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The b-function with respect to weights of hypergeometric ideals
of codimension one

Helena Cobo

Abstract. We study the b-function with respect to weights of hypergeometric ideals H4(8),
where A4 is an 7 x (n 4+ 1) matrix of maximal rank. We describe the b-function for any weight
vector (—w, w) with @ € R”? 11\ {0} and any parameter vector 8 € C”.

1. Introduction

Hypergeometric ideals were introduced by Gel’fand, Graev, Kapranov and Zelevinskii
in a series of papers [6—8], as a generalization of classical hypergeometric functions
like the Gauss’ function. These ideals are defined in terms of a full-rank matrix
A € Myxn(Z) and a vector of parameters B € C?. In [13] Saito, Sturmfels and
Takayama study these ideals from an algorithmic point of view. In this computer alge-
bra framework, they devote one section to the study of the b-function of holonomic
ideals with respect to weights as a tool for some algorithms in the Weyl algebra. See
also [2] for a clear exposition on this topic.

The b-function with respect to weights was studied in [13] for the case of reg-
ular hypergeometric ideals and generic parameters. In [12] it is studied for general
hypergeometric systems but for particular choices of the weights, more precisely,
weights along coordinate hyperplanes. In this article we describe the b-function for
any weight, in the case of hypergeometric ideals associated with a matrix A €
Mux(n+1)(Z) of rank n. Such ideals are not necessarily regular. We give an explicit
description of the b-function of such ideals in Theorem 3.19, which is the main result
of the paper. The first step to compute the b-function is the description of the Grob-
ner deformations of the hypergeometric ideal, given in Proposition 3.16. For a direct
computation of the b-function we need a Grébner basis of this Grobner deformations,
but we avoid these long computations by considering different ideals, for which the
computations of Grobner basis are simpler. In this way we provide a multiple and a
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divisor of the h-function. It is not hard to see that, generically in 8, they coincide. For
the non-generic case, the arguments are on the degree of the b-function.

In the computation of the b-function we are led to solve certain linear systems of
equations. In the case under consideration the linear systems we need to solve are the
kind of systems studied in [4]. They depend on the Stirling numbers of second kind
S (€, k), which appear naturally in this context, since in the Weyl algebra we have the
following relation

L
(xdx)" =" S(L.k)xkok. (1.1)
k=0
The choice of the matrix A € M;,x(»+1)(Z) is equivalent to the toric ideal /4 being
principal, which simplifies a lot the computations. If we consider matrices such that
14 is neither principal nor homogeneous, then the computation of the b-function for
any weight @ is much more involved, as can be seen in [3] for the case of a family
of non-homogeneous matrices A such that Iy € C[d;, 02, 3] is generated by two
operators.
The computation of the b-function with respect to weights is implemented in the
computer algebra system Singular [9], and we have used it to compute inspiring exam-
ples.

2. The weighted b-function of a holonomic ideal

We introduce the b-function with respect to weights of a holonomic ideal follow-
ing [13]. We denote by D,, the n-th Weyl algebra over the field C, i.e., the ring

(C[xl,...,xn,al,...,an]
subject to the relations
8ix]' = x]'ai +8ij7 XiXj = XjXi, 3,'8]' = 8jal'

forl <i,j <n.
Every operator P in the Weyl algebra has a unique expansion of the form

P = Z Ca,ﬁxaaﬂ,
(a.8)eN21

where only a finite number of coefficients ¢, g are not zero. We use here the usual
multi-index notation, where x* stands for x&' --- x5” and 9# for 8‘? Lo

Let < be a term order on D,, and let § be a Grobner basis with respect to <. By the
division algorithm in D, the remainder of dividing an operator P € D,, with respect
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to the elements in § is well defined. It is called the normal form of P with respect
to g, and it is denoted by NF (P, ). Let I € D, be an ideal, and § a Grobner basis
of I with respect to <, then P € [ if and only if NF(P,§) = 0.

Definition 2.1. A vector (u,v) = (U1,...,Uy, V1,...,Vy) € R?" is called a weight
vector (for the Weyl algebra) if

Ui +v; >0, fori=1,2,...,n.

Definition 2.2. Let u, v € R”. For a non-zero operator P = ) ¢4 gX* 38 € D, the
initial form of P with respect to (u, v) is

in(u,v)(P) = Z ca,,gx"‘aﬂ,

au+Bv=m

where m = max{o-u + B-v | cqg # 0}.
This definition extends straightforwardly to ideals I € D,,,

ingu,v)(1) := Dy - {in@)(P) | P € I}.

Definition 2.3. Given any ideal I C D,,, the characteristic variety Char([) is the af-
fine variety in C2" defined by the characteristic ideal ing ¢) (1), where e = (1,...,1).

Theorem 2.4 ([14]). Let I be a proper ideal in D,,. Every irreducible component of
Char(1) has dimension at least n.

Definition 2.5. Anideal I C D, is said to be holonomic if dim (Char(/)) = n, i.e.,
if the dimension of the characteristic variety in C2” is as small as possible.

Let / be a left ideal in D, and a non-zero weight vector of the form (—w, w)
withw = (w1, ...,0,) € R?\ {0}. For s := w1x19d1 + -+ + @, X, 0, We consider the
intersection

Ny, (1) N C[s],

which is an ideal in the principal ideal domain Cs].

Definition 2.6. The monic generator of in(_ ) (/) N C[s] is called the b-function of
the ideal / with respect to w. It is denoted by by, (s).

Theorem 2.7 (see [10]). The b-function of a holonomic ideal I < D, is not the zero
polynomial for any @ € R" \ {0}.

By definition there are two main steps in the computation of the b-function of an
ideal I € D, with respect to a weight w:

(i) First we need to compute the initial ideal in(_g, ) (/).
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(ii) Then we have to compute the intersection of in(_, 4)(/) with the subalge-
bra C|[s].
Step (ii) can be tackled by elimination, computing a Grobner basis with respect to
an appropriate elimination order. Another way is to apply the method of indeterminate
coefficients to compute the minimal polynomial of

S = w1Xx101 + WaXx202 + -+ + WpXp0n

as an endomorphism of D, /in(_, ) (1) (see [11]). For this we need a Grobner basis
G of in(_y, ) (1) with respect to a term order so that we can compute the normal form,
NF(s*,8), for any k € Z~. Since the condition
j—1
NF(s'.8)+ > axNF(s*.9) =0
k=0
is equivalent to
j-1
s/ + Z aksk € Ing,w) (1),
k=0
we can use here any term order on the monomials in the Weyl algebra D,,.
We look for the smallest positive integer n such that there exists a non-trivial
solution ay, . ..,a,—1 € C to the equation

NFE(s" + an—1s"' + -+ a9, §) = 0.
Then the b-function is
b1 ow(s) = " 4+ an_15" 1 + -+ ap.
Remark 2.8. Notice that if we find a monic polynomial b(s) such that
NF(b(s),9) =0,

not knowing whether b(s) has minimal degree, then we can only say that b(s) is a
multiple of the b-function by 4 (s).

We end this section with a technical result that will simplify the computation of
the normal form of powers of s. It says that when we have an element of the form
aop + a1x101 + -+ + anx, 0, in a Grobner basis §, we can start reducing s by this
element.

Lemma 2.9. Let < be any term order on D,, and let § = {g1, ..., gm} be a Gribner
basis of Dy -{g1, ..., 8gm} with respect to <, such that g, is of the form

g1 =aix101 + -+ anxpd, + ag, witha; € C.
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For any w € R" \ {0}, let s = w1x101 + + -+ + Wy X, 0y, then,
NF(s¥,6) = NF(NF(s,g1)*,8) = NF(NF(s, g1)*. ¢ \ {g1})
forany k € Z~y.

Proof. Let us suppose that LT-(g1) = a1x10; (hence a; # 0). Then, defining 5 :=
NF(s,{g1}), we have

_ as dap ao
5= (wz — —wl)xzaz 4+ (wn - —wl)xnan - —w.
ay ai ai

The second equality of the statement is clear, since no monomial in s (and hence no
monomial in 5%, see equation (1.1)) is divisible by g.
We claim that
NF(s* {g1}) =5~

Indeed, by the multinomial theorem,

k i i
sk = Z (i1 ...,l'n)(wlxlal)l1 “+ (@nXnOn)™,

i1+-+in=k,

i;j>0
k k!
i1,...,In i) --ip!’

because i + - -+ + i, = k. Since the division of s¥ by g1 occurs in fact in the com-
mutative subring C[61, ..., 8,] C D, (where 6; = x;0;), we have

NF(s* {g1})

—Z(

L
S, B e ey

<__a)n9n)jn (Q)Zez)lz * (wn On )l”

=> (iz, . .,ln,kjl, . .,jn> <—Z—?a)1)/1 (oaa)’ (_Z_?wlez)hm

where

——m%—m—ﬁme—im]mWJz(%@W
aq ay

since ji + -+ ju + iz 4 +in = k.
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Then the claim is proved and therefore
NF(s*,8) = NF(NF(s* {g1}). 8 \ {g1}) = NFG*, ¢\ {g1}) = NF(*, 9)

as we wanted. [

3. The b-function with weights of hypergeometric ideals of
codimension one

The hypergeometric ideals were introduced by Gel’fand, Kapranov and Zelevinskii
in [8] (see also [6,7]), and are also called GKZ-systems. See [5] for a beautiful intro-
duction on this topic.

Definition 3.1. The support of a vector v € N”" is
supp(v) = {i |[1<i<n,v > O}.

+ +

Any non-zero vector v € N” can be written uniquely asv = v — v~ where v, v~ €

N” and have disjoint supports. Then we associate to any non-zero vector v € N” the
binomial 3°" — 3V~ € C[3] := C[d1...., dn].

Let A = (ai j)i,; be a d x n matrix with integer coefficients and maximal rank
d < n. The toric ideal associated with A is the ideal 14 € C[d4,..., d,] generated by

(07" 8" |v ez, Av =0}

Let B € C¢ be a complex vector. The matrix A and the vector 8 define d Euler
operators

n
Ei—Bi = Zai,jxjaj —Bi. 1=i=d.
=1

The hypergeometric ideal associated with the matrix A and parameter vector 3,
denoted by H4(B), is the left ideal in the Weyl algebra

HA(ﬁ) = Dplg + Dn(El _,Blw--,Ed _ﬂd)-

Remark 3.2. The hypergeometric ideal H4(8) gives rise to the following system of
partial differential equations:

Z(ai,jxjaj —ﬂ,-)of =0 fori = 1,...,d,
j=1

(0" —0dY)e f =0 foru,vsuchthat Au = Av,

where f is an indeterminate function and e stands for the natural action of differential
operators on functions (i.e., d; ® f = % andx; e f =x; f fori =1,...,n).
l
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Example 3.3. Let us consider the hypergeometric system associated to the matrix

1 3 2
A_(—l 0 4)‘

We have that Ker(A) is generated by the vector v = (4, —2, 1). Then we can write v
asv =vt —v~ = (4,0,1) — (0,2, 0), and hence the hypergeometric ideal is

Hy(B) = D3(8iaz - aﬁ,xax +3y0, + 220, — B1,—x0x + 420, — ﬂz),
where we are denoting x1, X2, x3 by x, y, z respectively.

Theorem 3.4 (cf. [1, 8]). The hypergeometric ideal H4(B) is holonomic for any
pair (A, B).

From now on we will focus on the case of a matrix
A = (ai,j) € Muxn+1)(Z)
with the assumption that A has rank n. Then the kernel of 4,
Kerz(4) = {v € 7" Av = 0},
is one-dimensional and hence the toric ideal is principal, of the form
Iy = @' = 1) < C[3],

for a certain vector v4 € Z"*!. From now on we will denote v4 by v to simplify the
notation.
The hypergeometric ideal H4(f) is then

Ha(B) = Du1 (3" = 0" . Ex —B1..... En — Bn).

Since the toric ideal 14 is principal these ideals are known as hypergeometric ideals
of codimension one.

The ideal H4(p) is regular if and only if the operator P — v s homogeneous
+| =

with respect to the usual grading, i.e., if |v |[v~|, or equivalently if (1,...,1)

belongs to the Q-row span of A.
Notation 3.5. The b-function by, (g),» (s) Will be denoted by b, g (s).

Definition 3.6. The Euler space of A is the C-linear span of the Euler operators
described by the rows of A,

84=C-(Er,....Ep).

For every E € &4 there exists a complex number S such that £ — B € H4(B).
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Do not be misled by the notation, while 8 = (81, ..., Bn) denotes a vector in C”,
Bi and Bg are complex numbers.

Notation 3.7. For every 1 <i <n + 1, let <; denote any term order on D, 4+ such
that
x,-8,- <i Xjaj (31)

forevery 1 < j <n + 1 different fromi.
We write

t={l<i<n+1|v >0},
“={l<i<n+1]|v <0}
Notice, that for 1 < j <n + 1 we have j € €* U €~ if and only if v; # 0. We

have that
etue c{l,....n+1},

but in general the inclusion is strict. Indeed, for any 1 < j < n + 1 we have that
j € €T U € if and only if the minor of A corresponding to the columns of A except
the j-th ncolumn has non-zero determinant. Let us denote this square matrix by A4;.

By hypothesis 4 is an n by n 4 1 matrix with maximal rank and hence
et ue #£90.

Remark 3.8. Notice however that it may happen that €~ = @, and hence
4= (3" —1).

This occurs when the matrix A has the property that the sign of (—1)**1|4;| is con-
stant for every 1 <i <n + 1 with |4;]| # 0.

Notation 3.9. For i € €+ U €~ we denote by 4@ = (a( )) the matrix equivalent
to A (i.e. obtained by performing elementary operations on the rows of A) such that,
when dropping the i-th column, the resulting matrix is the identity. We have that

AD = 4714,
For 1 < j < n let us denote by E @) the Euler operators corresponding to A®).

It is clear that every E @ belongs to the Euler space &4 and hence the corresponding
parameter ,8(’) is well deﬁned

By definition, the operators E;i) are

(1)

£ _ a x,8 + x;j0; if j <i,
a; x,8 +x]+18]+1 ifj >1,
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(l

where a; ) € Q. We can write these operators in a compact form as follows:

EP — B = af)xidi + X 4500450 ~ By, (3-2)

where
1 ifj >i.

Definition 3.10. Fori € €T U €~ and 8 € C", we define the set
gi’ﬂ = {Efl)_ §1)77Ey(ll)_ﬂ,(ll)}

Lemma 3.11. For everyi € €+ U €7, the set §;, g is the reduced Grobner basis of
the ideal

Dpyi(Ev—Bi..... En — Bn)

with respect to the term order <;.
Proof. We clearly have that foranyi € €T U €™,
Dn+1(E¥) - ii), L ED ,3(’) Dyi1(Er—Br..... En — Ba).

It is straightforward to check that the S-polynomials of elements of §; g reduce to zero
(we refer to [13] for a description of the Buchberger algorithm in the Weyl algebra).
Indeed, by definition of the order <;, the leading term of E ;’) - ,BJ(.’) is

x;0; if j <1,
LT, (ED - D) = st
Xjy10;41 if j >,
for1 < j <n.Then,forl <j <k <n
@) @ @ @)
S(E;” —B;", E” — B")
. . @) @) . . @) @)
xk+8‘”8k+8}€”(Ej —Bi)- xj+8_}”8j+8_/‘.”(Ek — B
= af)xi0i (B — ) —alxidi (B — B)
+BOED = B = B (ES — ) — {0},
where we are using that j + 8](.i) <k+ 5,(:) if j <k,and? + 5?) Fiforl<fl<n. m
Definition 3.12. Fori € €1t U €™, we define
Si(w,B) = NF(w1x101 +* + Opt1Xn+10n+1. 5i.8)

for any w € R**1\ {0} and B € C".
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Lemma 3.13. Foranyi € € U €™, and for any € R"T1\ {0} and B € C", we
have

si(w, B) = o (@)x;0; + yi(w, P),

where «; is a linear function on @ and y; is a linear function on w and 8. More

precisely
@i(©) = - (0.v)
%]
and
vi(@.B) = (0. 471 B).
where C()(i) = (Cl)], e, Wi—1, Wi, ... ,a)n+1) e R™.
Moreover;, fori, j € €T U€™ withi < j we have
(j)
vi(w,B) —yi(w, B) = (w v).

Proof. Recall that the leading term of Ej(-i) - ,B](.i) with respect to <; is

(i) @y _ . )
LT<(E;j" = B;7) = xj+b’j‘.’)aj+8;’>

for1 < j <n.Then
NF(w1x101 + -+ + Ony1Xn+10n+1, Gi g)
= (w; —aglg — z()l 1Wi—1 _az(z)wH'l —a( )a)n+1)x1 d;
+ P01 + -+ B iy + BV wir + o+ BD w1,
and hence

@) @) @) 0)
@i (w) = w; —ajjor — - —a;” | i1 — ;] Oip1 — = A, O

and
Yi(w,B) = (l)w =+ - +,3(l)1wt 1+,3( )wl+1 + - +,3y(ll)wn+1

Since the kernel of A is invariant under invertible Q-linear transformations, we have
that A9 v = 0 and therefore

v + aglzv, =0,

Vi— 1+a() v; =0,

i—1,i

Vi1 + 61( )Ul =0,

Upn+1 —I—a() =0.
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Since v; # 0 (because i € €1 U €7), we can write the i -th column of A® as

a [ —
1,i Ui’
Vi—1
al? —,
i—1,i v
i
33
(l) Vit G-3)
z,z v; ’
(z) _ Un+1
nz v; :

Then the claim for «; follows by the equalities in (3.3) while the claim for y;
follows by definition of w® and the fact that &) = AT'B.
Finally, fori, j € € U€~ withi < j, we have that Si(] ) = 0 and therefore

Vi .
EYP B = al)x;0; + xiti = B = — ;0 + xidy — .
J

Hence

1
§;i—8; = —(0,0)x;0; — —(w,V)x;0; + yi — ¥
v; v;

1 0 2() ﬁ(])
= ;(wm)(Ei =B+ ——(w,v) +yi —y;.
1

Since s; — s; belongs to Dy 1(E1 — B1, ..., E; — Bn), the rest of dividing by any
Grobner bases must be zero, and the last claim of the statement follows. n

Notation 3.14. In particular, if (w, v) = 0 then s;(w, B) is independent of i. It will
be denoted by

Y(w,B) = NF(01x101 + *+* + Opt1Xn410n+1.5:.8).

Example 3.15. We revisit Example 3.3 to illustrate the content of Lemma 3.13. First
notice that in this case € = {1,3} and €~ = {2}. The matrices A; for j € €T UE€~

are
32 1 2 1 3

and the matrices A) are

1
110 1
AW | 2 A® —
(—i 0 1)’ 0

N= N
—_— O
v
b
@
I
o~
O -
—_— O
o |l
N
SNS—
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Therefore,
ED 0 _ xa +yd, — ﬂ16 ,32
EM — g = —Zxax +20; — lﬂz,
E® _p® =x8x+2y8 _2/313 ﬂz
EQ _p® = ya v, B Jgﬂz’

E§3) _ §3) = xax — 4282 + ,329

B 40 =i, 420, PP

Dividing s = 01Xy + wpy3d, + w3z, by the elements Efi) — (l) and E(') g)
with respect to the order <;, it is straightforward to check that

Sl(a),ﬂ)=<w1—%+%> xdx + '316 ﬂz +%a)3,
s2(w, B) = (a)z — 2w, — _) 3, + '813_'32a)1 i B1 -gﬂzwa
s3(w, B) = (w3 + 4w1 — 2w3)z0; — Baw1 + B+ ,320)2

3

Once several notations are introduced together with some technical results, we
proceed with computation of the initial ideal in_ )(H4(B)). One way to compute
initial ideals is, by [13, Theorem 1.1.6], to compute a Grobner basis for Hy(8) with
respect to <(—g, ), for any term order <.

In the first non-trivial case, where the matrix 4 is of size 1 x 2,i.e., A = (p q),
the hypergeometric ideal is

Ha(B) = D2(3% — 97, pxdx + qydy — B).

In this simple case it is not difficult to prove that § = {3% — 8%, pxdx + qydy — B} is
such a Grobner basis of H4(f), by computing the S-polynomial in the homogenized
Weyl algebra, as explained in [13].

However, the complexity of the computations for a general n x (n + 1) matrix
grows to a point that makes it more reasonable trying another way. We will use [13,
Theorem 4.3.5] instead, as we explain next.
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Since the toric ideal 1,4 is principal and generated by a binomial, it is direct to see
that, for any w € R"*1\ {0},

avt if (w,v) > 0,
ing(l4) =3 0¥ if (w,v) <0,
P —0v if(w,0) =0

By [13, Theorem 3.1.3], the ideal in(_,, ) (H4(B)) equals the so-called fake initial
ideal

ﬁn(—w,w)(HA (B)) := Dpt1ing(I4g) + Dpi1(Ey — Bis oo En — Br)

when the parameter vector 8 is generic. But in the particular case we are treating of
hypergeometric ideals of codimension one, we can prove that the equality holds for
every f € C".

Proposition 3.16. Let A be a full-rank matrix of size n x (n + 1). Given any w €
R”*1\ {0} and B € C", we have

Dpi1(V Ex = B1,.. o En— Bn) if (0, v) > 0,
IN(w,0)(Ha(B)) = | Dut1(3V ,E1—B1,.... En— Bn) if (w,v) <0,
Hy(B) if (w,v) =0.

Proof. By [13, Theorem 4.3.5 ] (which holds true for non-necessarily homogeneous

matrices) we have that if the first homology H; (Kf} (grC2®)(D/DIy))) vanishes,

then the initial ideal in(_, «)(H4(B)) equals the fake initial ideal fin_, ,)(H4(B)).
The vanishing of the first homology is equivalent to the injectivity of the morphism

. (E-BE) .
Dy41/Dpsring (I4) —— Dys1/Dpring (1)
for every E — Bg such that E belongs to the Euler space &4 of A. Recall that the
number B g depends linearly on the components of the parameter vector 8. We denote
the Euler operator

E =c1x101 4+ -+ cn+1Xn+10n+1 € &4
and ¢ = (cq1,...,Cnt1). By {€1,...,€,+1} we denote the canonical basis of R !,

Then, given a monomial x¥9", we have

n+1
x*9¥(E — Be) = ({c,w) — Bg)x"d" + Z cxTegwte, (3.4)

Jj=1
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Let us suppose that (@, v) > 0. The morphism
+ +
“(E—=PE): Dpy1/Dn410° —> Dyy1/Dpi10®
is well defined since

" (E - Br) = (E—ﬂE + 3 civi>8v+.

ieet

Let P =), caX"** 0" € D, be an operator such that P ¢ D, 9", The operator
P(E — BE) belongs to Dn+18”+ if and only if every monomial of P(E — BE) is of
the form x*9% with vt < w, where < stands for the partial order

u<w ifandonlyif u; <w; forj=1,...,n+1.

For every x*® 9"« in P we have that the monomials in the expansion of x*« g%« (E —
BE) are (see equation (3.4))

xta gWe if B # (c, wq),
xHhatej gwate; for1 < j <n+ lsuchthatc; # 0.

We claim that if x*« g% ¢ Dn+18”+ then x* 9% (E — BEg) ¢ Dn+18“+. It is obvi-
ous when g # (c, wy). Otherwise, notice that there is at mostone j € {1,...,n + 1}
such that

awa-l-e_,- € Dn+18v+.

Then forany k € {1,...,n + 1} \ {j} the monomial x*« ¢ gWa+¢ does not belong
to D41 3" and appears in x*@ 9%« (E — Bg) unless ¢, = 0. Therefore x*« 9%« (E —
BE) € Dn_HE)vJr if and only if B = (¢, wq), c =e€; and 0¥ € Dn+18”+.But these
conditions are incompatible with v £ wy. Indeed, the fact that ¢ = e; belongs to the
row-span of A implies that v; = 0, and hence v;r = 0. Therefore, we have vt £ wy
and vt < w, +e 7, which leads to contradiction, and the claim is proved.

On the other hand, we have

n+1
P(E—BE) = an((c, Wa) — BE )X " + Z Z Cayxtae guate
o P

L +
Let x*« 9%« € D, be a monomial in P such that x** 9% ¢ D, 19" ,i.e.,
v £ we.

We have seen that, for every o with ¢y # 0, there exists j € {1,...,n + 1} such that
¢j # 0and
vt £ wy +e;.
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Considering the monomials in P having this property for j fixed, we see that the

monomials

Xua-i—ej awa-i—ej ,

such that the j-th coordinate of w,,; is maximal, cannot cancel in P(E — fg) and
hence P(E — BE) ¢ Dpi10¥" .

If (w, v) < 0 the proof is completely analogous.

Finally, let us suppose that (@, v) = 0. The morphism is well defined since

vt v vt v

(0° —9" JE—-PBg)=(E—-Pp)@° —9")
+ ( > c,'v;L)8”+ = ( > ciu;)a”‘
ieet i€
= (E=Be)@" = 0")+ () avf )@ =)
ieet
because {c,v) = 0 implies (c,v") = (c,v7).

To prove the injectivity of the morphism

(E—BE): Dn+1/Dn+1(3v+ -9V ) — Dn+1/Dn+1(av+ —3"),

let P =), coXx**d"* € D,y be an operator such that P ¢ Dn+1(8”Jr — v ),
and let < be any term order on D,4; such that LT<(8UJr -0V ) = 3", We can
suppose that no monomial x** 9%« in P is divisible by 3" Now, the difference to
the previous case is that, if there exists j such that v™ < wy + €;, we can reduce by
the binomial. Hence, in x#« 3%« (E — BE), instead of the monomial x¥#« ¢ gWat¢/ we
have x¥eT¢ gwate; v+~ Since supp(v™) N supp(v™) = @, this monomial is not
reducible by or - 0V, and we can use the same argument as before to deduce that

NF(P(E — Bg). (8" — 9" }) #0. n

Notation 3.17. For simplicity, we will drop the dependence on w and 8 in s; (w, B),
o;(w) and y; (w, B) (as defined in Lemma 3.13), and simply write s;, «; and y;.
Fori € €% U €~ we set the polynomial

lvil—1

bi(s) = [T G —vi—Jjew).
j=0
Remark 3.18. Recall that we may have (see Remark 3.8) a toric ideal of the form
Iy = (0" —1).
In this case, if @ € R?T1 \ {0} is such that (@, v) < 0, then the initial ideal is

inw,0)(Ha(B)) = Du+1
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and the b-function is not defined, since it is only defined for proper holonomic ideals.
But for (w, v) > 0 itis defined and we describe it below, with the notations introduced
in Notation 3.14 and Notation 3.17.

Theorem 3.19. Let A € M, x(n+1)(Z) be a matrix with maximal rank. For any €
R\ {0} and for any B € C",

[Lice+ bi(s) if (w,v) >0,
bo,p(s) = { Tlice- bi(s) if {w,v) <0,
s—y.B) if (w.v)=0

is the b-function with respect to the weight w of the holonomic ideal H4(p).

Proof. As we have seen in Section 2, there are two steps to compute the b-function
of a holonomic ideal. The first one is achieved in Proposition 3.16. For the second
step, both via elimination or using Noro’s algorithm, we need a Grobner basis of
the initial ideal in_g «)(H4(B)). The advantage of using the second procedure is
that we can use any term order in the Weyl algebra. However, despite the simple
form of the initial ideal described in Proposition 3.16, the computation of a Grébner
basis of in(_y ) (H4(B)) is too long and complex. Therefore, we will not compute
the b-function directly. Instead we will compute a multiple of the b-function (see
Remark 2.8) and some divisors of the b-function, by dealing with ideals simpler than
IN(—w,w) (Ha(B)).

Let us denote by b(s) the right-hand side of the equality in the statement. First we
will prove that b(s) is a multiple of the b-function b, g(s). For this it is enough to
show that for any @ € R"*1\ {0}

b(w1x101 + ++* + Op+1Xn+10n+1) € IN(—w,w) (Ha(B)).

For any operator E in the Euler space there exists g € C uniquely defined such that
E — Bg € H4(B). Then it is obvious that for any @ € R"*1\ {0}

E — IBE € in(—w,w)(HA(;B))~

Moreover,
0" €inpw(Ha(B)  if (@,v)
0" €inopw (Ha(B))  if (. )
"7 — 3V € incow(Ha(B) i (w.v)

El

0
0,
0

AV

Let s denote the operator

§ =w1x101 + -+ + Ont1Xn+10n+1-
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First, suppose that (o, v) = 0. Then
w1X101 + -+ + On41Xn+10n+1 € E4
and, see Notation 3.14,

s =1x101 ++ + Opp1Xn110n11 = Y i (Ei — Bi) + y(. B).

4

Then b(s) = s — y(w, B) is a multiple of the b-function.
Suppose that {w, v) > 0. By Remark 3.18 we assume that €T # ). Notice that
for every i € €T U €™, we can write s as follows:

S =5 +Z)tj(-i)(Ej —ﬂj), (3.5)
J

where A}i) are linear functions on w. Then, by definition of b(s) and by (3.5), we have

bs) = [T bilsi + YAV (E - B))
J

ice+

for a certain Aj(-i) € Q.
Ifi € €T, then v; # 0 and by Lemma 3.13 we have s; = o;x;0; + y; witho; =
a;(w) # 0. Hence

v;—1 n 4
bisi + Y M (B = ) = TT (cwtwids =) + 3 AP (E; = )
J k=0 j=1
v;—1 n

= aff H (x;0; — k) + Q; Z/\,(‘i)(Ej - Bj)
k=0 J=1

for a certain operator Q; € D, 4. Then we have

n
bi(s) = bi(si + YAV (E; = B)) = a1 07 + Qi Y AV (E; - By),

J J=1
where we are using the well-known relation
Xi 03 (i 07 — 1)(xi0; —2) -+ (x; 0 — ) = x{T1of™,
for any positive integer £ and 1 <i <n + 1. Now we deduce

n
b(s) = ]‘[ ol x4 ZR,(E,- —B))

ieet Jj=1
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for certain operators R; € D, 1. And since
e s . + .+
[T arixfiol = ( I1 alpz)xv v
iett iect

we deduce that
b(s) € in(—w,w)(Ha(B)),

as we wanted to prove.

When (w, v) < 0, the proof is completely analogous.

Now we prove that for generic parameters 8 € €” the polynomial b(s) divides the
b-function b, g(s), and hence it follows that b(s) = b, g(s).

If (w, v) = 0 there is nothing to prove since we know by Theorem 2.7 that the b-
function is non-zero. Otherwise, suppose {w, v) > 0 (the case (w, v) < 0 is analogous).
For any i € €7 consider any term order <; satisfying (3.1). If we define the ideal

Jip = Dn+1(3;}i,E1 —PB1, s En—Bn),
by Proposition 3.16 it is clear that we have

inw.0)(Ha(B)) S Jip.

We claim that
Gip=1{0;"} U¥%p

is a Grobner basis of J; g with respect to <; (see Definition 3.10 for §; g). Indeed,
since §; g is a Grobner basis of the ideal it generates, with respect to <;, we only have
to compute the S-polynomials S(3;", E, © ,Bl(ci)) for 1 < k < n. First recall that the
Euler operators can be written as

(@) @ _ O . (’)
Ey” =By’ = agixidi + X, 500 50 — By
where
8(i) —

k 1 ifk >i.

{0 ifk <i,
Notice that for 1 < k < n, we have k + 5,(;) = 1. Then, since
LT, (E,El) - IBI(cl)) = xk+5,§f)ak+8,§i)
we have
S@ES = B = x50 500" = 07 (B —BD)

= (B —alvi — af)xi0,)d}" —>4, {0},
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Now we claim that the ideal J; g is holonomic. Indeed, since §; g is a Grobner
basis of J; g we deduce that (see Definition 2.3)

ingg.e)(Jig) = Dpi1 (8, ED ... ED).
The components of the characteristic variety are of the form
V(wi, pj)jeqt,...nri3\iiy S C20+D = Spec(Cluy, ... Unt1sWis .- Wot1])

where p; is either u; or w;. Hence the dimension of the characteristic variety is n + 1
and the ideal J; g is holonomic as claimed. Let us compute its b-function by, 4 «(s).
If v; = 1 then
NF(s,%p) = vi

and hence le.ﬁ,w (s) = s — y;. Otherwise
NF(s, %) = o;x;i9; + yi
and now we can only reduce with d;*. We cannot look for a solution to
NF(s* 4 apys 14+ ap, §5) =0 (3.6)
as long as £ < v;. For £ = v; we find a solution as follows. By Lemma 2.9 we have
NF(s" + ay;—18" '+ 4+ aop, G p) = NF(s;" + avi—lsfi_l + -+ ag, Gip),

and by equation (1.1)

I
C\ iy
d= 23 (ot stertit
j=0k=0 J
Hence, setting a,, := 1,
v; r J r ) )
N 1 D3 ( .)a;y:—fsu,k)x,-kaf
r=0 Jj=0k=0 J

Vi Vi Vi r . X
_ zzar(.)azy;—fsu,m it

And then we deduce

NF(sV + avi_ls”"_1 + -+ ao, gi,ﬂ)

vi—1 fvi—1v;—1

=2 X Zar(;)afyi'_jS(j,k) xk k.

k=0 \j=k r=j
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This polynomial vanishes if and only if every coefficient vanishes, i.e. for every 0 <
k< v; — 1,

vi—1lv;—1 r ) )
> ar< .)a{ v SGk) =0 (3.7)
j=k r=j J

which is a linear system of equations in @y, —1, ..., do.

This system is of the type studied in [4]. Let us briefly recall some definitions of
this paper. Given (k1,k2) € Z;O and £ € Z -, we define the polynomial

LN [C—i . o
Clhika )= ) (,-1)< izll)S(l’l,kl)S(iz,kz)x”y’zz@—”—lz.
i1>ky,
i25ks,
i1+ir<{

Further, given a finite set of points R € Z2, and m € Zxg, we define the matrix

MRm = (C(kl’kz’z))(kl,kz)eR, o<l<m—1°

Then the system in (3.7) can be written as
Mg, v (a, 1)' =0,
where (a, 1) = (ao,...,ay;—1, 1), the set R; is
R; ={(0,0),(1,0),...,(vi —1,0)},

and the polynomials C(kq, k2, {) € Z[x, y, z] are evaluated at x = o; and z = y;
(notice that for points of the form (j, 0), the corresponding polynomial C(j, 0, £)
does not depend on the variable y).

By [4, Theorem 3.6] this system is solvable and its solution (ay, ..., ay,—1) gives
rise to the polynomial b; (s). Then, we have proved that

bJ,',B,a)(s) = bi (S)

and therefore, for any 1 <i <n + 1 such that i € €, the polynomial b; (s) is a
divisor of the b-function.

Hence, ([ [;ce+ bi(8))red is a multiple of the b-function and therefore, if we have
([T;ce+ bi(s))rea = b(s) we are done. But this is not the case in general. For any
i € €% the polynomial b; (s) is reduced, but for i, j € €1 the polynomials b; (s) and
bj (s) may have roots in common. Let us characterize when this occurs. There are two
common roots y; + ka; = y; + raj if and only if

r k

vi—vyi = —koi +ra; = (v_ - ;)(a),v).
'j i
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By Lemma 3.13,if i > j,
Y
vi —vj = ——{w.v)
Vj
and since (w, v) # 0 we have proved that there is a root of b;(s) equal to a root
of b;(s) for different i, j € €7 if and only if there exists r € {0,...,v; — 1} and

k €{0,...,v; — 1} such that

B’ _r K

9
vj Vj V;

which is a condition independent of w.

Then, since ﬂj(.i) is a non-zero linear combination of 81, ..., B8,, the set
@)
B; r k
. l | J
Vj Vj Vi
k,r

defines a Zariski closed set in €”, such that the polynomial b; (s)b; (s) is reduced if
and only if B ¢ Z;;. The condition for the polynomial b(s) to be non-reduced, when

(w,v) > 0, is then
B e U Zij,
i,jeet
which is a closed condition on .

So far we have proved that generically in B the b-function has [v™| roots (recall
that we are assuming that (w, v) > 0), while for 8 in a Zariski closed set of C” the
b-function has degree less than or equal to |v™T|.

To finish, we show that for 8 in a Zariski closed set of C" we cannot have less
roots than for generic 8. Suppose that, instead of using Noro’s algorithm to com-
pute the b-function, we look for the minimal generator of in(_,«)(H4(B)) N C[s] by
elimination. Let ¥ be a Grobner basis of in_ ) (H4(B)) with respect to a term
order of the type <;. Since this order eliminates the variables x;d; for j # i in
§ = w1X101 + -+ + Opt1Xn+10n+1, We get

NF(s,8)=s; = a;x;0; + Vi.

Here we are implicitly assuming that x; 0; ¢ in,»)(H4(B)), since otherwise b(s) =
s — y; and there is nothing to prove. By Lemma 2.9

NF(s* + a5 4+ 4 ap.8) = NF(sf + ag_lsf_l + -4 ap,9)

and by equation (1.1), expressions of the form sf + ag_lsf_l + -+ 4 ap live in
C[x;, 9;]. Hence, to reduce sf + ag_lsf_l + -+ + ao we look for an operator
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P; € in_y ) (Ha(B)) N C[x;, 0;] with minimal degree. Such an operator can be
found by applying the Buchberger algorithm to the set

oG ~ . RN,
(7 ED - BV 1< <n j+8) eet)
Recall that
ED - gD = aDx0; +x, a0, 0 — B,

LT (E{ - ) = x, 54509450

where

' 1 ifj > 1.

Here it is crucial that
(1) ] +8 (l)

aji =~ —— 70
to deduce that the operator P; has its leadmg term LT, (P;) independent of the
parameters f3.
It follows, that we cannot have generically more roots than for § in a Zariski
closed set. ]

Example 3.20. Let us consider the hypergeometric system of Example 3.3,
Hy(B) = D3(8i82 — ai,xax + 3ydy + 220, — 1, —x0x + 420, — B2).

Let w € R3\ {0} be such that 4w + w3 < 2w,. Then, by Proposition 3.16 we have
that

in(—w,0) (Ha(B)) = D3(0%, x0x + 3y, + 229, — P1, —xdx + 420; — B2).

For the moment we do not care whether § = {02, xdx + 3yd, + 229, — B1, —x0x +
420, — Bo} is a Grobner basis of in(_y 4)(Ha(B)) or not, but we reduce sk by its
elements. In this way we will find a multiple of the b-function as follows. First, we
define

S =o0y0y + y2

which is nothing but s,(w, B) (see Lemma 3.13), with @y = w, — 2w; — 2 and

2
Vo = 2ﬂ13 ﬂzwl + ﬁ16ﬂ2

w3 as computed in Example 3.15. Since we have
52 = a3(y0y)” + 202720y + 73

= 03y%0% + (03 + 20292)y0y + V3
(@3 + 2a272)ydy +y; mod &,
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we can look for a¢ and a; such that
52 +a15+ap=0 mod¥.
In other words,
(05 + 20272)ydy + v5 + ar(@2ydy + y2) + ao = 0,

or equivalently
a% + 205y2 + apa; = 0, 38)
)/22+(11)/2+110:0. )
To solve this system it is enough to notice that the hypothesis 4w, + w3 < 2w, is
equivalent to ap > 0. Then we get

ap = —op — 2y»,

ag =y3 + y202,

and therefore
b(s) = s+ aps + ap = (s —y2)(s —y2 —az)

is a multiple of the b-function. In Theorem 3.19 it is proved that it is indeed the b-
function, since the polynomial b(s) just found is, by definition, the polynomial b, (s)
(see Notation 3.17) and €~ = {2}.

The linear system (3.8) is a very particular case of the kind of systems solved
in [4].

To complete the example we give here the full description of b, g(s). By Theo-
rem 3.19, the h-function of H4(B) with respect to w € R3 \ {0} is

(s =y —y1 —ar)(s —y1 —20)

(s —y1 —3a1)(s — y3) if 4w + w3 > 2w,,
(s —y2)(s —y2 —a2) if dw; + w3 < 2w;,
s —y(,pB) if 41 + w3 = 2w,,

where, when 4w; + w3 = 2w,, we have (see Notation 3.14)

Y(@.5) = (1 + 2300 — fao.

Notice that there are multiple roots. When 4w + w3 > 2w», it is straightforward
to check that, if
—B>=j €1{0,1,2,3}

then the roots y; + ja; and y3 coincide for any w € R3 \ {0}.



H. Cobo 24

4. Final remarks

Given w € R"*1\ {0}, we have proved in Theorem 3.19 that the number of roots of
the b-function of H4(B) is independent of the parameter § € C”. This is due to the
equality of the fake and the initial ideal proved in Proposition 3.16, and seems to be
particular of the case of codimension one.

Remark 4.1. Notice that for @ € R"*1 \ {0}, if we consider the weight

n
o =w+ Zﬂi(ai,l’ cesin41)

i=1

with u; € R, then (w’, v) = (w, v), and hence, by Proposition 3.16,
in(—w’,a)’)(l—IA (:3)) = in(—w,w)(HA(:B))‘

This equality suggests a relation among the b-functions by, g(s) and b, g(s), and it
is indeed not difficult to check that the following symmetry relation holds:

bo p(5) = b p(s + (1. B)).

where i = (U1,..., Un)-

There are some properties that are natural to ask to the matrix A when dealing
with hypergeometric systems. Some of them have already appeared above.

Definition 4.2. Given a matrix A € M jx,(Z), with columns denoted by ay,...,a, €
72, we can associate to A the semigroup

S4:=NA={la; + -+ Ana, | ;i € N},
the lattice
Ly :=7ZA={A a1+ -+ Anan | i € Z},
the cone
CA = RZOA = {Alal + e +Anan | Ai € RZO}’
and the polytope
Py:={Aai + -+ Apa, | 0 < A; < 1}.

We have S4 C L4 N Cy.
The vertices of the polytope P4 are in the lattice L4. We define the volume of A
as the normalized volume of Py, i.e.,
vol(Py)
VOl(L A) ’

vol(A) =

where the volume of the lattice is defined by any basis of Ly4.
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(i)  We say that the matrix A is homogeneous if (1, ..., 1) belongs to the Q-row
span of A. This is equivalent to the fact that the ideal H4(f) is regular.

(ii) Wesay that A is pointed if NA N (=N A) = {0}, where - NA = {—w | w €
N A}. Or equivalently, if there exists a vector in the Q-row span of A with all
coordinates positive. Another characterization for a matrix 4 to be pointed
is that Cy4 is a strictly convex cone.

(iii)) We say that the matrix A is saturated if its columns generate a saturated
semigroup, i.e., if
NA = (ZA) NRY,.
Definition 4.3. We say that @ € R”1 \ {0} is generic with respect to the ideal 14, or
simply generic, if the initial ideal ing (/4) is monomial.

In the case under consideration, it follows by Proposition 3.16 that @ € R"*1 is
generic if and only if (w, v) # 0.

Corollary 44. Let A € M, x(n+1)(Z) be a full-rank matrix and let 8 € C" a vector
of parameters.

(i)  The b-function of H4(B) has a constant number of roots for w generic if
and only if 4 is homogeneous.
(i) The b-function is defined in the whole R”T1 if and only if A4 is pointed and

has not a zero column.

(iii) The b-function of H4(B) is reduced for any w and any B if and only if
Kerz(A) is generated by a vector of the form

UV =V;€ — V€
with v;,v; € Zspand1 <i < j <n+ 1.
(iv) There exists @ € R*T1 \ {0} generic such that the h-function has degree
equal to vol(A) and it is reduced for every B € C" if and only if the matrix

A is saturated. In particular, if there exists @ € R”*1\ {0} generic such that
by, (s) has degree one then the matrix A is saturated.

Proof. Recall that we are denoting by a; € Z", for 1 <i <n + 1, the columns of the
matrix A4, and by {e;,...,e,11} the standard basis of R”*1,

Referring to (i) there is nothing to prove, since it follows directly from Theo-
rem 3.19.

We prove (ii). Suppose that the matrix A has a zero column,

0
ai=|]:]eR”
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for certain 1 <i <n + 1. Then A; has to be an invertible matrix and the solution to
Av = 0 is generated by e;. Therefore, the toric ideal /4 is generated by the operator
d; — 1 and the b-function is not defined for (w, e;) < 0 (see Remark 3.18).
Suppose now that A is not pointed, then there exists a non-zero u e NAN(—N A).
Then,
U=~Aay+---+ An+1an+1, with /\i >0

and
—U = p1dy + -+ fpt1apyr, Wwith g; > 0.
Therefore,
0= 1+ uar + -+ Ang1 + fnt1)an+1
and hence (A; + W1,...,An+1 + Un+1) is a multiple of v. This implies that v €

R”*1 or in other words, 14 = (0Y — 1). And, again, the b-function is not defined for

>0 °
(w,v) <0.
For the other implication, we have that Kerz (A4) is generated by v where

viar + -+ Upp1dns1 = 0 € R

By hypothesis the vector v is not of the form e; with 1 <i <n 4 1. If 4 is pointed
there exists a homomorphism ¢ : Z" — Z such that ¢(a;) > 0 for every i. Hence

vig(ay) + -+ vp+19(@n+1) =0

and not every v; can be non-negative. Hence € # ¢ and €~ # @, and the h-function
is defined for every w € R"*1\ {0}.

Let us prove (iii). The condition of the statement is equivalent to |[€ | = [€~| = 1.
It follows directly from Theorem 3.19 that when |€ 7| = |€~| = 1 the b-function is
reduced.

Suppose now that (w,v) > 0 and €| > 1. In the proof of Theorem 3.19 we show
that for any i, j € € there exists a non-empty Zariski closed set Z;; € C" such that
bi(s)b;(s) is reduced if and only if 8 ¢ Z;;.

To finish, let us prove (iv). The existence of a generic weight @ € R"*1\ {0}
such that for every 8 € C" the polynomial b, g (s) is reduced and has degree equal to
vol(A) is equivalent, by Theorem 3.19, to the following situation:

(w,v) >0, €T ={j} and v" = vol(A)e,
for certain j € {1,...,n + 1}. Notice that the condition Av = 0 is then

vol(A)a; = Z VrQ,

k#j
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where vg > 0. Since vol(A) equals the number of lattice points in the so-called funda-
mental parallelogram of C4 N Ly, the equation above implies that Sy = L4 N Z;O,
and therefore A is saturated. ]

Remark 4.5. A possible generalization of Corollary 4.4 for matrices of any size
A € Mgxn(Z) might be straightforward for the points (ii) and (iv), together with
the following.

(i)  The b-function of H4(fB) has constant number of roots for both @ and B
generic if and only if A is homogeneous.

(iii) The b-function is reduced for any w and any B if and only if Kerz(A4) can
be generated by vectors of the form

a;e; —bjej

with1 <i < j <nanda;,b; > 0.

This agrees with [13, Proposition 5.1.9], where the b-function is described for generic
weights and parameters, for homogeneous matrices of any size. It also agrees with
the main result in [3], where the b-function is described for generic § in the case of a
particular family of matrices which are non-homogeneous, pointed and saturated.
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