þ ! H�hðC;F1Þ is uniformly bounded with respect to �h;

(2) Opw
F1
ðb�hÞ is given by the following contour integral:

Opw
F1
ðb�hÞuðzÞ ¼

1

2p�h

ð ð
GðzÞ

eði=�hÞðz�wÞzb�h
zþ w

2
; z

� �
uðwÞ dw dz;
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where GðzÞ ¼ ðw; zÞ a C2; z ¼ 2

i

qF1

qz

zþ w

2

� �
¼ �= zþ w

2

� �� �
, where the

symbol b�h is given by b�h ¼ a�h � k�1
f1

and where the canonical transformation kf1
is defined by:

kf1 : R
2 ! LF1

¼
��

z;�=ðzÞ
�
; z a C

	
ðx; xÞ 7! ðx� ix; xÞ:

We study now the action of the Bargmann transform on the Schwartz space

in the spirit of the article of Valentine Bargmann [1], except that in our case, we

introduce a semi-classical parameter and a di¤erent weight function. Therefore,

for the sake of completeness, we recall the theory. To do so, we introduce some

new notations.

Notation:

• for j a N:

S jðRÞ :¼
�
f a C jðRÞ; kfkj :¼ max

maj

�
sup
x AR

jð1þ x2Þð j�mÞ=2
qm
x fðxÞj

�
< þl

	
;

thus, the Schwartz space can be rewritten as follows:

SðRÞ ¼
\l
j¼0

S jðRÞ ¼ ff a ClðRÞ; Ej a N; kfkj < þlg;

• for j a N:

S jðCÞ :¼
�
c a HolðCÞ; jcjj :¼ sup

z AC

�
ð1þ jzj2Þ j=2e�F1ðzÞ=�hjcðzÞj

�
< þl

	
;

• we finally define:

SðCÞ :¼
\l
j¼0

S jðCÞ ¼ fc a HolðCÞ; Ej a N; jcjj < þlg:

Proposition 2.11.

(1) Let j a N, let f a S jðRÞ, then, for all z a C, we have the following estimate:

jTf1fðzÞja a�h
j ð1þ jzj2Þ�j=2

eF1ðzÞ=�hkfkj ; ð6Þ

where a�h
j is a constant depending on j and on the semi-classical parameter �h.

As a result: Tf1S
jðRÞ � S jðCÞ.

(2) Tf1SðRÞ � SðCÞ.
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Proof. We give a sketch of the proof; for more details, see the article of Valentine

Bargmann [1] where the argument can be adapted to the new weight.

Step 1: we prove using simple integral estimates that for j ¼ 0 and for f a S0ðRÞ,
there exists a constant a�h

0 such that, for all z a C, we have:

jTf1fðzÞja a�h
0e

F1ðzÞ=�hkfk0:

Step 2: we prove that for jb 1 and for f a S jðRÞ, there exists a constant a�h
j such

that, for all z a C, we have:

jTf1fðzÞja a�h
j ð1þ jzj2Þ�j=2

eF1ðzÞ=�hkfkj:

This step can be divided into 7 steps.

• Step 2.1: it follows from the definition of kfkj that:
(a) jqm

x fðxÞja kfkj for ma j;

(b) jfðxÞja kfkjð1þ x2Þ�j=2.

• Step 2.2: for z a C and for t a R, let: FðtÞ ¼ ðTf1fÞðtzÞ, thus: Fð1Þ ¼
ðTf1fÞðzÞ and we can use the function F to decompose ðTf1fÞðzÞ into two

functions:

Fð1Þ ¼ pjðzÞ þ rjðzÞ;

where:

pjðzÞ ¼
Xj�1

l¼0

F ðlÞð0Þ
l!

;

rjðzÞ ¼
ð1
0

ð1� tÞ j�1

ð j � 1Þ! F ð jÞðtÞ dt:

8>>>><
>>>>:

Then, we deduce the following estimates:

jpjðzÞja
Xj�1

l¼0

jzj lhlð0Þ;

jrjðzÞja
ð1
0

ð1� tÞ j�1

ð j � 1Þ! jzj jhjðtzÞ dt;

8>>>><
>>>>:

where hlðzÞ is a bound on q lðTf1fÞðzÞ.

• Step 2.3: we prove that the function hl satisfies the following equality for

z a C:

hlðzÞ ¼ beF1ðzÞ=�h for la j;
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where b ¼ ðp�hÞ�1=4kfkj using Lebesgue’s theorem, Step 2.1 (a) and integral

estimates.

• Step 2.4: we deduce from Step 2.2 and Step 2.3 that, for z a C, we have the

following estimates:

jpjðzÞja b
Xj�1

l¼0

jzj l ;

jrjðzÞja bjzj jð2�hÞ je1=2�h
�
1þ =ðzÞ2

��j
eF1ðzÞ=�h:

8>><
>>:

• Step 2.5: we prove using Step 2.4 that, for z a C, we have:

jTf1fðzÞja r 0
�hkfkjð1þ jzj2Þ j=2

�
1þ =ðzÞ2

��j
eF1ðzÞ=�h where r 0

�h is a constant:

• Step 2.6: we prove using Step 2.1 (b) that, for z a C, we have:

jTf1fðzÞja r 00
�hkfkj

�
1þ <ðzÞ2

��j=2
eF1ðzÞ=�h where r 00

�h is an other constant:

• Step 2.7: we compare the estimates of Step 2.5 and Step 2.6 and we deduce

that, for z a C, we have:

jTf1fðzÞja r�hkfkjð1þ jzj2Þ�j=2
eF1ðzÞ=�h where r�h ¼ maxð2 jr 0

�h; 2
j=2r 00

�h Þ:

Step 3: the fact that Tf1S
jðRÞ � S jðCÞ is a corollary of Equation (6) and

Tf1SðRÞ � SðCÞ can be deduced from the first assertion of the proposition and

the definitions of the spaces SðRÞ and SðCÞ. r

Remark 2.12. Since SðRÞ � L2ðRÞ, then according to Propositions 2.9 and 2.11,

we have SðCÞ � H�hðC;F1Þ.

Conversely, we have the following proposition.

Proposition 2.13.

(1) Let m ¼ 1þ j þ t with j a N and t a N�, then, for all c a SmðCÞ, we have the

following estimate:

kT �
f1
ckj a a�h

j; tjcjm; ð7Þ

where a�h
j; t is a constant depending on the semi-classical parameter �h and on the

integers j and t. As a result: T �
f1
SmðCÞ � S jðRÞ.

(2) T �
f1
SðCÞ � SðRÞ.
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Proof. We give a sketch of the proof, for more details see [1].

Step 1: we give an estimate on qmT �
f1
c for ma j by following these steps.

• Step 1.1: we prove using Lebesgue’s theorem that, for x a R, we have:

��qm
x

�
T �
f1
cðxÞ

���a jcf1 j�h
�3=4

ð
C

Bmðz; xÞLðdzÞ;

where for ðz; xÞ a C� R:

Bmðz; xÞ ¼ jqm
x ðe�ð1=2�hÞðz�xÞ2Þe�2F1ðzÞ=�hcðzÞj:

• Step 1.2: we prove that, for ðz; xÞ a C� R and for ma j, we have:

Bmðz; xÞa d
j
�h2

m 1þ 1

2�h

�
<ðzÞ � x

�2� �m=2

e�ð1=2�hÞð<ðzÞ�xÞ2ð1þ jzj2Þðm�mÞ=2jcjm;

where d
j
�h is a constant depending on j and �h. To do so, we use estimates on

Hermite polynomials for the term jqm
x ðe�ð1=2�hÞðz�xÞ2Þj and the following esti-

mate, for z a C:

jcðzÞja ð1þ jzj2Þ�m=2
eF1ðzÞ=�hjcjm;

resulting from the fact that c a SmðCÞ.

• Step 1.3: according to Step 1.1 and Step 1.2, for x a R, we have:

��qm
x

�
T �
f1
cðxÞ

���a a�h
j; tð1þ x2Þðm�jÞ=2jcjm;

where a�h
j; t is a constant depending on j, t and �h.

Step 2: according to Step 1, for x a R and m ¼ 1þ j þ t, we have:

ð1þ x2Þð j�mÞ=2��qm
x

�
T �
f1
cðxÞ

���a a�h
j; tjcjm:

Thus:

sup
x AR

�
ð1þ x2Þð j�mÞ=2��qm

x

�
T �
f1
cðxÞ

����a a�h
j; tjcjm:

Consequently, we have:

kT �
f1
ckj ¼ max

maj

�
sup
x AR

�
ð1þ x2Þð j�mÞ=2��qm

x

�
T �
f1
cðxÞ

�����a a�h
j; tjcjm:
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Step 3: the fact that T �
f1
SmðCÞ � S jðRÞ is a corollary of Equation (7) and

T �
f1
SðCÞ � SðRÞ can be deduced from the first assertion of the proposition and

the definitions of the spaces SðRÞ and SðCÞ. r

We are interested now in the action of the Bargmann transform on the tem-

pered distributions space. Here again we can adapt the techniques of [1].

Notation:

• S 0ðCÞ denotes the dual of the space SðCÞ (equipped with the topology of the

semi-norms j � jj) i.e. the space of continuous linear functionals on SðCÞ;

• 3� ; �4S 0;S denotes the duality bracket between S 0ðCÞ and SðCÞ;

• for f ; g a HolðCÞ, we denote by 3g; f 4 the following product:

3g; f 4 ¼
ð
C

gðzÞ f ðzÞe�2F1ðzÞ=�hLðdzÞ;

when this integral converges.

Remark 2.14.

• The bracket defined above coincides with the scalar product 3g; f 4L2
�h
ðC;F1Þ

when g; f a H�hðC;F1Þ.

• If g a SrðCÞ and f a SsðCÞ with rþ s > 2, then the bracket 3g; f 4 is well-

defined.

We use this bracket to describe the elements of the space S 0ðCÞ similarly to the

article of Valentine Bargmann [1].

Proposition 2.15. Every continuous linear functional L on SðCÞ can be written,

for all f a SðCÞ, as follows:

Lð f Þ ¼ 3g; f 4 ¼
ð
C

gðzÞ f ðzÞe�2F1ðzÞ=�hLðdzÞ;

where g is a function in S�lðCÞ for l a N and is uniquely defined, for all a a C,

by gðaÞ ¼ LðeaÞ (where for all z a C, eaðzÞ ¼ e�ða�zÞ2=ð4�hÞ).
Conversely, every functional of the form Lð f Þ ¼ 3g; f 4 with g a S�lðCÞ defines

a continuous linear functional on SðCÞ.

Proof. We give a sketch of the proof, for more details see [1].

Step 1: for all L a S 0ðCÞ, there exists C > 0 and l a N such that: jLð f ÞjaCj f jl ,
for all f a SðCÞ.
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Step 2: for a a C, let g be the function defined by gðaÞ ¼ LðeaÞ. We prove using

Step 1 that ea a SðCÞ and g a S�lðCÞ (ea is a reproducing kernel for the space

H�hðC;F1Þ and for SðCÞ).

Step 3: let L1 be the continuous linear functional defined, for f a SðCÞ, by

L1ð f Þ ¼ 3g; f 4. We show that, for all a a C, we have L1ðeaÞ ¼ LðeaÞ then we

deduce that L ¼ L1 using the density of the set of finite linear combinations of

elements of B ¼ fea; a a Cg in SðCÞ. r

As in the article of Valentine Bargmann [1], we prove that the Bargmann trans-

form Tf1 and its adjoint T �
f1

act on the spaces S 0ðRÞ and S 0ðCÞ respectively.

Proposition 2.16.

(1) Tf1 extends to an operator: S 0ðRÞ ! S 0ðCÞ, which satisfies for v a S 0ðRÞ and
f a SðCÞ:

3Tf1v; f 4S 0;S ¼ 3v;T �
f1
f 4S 0;S:

(2) T �
f1
extends to an operator: S 0ðCÞ ! S 0ðRÞ, which satisfies for L a S 0ðCÞ and

f a SðRÞ:

3T �
f1
L; f4S 0;S ¼ 3L;Tf1f4S 0;S:

Proof. We give a sketch of the proof, for more details see [1].

Let v a S 0ðRÞ, let Lð f Þ be the functional defined by:

Lð f Þ ¼ 3v; f4S 0;S;

where f ¼ Tf1f a SðCÞ, then Lð f Þ is a continuous linear functional on SðCÞ.
Conversely if L a S 0ðCÞ and if we define v by:

vðfÞ ¼ 3v; f4S 0;S ¼ Lð f Þ where f ¼ Tf1f;

then v is a continuous linear functional on SðRÞ. Then, according to Proposition

2.15, for l a N, there exists g a S�lðCÞ such that:

Lð f Þ ¼ 3g; f 4:

Thus, for all v a S 0ðRÞ and for all f a SðRÞ, we have:

3v; f4S 0;S ¼ 3g;Tf1f4:

This equality gives a bijection between the spaces S 0ðRÞ and S 0ðCÞ with:

g :¼ Tf1v and v ¼: T �
f1
g: r
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Remark 2.17. For c a S 0ðRÞ, we can rewrite Tf1c as follows (see for example

[11] or [23]):

Tf1cðzÞ ¼ 3c; cf1�h
�3=4e�ð1=2�hÞðz�:Þ24S 0;S:

We are now looking at the range by the Bargmann transform of the space Lk

and we prove that this range is the space Hk, where we recall that:

Lk ¼ fc a S 0ðRÞ; t2pc ¼ ukc; t1F�hðcÞ ¼ v�kF�hðcÞg;

Hk ¼ fg a HolðCÞ; gðpþ 2p; qÞ ¼ ukgðp; qÞ; gðp; qþ 1Þ ¼ vke�iðpþiqÞkþk=2gðp; qÞg:

To our knowledge, this result is new in the literature and it constitutes a funda-

mental step in our proof of Theorem 1.6.

Proposition 2.18. Let kb 1. Then, we have:

(1) Tf1 : Lk ! Hk;

(2) T �
f1

: Hk ! Lk.

Proof. According to Proposition 2.16, Tf1 : S
0ðRÞ ! S 0ðCÞ. Since Lk � S 0ðRÞ,

then Tf1 is well-defined on this space. Let’s prove that the Bargmann transform

Tf1 sends the basis ðelÞl AZ=kZ of Lk (see Equation (2)) on the basis ðelÞl AZ=kZ of Hk

(see Equation (1)). Let c be the real number such that u ¼ eic. Let l a f0; . . . ;
k � 1g, using Remark 2.17, we have:

Tf1elðzÞ ¼ 3el ; cf1�h
�3=4e�ð1=2�hÞðz�:Þ24S 0;S;

¼
D
uk:=ð2pÞ

X
j AZ

ðv�kÞ jeiðlþjkÞ:; cf1�h
�3=4e�ð1=2�hÞðz�:Þ2

E
S 0;S

;

¼ cf1k
3=4
X
j AZ

ðv�kÞ j3uk:=ð2pÞeiðlþjkÞ:; e�ðk=2Þðz�:Þ24S 0;S since k ¼ 1

�h
;

¼ cf1k
3=4ukz=ð2pÞ

X
j AZ

ðv�kÞ jeiðlþjkÞz3uk:=ð2pÞeiðlþjkÞ:; e�ðk=2Þð:Þ24S 0;S;

¼ cf1k
3=4ukz=ð2pÞ

X
j AZ

ðv�kÞ jeiðlþjkÞz
ffiffiffiffiffiffi
2p

k

r
exp � 1

2k

ck

2p
þ l þ jk

� �2
 !

:

By a simple computation, we obtain:

1

2k

ck

2p
þ l þ jk

� �2

¼ 1

2k

ck

2p
þ l

� �2

þ j2k

2
þ jl þ jck

2p
:
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Therefore, we have:

Tf1elðzÞ ¼ cf1k
3=4ukz=ð2pÞ

X
j AZ

ðv�kÞ jeiðlþjkÞz
ffiffiffiffiffiffi
2p

k

r
exp � 1

2k

ck

2p
þ l þ jk

� �2
 !

;

¼ clku
kz=ð2pÞ

X
j AZ

ðv�ke�jk=2�luik=ð2pÞÞ jeiðlþjkÞz;

¼ clkelðzÞ;

where clk is given by the following equality:

clk ¼ cf1

ffiffiffiffiffiffi
2p

p
k1=4 exp � 1

2k

ck

2p
þ l

� �2
 !

:

Conversely, we compute T �
f1
el . First, since Hk � S0ðCÞ and since the function

z 7! e�ð1=2�hÞðz�xÞ2 belongs to the space SðCÞ, then for v a Hk, we have (according

to Remark 2.14):

3cf1�h
�3=4e�ð1=2�hÞð:�xÞ2 ; v4 ¼ cf1�h

�3=4

ð
C

e�1=ð2�hÞðz�xÞ2e�2F1ðzÞ=�helðzÞLðdzÞ < þl:

Let l a f0; 1; . . . ; k � 1g, then we have:

T �
f1
elðxÞ ¼ cf1�h

�3=4

ð
C

e�1=ð2�hÞðz�xÞ2e�2F1ðzÞ=�helðzÞLðdzÞ;

¼ cf1k
3=4

ð
C

e�ðk=2Þðz�xÞ2e�kð=zÞ2elðzÞLðdzÞ

since F1ðzÞ ¼
1

2
ð=zÞ2 and k ¼ 1

�h
;

¼ cf1k
3=4

ð
C

e�ðk=2Þðz�xÞ2e�kð=zÞ2ukz=ð2pÞ

�
X
j AZ

ðv�ke�l�jk=2uik=ð2pÞÞ jeiðlþjkÞzLðdzÞ;

¼ cf1k
3=4
X
j AZ

ðv�ke�l�jk=2uik=ð2pÞÞ j

�
ð
C

e�ðk=2ÞðzÞ2e�kð=ðzþxÞÞ2ukðzþxÞ=ð2pÞeiðlþjkÞðzþxÞLðdzÞ;

¼ cf1k
3=4ukx=ð2pÞ

X
j AZ

ðv�ke�l�jk=2uik=ð2pÞÞ jeiðlþjkÞx

�
ð
C

e�ðk=2ÞðzÞ2e�kð=zÞ2eizðlþjkþck=ð2pÞÞLðdzÞ:
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We have to compute the following integral (after the change of variables z ¼
pþ iq):

ð
R

ð
R

e�ðk=2Þðp�iqÞ2e�kq2

eiðpþiqÞðlþjkþck=ð2pÞÞ dp dq

¼
ð
R

ð
R

e�kp2=2e�kq2=2eikpqeipðlþjkþck=ð2pÞÞe�qðlþjkþck=ð2pÞÞ dp dq:

By a simple computation, we obtain:

ð
R

e�kp2=2eikpqeipðlþjkþck=ð2pÞÞ dp

¼
ffiffiffiffiffiffi
2p

k

r
exp � 1

2k
l þ jk þ ck

2p

� �2

� kq2

2
� q l þ jk þ ck

2p

� � !
:

Thus, by an other simple computation, we obtain:

ð
R

ð
R

e�kp2=2e�kq2=2eikpqeipðlþjkþck=ð2pÞÞe�qðlþjkþck=ð2pÞÞ dp dq

¼
ffiffiffi
2

p p

k
eðlþjkþck=ð2pÞÞ2=ð2kÞ:

Consequently, we obtain:

T �
f1
elðxÞ ¼ cf1k

3=4
ffiffiffi
2

p p

k
ukx=ð2pÞ

X
j AZ

ðv�ke�l�jk=2uik=ð2pÞÞ je iðlþjkÞxeðlþjkþck=ð2pÞÞ2=ð2kÞ;

¼ cf1k
�1=4

ffiffiffi
2

p
peðlþck=ð2pÞÞ2=ð2kÞukx=ð2pÞ

X
j AZ

ðv�kÞ jeiðlþjkÞx;

¼ ~cclkelðxÞ;

where ~cclk ¼ cf1k
�1=4

ffiffiffi
2

p
peðlþck=ð2pÞÞ2=ð2kÞ. r

Since the Bargmann transform is a unitary transformation between the

spaces L2ðRÞ and H�hðC;F1Þ, we study this feature between the spaces Lk and

Hk.

Proposition 2.19.

(1) T �
f1
Tf1 ¼ id on Lk.

(2) Tf1T
�
f1

¼ id on Hk.
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Proof. Let c be the real number such that u ¼ eic. According to the proof of

Proposition 2.18, we have, for l a f0; . . . ; k � 1g:

Tf1el ¼ clkel with clk ¼ cf1

ffiffiffiffiffiffi
2p

p
k1=4e�ðck=ð2pÞþlÞ2=ð2kÞ:

Let C ¼ diagðc0k; . . . ; ck�1
k Þ be the matrix of the operator Tf1 in the basis ðelÞl AZ=kZ.

According to the proof of Proposition 2.18, we also have, for l a f0; . . . ; k � 1g:

T �
f1
el ¼ ~cclkel with ~cclk ¼ cf1k

�1=4
ffiffiffi
2

p
peðlþck=ð2pÞÞ2=ð2kÞ:

Let C� ¼ diagð~cc0k ; . . . ; ~cck�1
k Þ be the matrix of the operator T �

f1
in the basis

ðelÞl AZ=kZ. We want to prove that: CC� ¼ C�C ¼ Ik. Let kb 1 and let l a
f0; 1; . . . ; k � 1g, we have:

clk~cc
l
k ¼ cf1

ffiffiffiffiffiffi
2p

p
k1=4e�ðck=ð2pÞþlÞ2=ð2kÞcf1k

�1=4
ffiffiffi
2

p
peðlþck=ð2pÞÞ2=ð2kÞ;

¼ c2f12p
3=2;

¼ 1

21=2p3=4

� �2

2p3=2 according to Definition 2:8;

¼ 1;

¼ ~cclkc
l
k:

Therefore, we have: CC� ¼ C�C ¼ Ik. r

2.2.3. Complex Weyl quantization of the torus. In this paragraph, we define

the complex Weyl quantization of a symbol on the torus. As in the classical Weyl

quantization case, we have two definitions for the complex Weyl quantization.

With an Egorov theorem analogous to Proposition 2.10 in the R2-case, we exhibit

the notion of complex Weyl quantization of the torus. First, we introduce a new

class of symbols. Recall that LF1
denotes the following space:

LF1
¼ z;

2

i

qF1

qz
ðzÞ

� �
; z a C

� �
¼
��

z;�=ðzÞ
�
; z a C

	
:

And that the canonical transformation kf1 is defined as follows:

kf1 : R
2 ! LF1

ðx; yÞ 7! ðz;wÞ :¼ ðx� iy; yÞ:

Notice that, if ak a Cl
k ðR2Þ is a function such that, for all ðx; yÞ a R2, we have:

akðxþ 2p; yÞ ¼ akðx; yÞ ¼ akðx; yþ 1Þ;

337Quantizations of the torus



and if bk is the function defined by the following relation, for ðz;wÞ a LF1
:

bkðz;wÞ :¼ ak � k�1
f1
ðz;wÞ:

Then bk a Cl
k ðLF1

Þ is a function such that, for ðz;wÞ a LF1
, we have:

bkðzþ 2p;wÞ ¼ bkðz;wÞ ¼ bkðzþ i;w� 1Þ:

Besides, thanks to the identification of LF1
with C, we can rewrite the symbol bk

as a convergent series, for z a CULF1
:

bkðzÞ ¼
X

ðm;nÞ AZ2

bk
m;ne

in<ðzÞe2ipm=ðzÞ; ð8Þ

where ðbk
m;nÞðm;nÞ AZ2 is defined by the following formula:

bk
m;n ¼ ak

m;n where for ðx; yÞ a R2; akðx; yÞ ¼
X

ðm;nÞ AZ2

ak
m;ne

inxe�2ipmy:

Remark 2.20. Since LF1
UC, then the class of symbols SðLF1

Þ can be identified

with SðCÞUSðR2Þ.

We can now deduce the following Egorov theorem.

Proposition 2.21. Let ak a Cl
k ðR2Þ be a function such that, for all ðx; yÞ a R2, we

have:

akðxþ 2p; yÞ ¼ akðx; yÞ ¼ akðx; yþ 1Þ:

Then, we have:

Tf1 Opw
k ðakÞ ¼ Opw

F1;k
ðak � k�1

f1
ÞTf1 on SðRÞ;

where Opw
F1;k

is defined by the following formula, for u a SðCÞ:

Opw
F1;k

ðak � k�1
f1
ÞuðzÞ ¼

X
ðm;nÞ AZ2

ak
m;ne

�ipmn=ke�n2=2keinzu z� 2pm

k
þ in

k

� �
;

where ðak
m;nÞðm;nÞ AZ2 is the sequence of coe‰cients defined in Equation (4).

Proof. According to Definition 2.5, Opw
k ðakÞ : SðRÞ ! SðRÞ. Let f a SðRÞ,

then we have:
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Tf1

�
Opw

k ðakÞf
�
ðzÞ

¼ cf1�h
�3=4

ð
R

e�ð1=2�hÞðz�xÞ2�Opw
k ðakÞf

�
ðxÞ dx;

¼ cf1�h
�3=4

ð
R

e�ð1=2�hÞðz�xÞ2
X

ðm;nÞ AZ2

ak
m;ne

�ipmn=keixnf x� 2pm

k

� �
dx;

¼ cf1�h
�3=4

ð
R

X
ðm;nÞ AZ2

ak
m;ne

�ipmn=keizne�ð1=2�hÞðz�xÞ2e�iðz�xÞnf x� 2pm

k

� �
dx;

¼ cf1�h
�3=4

ð
R

X
ðm;nÞ AZ2

ak
m;ne

�ipmn=keizne�ð1=2�hÞðz�xþin�hÞ2e�n2�h=2f x� 2pm

k

� �
dx;

¼ cf1�h
�3=4

ð
R

X
ðm;nÞ AZ2

ak
m;ne

�ipmn=keizne�ð1=2�hÞðz�xþin�h�2pm�hÞ2e�n2�h=2fðxÞ dx;

¼
X

ðm;nÞ AZ2

ak
m;ne

�ipmn=ke�n2�h=2eizncf1�h
�3=4

ð
R

e�ð1=2�hÞðz�xþin�h�2pm�hÞ2fðxÞ dx;

¼
X

ðm;nÞ AZ2

ak
m;ne

�ipmn=ke�n2=2keiznðTf1fÞ z� 2pm

k
þ in

k

� �
because �h ¼ 1

k
:

Therefore, for u a SðCÞ, we define Opw
F1;k

ðak � k�1
f1
Þ as follows:

Opw
F1;k

ðak � k�1
f1
ÞuðzÞ ¼

X
ðm;nÞ AZ2

ak
m;ne

�ipmn=ke�n2=2keiznu z� 2pm

k
þ in

k

� �
: r

The previous proposition leads us to define the notion of complex Weyl quan-

tization of a symbol on the torus as follows.

Definition 2.22 (First definition of the complex Weyl quantization of the torus).

Let bk a Cl
k ðLF1

Þ be a function such that, for all ðz;wÞ a LF1
, we have:

bkðzþ 2p;wÞ ¼ bkðz;wÞ ¼ bkðzþ i;w� 1Þ:

Define the complex Weyl quantization of the symbol bk, denoted by Opw
F1;k

ðbkÞ, by
the following formula, for u a SðCÞ:

Opw
F1;k

ðbkÞuðzÞ ¼
X

ðm;nÞ AZ2

bk
m;ne

�ipmn=ke�n2=2keinzu z� 2pm

k
þ in

k

� �
;

where the sequence ðbk
m;nÞðm;nÞ AZ2 is given by Equation (8).
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Let’s prove a basic property on this notion of quantization. The operator

Opw
F1;k

ðbkÞ defined above acts on the space SðCÞ. We are now going to show

that it also acts on the space Hk (as expected since the Bargmann transform sends

the space Lk on the space Hk).

Proposition 2.23. Let bk a Cl
k ðLF1

Þ be a function such that, for all ðz;wÞ a LF1
,

we have:

bkðzþ 2p;wÞ ¼ bkðz;wÞ ¼ bkðzþ i;w� 1Þ:

Then Opw
F1;k

ðbkÞ can be extended into an operator which sends the space Hk on

itself.

Proof. According to Proposition 2.21, Opw
F1;k

ðbkÞ : SðCÞ ! SðCÞ. Let u; v a
SðCÞ, then we have:

3Opw
F1;k

ðbkÞu; v4S;S

¼
ð
C

Opw
F1;k

ðbkÞuðzÞvðzÞe�2F1ðzÞ=�hLðdzÞ;

¼
ð
C

X
ðm;nÞ AZ2

bk
m;ne

ipmn=ke�n2=2ke�inzu z� 2pm

k
þ in

k

� �
vðzÞe�2F1ðzÞ=�hLðdzÞ;

¼
ð
C

X
ðm;nÞ AZ2

bk
m;ne

�ipmn=ke�n2=2ke�inzu zþ in

k

� �
v zþ 2pm

k

� �
e�2F1ðzÞ=�hLðdzÞ;

¼
ð
C

uðzÞ
X

ðm;nÞ AZ2

bk
m;ne

�ipmn=ke�n2=2ke�inzv zþ 2pm

k
� in

k

� �
e�2F1ðzÞ=�hLðdzÞ;

¼
ð
C

uðzÞ
X

ðm;nÞ AZ2

bk
�m;ne

ipmn=ke�n2=2ke�inzv z� 2pm

k
� in

k

� �
e�2F1ðzÞ=�hLðdzÞ;

¼
ð
C

uðzÞ
X

ðm;nÞ AZ2

bk
�m;�ne

�ipmn=ke�n2=2keinzv z� 2pm

k
þ in

k

� �
e�2F1ðzÞ=�hLðdzÞ;

¼
ð
C

uðzÞOpw
F1;k

ðbkÞvðzÞe�2F1ðzÞ=�hLðdzÞ;

¼ 3u;Opw
F1;k

ðbkÞv4S;S;

where bk a Cl
k ðLF1

Þ is defined, for ðz;wÞ a LF1
, by:
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bkðz;wÞ ¼
X

ðm;nÞ AZ2

bk
�m;�ne

inðzþiwÞe�2ipmw;

¼
X

ðm;nÞ AZ2

bk
m;ne

�inðzþiwÞe2ipmw via ðm; nÞ 7! ð�m;�nÞ;

¼
X

ðm;nÞ AZ2

bk
m;ne

�in<ðzÞe�2ipm=ðzÞ since ðz;wÞ a LF1
; thus w ¼ �=ðzÞ;

¼ bkðz;wÞ:

Since v a SðCÞ and bk a Cl
k ðLF1

Þ, then Opw
F1;k

ðbkÞv a SðCÞ and the complex

Weyl quantization Opw
F1;k

ðbkÞ is well-defined on S 0ðCÞ by the following formula,

for u a S 0ðCÞ and for v a SðCÞ:

3Opw
F1;k

ðbkÞu; v4S 0;S :¼ 3u;Opw
F1;k

ðbkÞv4S 0;S:

Afterwards, since Hk � S 0ðCÞ, then for g a Hk, Opw
F1;k

ðbkÞg a HolðCÞ. More-

over, for g a Hk, using simple computations we prove that:

Opw
F1;k

ðbkÞgðzþ 2pÞ ¼ uk Opw
F1;k

ðbkÞgðzÞ;
Opw

F1;k
ðbkÞgðzþ iÞ ¼ vke�ikzþk=2 Opw

F1;k
ðbkÞgðzÞ:

(

Let’s give a second definition of the complex Weyl quantization of the torus.

This notion is analogous to the already existing one in the R2-case (see for exam-

ple [11] or [23]). We believe that it is the first time that such a contour integral is

used in a context of the quantization of a compact phase space.

Definition 2.24 (Second definition of the complex Weyl quantization of the

torus). Let b�h a Cl
�h ðLF1

Þ be a function such that, for all ðz;wÞ a LF1
, we have:

b�hðzþ 2p;wÞ ¼ b�hðz;wÞ ¼ b�hðzþ i;w� 1Þ:

Define the complex Weyl quantization of the symbol b�h, denoted by Opw
F1
ðb�hÞ, by

the following formula, for u a SðCÞ:

Opw
F1
ðb�hÞuðzÞ ¼

1

2p�h

ð ð
GðzÞ

eði=�hÞðz�wÞzb�h
zþ w

2
; z

� �
uðwÞ dw dz;

where the contour integral is the following:

GðzÞ ¼ ðw; zÞ a C2; z ¼ 2

i

qF1

qz

zþ w

2

� �
¼ �= zþ w

2

� �� �
:
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This second definition expresses the fact that the complex Weyl quantization of

R2 (seen in Proposition 2.10) can be extended to a symbol defined on the torus.

Similarly to Proposition 2.23, we have the following property.

Proposition 2.25. Let b�h a Cl
�h ðLF1

Þ be a function such that, for all ðz;wÞ a LF1
,

we have:

b�hðzþ 2p;wÞ ¼ b�hðz;wÞ ¼ b�hðzþ i;w� 1Þ:

Then, Opw
F1
ðb�hÞ can be extended into an operator which sends Hk on itself.

Proof. Let a�h :¼ b�h � kf1 , then a�h a SðR2Þ and Opwða�hÞ : SðRÞ ! SðRÞ. Ac-

cording to Proposition 2.11, Tf1 : SðRÞ ! SðCÞ and according to Proposition

2.10, we have:

Opw
F1
ðb�hÞ ¼ Tf1 Opwða�hÞT �

f1
: SðCÞ ! SðCÞ:

Afterwards, let u; v a SðCÞ, then we have:

3Opw
F1
ðb�hÞu; v4S;S

¼
ð
C

�
Opw

F1
ðb�hÞu

�
ðzÞvðzÞe�2F1ðzÞ=�hLðdzÞ;

¼
ð
C

1

2p�h

ð ð
GðzÞ

eð�i=�hÞðz�wÞzb�h
zþ w

2
; z

� �
uðwÞ dw dzvðzÞe�2F1ðzÞ=�hLðdzÞ;

¼
ð
C

C

2p�h

ð
C

eð�i=�hÞðz�wÞð�=ðzþw=2ÞÞb�h
zþ w

2
;�= zþ w

2

� � !
uðwÞLðdwÞvðzÞ

� e�2F1ðzÞ=�hLðdzÞ;

where we used the definition of the contour integral GðzÞ and where C > 0 is a

constant. Then, for z a CULF1
, we have:

b�h
�
z;�=ðzÞ

�
¼

X
ðm;nÞ AZ2

b�h
m;ne

in<ðzÞe2ipm=ðzÞ:

Thus, for z a LF1
, we obtain:

b�h
�
z;�=ðzÞ

�
¼

X
ðm;nÞ AZ2

b�h
m;ne

�in<ðzÞe�2ipm=ðzÞ ¼ b�h
�
z;�=ðzÞ

�
:
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Therefore, we can rewrite the integral as follows, for u; v a SðCÞ:

3Opw
F1
ðb�hÞu; v4S;S ¼ C

2p�h

ð
C

ð
C

eði=�hÞðz�wÞ=ðzþw=2Þb�h
zþ w

2
;�= zþ w

2

� � !

� uðwÞvðzÞe�2F1ðzÞ=�hLðdwÞLðdzÞ:

With a short computation, we prove the following equality:

i

�h
ðz� wÞ= zþ w

2

� �
� 2

�h
F1ðzÞ ¼

i

h
ðz� wÞ= zþ w

2

� �
� 2

�h
F1ðwÞ:

Consequently, for all u; v a SðCÞ, we have:

3Opw
F1
ðb�hÞu; v4S;S

¼
ð
C

uðwÞ C

2p�h

ð
C

eði=�hÞðw�zÞð�=ðzþw=2ÞÞb�h
zþ w

2
;�= zþ w

2

� � !
vðzÞLðdzÞ

� e�2F1ðwÞ=�hLðdwÞ;

¼
ð
C

uðwÞ 1

2p�h

ð ð
GðwÞ

eði=�hÞðw�zÞzb�h
zþ w

2
; z

� �
vðzÞLðdzÞe�2F1ðwÞ=�hLðdwÞ;

¼
ð
C

uðwÞ
�
Opw

F1
ðb�hÞv

�
ðwÞe�2F1ðwÞ=�hLðdwÞ;

¼ 3u;Opw
F1
ðb�hÞv4S;S;

where GðwÞ ¼ ðz; zÞ a C2; z ¼ �= zþ w

2

� �� �
. Since, for v a SðCÞ, Opw

F1
ðb�hÞv a

SðCÞ, then the operator Opw
F1
ðb�hÞ is well-defined on S 0ðCÞ by the following equal-

ity, for u a S 0ðCÞ and v a SðCÞ:

3Opw
F1
ðb�hÞu; v4S 0;S ¼ 3u;Opw

F1
ðb�hÞv4S 0;S:

As a result, the operator Opw
F1
ðb�hÞ is well-defined on Hk because it is a sub-

space of S 0ðCÞ. Afterwards, since for g a Hk, Opw
F1
ðb�hÞg a S 0ðCÞ, then we have

Opw
F1
ðb�hÞg a HolðCÞ. Besides using simple computations, for g a Hk, we prove

that:

Opw
F1
ðb�hÞgðzþ 2pÞ ¼ uk Opw

F1
ðb�hÞgðzÞ;

Opw
F1
ðb�hÞgðzþ iÞ ¼ vke�ikzþk=2 Opw

F1
ðb�hÞgðzÞ:

(
r

To conclude this paragraph, we link Definition 2.22 and Definition 2.24.
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Proposition 2.26. Let b�h ¼ bk a Cl
�h ðLF1

Þ be a function such that, for all

ðz;wÞ a LF1
, we have:

b�hðzþ 2p;wÞ ¼ b�hðz;wÞ ¼ b�hðzþ i;w� 1Þ:

Then:

Opw
F1
ðb�hÞ ¼ Opw

F1;k
ðbkÞ on Hk:

Proof. According to Equation (8), for ðz;wÞ a LF1
, we can rewrite b�h as follows:

b�hðz;wÞ ¼
X

ðm;nÞ AZ2

b�h
m;ne

inðzþiwÞe�2ipmw:

Consequently, we obtain, for u a SðCÞ:

Opw
F1
ðb�hÞuðzÞ

¼ 1

2p�h

ð ð
GðzÞ

eði=�hÞðz�wÞz
X

ðm;nÞ AZ2

b�h
m;ne

inððzþwÞ=2þizÞe�2ipmzuðwÞ dw dz;

¼ 1

2p�h

ð ð
GðzÞ

X
ðm;nÞ AZ2

eði=�hÞðz�wÞzb�h
m;ne

inððzþwÞ=2þizÞe�ipmn=ku w� 2pm

k

� �
dw dz;

¼ 1

2p�h

ð ð
GðzÞ

eði=�hÞðz�wÞz
X

ðm;nÞ AZ2

b�h
m;ne

�ipmn=ke�n2=2ku wþ in

k
� 2pm

k

� �
dw dz;

¼ 1

2p�h

ð ð
GðzÞ

eði=�hÞðz�wÞz�Opw
F1;k

ðbkÞu
�
ðwÞ dw dz;

¼ Opw
F1;k

ðbkÞuðzÞ;

where we used the change of variables: GðzÞ C ðw; zÞ 7! wþ in

k
; z� n

2k

� �
a GðzÞ.

Therefore, for u a S 0ðCÞ and v a SðCÞ, we have:

3Opw
F1
ðb�hÞu; v4S 0;S ¼ 3u;Opw

F1
ðb�hÞv4S 0;S;

¼ 3u;Opw
F1;k

ðbkÞv4S 0;S;

¼ 3Opw
F1;k

ðbkÞu; v4S 0;S:

In others words, we have:

Opw
F1
ðb�hÞ ¼ Opw

F1;k
ðbkÞ on S 0ðCÞ:
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Finally, since Hk � S 0ðCÞ, then by restriction and according to Propositions 2.23

and 2.25, we obtain the result. r

2.3. Connections between the quantizations of the torus T2. In this paragraph,

we relate the di¤erent notions of quantization of the torus. To do so, we follow

these steps:

(1) we recall the connection between a Berezin–Toeplitz operator and a complex

pseudo-di¤erential operator of the complex plane;

(2) within the Berezin–Toeplitz setting, we relate the quantization of the torus to

the quantization of the complex plane;

(3) we establish a correspondence between the Berezin–Toeplitz and the complex

Weyl quantizations of the torus.

2.3.1. Berezin–Toeplitz and complex Weyl quantizations of the complex
plane. First, we recall the definition of the Berezin–Toeplitz quantization of a

symbol on the complex plane and then the definition of the complex Weyl quanti-

zation of a symbol on LF1
(see for example [23]).

Definition 2.27. Let fk a SðCÞ be a function admitting an asymptotic expansion

in powers of 1=k. Define the Berezin–Toeplitz quantization of fk by the sequence

of operators Tfk :¼ ðTkÞkb1, where for kb 1, Tk is defined by:

Tk ¼ PF1;kMfkPF1;k;

where Mfk : L
2
kðC;F1Þ ! L2

kðC;F1Þ is the multiplication operator by the function

fk and where we recall that PF1;k is the orthogonal projection of the space

L2
kðC;F1Þ on HkðC;F1Þ defined in Proposition 2.9.

We call fk the symbol of the Berezin–Toeplitz operator Tfk .

Definition 2.28. Let b�h a SðLF1
Þ be a function admitting an asymptotic expan-

sion in powers of �h. Define the complex Weyl quantization of b�h, denoted by

Opw
F1
ðb�hÞ, by the following formula, for u a H�hðC;F1Þ:

Opw
F1
ðb�hÞuðzÞ ¼

1

2p�h

ð ð
GðzÞ

eði=�hÞðz�wÞzb�h
zþ w

2
; z

� �
uðwÞ dw dz;

where the contour integral is the following:

GðzÞ ¼ ðw; zÞ a C2; z ¼ 2

i

qF1

qz

zþ w

2

� �
¼ �= zþ w

2

� �� �
:
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Recall now the result relating these two quantizations (see for example [23],

Chapter 13).

Proposition 2.29.

(1) Let fk a SðCÞ be a function admitting an asymptotic expansion in powers of

1=k. Let Tfk ¼ ðTkÞkb1 be the Berezin–Toeplitz operator of symbol fk. Then,

for kb 1, we have:

Tk ¼ Opw
F1
ðb�hÞ on HkðC;F1Þ;

where b�h a SðLF1
Þ is a function admitting an asymptotic expansion in powers of

�h given by the following formula, for all z a LF1
UC:

b�hðzÞ ¼ exp
1

k
qzqz

� ��
fkðzÞ

�
:

(2) Let b�h a SðLF1
Þ be a function admitting an asymptotic expansion in powers of

�h. Then, there exists fk a SðCÞ a function admitting an asymptotic expansion in

powers of 1=k such that for kb 1:

Opw
F1
ðb�hÞ ¼ Tk þ Oðk�lÞ on H�hðC;F1Þ;

where ðTkÞkb1 ¼ Tfk is the Berezin–Toeplitz operator of symbol fk and where,

for all N a N and for z a C, fk is given by:

fkðzÞ ¼
XN
j¼0

�h j

j!
ðDzDzÞ j

�
b�hðzÞ

�
þ Oð�hNþ1Þ:

2.3.2. Berezin–Toeplitz quantization of the torus and Berezin–Toeplitz quan-
tization of the complex plane. In this paragraph, we study a Berezin–Toeplitz

operator of the complex plane whose symbol is 2p-periodic with respect to its first

variable and 1-periodic with respect to its second variable. Previously, we look at

the action of a Berezin–Toeplitz operator of the complex plane on the spaces SðCÞ
and S 0ðCÞ.

Proposition 2.30. Let fk a SðCÞ be a function admitting an asymptotic expansion

in powers of 1=k. Let Tfk ¼ ðTkÞkb1 be the Berezin–Toeplitz operator of symbol fk.

Then, for kb 1, we have:

(1) Tk can be defined as an operator which sends SðCÞ on itself by:

Tkv ¼ PF1;kð fkvÞ for v a SðCÞ;

where PF1;k is seen as an operator which sends SðCÞ on itself.
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(2) Tk can be extended into an operator which sends S 0ðCÞ on itself by:

3Tku; v4S 0;S ¼ 3u; ~TTkv4S 0;S for u a S 0ðCÞ and for v a SðCÞ;

where ð ~TTkÞkb1 ¼: T
fk
is the Berezin–Toeplitz operator of symbol fk.

Proof. Since Tfk ¼ ðTkÞkb1 is a Berezin–Toeplitz operator of the complex plane,

then according to Proposition 2.29, there exists b�h a SðLF1
Þ such that, for kb 1:

Tk ¼ Opw
F1
ðb�hÞ on HkðC;F1Þ:

Besides, according to Proposition 2.10, we know that:

T �
f1
Opw

F1
ðb�hÞTf1 ¼ Opwðb�h � kf1Þ : L

2ðRÞ ! L2ðRÞ:

Since b�h � kf1 a SðR2Þ, then we have:

Opwðb�h � kf1Þ : SðRÞ ! SðRÞ and Opwðb�h � kf1Þ : S
0ðRÞ ! S 0ðRÞ:

Moreover, according to Propositions 2.11, 2.13 and 2.16, the Bargmann transform

and its adjoint satisfy:

Tf1 : SðRÞ ! SðCÞ and T �
f1

: SðCÞ ! SðRÞ;
Tf1 : S

0ðRÞ ! S 0ðCÞ and T �
f1

: S 0ðCÞ ! S 0ðRÞ:

(

As a result, for kb 1, we obtain:

Tk : SðCÞ ! SðCÞ and Tk : S 0ðCÞ ! S 0ðCÞ:

Then, by definition PF1;k ¼ Tf1T
�
f1

and according to Proposition 2.11, the opera-

tor PF1;k can be extended into an operator which sends SðCÞ on itself. Since

SðCÞ � H�hðC;F1Þ (see Remark 2.12), then for v a SðCÞ and for fk a SðCÞ, we
have:

PF1;kv ¼ v and PF1;kð fkvÞ a SðCÞ:

Therefore, the Berezin–Toeplitz operator Tfk ¼ ðTkÞkb1 is defined as follows, for

kb 1 and for v a SðCÞ:

Tkv ¼ PF1;kMfkPF1;kv ¼ PF1;kð fkvÞ;

where PF1;k is an operator which sends SðCÞ on itself. Finally, for v ¼ Tf1c a
S 0ðCÞ and for u ¼ Tf1f a SðCÞ, we have:
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3Tkv; u4S 0;S ¼ 3Opw
F1
ðb�hÞv; u4S 0;S according to Proposition 2:29;

¼ 3v;Opw
F1
ðb�hÞu4S 0;S according to Proposition 2:25;

¼: 3v; ~TTku4S 0;S:

Then, according to Proposition 2.29, for z a LF1
UC, we have:

b�hðzÞ ¼ exp
1

k
qzqz

� ��
fkðzÞ

�
:

Consequently, for z a LF1
UC, we obtain:

b�hðzÞ ¼ exp
1

k
qzqz

� ��
fkðzÞ

�
:

In others words, the sequence of operators ð ~TTkÞkb1 is a Berezin–Toeplitz operator

of symbol fk. r

Remark 2.31. Let fk a Cl
k ðR2Þ be a function such that, for ðx; yÞ a R2, we have:

fkðxþ 2p; yÞ ¼ fkðx; yÞ ¼ fkðx; yþ 1Þ:

Let Tfk ¼ ðTkÞkb1 be the Berezin–Toeplitz operator of the complex plane of sym-

bol fk. Then, for kb 1, the operator Tk is well-defined on Hk according to Prop-

osition 2.30 since Hk � S 0ðCÞ.

The following proposition gives a connection between the orthogonal projec-

tion PF1;k which appears in the definition of a Berezin–Toeplitz operator of the

complex plane (see Definition 2.27) and the orthogonal projection Pk which ap-

pears in the definition of a Berezin–Toeplitz operator of the torus (see Definition

1.3). This proposition is fundamental for understanding the relation between these

two quantizations.

Proposition 2.32. Let PF1;k be the orthogonal projection of L2
kðC;F1Þ on

HkðC;F1Þ. Then:

(1) PF1;k can be extended into an operator which sends Gk on Hk (defined in Sub-

section 1.1);

(2) PF1;k ¼ id on Hk.

Consequently, PF1;k coincides with Pk on Gk.

Proof. First, let’s prove that PF1;k is well-defined on Gk. The main di‰culty to

prove this result comes from the fact that Gk is not included in S 0ðCÞ. Recall the
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formula defining PF1;k for g a L2
kðC;F1Þ (see Proposition 2.9):

PF1;kgðzÞ ¼
ð
C

e�ð1=4�hÞðz�wÞ2gðwÞe�2F1ðwÞ=�hLðdwÞ:

Let g a Gk, by a simple computation, we notice that, for ðm; nÞ a Z2 and for

z a C, we have:

gðzþ 2pmÞ ¼ ðukÞmgðzÞ;
gðzþ inÞ ¼ ðvke�izkþkn=2ÞngðzÞ:

�

Then, for g a Gk, we can write an estimate of the integral defining PF1;k as

follows:ð
C

je�ð1=4�hÞðz�wÞ2gðwÞe�2F1ðwÞ=�hjLðdwÞ;

¼
X
m AZ

ð
½0;2p�þiR

je�ð1=4�hÞðz�ðwþ2pmÞÞ2gðwþ 2pmÞe�2F1ðwþ2pmÞ=�hjLðdwÞ;

¼
X
m AZ

ð
½0;2p�þiR

je�ð1=4�hÞðz�w�2pmÞ2ðukÞmgðwÞe�2F1ðwÞ=�hjLðdwÞ;

¼
X

ðm;nÞ AZ2

ð
½0;2p�þi½0;1�

je�ð1=4�hÞðz�ðwþinÞ�2pmÞ2ðukÞmgðwþ inÞe�2F1ðwþinÞ=�hjLðdwÞ;

¼
X

ðm;nÞ AZ2

ð
½0;2p�þi½0;1�

je�ð1=4�hÞðz�wþin�2pmÞ2ðukÞmðvke�iwkþkn=2ÞngðwÞ

� e�2F1ðwÞ=�he�n2=�he�2n=ðwÞ=�hjLðdwÞ;

¼
X

ðm;nÞ AZ2

ð
½0;2p�þi½0;1�

je�ð1=4�hÞðz�wþin�2pmÞ2ðukÞmðvkÞn

� e�kn2=2e�inkwgðwÞe�2F1ðwÞ=�hjLðdwÞ:

For all z a C, we have:ð
½0;2p�þi½0;1�

je�ð1=4�hÞðz�wþin�2pmÞ2ðukÞmðvkÞne�kn2=2e�inkwgðwÞe�2F1ðwÞ=�hjLðdwÞ

¼
ð
½0;2p�þi½0;1�

je�ð1=4�hÞðz�wþin�2pmÞ2e�kn2=2e�inkwgðwÞe�2F1ðwÞ=�hjLðdwÞ

a kgk2Gk

ð
½0;2p�þi½0;1�

je�ð1=4�hÞðz�wþin�2pmÞ2e�kn2=2e�inkwj2e�2F1ðwÞ=�hLðdwÞ

using Cauchy-Schwartz in L2
�
½0; 2p� þ i½0; 1�; e�2F1ðzÞ=�hLðdzÞ

�
;
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¼ kgk2Gk

ð
½0;2p�þi½0;1�

je�ð1=4�hÞðz�wþin�2pmÞ2e�inkwj2e�kn2

e�2F1ðwÞ=�hLðdwÞ;

aCkgk2Gk
e�k<ðz2Þ=2e�2kp2m2

e�kn2=2 maxðe2pmk<ðzÞ; e2pðmþ1Þk<ðzÞÞ

�maxðenk=ðzÞ; eðnþ1Þk=ðzÞÞ;

where C is a constant independent of k. We recognize the general term of a con-

vergent series in m and n, thus according to Fubini’s theorem, PF1;k is well-defined

on Gk by the following formula, for g a Gk:

PF1;kgðzÞ ¼
ð
C

e�ð1=4�hÞðz�wÞ2gðwÞe�2F1ðwÞ=�hLðdwÞ;

¼
X

ðm;nÞ AZ2

ð
½0;2p�þi½0;1�

e�ð1=4�hÞðz�wþin�2pmÞ2ðukÞmðvkÞn

� e�kn2=2e�inkwgðwÞe�2F1ðwÞ=�hLðdwÞ:

Now, since the range of PF1;k consists of holomorphic functions, then for g a Gk,

PF1;kg a HolðCÞ. Then, via the change of variables w 7! wþ 2p, we prove with

simple integral equalities that, for g a Gk, we have PF1;kgðzþ 2pÞ ¼ ukPF1;kgðzÞ
and using the change of variables w 7! wþ i, we also obtain that, for g a Gk,

PF1;kgðzþ iÞ ¼ vke�ikzþk=2PF1;kgðzÞ. Finally, we recall that PF1;k ¼ id on Hk

comes from Proposition 2.19. r

We can now define the action of a Berezin–Toeplitz operator of the complex

plane on the space Hk.

Proposition 2.33. Let fk a Cl
k ðCÞ be a function such that, for z a C, we have:

fkðzþ 2pÞ ¼ fkðzÞ ¼ fkðzþ iÞ:

Let Tfk ¼ ðTkÞkb1 be the Berezin–Toeplitz operator of the complex plane of symbol

fk. Then, for kb 1 and for v a Hk, we have:

Tkv ¼ PF1;kð fkvÞ;

where PF1;k is seen as the operator which sends Gk on Hk (see Proposition 2.32).

Proof. According to Proposition 2.30, for v a Hk, for u a SðCÞ and for kb 1, we

have:
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3Tkv; u4S 0;S ¼ 3v; ~TTku4S 0;S;

¼ 3g; ~TTku4 with g a S�lðCÞ for l a N

according to Proposition 2:15;

¼ 3g;PF1;kMfk
PF1;ku4 by definition of ~TTk on SðCÞ;

¼ 3PF1;kMfk
PF1;kg; u4 since P�

F1;k
¼ PF1;k:

Thus, for v a Hk and for kb 1, we obtain, according to Proposition 2.32:

Tkv ¼ PF1;kMfkPF1;kv ¼ PF1;kð fkvÞ: r

We deduce from Proposition 2.33 and Proposition 2.32, a result which relates a

Berezin–Toeplitz operator of the complex plane and a Berezin–Toeplitz operator

of the torus. To our knowledge, this fact is new in the literature and it is also fun-

damental to prove Theorem 1.6.

Proposition 2.34. Let fk a Cl
k ðCÞ be a function such that, for z a C, we have:

fkðzþ 2pÞ ¼ fkðzÞ ¼ fkðzþ iÞ:

Let T C
fk
¼ ðT C

k Þkb1 be the Berezin–Toeplitz operator of the complex plane of

symbol fk and let T T2

fk
¼ ðT T2

k Þkb1 be the Berezin–Toeplitz operator of the torus

of symbol fk. Then, for kb 1, we have:

T C
k ¼ T T2

k þ Oðk�lÞ on Hk:

Consequently, a Berezin–Toeplitz operator of the complex plane whose symbol is

periodic coincides with a Berezin–Toeplitz operator of the torus.

2.3.3. Berezin–Toeplitz quantization and complex Weyl quantization of the
torus. Finally, we are able to establish and to prove the following proposition

which corresponds to Theorem 1.6.

Proposition 2.35 (Theorem 1.6). Let fk a Cl
k ðR2Þ be a function such that, for

ðx; yÞ a R2, we have:

fkðxþ 2p; yÞ ¼ fkðx; yÞ ¼ fkðx; yþ 1Þ:

Let Tfk ¼ ðTkÞkb1 be the Berezin–Toeplitz operator of the torus of symbol fk.

Then, for kb 1, we have:

Tk ¼ Opw
F1
ðb�hÞ þ Oðk�lÞ on Hk;
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where b�h a Cl
�h ðLF1

Þ is defined by the following formula, for z a LF1
UC:

b�hðzÞ ¼ exp
1

k
qzqz

� ��
fkðzÞ

�
: ð9Þ

Besides, b�h satisfies the following periodicity conditions, for ðz;wÞ a LF1
:

b�hðzþ 2p;wÞ ¼ b�hðz;wÞ ¼ b�hðzþ i;w� 1Þ:

Proof. Since in particular fk a SðCÞ, if we denote by T C
fk
¼ ðT C

k Þkb1 the Berezin–

Toeplitz operator of the complex plane of symbol fk, then according to Proposi-

tion 2.29, there exists b�h a SðLF1
Þ such that, for kb 1, we have:

T C
k ¼ Opw

F1
ðb�hÞ on H�hðC;F1Þ;

where b�h is given by the following formula, for z a LF1
UC:

b�hðzÞ ¼ exp
1

k
qzqz

� ��
fkðzÞ

�
:

Since SðCÞ is included into H�hðC;F1Þ (see Remark 2.12) then, by restriction, we

obtain:

T C
k ¼ Opw

F1
ðb�hÞ on SðCÞ:

By duality, we have:

T C
k ¼ Opw

F1
ðb�hÞ on S 0ðCÞ:

Since Hk � S 0ðCÞ, we obtain:

T C
k ¼ Opw

F1
ðb�hÞ on Hk:

Notice that the periodicity conditions on fk and Equation (9) give the periodicity

conditions on b�h, consequently, Opw
F1
ðb�hÞ is well-defined on Hk.

Finally, according to Proposition 2.34, if we denote by T T2

fk
¼ ðT T2

k Þkb1 the

Berezin–Toeplitz operator of the torus of symbol fk, we have, for kb 1:

T C
k ¼ T T2

k þ Oðk�lÞ on Hk:

This concludes the proof. r

Thanks to Theorem 1.6 and Proposition 2.29, we deduce the following

corollary.
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Corollary 2.36. Let fk a Cl
k ðR2Þ be a function such that, for ðx; yÞ a R2, we have:

fkðxþ 2p; yÞ ¼ fkðx; yÞ ¼ fkðx; yþ 1Þ:

Let Tfk ¼ ðTkÞkb1 be the Berezin–Toeplitz operator of the torus of symbol fk.

Then, for kb 1, we have:

T �
f1
TkTf1 ¼ Opwða�hÞ þ Oð�hlÞ on L2ðRÞ;

where a�h a Cl
�h ðR2Þ is defined by the following formula:

a�h ¼ b�h � kf1 ;

where b�h a Cl
�h ðLF1

Þ is defined by Equation (9). Besides, a�h satisfies the following

periodicity conditions, for ðx; yÞ a R2:

a�hðxþ 2p; yÞ ¼ a�hðx; yÞ ¼ a�hðx; yþ 1Þ:
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[18] Anders Melin and Johannes Sjöstrand, Bohr-Sommerfeld quantization condition for
non-selfadjoint operators in dimension 2. Astérisque 284 (2003), 181–244.
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