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Approximation to the classical fractals by using non-affine
contraction mappings

Nisa Aslan and Ismail Aslan

Abstract. In the literature, there are various methods to obtain the fractal sets such as escape
time algorithm, L-systems and iterated function system (IFS), etc. In this study, we aim to
approximate to the classical fractals by using non-affine contraction mappings. In order to get
these non-affine mappings, we utilize from the sequences of suitable Lipschitz continuous func-
tions. Then, we obtain some approximations to the fractals which can be constructed as the
attractor of an IFS. Finally, we give some illustrations for some specific cases.

1. Introduction

In recent years, fractals have been one of the popular subjects with many applications
in different areas such as mathematics, meteorology, engineering, physics, biology,
etc. (see [7-10, 1215, 17, 19-21]). It is clearly seen that the history of these self-
similar sets dates back to older times. As an example of a crucial development about
fractals, one can take into account the Hutchinson’s theory given in 1981, to construct
the fractals by using the iterated function system (IFS) in [16]. Many well-known
fractal sets such as the Cantor set defined by Georg Cantor in 1883, the Sierpinski
triangle defined by Vaclav Sierpinski in 1915, the Koch curve defined by Helge von
Koch in 1904 can be easily obtained by their related IFSs (see [8, 14, 18]). On the
other hand, fractals can be constructed by using different methods and transforma-
tions. For instance, considering the contraction mappings, Barnsley defined a function
and obtained the right Sierpinski triangle via the escape time algorithm in [8]. Differ-
ently from Barnsley’s method, some classical fractals are obtained via the escape time
algorithm by using expanding, folding, translation and rotation mappings, which are
defined independently from their related IFSs in [6]. Biiylikyilmaz, Yaylh and Gok
also give a different construction for Sierpinski triangles with Galilean transforma-
tions in [11].
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In the present paper, our purpose is to get approximations to the fractals which can
be obtained as a fixed point of an IFS. For this approximation, inspired by the papers
[1,3-5], we construct non-affine contraction mappings. As is known, most of the
fractals such as Sierpinski triangle, Sierpinski carpet, Sierpinski tetrahedron, Vicsek
fractal and Koch curve can be obtained as the attractor of an iterated function systems.
It is seen that the contraction mappings used in obtaining these fractals (see Examples
3.1-3.8) are generally affine transformations (y = ax + b). In this study, it is aimed
to approach to these types of fractals by using new non-affine transformations. Our
method is also valid for the fractals which can be obtained by non-affine mappings.
For this purpose, firstly, the sequences of non-affine contraction mappings will be
constructed by applying (sequences of) nonlinear transformations to known contrac-
tion mappings. We recall that these transformations are also used in turning a linear
operator into nonlinear one [ 1-5]. Thanks to these sequences of non-affine contraction
mappings, it is possible to obtain (a sequence of) new iterated function systems. Thus,
we get approximations to fractals by using the sequence of self-similar sets, which are
obtained as the attractor of the sequence of new IFSs. That means, we will have new
fractal sequences, which converge to the initial fractal. In the last section, in order to
verify our study, we define some non-affine contraction mappings and get approxi-
mations to the Sierpinski triangles, Sierpinski carpet, Sierpinski tetrahedron, Vicsek
(box) fractal and Koch curve. Using some algorithms in Maple, we also display our
approximations in Figures 1-7.

Now, we give some required definitions and theorems.

Definition 1.1 ([8]). Let (X, d) be a metric space. Then, the function f : X — X is
called a contraction mapping, if there exists a constant 0 < k < 1 satisfying that

d(f(x), f(y)) =kd(x,y)
for all x, y € X. Here, k is called by the contractivity factor of 1.

Theorem 1.2 ([8]). Let (X, d) be a complete metric space and f : X — X be a
contraction mapping. Then, there exists a unique fixed point xg, (namely f(xo) = xo)
such that

lim f"(x) = f(x0) = xo
n—>oo
holds for all x € X.
Here and throughout the paper, we denote n-times composition of a function f
by f"(x),ie., f"(x) = (fofo--of)x).

Definition 1.3 ([8]). Let (X, d) be a complete metric space and let f; : X — X
(i =1,2,...,N) be contraction mappings. Then, the set {X; f1, f>,..., fa}is called
an iterated function system (IFS).
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We give the following fundamental theorem for fractal geometry which is intro-
duced by Hutchinson:

Theorem 1.4 ([16]). Let (X, d) be a complete metric space and {X; f1, f2,..., fn}
be an IFS. Then F : H(X) — H(X),

N
F(8) =] fi(s)

i=1

is a contraction mapping for every S € H(X) :={S C X|S is compact and S # 0}
and it has a unique fixed point A € H (X) such that F(A) = A. Foreach S € #(X),
the composition sequence (F"(S))52, is convergent to the fixed point A and this fixed
point is called the attractor of the IFS. In addition, F has an a-contractivity factor,
where

a= max{a,- | ; is the contractivity factor of f; foralli =1, ..., N}.

2. Approximation to fractals by non-affine contraction mappings

In this section, we give our main approximation theorem. To this end, we need to
define the following sequence of nonlinear transformations (H)xenN-

We define Hy : X — X such that Hy is a Lipschitz continuous function with
Lipschitz constant K g, namely, there exists a constant K g satisfying

d(Hi(x), Hi(y)) < Kud(x,y)

forall x,y € X and k € N.
In addition, we need the following assumption: Let S € J(X) be given. Then

lim Hy(u) = u (uniformly) e
k—o0

holds for all u € S, i.e., for all £ > 0, there exists a number k¢ € N such that for all
ueSandk > kg
d(Hp(u),u) < e.

Now, we obtain the following lemmas.

Lemma 2.1. If (1) is satisfied, then for a given S € JH(X)
lim Hp(S)=S
k—o00

holds.
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Proof. First of all, let us recall the definition of the Hausdorff metric. Let A, B C X
be given, then the Hausdorff metric d is defined by

d(A, B) = max{sup d(x, B), sup d (A, y)},
x€A yEB

where d (ug, U) = inf,ey d(uo, u).

Let S € #(X) be fixed and let y € Hy(S) be arbitrarily given. Then there exists
an element u € S such that y = Hy(u). Now from (1), for any ¢ > 0, there exists a
ko € N such that d(Hy (u),u) < e/2 forall k > kg and u € S. So we can clearly see
that

d(y.S) = d(Hy(w).S) = inf d(H(w).5) < d(He(w).w) < 3

for all k > kg. Then, since the convergence in (1) is uniform, from the previous
inequality

sup c?(y,S) = sup cf(Hk(u),S)
YEHK(S) Hy (uw)eHy (S)

< s d(Hew)uw)<:<e
Hy. (u)€Hy (S) 2

for all k > k¢. On the other hand, let x € S be arbitrarily given. Then from (1) there
exists an Hy(x) € H(S) such that for all ¢ > 0, there exists a k1 € N such that
d(H(x),x) <eg/2forall x € S and k > k. Therefore, for all k > kq,

1(H = inf H
d(Hi(S), x) Hk(u;ng(S)d( & (u), x)

< d(Hy(x).%) < 3.
It follows from the previous inequality and (1) that

sup c?(Hk(S),x) < supd(Hg(x),x) < ¢ <e
xeS xeS 2

for all k > k;. Therefore, we finally conclude
d(He(S),S) <¢
for all k > max{ky, k1}, which completes the proof. ]

Lemma 2.2. Let {X; f1, f2,..., fn} be an IFS and K be the contractivity factor

of F(S) := UL, fi(S). Then for each k € N, {X; Hy(f1), He(f2), - ., Hi(fw)}
is also an IF'S, provided that

KrKy <1 2)

where Ky is the Lipschitz constant of H.
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Proof. From the definition of Hy, for every 1 <i < N, one can easily see that the
inequalities
d(Hi(fi(x)), He(fi(¥))) < Kud(fi(x), fi(¥))
< KgKrpd(x,y) <d(x,y)

hold, which implies Hy (f;) is a contraction mapping forall 1 <i < N and k € N.
Thus, {X; Hx(f1), Hx(f2), ..., Hx(fn)} is an IFS for each k € N. ]

Our main approximation theorem is given below.

Theorem 2.3. Assume that {X; f1, f2,..., fn} be an IFS and (1) holds. Then, for
any S € #H(X)

lim lim F}'(S) = lim F*(S)=4

k—o00 n—>00 n—00

holds, where A is the attractor of {X; f1, f2, ..., fn}, Fr(S) := UzN=1(Hk o fi)(S)
and F(S) := UZN=1 fi(S).

Proof. By Lemma 2.1, {X; Hr(f1), Hr(f2),..., Hr(fn)} is an IFS for each k € N.
Therefore, from Theorem 1.4 there exists a unique fixed point A such that

lim F}'(S) = Ag

n—>oo
with the contractivity factor Kg Kr € [0, 1), where KF is the contractivity factor
of F(S). Now, our aim is to show that

lim Ak = A.

k—o00
Changing the order of limits, we get
lim A = lim lim F!(S
i Ax = fim Jiy FE(S)
— 3 3 n
= Jim, Jim LS
= lim lim (Fk ] Fk 0--+0 Fk)(S)

n—>00 k—o00

= lim  lim  (Fg, o Fx, 0+ 0 Fg,)(S)

n—>0 kq,....k,—>00
= lim lim --- lim (Fg, o Fg, 0---o F,)(S). 3)
n—>090 k, —00 k1—o00

On the other hand, from Lemma 2.1 we observe the equalities
N N
lim Fi(S) = li Hi(f;(S)) = lim H i (S
Jim F(s) = Jim, U e = i (U 16))

N
=J fi(s) = F(S).

i=1
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Using this expression in (3) for k; — oo yields

lim Ax = lim lim --- lim Fg (Fk, 0---0 Fg,(S))

k—o00 n—>00 k;; —>00 ki1—o00
= lim lim --- lim F(Fg, o Fg,o0---0 Iy, (S)).
n—o0 k, —o0 ky—00

Since F is continuous, by a similar process we easily get

lim Ay = lim (Fo Fo---0 F)(S)

k—00 n—00

lim F"(S) = A,
n—>oo

which completes the proof. ]

Corollary 2.4. Theorem 2.3 states that, for every k € N, we get a sequence of attrac-
tors which correspond to new fractals and these attractors approach to the fractal
obtained as the attractor of {X; f1, f2,..., [N} when k — oc.

3. Applications

In this section, we give some sequence of nonlinear transformations (Hy) for some
well-known fractals and then we illustrate our approximations using non-affine con-
traction mappings. Let S be any fixed compact subset of RY for some suitable N € N.
Consider the following examples.

Example 3.1 (Approximation to the right Sierpinski gasket). Let Hy : R? — R? be
defined by Hy (u1,us) := (Hkl(ul, Uz), sz(ul,uz)), where

kln(1+ﬁ), ifu; €10,1),
i — k
Hk(ulvuz) L 1 .

ku; 1n(1 + %), if u; € [1,00),

for 1 <i < 2.1Itis possible to extend Hy in the odd way. We see from [1] that Hy, sat-
isfies the Lipschitz condition under Euclidean metric with Lipschitz constant Kg = 1.
In addition, since Hy (u) < Hy41(u) for all u € S, by Dini’s theorem

lim Hp(up,uz) = (U1, uz) (uniformly)
k—o0
holds and hence, condition (1) is satisfied. Although our estimation is true for every

compact subset S of R2, we consider the set

S :{(ul,O):Oful < I}U{(O,uz):()fuz < 1}

U{(ui,u2): 0 <uj,up < lLuy +u, =1}
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Figure 1. Approximation to the right Sierpinski gasket.

and the IFS {R2, H(f1), Hi(f2), Hx(f3)}, where Hy ( f;) are clearly non-affine and
the f;’s are the affine contraction mappings,

Sfi(uy,uz) =(
Sfa(ui,uz) =(
Sf3(ui,uz) =(

ui uz)
A 9

2° 2

up +1 uz)
2 2/

Ui u2—|—1)

2 2

for 1 <i < 3. Using non-affine contraction mappings, from Theorem 2.3 we may

estimate to the right Sierpinski gasket. For this approximation, see Figure 1, here (d)

represents the right Sierpinski gasket, and (a), (b) and (c) represent our approximation

for certain values of k € N.
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Figure 2. Approximation to the Sierpinski gasket using Hy as defined in (4).

Example 3.2 (Approximation to the Sierpinski gasket). In this example, we consider
the kernel

Hp(uy,up) = (ul + sin(%), Uy + sin(%)). 4)

By the definition of Hy, it is clear that

3
|Hy(uy,uz2) — H(vy,v2)| < §|(u1, uz) — (vi, v2)|

for all k > 1. Since the contractivity factor of the following contraction mappings of

Sierpinski gasket is 1/2, the new contractivity factor will be % . % = % < 1

Si(uy,uz) = <ﬂ uz)’

272

ur+1 uz
f2(ul7u2) = ( 2 3 7)?

2u; +1 2uy ++/3
f3(ulvu2):( 4 ) 4 )

Furthermore, since there exists a constant M > 0 such that [sin | < 7 < % on a

compact set S, condition (1) holds. Now, let us consider the new IFS {R?, Hy( f1),
Hy (f2), Hr(f3)}, which satisfies all the assumptions of our main theorem. Then it is
possible to approach the Sierpinski gasket. See Figure 2 for this estimation.
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Figure 3. Approximation to the added Sierpinski gasket using Hy as defined in (5).

Example 3.3 (Approximation to the added Sierpinski gasket). Let us consider the

kernel
. k . k
Sm(u%ﬂ) y +Sm(u§+1)
4k 2 4k '

Hy(ui,uz) = (141 + 5)

Then, one can clearly observe that

3
| Hi(uy.u2) — Hi(vy,v2)] < 5|(u1, uz) — (v, v2)|

for all k € N. Also, condition (1) is clearly satisfied. Since the contractivity factor
of the set {R2, f1, f2, f3. fa} is 1/2, the new contractivity factor will be equal to
% . % = % < 1. Then, from the above lemmas, {R?, Hy( f1). Hx(f2). Hi (f3), Hi (f4)}

is an IFS. Using the contraction mappings of the added Sierpinski triangle

= Go33e D) men-G)
S3(x, y)_<x ; %)’ f4(x,y)=<g+%’%+\/T§)’

then we get the approximation in Figure 3.
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(¢)k =30 (d) Sierpinski Tetrahedron

Figure 4. Approximation to the Sierpinski tetrahedron using Hy as defined in (6).

Example 3.4 (Approximation to the Sierpinski tetrahedron). Now, we will investi-
gate the approximation to the Sierpinski tetrahedron. For this reason, we consider the
transformation

ekul eku2 eku3 )

ek 417 ek +1 ek +1

Hy(ur,uz,u3) = ( (©)

for every k € N. As given in [2], it is clear that Hy is Lipschitz continuous with
Lipschitz constant Ky = %, and satisfies condition (1). Therefore, by Lemma 2.1
and Lemma 2.2 the set {R3, Hy(f1), Hi(f2), Hi(f3), Hx(f4)} is an IFS. Here, the
contraction mappings of Sierpinski tetrahedron are given by:

S1(uy,uz,us3) =(

Uy Uz M3)
b

222
Fy(uy, 102, 103) = (2u14+ 1’ 2us 1_ \/§’ %)
Far, iz, uz) = (2u14+ 1’ 6u21—; \/§’ 3u; _g \/6)

By Theorem 2.3, we may obtain an approximation to the Sierpinski tetrahedron, and
this approximation is illustrated in Figure 4.
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Figure 5. Approximation to the Sierpinski carpet using Hy as defined in (7).

Example 3.5 (Approximation to the Sierpinski carpet). Let a Lipschitz continuous
function Hy with Ky = 1 be defined by

ku? ku3 )

H ) = ’
k(ul MZ) (1+ku1 1+ku2

(7

as given in [1]. Since Hy satisfies the Lipschitz continuity, we see by Lemma 2.1 and
Lemma 2.2 that

{st Hk(fl)» Hk(f2)v Hk(f3)’ Hk(f4)v Hk(fS)ﬁ Hk(f6)’ Hk(f7)v Hk(fS)}

is an IFS with non-affine mappings Hy ( f;), where f; (1 <i < 8) are the usual con-
traction mappings of Sierpinski carpet defined by

fiturn) = (5 5). Fouruz) =(“ ?2)
Rl = (UT22) = (2.2
fs(ul,uz)=<%,u2;_2 ’ f6(u1,u2 :<u +2 u2—|—1)’
f7(u1,u2)=(u1;_l,u2;—2), Fe(uyuy) = (u1+2 u2+2).
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Since Hy (u) < Hy41(u) forallu € S, by Dini’s theorem the condition (1) is satisfied
and therefore, by Theorem 2.3, we may obtain the Sierpinski carpet whenever k — oo
(see Figure 5).

Example 3.6 (Approximation to the box fractal). For this example, we define

N arctan(k /(u? + 1)) o + arctan(k /(u3 + 1)))'

Hy(ur,u2) = (1 - 2 - ®)
Since
d arctan(k/(x +1)| 2x <2
dx k24 xtF2x2 41 ’
we have

d(Hp(x). Hi(y)) < 3d(x. y).

It is known, that the contractivity factor of the box fractal is 1/3, and therefore condi-
tion (2) is clearly satisfied. In addition, since (1) holds, we get a new IFS

{Rz’ Hk(fl)f Hk(fZ)’ Hk(f3)v Hk(f4)’ Hk(fS)}

=, ¥ %, %
e

TR w e
@k =2 (b)k =6
)k =29 (d) Box fractal

Figure 6. Approximation to the box fractal using Hy as defined in (8).
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from the contraction mappings of the box fractal, where

Si(ui,uz) = <u1 uz),

3
o = (22,
frtur) = (51252,
Faurun) = <U13+2’ u23+2)’
sy 11z) = (ul?:}— 1’ u23+ 1).

By using Theorem 2.3, we have an approximation to the box fractal, which is dis-
played in Figure 6.

Remark 3.7. So far, we take nonlinear transformations for which H ,’C =H ,: for all
i # j, however it is possible to take the ones for which H ,’c # ng fori # j. An
example for this case is given below.

Example 3.8 (Approximation to the Koch curve). Now, we consider Hy (11, uz) :=
(Hkl (u1,u2), sz(ul,uz)), where

kln(1+ L), ifu e o1,
1
k

H/i(“l,uz) =

kulln(l + ), ifu; € (1, 00),

. ku3 .
and extended in the odd way, and H ,f(ul, Us) 1= ﬁ It is easy to observe that

Kp = 1 and (1) is satisfied by Dini’s theorem. So, we have that

{R?, H (1), Hi(f2), H (f3), Hic(fa)}

is a new IFS with non-affine contraction mappings. By Theorem 2.3, it is possible
to approach to the Koch curve considering the following contraction mappings in the
above IFS system:

Si(ui,uz) = (u??z)

Fo(ur, uz) Z(ul ﬁu2+2’ful6+u2)
f3(uy,uz) = (u1+«/_u2—|—3 —\/_ul -{-6u2+\/_)
iy = (1572.12),

This approximation can be seen in Figure 7.
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Figure 7. Approximation to the Koch curve.

Remark 3.9. If we take Hy(u) = u, then all the non-affine contraction mappings
turn into usual affine contraction mappings. Hence, our estimation both preserve the
classical case and extend it to the non-affine setting.

4. Conclusion

In this study, we aim to approximate fractals by using non-affine transformations. For
this purpose, we use the IFS and suitable nonlinear mappings. Then, we obtain the
sequence of new fractal sets which approach to our main fractal, which is the attractor
of the initial IFS. For further study, the geometrical and topological properties of
these new fractal sets could be another research problem. On the other hand, this
approximation method may also be useful in image processing by fractals.

Funding. This study is supported by Eskisehir Technical University Department of
Coordination for Scientific Research Project, Grant No: 20ADP134.
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