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A fixed point result for mappings on the £ ,-sum of a closed and
convex set based on the degree of nondensifiability

Gonzalo Garcia

Abstract. Let C a non-empty, bounded, closed and convex subset of a Banach space X, and
denote by {5 (C) the £oo-sum of C. In the present paper, by using the degree of nondensi-
fiability (DND), we introduce the class of r-A-DND-contraction maps f : £oo(C) — X and
prove that if f(£oo(C)) C C then there is some x* € C with f(x*,x*,...,x*,...) = x*.
Our result, in the specified framework, generalizes other fixed point results for the so called
generalized r-contraction and even other existing fixed point result based on the DND. Also,
we derive a new Krasnosel’skii-type fixed point result.

1. Introduction

In 1922 the great Polish mathematician Stefan Banach published in the paper [5] his
celebrated fixed point theorem which, for completeness, we recall here.

Theorem 1.1 (Banach Fixed Point Theorem). Let (X, d) be a complete metric space
and f : X — X an r-contraction, for some r € [0, 1), i.e. d(f(x), f(y)) <rd(x,y)
forall x,y € X. Then, f has a unique fixed point x* € X and, for any xo € X, the
iteration x, := f(xp—1) for alln > 1 converges to x*.

Due to its many applications (see, for instance, the monograph [33]), the above
fixed point result has been generalized in many directions, see, for instance, [1-3,7,16,
17,21,22,28-31] and references therein. In particular, for a given integer m > 1, if we
consider X", the Cartesian product of m copies of the metric space (X, d) endowed
with the metric ds(x,y) := max{d(x;,y;):i =1,...,m}forall x := (x1,...,Xm),
y:=1,...,Ym) € X, Miculescu [22] and Mihail [21] proved the following result:

Theorem 1.2. Let (X, d) be a complete metric space and f : X™ — X such that
d(f(x), f(y)) <rds(x,y), forsomer € [0,1) and all x,y € X™ (i.e., [ is a general-
ized r-contraction). Then, f has a unique generalized fixed point, that is, there exists
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a unique x* € X such that f(x*,...,x*) = x*. Moreover, for every xq, ..., Xm—1 € X
the sequence
Xmak = f(Xktm—1s-.-,Xk), forallk >0,

converges to x*.

Later, Secelean [28] generalized the above result (see also [20]). Before showing
such result, we need to introduce the notation and recall some known facts. Following
[15], we denote by £, (X ) the £oo-sum of the metric space (X, d), that is, the set of all
bounded sequences of X endowed with the supremum metric dg := sup{d(x,, y») :
n > 1} forall X := (xp)n>1, Y = (Vn)nz1 € Loo(X).

The notion of £ -sum originates from Functional Analysis (see, for instance, [6,8]
or [19, p. xii]). Let us note that if X is not bounded, then £, (X) is a proper subspace
of [[,>1 X, but if X is bounded then o (X) = [[,~; X. Some interesting results
related with the Tychonoff product topology (see, for_instance, [32]) on £50(X) and
the topology induced by certain metrics in £o,(X) (assuming X is bounded and not a
singleton) were proved in [15].

The above mentioned Secelean fixed point result is the following:

Theorem 1.3. Let (X, d) be a complete metric space and f : Loo(X) — X such
that d( f(x), f(y)) < rds(X,y), for some r € [0,1) and all X,y € £x(X) (i.e., f is
a generalized r-contraction). Then, f has a unique generalized fixed point, that is,
there exists a unique x* € X such that f(x*,...,x*,...) = x*. Moreover, for every
(Xn)n>1 € Loo(X) the sequence

ve = LG xR xR G X)),

for all k > 0, converges to x* where f* means the composition of f with itself k-
times ( f° being the identity mapping).

Remark 1.4. Actually, the above result holds for more general contractiveness con-
ditions on f, but here this fact is not relevant.

On the other hand, the main goal of this paper is to generalize Theorem 1.3 when
X is a non-empty, bounded, closed and convex subset of a Banach space. For this,
our main tool will be the so called degree of nondensifiability (DND), explained in
detail in Section 2. Also, our main result (see Theorem 3.6) generalizes an existing
fixed point result based on the DND. To show that our results are real generalizations
of the indicated ones, we provide some examples. As consequence of Theorem 3.6,
we derive a new Krasnosel’skii-type fixed point result, see Corollary 3.7.
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2. The degree of nondensifiability

Before introducing the main concept and result of this section, it is convenient to recall
the concepts of «-dense curve and densifiable set, introduced in [24]. Following the
notation of the previous section, and by the moment, (X, d) will be a metric space.
Also, we denote [ := [0, 1] and, as usual, for a non-empty subset B of X or E, B is
the closure of B and if X is a Banach space, Conv(B) is the convex hull of B. The
class of non-empty and bounded subsets of X is denoted by B(X).

Definition 2.1. Let B € B8(X) and @ > 0. A continuous mapping y : I — (X,d) is
said to be an «-dense curve in B if the following conditions hold:

@ yd)cC B.
(ii) For each x € B thereis y € y(/) such thatd(x, y) < «.

If for each @ > O there is an «-dense curve in B, then B is said to be densifiable.

Some comments are necessary:

(a) For a given B € B(X), fixed xo € B the mapping y : I — (X, d) defined
as y(t) := x¢ for all ¢t € [ is, trivially, an @-dense curve in B for each o >
Diam(B), the diameter of B.

(b) If B := I" is the n-dimensional closed unit cube of R”,and y : I — R” is
a space-filling curve (see [27]), that is to say, y is continuous and y(/) = B,
then y is, precisely, a 0-dense curve in B. So, the «-dense curves are a gen-
eralization of the space-filling curves. Moreover, as Mora proved in [23], the
space-filling curves can be characterized in terms of the a-dense curves.

(c) It is not very hard to prove (see [26, Proposition 2]) that an arc-connected
B € B(X) is densifiable if and only if it is precompact.

For a detailed exposition of the a-dense curves, as well as its applications, see
[9,23,25,26] and references therein.

Next, we can give the definition of degree of nondensifiability, which was first
defined in [25] and analyzed later in [13].

Definition 2.2. For a given B € B(X) the degree of nondensifiability, in short DND,
of B is defined as

¢(B) :=inf{a > 0: Tpq # 0},
I'p o being the class of the «-dense curves in B.

Let us note that the DND is well defined. Indeed, from the above considerations,
I'p,o # @ for each @ > Diam(B) and therefore ¢ (B) € [0, Diam(B)] . Also, by virtue
of the Hahn—Mazurkiewicz Theorem (see, for instance, [27,32]) aset B € B(X) is a
Peano Continuum (i.e., a compact, connected and locally connected set) if and only if
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it is the continuous image of /. Therefore, the DND measures, in the specified sense,
the distance from a given B € B(X) to the class of the Peano Continua contained
in B. The following example was proved in [25]:

Example 2.3. Let Uy be the closed unit ball of a Banach space X. Then,

1, if X has infinite dimension,
¢(Ux) = . o
0, if X has finite dimension.
The following property of the DND will be useful for our goals (see [13, Proposi-
tion 2.6]):

Proposition 2.4. Let B,,.(X) be the class of non-empty, bounded and arc-connected
sets of X. Then, ¢(B) = 0 if and only if B is precompact, for each B € By (X).

It is worth saying that, despite the DND ¢ shares some properties (see [10, 13])
similar to those of the so-called measures of noncompactness (MNC), see, for instance
[1,4], the DND is not a MNC. Moreover, in [10, 11, 14] we have proved several fixed
point results based on the DND which works under conditions that similar fixed point
results based on the MNCs do not work.

In what follows, if otherwise not specified, we assume that (X, ||-||) is a Banach
space. At this point, it is convenient to introduce the following concept (see also [14]).

Definition 2.5. Let f : C — X continuous, with C € B8(X) closed and convex, such
that f(B) € 8(X) for each non-empty B C C. For a given r € [0, 1), we will say
that f is an r-DND-contraction if

¢(f(B)) < r¢(B),
for all non-empty, closed and convex B C C.
The following fixed point result was proved in [11, Corollary 3.3].

Theorem 2.6. Let f : C — C be an r-DND-contraction for some r € [0, 1), with
C € B(X) closed and convex. Then, f has some fixed point.

Of course, the above result is, in forms, similar to the celebrated Darbo Fixed
Point Theorem (see, for instance, [1, 4]). However, as we have pointed out above,
Theorem 2.6 and other fixed point results based on the MNCs (and, in particular,
Darbo Fixed Point Theorem) are essentially different. We conclude this section with
some comments to emphasize some common properties of the Darbo Fixed Point
Theorem and Theorem 2.6.

D If f:C C X — X is an r-contraction, for some r € [0, 1), it is not very hard
to check that given a non-empty, closed and convex B C C and an «a-dense
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curve in B for some o > ¢(B), then the mapping f oy : I — E is an ro-
dense curve in f(B) (see also the proof of Proposition 3.2). Therefore, f is
an r-DND-contraction. So, in the frame of Theorem 2.6, the above fixed point
result is a generalization of the Banach Fixed Point Theorem.

(II) According to [4, Definition 1.2.5], a continuous mapping f between two
Banach spaces is said to be compact if it maps bounded subsets into pre-
compact ones. Assume f : C — C is compact, with C € B(X) compact and
convex. By Proposition 2.4, under these conditions, ¢( f(B)) = 0. Thus, f is
a 0-DND-contraction and therefore Theorem 2.6 generalizes the well-known
Schauder Fixed Point Theorem (see, for instance, [4, Theorem 1.2.1]).

3. The main result

In what follows, for a given C € B8(X), we consider £, (C) endowed with the supre-
mum metric ds defined in Section 1. As we are assuming X is a Banach space
endowed with a norm |||, then

ds(x,y) = |x = ylls := sup {{|lxn — yull : 1 > 1},

for all X := (Xp)n>1, Y := (Vn)n>1 € Loo(C). Let us note that, as we have pointed
out in Section 1, in this context £o,(C) = [],-; C but we maintain the notation of
Section 1. Of course, C is bounded in (£oo(X )_, ds). Therefore, we can consider the
DND of C. To emphasize that we refer to the DND in the £oo-sum of C, £o,(C), the
DND of C will be denoted by ¢oo (C).

Recently, in [12] we have generalized Theorem 2.6. As we have pointed out in
Section 1, our main goal is to generalize Theorems 1.3 and 2.6 for mappings defined
in £oo(C), with C € B(X) convex and closed. To simplify writing and notation, we
introduce the following.

Definition 3.1. Given B € B(X), we define
loo(B)A := {(xn)nzl € loo(B) : x,, ;== x forall n > 1 and some x € B}.

Roughly speaking, £.(B)a is the “diagonal section” of {s(B). Also, let
f i €oo(C) — X be continuous, with C € B(X) closed and convex, such that f(B)
B(X) for each non-empty B C £oo(C). If there is r € [0, 1), such that

$(f(loo(B)A)) = rpoc(loo(B)a),

for all non-empty, closed and convex B C C, we will say that f is an r-A-DND
contraction.



G. Garcia 204

Next, we show that the above concept generalizes that of r-generalized contraction
(see Section 1) for mappings defined in £ (C) with C € B(X) closed and convex.

Proposition 3.2. Let C € B(X) closed and convex and [ : Loo(C) — X an r-gen-
eralized contraction, for some r € [0, 1). Then, f is an r-A-DND contraction.

Proof. Let any non-empty, closed and convex B C C and y := (y,),>1 an a-dense
curve in £oo(B)a, for some o > ¢ (£oo(B)a). Then, given any x € £, (B) there is
t € I suchthat |x — y,(t)|s < c.

Itisclearthat ¥ := f o (Yn)n>1: I — X is continuous and Y (1) C f(£oo(B)A).
So, from the above considerations and noticing that f is an r-generalized contraction,
we have

[f &) =Yl = rlx = n()nz1lls < re

and therefore ¥ is an a-dense curve in f(£oo(B)a). From the arbitrariness of «, we
conclude that

¢(f(loo(B)a)) = roo(loc(B)a),

and the proof is complete. ]

We show by the following examples that the class of the r-generalized contraction
defined in £, (C), with C € B(X) closed and convex, is strictly contained in the class
of the r-A-DND contractions.

Example 3.3. Let ¢y be the Banach space of the (real) null sequences endowed with
its usual supremum norm and U, its closed unit ball. Define f : oo (Ue,) — U, as

1 1
f((x;)nzl»(x,%)nzl,...,(xrlf)nzl,...) = (xll,ixg,...,%x,];,...),

for all (x,’f)nzl € Ugy, k > 1. Then f is continuous and it is easy to check that
is compact (see also [4, Theorem I1.4.1]). So, as f(£o0(B)a) is precompact and
arc-connected for each non-empty, closed and convex B C C, by Proposition 2.4
¢ (f(Loo(B)a)) = 0 and therefore f is a 0-A-contraction.

If for each k > 1 we denote by e, the k-th basic vector of ¢y (recall, e =
0,...,0,1,0,...) with the one in the k-th position), and 0 the null vector of cg
we find that

| fler,ea,....er,...)— f(0,0,...,0,...)]
=1=|(er,e2,...,€k,...)—(0,0,...,0,.. )]s,

and consequently f can not be an r-generalized contraction for any r € [0, 1).
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Example 3.4. Let € (/) be the Banach space of the continuous functions x : I — R
endowed with the supremum normand C :={x € €(I):0<x(¢t) <1, forallt € I'}.
Consider f : £o(C) — C given by

3 | sin (5 (xic (1) = xk—1(1))|

F (G @Onzi) 1= 51(0) + -

2
k>2

for all (x,(f))n>1 € €oo(C). Then, given x,y € C
IfCe(@), x(@),....x(@1),...) = fy@).,y@),....y()... )]

1 1
= 3lx =yl =3l =yl

and therefore f isa %—A—contraction. Indeed, from the above inequality and reasoning

as in the proof of Proposition 3.2, if y is an a-dense curve in £, (B) A for a given non-

empty, closed and convex B C C,then f oy isa %a-dense curve in f(£oo(B))A.
Next, take the sequence

0 1, forn odd,
X =
" 0, forn even,

where 1 and 0 stand for the functions identically equal to 1 and 0, respectively. Then
1/ (e @)nz1) = f(OnzDIl = T = [|(xn(1))nz1 = (0)nz1lls,

and therefore f is not an r-generalized contraction for any r € [0, 1).
The following lemma will be useful for our goal:

Lemma 3.5. Let B € B(X) convex. Then,
Poo(loo(B)a) = $(B).

Proof. Letany o > ¢oo(£oo(B)a) and y an a-dense curve in £oo(B)a. Then,

Coo(B)a Cy (1) + alUp(x), (3.1

Ui (x) being the closed unit ball of £ (X). Also, as y(/) is compact, given & > 0
there exists a finite set {(y)n>1, ..., ()™)n>1} C y(I) such that

y(I) C{OWnz1. - a1} + eV x)- (3.2)

Then, from (3.1) and (3.2) we have

loo(B)a C{(pnz1.- - Uin=1} + (@ + &) Uso(x)- 3.3)
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Because of y(I) C £oo(B)a, foreach j =1,...,m, thereis y; € B such that y,{ =
y; for all n > 1. Define the (continuous) mapping ¥ : I — X as a polygonal line
joining the vectors yi, ..., y,. By the convexity of B, (/) C B and given x € B,
noticing (3.3), there is 1 < j < n such that

NG ooox, o) =y )ls Sa+ e

So, taking ¢ € I such that y(t) = y; we have

lx =¥l = llx = yill = I(xooox ) = Gjse o Mg St e

and consequently ¥ is an (« + ¢)-dense curve in B. By letting o — oo (£oo(B)a)
and from the arbitrariness of ¢ > 0, we infer

¢(B) = ¢oo(€oo(B))A‘ (3.4)
On the other hand, if y is an «-dense curve in B, the mapping

() = (@), y@),...,y(),...), foralltel,

is continuous and it is easy to check that it is an a-dense curve in £, (B)a. So, by the
arbitrariness of «, we have

Poo(loo(B)a) = ¢(B), (3.5

and the result follows from inequalities (3.4) and (3.5). ]

Now, we can state and prove our main result:

Theorem 3.6. Let C € B(X) be closed and convex and f : Loo(C) — C an r-A-
DND-contraction, for some r € [0, 1). Then, [ has some generalized fixed point, that
is, there is x* € C such that f(x*,...,x*,...) = x™*

Proof. Define f; : C — C as fs(x) := f(x,x,...,x,...) forall x € C. We will
prove that f is an 7-DND contraction (see Definition 2.5).

It is clear that f5 is continuous. Let any B C C non-empty, closed and convex.
Then, noticing that f is an r-A-DND-contraction and Lemma 3.5, we have

P(fs(B)) = ¢(f(loo(B)a)) = rdoo(loc(B)a) = ré(B),

and so, fs is an r-DND contraction as claimed. Therefore, by Theorem 2.6 f has
some fixed point which is a generalized fixed point of f. ]
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So, by Proposition 3.2 and noticing Examples 3.3 and 3.4, the above result gen-
eralizes Theorem 1.3 in the case that the considered metric spaces be a convex and
closed set C € B(X). Also, it is clear that Theorem 3.6 generalizes Theorem 2.6.

On the other hand, the well-known Krasnosel’skif fixed point theorem [18] states
that if f, K : C — C are continuous, with C € 8(X) closed and convex, f(C) +
K(C) C C, f is an r-contraction and K compact, then f + K has some fixed point.
This result has been extended in many directions, see [12, 14] and references therein.
Here, and as consequence of Theorem 3.6, we propose a new Krasnosel’skii-type
fixed point theorem. We will need the inequality (see [12, Proposition 2.2])

$(Loo(A) = 2[p(leo(B)) + ¢ (Leo(C))], (3.6)

for each arc-connected A, B,C € 8B(X) with A C B + C. Next, we have the following
result:

Corollary 3.7. Let C € B(X) be closed and convexand T := f + K : {oo(C) —> C
be the sum of the continuous mappings f and K such that

(1) f is an r-A-DND-contraction, for some r € [0,1/2),

(2) the mapping x € C +— K(x,x,...,x,...) is compact (that is to say, K
restricted to £ (C)a is compact).

Then, T has some generalized fixed point.

Proof. We will prove that T' is an 2r-A-DND-contraction, and then the result holds
by Theorem 3.6. Let any B C C non-empty, closed and convex. As

Tl (B)a) = {f(x,x,...,x,...) + K(x,x,...,x,...) : (Xp)n>1 € KOO(B)A}
- f(zoo(B)A) + K(eoo(B)A)

from (3.6), and noticing (2) of the statement and Proposition 2.4, we find that

$(T(Loo(B)a)) = 2[¢(f(Loo(B)a)) + ¢(K(Los(B)a))] = 26 (f(Loo(B)a))-

Therefore, from the above inequality and condition (1) of the statement, we have
P(T(Loo(B)a)) = 2rdp(Lec(B)a).

As 2r € [0, 1), we conclude that T is a 2r-A-DND-contraction and the result follows
from Theorem 3.6. [

Of course, if K is compact the condition (2) of the above result holds trivially.
However, the reciprocal is not true: a mapping K can obey (2) but not be compact. To
conclude our exposition and evidence this fact, we show an example.
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Example 3.8. Let €(/) and C as in Example 3.4. Define f : £s(C) — C as

@z = 32010, Forall (= € ol C).

Then, it is clear that f is a 1/3-generalized contraction and therefore, noticing Propo-
sition 3.2, is a 1/3-A-DND-contraction. Now, consider K : £o,(C) — C given by

K((xn(1))n>1) := %[[Ot xa(s)ds+ ) [Xn+2(7) _xn+1(l)|]’

on
n>1

for all (x,(#))n>1 € £oo(C). Let us note that K is not a compact mapping. Indeed,
taking, for instance, the sequence x (¢) := tk € C foreach k > 1, the sequence

tk+1
(k+1)+l ]

K(0,x¢(1),0,....0,..) = %[
where 0 is the identically null function, does not have any convergent sub-sequence
and therefore K is not a compact mapping.

Next, define T := f + K. Itis clear that T (£o,(C)) C C and is continuous. Let
any non-empty, convex and closed B C C. As we have pointed out above f is a
1/3-A-DND-contraction and then condition (1) of Corollary 3.7 is fulfilled. Now,

K(n)rn) = 5 [ 320)ds, forall (5,01 € CoB)a.

and consequently (by a direct application of the Arzela—Ascoli theorem, see also [4,
Example 1.3]) K(£oo(B)a) is precompact. So, condition (2) of Corollary 3.7 holds.

Acknowledgments. The author expresses his sincere gratitude to the anonymous ref-
eree and Loli for their comments and suggestions that led to improve the quality of
the paper.
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