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L -parabolic linear Weingarten spacelike submanifolds
immersed in an Einstein manifold

Railane Antonia and Henrique Fernandes de Lima

Abstract. In this paper, we deal with complete linear Weingarten spacelike submanifolds im-
mersed with parallel normalized mean curvature vector and flat normal bundle in an Einstein
manifold 8’;,’"“’ of index p. Under some curvature constraints on the ambient space, we estab-
lish an L-parabolicity criterion related to a suitable modified Cheng—Yau’s operator L and we
apply it to obtain sufficient conditions which guarantee that such a spacelike submanifold must
be an isoparametric hypersurface of & f'H with two distinct principal curvatures one of which
is simple.

1. Introduction

Let Ly*? denote an (n 4 p)-dimensional semi-Riemannian manifold of index p.
A submanifold M” immersed in Ly*? is said to be spacelike if the metric on M”
induced from that of L7 is positive definite and it is called linear Weingarten when
its mean curvature function H and its normalized scalar curvature R satisfy a linear
relation of the type R = aH + b for some constants a, b € R.

In this setting, the second author jointly with de Lima [7] obtained characteri-
zation results for linear Weingarten spacelike hypersurfaces immersed in a locally
symmetric Einstein manifold &7 *1 of index 1 considering restrictions on the square
length of the second fundamental form and some appropriate curvature constraints of
the ambient space which were inspired by the works of Nishikawa [11] and Choi et
al. [6, 15]. Later, the second author jointly with Aradjo, dos Santos and Veldsquez [4]
extended these results for the context of an n-dimensional spacelike submanifold M"
immersed with a parallel normalized mean curvature vector in a locally symmetric
semi-Riemannian manifold LZJ”D of index p. For this, they assumed the existence of
real constants ¢y, ¢ and ¢z such that the sectional curvature K and curvature tensor
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R of L)*7 satisfy the following conditions:

Ku,n) = —, (1
n
foranyu € TM and n € TM~;
K@, v) > ¢, (2)
forany u,v € TM;
— c
K(.§ ==, 3)
p
forn, & € TM=L; and
(R(§, u)n.u) =0, “4)

foru € TM and &, 7 € TM~+ with (£, n) = 0. We note that, when p = 1, condi-
tions (3) and (4) are automatically satisfied. Afterwards, also assuming this set of
constraints, the second author jointly with Aradjo, Barboza and Veldsquez [3] applied
the techniques developed by Yang and Hou in [16] and by Liu and Zhang in [10] to
get sufficient conditions guaranteeing that such a spacelike submanifold M” is either
totally umbilical or isometric to an isoparametric hypersurface of a totally geodesic
submanifold L’l’+1 — LZJ”’ , with two distinct principal curvatures, one of which is
simple.

More recently, the authors [8] studied complete linear Weingarten spacelike hy-
persurfaces immersed in a locally symmetric Einstein manifold obeying curvature
constraints (1) and (2). In this setting, they proved a parabolicity criterion related
to a suitable Cheng—Yau modified operator and they applied it to obtain sufficient
conditions which guarantee that such a spacelike hypersurface must be either totally
umbilical or isometric to an isoparametric spacelike hypersurface with two distinct
principal curvatures one of which is simple. In [9], Liu and Xie used the Omori—Yau’s
generalized maximum principle to obtain classification results concerning a complete

spacelike hypersurface M”" with constant mean curvature in &7 +1

without asking that
the ambient space is locally symmetric but also assuming the curvature constraints (1)
and (2).

Motivated by the works described above, here we deal with complete linear Wein-
garten spacelike submanifolds immersed with parallel normalized mean curvature
vector and flat normal bundle in an Einstein manifold &) "7 of index p obeying cur-
vature constraints (1), (2), (3) and (4). In this setting, we establish an L-parabolicity
criterion related to a suitable modified Cheng—Yau’s operator L (see Proposition 3.2),
which is a consequence of a more general criterion related to divergent-type oper-
ators due to Pigola, Rigoli and Setti (see [13, Theorem 2.6]), and we apply it to

obtain sufficient conditions which guarantee that such a spacelike submanifold must
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be an isoparametric hypersurface of 8{’“ with two distinct principal curvatures one
of which is simple (see Theorem 3.4 and Corollary 3.5).

It is worth mentioning that the works [3, 4] contain results similar to ours, under
the assumption that the ambient space is locally symmetric. But, in our setting, we can
find examples of Einstein manifolds which are not locally symmetric. Indeed, accord-
ing to [9, Example 1.1], the semi-Riemannian product space Rf,’ x M", where M"
is a Ricci flat Riemannian manifold, is an Einstein manifold of index p. Moreover,
supposing that the sectional curvature Kz of M™ is such that Kz (1, v) > ¢, for any
u,v € TM and some constant ¢, and considering the spacelike submanifold given by
the inclusion ¢ : M" — RI’,’ x M", we can verify that the curvature constraints (1),
(2), (3) and (4) are satisfied. However, if M" is not locally symmetric, then R},’ x M"
is not a locally symmetric manifold.

2. Preliminaries

Let M" be a spacelike submanifold immersed in a semi-Riemannian space Ly 7 of
index p. In this context, we choose a local field of semi-Riemannian orthonormal

frames eq,...,e,1p in LZJ”D, such that, at each point of M", ey, ..., e, are tangent
to M" and e,41,...,ey4p are normal to M". Using the following convention of
indices:

1<ABC,...<n+p, 1<i,jk,...<n, n+l1<apB,y...<n+p,

and taking the corresponding dual coframes w1, ..., w,+1, the semi-Riemannian met-
ric of L;’,ﬂ’ is given by ds* = ), eqw3, where g; = land ey = —1,1 <i <n and
n+1<a <n+ p.Denoting by {w4p} the connection forms of L;+p , we have that
the structure equations of Ly are given by

dos =—) epwap ANwp. ®aB + wps =0, (&)
B
1 —
dwsp = =Y ecwac Awcp — 3 Y ecepRapcpwe Awp. (6)
c c.D

where R4pcp denote the components of the curvature tensor of L;’,ﬂ’ . In this setting,
denoting by Rcp and R the Ricci tensor and the scalar curvature of LZJ”’ , respec-
tively, we have

Rep = ZSBECBDB, R= ZSAEAA-
B A
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Moreover, the components Rupc p;E of the covariant derivative of the curvature ten-
sor of L? are defined by

Y egRapcp:zwr = dRapep — Y ex(REBcpwEA + RaECDOED
E E _ _
+ RapepwEC + RuBCEWED).

n+p
LP

Restricting all the tensors to M” in , since w, = 0 on M", we get

Zw‘” Aw; = dwg = 0.
i

So, from Cartan’s Lemma we obtain

woi = Y _hfwj.  with hf; = h%. (7)
J

This gives the second fundamental form of M ", thatis B = Za,i’ j h;?;a),- ® wjeq, and
its square length S = |B|?> = D owi (hg.)z. Furthermore, the mean curvature vector
h and the mean curvature function H of M" are defined, respectively, by

h=%2a:(2i:h;?‘,.)ea and H=|h|=% ;(;h;’g)z.

From (5) and (6), we deduce that the connection forms {w;;} of M" are charac-
terized by the following structure equations:

doj ==Y wij Awj, o + i =0,
J

1
doj ==Y ik Ao — 3 > Rijriox Aoy,
k k.l

®)

where R;;x; are the components of the curvature tensor of M™. From previous struc-
ture equations, we obtain the Gauss equation (see [12, Theorem 4.5])

Rijir = Rijir — Y _(hbehf — i), ©)
B

From (9) we also get the relation
S =n’H>+n(n—1DR=Y_ Rijij. (10)
i,j
where R stands for the normalized scalar curvature of M"™. Moreover, the first covari-
ant derivatives h7, of hi; satisfy

Y R gor =dh = h&or — Y h%Gor — Y hfopa. (11)
k k k B
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Then, by exterior differentiation of (7) we get the Codazzi equation (see [12, Theo-
rem 4.33])

%k _h?kj = Raijk- (12)

The second covariant derivatives h;’; g Of hf; are given by
o _ o o L o L o _ B
Zhijklwl =dhj;, — Zhljk")lt Zhilkwll Zhijlwlk Zhijkwﬁa'
l l l l B
Taking the exterior derivative in (11), we obtain the Ricci formula

hijer = Mijie = — Zh?mijkl - Zh‘rxanmikl' (3)
m m

Restricting the covariant derivative Ry BCD:E of Rupcp to M™, we get
Reijki = Raijia + Zﬁaﬁjkhf}l + Zﬁaiﬂkhfl
B B
+ Zﬁai/’ﬁhgl + Zﬁmijkh?m» (14)
B m.,k

where Ry; ki denotes the covariant derivative of Ryi ik as a tensor on M". Moreover,
since we are supposing that M" has a flat normal bundle, that is, R+ = 0 (equivalently,
Rogjk = 0), Rypji satisfy the Ricci equation

ﬁaﬂij = Z(h;'xkhléj - hzjhzﬂk)' (15
k

3. Main results

From now on, we will deal with a spacelike submanifold M" immersed with parallel

&, P, which means that the mean curvature

normalized mean curvature vector in
function H is positive and / is parallel as a section of the normal bundle. In particular,
we can choose a orthonormal frame {e1, ..., ey} Of T81',1+p such that e, 11 = %

So, we get
1 1
H'" V= —a("™Y=H and H*:=-t(h*) =0,a>n+2, (16)
n n

where 7% denotes the matrix (h7}).
Considering this previous setting, we obtain the following Simons type formula
which is derived from the proofs of [4, Lemma 2] and [9, Lemma 3.1].
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Lemma 3.1. Let M™" be a spacelike submanifold immersed with parallel normal-
ized mean curvature vector and flat normal bundle in an Einstein manifold &, n+p
of index p. Suppose that there exists an orthogonal basis for TM that diagonalizes
simultaneously all operators By with n € TM =, where (Byu,v) := (B(u,v),n) for

anyu, v € TM. Then

1
5AS=|VB|2+2( Z h$:hg , Rmiji + Z 3RS mkik)

,jkma ,]kmoc
+ Z hl] ik alBk_ Z hz] jk Olkﬂi
i,j.k,a,B i,j.k,0,B
+ D W Rakpi— ) h§h Raipj +n ) W Hy
i,jk.oB i,j.k.0,B iJ
—nH Y hEhg it 4+ [ (h®hP))?
i,j,m,o a,p
3 apB _ 1By
+ 5 2 NG — 1P, a7

o,pB
where N(A) = tr(AA"), for any matrix A = (a;j).
Proof. The Laplacian Ahg; of the components Aj; of the second fundamental form

is defined by Ahf; := Yk h;?;.kk. Consequently, from the Codazzi equation (12) we
have

1
SAS = 3 n (Zhukk) 3 8>

a,i,j a,i,j,k

_ o a1, 2

= > i Raijkk + Y hhE + VB (18)
i,k a,i,j.k

On the other hand, since (& ;,'er , 2) is an Einstein manifold, the components of its
Ricci tensor satisfy Ryp = Ag 4, for some constant A € R. Moreover, since we are
supposing that there exists an orthogonal basis for TM that diagonalizes simultane-
ously all B, with n € TM L, we can consider {e1, ..., e,} a local orthonormal frame
on M"™ such that h;’; = A¥d;j foralla € {n +1,...,n + p}. So, proceeding as in [9],
from the differential Bianchi identity and the fact that g4p.c = 0 we get

Z A;')[Rociik;k = Z k lklk ot Rkazk z)
ik,o ik,o

=— Z/\? (Riiza — Raisi)
i,

:_ZA?(Agii;a_kgai;i) =0 (19)

i,a
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and
D A Ragiki = ) A Raii = ) A AZqiy =0, (20)
ik, i, i,a
where R; jkl:m are the covariant derivatives of R; ikl on 8;,1 tr Consequently, from
(19) and (20) we obtain

- = e _
oLjk; 5 - v
E (R ijk;k + Ryiki j)hij 0 (2D
i,j.k.0

Therefore, using (9), (13)-(18) jointly with (21), we can reason as in the proof of
[4, Lemma 2] to deduce formula (17). ]

According to [5], the Cheng—Yau’s operator [ acting on a smooth function f :
M" — R is given by

Of =Y (nHs; —hit) fiy =nHAf =Y 5 fij (22)

i,J i,j

where f;; denote the components of the Hessian of /" and the normal vector field e,
is taken in the direction of the mean curvature vector, that is e, +1 = % From (22),
we also have

Of = tr(Py o V> f), (23)

where
Py =nHI — "1, (24)

I being the identity in the algebra of smooth vector fields on M", "1 = (h;‘j“)
denotes the second fundamental form of M" in the direction e, 1 and V2 f stands
for the self-adjoint linear operator metrically equivalent to the Hessian of f.

n
817 tp whose mean curvature

In order to study linear Weingarten submanifolds of
function H and normalized scalar curvature R satisfy R = aH + b forsome a,b € R,
we will consider the following modified Cheng—Yau’s operator

n—1
L=0+

aA. (25)

Equivalently, for all smooth function f : M" — R, the definition (25) can be rewritten
as follows:

Lf =tr(P o V2 f),

where

P=<nH+n;1a>I—h”+l. (26)

We recall that a Riemannian manifold M" is said to be parabolic (with respect to
the Laplacian operator) if the constant functions are the only subharmonic functions
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on M" which are bounded from above; that is, for a smooth function f : M* — R
such that

Af >0 and sup f < +4oo implies f = constant.
M

Extending this previous concept to the operator L defined in (25), M" is said to be
L-parabolic (or parabolic with respect to the operator L) if the constant functions are
the only smooth functions f : M" — R which are bounded from above and satisfy
Lf > 0. In other words, for a smooth function f : M" — R such that

Lf >0 and supf < +oo implies f = constant.
M

At this point, we also observe that, denoting by Rcp the components of the Ricci
tensor of &5 7, the scalar curvature R of &, 7 is given by

n+p

R = Z eARA4 = Zﬁijij - 2Z§iaia + Zﬁaﬁaﬁ-
A i,j i, a,p

Consequently, assuming that 81',1 *2 satisfies conditions (1) and (3), we get
R=nmn—1)R—-2pc; + (p— s, X))

where R := ﬁ D R;jij. Hence, since the scalar curvature of an Einstein man-
ifold is constant, from (27) we conclude that R is a constant naturally attached to an
Einstein manifold & 1',' tr satisfying (1) and (3).

The next result provides sufficient conditions which guarantee the L-parabolicity
of a linear Weingarten spacelike submanifold immersed in &, *P This L-parabolicity
criterion is obtained as an application of [13, Theorem 2.6].

Proposition 3.2. Let M" be a complete linear Weingarten spacelike submanifold
immersed with parallel normalized mean curvature vector in an Einstein manifold
8;,'+p of index p, such that R = aH + b for some constants a,b € R with b < R. If
H is bounded on M™ and, for some reference point 0 € M™ and some § > 0,

/+oo a__ (28)
s vol(9B,) O

where B; denotes the geodesic ball of radius t in M" centered at o, then M" is
L-parabolic.

Proof. Let us consider on M" the symmetric (0, 2)-tensor field & given by

§(X,Y) = (PX,Y),



L-parabolic linear Weingarten spacelike submanifolds 219

forall X,Y € TM or, equivalently,
(VL) = P(VS),

where ff : T*M — TM denotes the musical isomorphism, for all smooth function
f:M" — R, and P is defined in (26).
Since &, "7 is an Einstein manifold, denoting by Ric the Ricci tensor of & "7,
we have Ric = A{,) for some constant A € R. Thus, from [1, Lemma 3.1] we get
(divPy. Vf) = > (R(ens1.€)ei. V f) = Ric(ent1. V f)

1

= AMent1.Vf) =0, (29)

where P, is defined in (24) and R denotes the curvature tensor of &, 7. Choosing a
local orthonormal frame {eq, ..., e,} on M", we have

div(PL(V /) = Y (Ve POV f), &) + (P1(Ve, V), i)

1

= (divP,Vf)+0Of (30)
Thus, from (29) and (30) we obtain [0 f = div(P;(V f)). Consequently, we get
L(f) = div(P(V[)). €2V

Hence, from (31) we have
Lf =div(E(V £ )Y).
Furthermore, since R = aH + b with b < R, [3, Lemma 3.4] guarantees that L is
semi-elliptic or, equivalently, P is positive semi-definite. Taking a local orthonormal

frame {eq,...,e,} on M" such that h:’jH = /\;’HSU, we obtain
n+1 2 a2
> (m) = Yy =s.
i,j a,i,j

Consequently, from (10) we get
n*H? > ()L?H)z —n(m —1)aH,

foralli = 1,...,n. Moreover, since

—1 \2
(Alr;ﬂ)z <n’H?> +n(n—1)aH < (nH + " 5 a)

and taking into account that the normalized mean curvature vector is parallel, we have

n—1
2

n—1

—nH — afz\:‘+1§nH+

a,
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foralli =1,...,n. Hence, foralli € {1,...,n}, we obtain
0<o0; <2nH + (n — 1)a,

where 0; :=nH + %a - /X:’H are the eigenvalues of the operator P (see [2, Lem-
ma 3]). Consequently, we can define a positive continuous function &4 on [0, +00)
by
E+(t):=2nsupH + (n — 1)a.
0B/

From the assumption that H is bounded on M", we have

E4(t) <2nsupH + (n — 1)a < 4o0.
M

Hence, we reach the following estimate:

+oo dt —1 +o00 dt
/5 E ol = (21w H + (1= a) /s Vol(3B,)"

Consequently, from hypothesis (28) we obtain

/*—I-oo L oo
s &+(1)vol(9B;) '

Therefore, we are in position to apply [13, Theorem 2.6] to conclude that M” is L-
parabolic. |

Remark 3.3. Itis worth to note that we can reason as in the proof of Proposition 3.2 to
infer that an isometric immersion satisfying (28) is £-parabolic for £ := div(L(V-)),
where P is a positive semi-definite tensor such that sup &> < +o0 and div® = 0.

We will also consider the symmetric tensor

o= E CIDS;-a),- ® wjeq.,
a,i,j

where @7, = h;"j — H%§;; and H* is defined by (16). Consequently, we have that

QU = pit — HS;; and ®f =hY;, n+2<a<n+p.  (32)

Let [®]> = 3", ; ;(®%)* be the square of the length of ®. It is not difficult to
check that @ is traceless with

|®> =S —nH?> =nH*(n—1) +n(n — 1)(R— R). (33)

From Proposition 3.2, we obtain the following characterization result for complete
linear Weingarten spacelike submanifolds.
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Theorem 3.4. Let M" be a complete linear Weingarten spacelike submanifold im-
mersed with a parallel normalized mean curvature vector and a flat normal bun-
dle in an Einstein manifold 81',’ tp of index p satisfying conditions (1), (2), (3) and
(4), such that R = aH + b for some constants a,b € R with b < R. Suppose that
there exists an orthogonal basis for TM that diagonalizes simultaneously all opera-

tors By with n € TM*, where (Byu,v) := (B(u,v), ) for any u, v € TM. When

c = Cn—l + 2¢, > 0, assume in addition that H* > %, where

O(p):=pn—2)%+4mn—1).
If H is bounded on M", |®| > C(n, p, H), where

_
24/n—1

and hypothesis (28) is satisfied, then p = 1 and M" is an isoparametric hypersurface

C(n. p. H) := (ptr =2 H + VpO(PYH? = 4p(n —1)c),

of &7 1 with two distinct principal curvatures one of which is simple.

Proof. We note that, since the normalized mean curvature vector of M" is parallel,
from the Ricci equation (15) it follows that hA*A" ! = p"+t1h% for all @, that is, A" 1
commutes with all the matrices #%*. So, from (32) we have that ®” ! commutes with
all the matrices ®*. Since the matrices &% are symmetric and traceless, we can use
[14, Lemma 2.6] with ®* and ®"*! in order to obtain

|tr((q>a)2q)n+1)| \/(7_ (@“)/ ((Dn—i-l (34)

Moreover, using Cauchy—Schwarz inequality we also have that

pY (@ @P) = p ) ()P = p Y _[N(@))?
o,B o o

> (T N@) = o (35)

On the other hand, taking into account our set of constraints on M" — &, nrp

jointly with Lemma 3.1, we can reason as in the proof of [4, Proposition 1] to obtain
L(nH) = |®|* Pap.(12]). (36)

where 5
-2
Ph pe(x) = T n(n—)Hx —n(H? —c¢).

P Jnn—-1)

When ¢ > 0, if H? > 4(5 q 1))’:, then the polynomial Pg, , . has (at least) a positive
real root given by C(n, p, H). Thus, since |®| > C(n, p, H), we get Py p.(|®]) > 0,
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with Py p.(|®|) = 0 if and only if |®| = C(n, p, H). In the case ¢ < 0, we have
that Py, p . (|®|) > 0 without any restriction on the values of the mean curvature func-
tion H. Consequently, in both cases, from (36) we get that L(nH) > 0.
But Proposition 3.2 assures that M" is L-parabolic. So, from the boundedness
of H, we get that it is constant on M " implying, in particular, that L(n H) = 0on M".
Since |®| > 0, we obtain that Py , (|®|) = 0. Thus, inequalities (34) and (35) are,
in fact, equalities. In particular, we have that N(®" 1) = tr(®"*1)? = |®|?. Thus,
from (33) we obtain
tr(®" 1?2 = |®)2 = S —nH?>. (37

Since M™ has parallel normalized mean curvature vector, from (16) we also have

w(@ )2 =5— Y Y (h%)*—nH> (38)

a>n+1 i,j

Thus, from (37) and (38) we conclude that

2, D) =0

a>n+1 i,j

Now, returning to (35) we get

pl®[* = pN(@"t)> =p > [N(@)] = |®[*.

a>n+1

Hence, we conclude that p = 1. Moreover, since we are supposing that b < R, from
[4, Lemma 1] and the fact that H is constant on M ", we obtain that

2 (i) = n?|VH|? =0,

ik
that is, h?;,gl = 0 for all 7, j, k. Therefore, we have that M”" must be an isoparametric
spacelike hypersurface of 8{’“. |

We close our paper quoting the following consequence of Theorem 3.4.

Corollary 3.5. Let M" be a complete linear Weingarten spacelike hypersurface im-
mersed in an Einstein manifold &7 + ofindex 1 satisfying conditions (1) and (2), such
that R = aH + b for some constants a,b € R with b < R. When ¢ = % + 2¢y >0,

assume in addition that H?* > %. If H is bounded on M",

|®| > L((n —2)H + /n2H? —4(n — 1)c)

24/n —1

and hypothesis (28) is satisfied, then M™ is an isoparametric hypersurface of
with two distinct principal curvatures one of which is simple.

n+1
81
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