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Generalized fractional integral operators on variable exponent
Morrey type spaces over metric measure spaces

Takao Ohno and Tetsu Shimomura

Abstract. We prove the boundedness of generalized fractional integral operators [, ; on vari-
able exponent Morrey type spaces £7¢)-?-¢ (X)) over non-doubling metric measure spaces X,
where both p(x, r) and w(x, r) depend on x € X. Our result extends the recent results by the
authors.

1. Introduction

Sobolev inequalities for Riesz potentials were studied on Morrey spaces in [1], on
generalized Morrey spaces in [24], on L? O in [7,10,11], on variable exponent Morrey
spaces in [2, 12, 19-21] and on local Morrey type spaces in [5], where Morrey spaces
were introduced by Morrey [23] in 1938. See also [8, 18,31, 36].

Let G be a bounded open setin RY . For f € L!(G) and a function p € (p) below,
we define the generalized Riesz potential /,, / by

e = [ 2B 1) ay.
¢ lx—yl
If p(x,r) = r* with 0 < o < N, then [, f is the usual Riesz potential I, f(x) =
Jrw 1x — v~V £(y) dy. When p(x,r) = p(r), I, f was studied in [13,25]. In the
previous paper [28], we established Sobolev-type inequalities for 1, f* of functions in
variable exponent Morrey type spaces £2)-¢(G), as an extension of [22,30].

In the present paper, we work in a metric measure space X = (X, d, i), where X
is a bounded set, d is a metric on X and p is a nonnegative Borel outer measure on
X which is finite in every bounded set. For x € X and r > 0, we denote by B(x, r)
the open ball in X centered at x with radius r and dy = sup{d(x,y):x,y € X}. We
assume that dy < oo, u({x}) =0 for x € X and 0 < u(B(x,r)) <ocoforx € X
and r > 0 for simplicity. We do not assume that 1 has a so-called doubling condition.
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Recall that a Radon measure u is said to be doubling if there exists a constant ¢cg > 0
such that u(B(x,2r)) < cou(B(x,r)) for all x € supp(u)(= X) and r > 0 (see [3]).
Otherwise u is said to be non-doubling. In connection with the 5r-covering lemma,
the doubling condition had been a key condition in harmonic analysis. In [29], we
established Sobolev-type inequalities for I, . f of functions in Morrey type spaces
£7:9 (X)), where

d(x, y)®
lan f(x) = / T gy

x W(B(x,7d(x,)))

in the constant exponent case.

Let us consider the family (p) of all functions p satisfying the following condi-
tions: p: X x (0,00) — (0, 00) is a measurable function such that there exist constants
0 < ki < ks and C, > 0 such that

kor ds
sup  p(x,s) < Cp/ p(x,s) — (1.1)
r/2<s<r kir N

for all r > 0 and there exists a constant C > 0 such that

max{1,k>}dx d
/ prs) = <C (12)
0 S

for all x € X. We do not assume the doubling condition on p. For 7 > 1 and a func-
tion p € (p), we define the generalized Riesz potential /,, . f for a locally integrable
function f on X by

,d(x,
Ip,tf(x):/ p(x,d(x,y))f(y) ().

x n(B(x,7d(x,y)))

The operator I, ; is also called the generalized fractional integral operator. In the
doubling metric measure setting,

. f)
I fx) = /X (B, d(x. y)7

was studied in [9]. A variety of examples of p satisfy (1.1) ([37]).

du(y)

o Letp(x,r) = u(B(x,tr))" forsome n € (0,1), 7 > land 0 < r < dx. Then p
satisfies (1.1) with k; = 1 and k, = 2. If u satisfies the upper Ahlfors condition
w(B(x,r)) < Cr2 (x € X,r > 0), then p satisfies (1.2). When j is doubling,
Tp f(x) = I f(x).

» If p satisfies the doubling condition, that is, there exists a constant C > 0 such that
c1l< p(x,r) <Cforx € Xand 1/2 <r/s <2, then p satisfies (1.1) whenever

o(x,s)
2k, = k.
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» If p is increasing in the second variable, then p satisfies (1.1) with k; = 1 and
ko = 2. If «(-) is a measurable function on X such that ¢~ := infyex a(x) > 0
and p(x,r) = r®™) then p satisfies (1.1) with k; = 1 and k, = 2.

o Letxge X.If p(x,r) = (1 +d(xg,x)/r)r* (@ > 0), then p satisfies (1.1) with
kl = 1andk2 =2.

» If A is a positive measurable function on X, p(x,r) = A(x)r® (¢ > 0)for0 <r <
1 and p(x,r) is A(x)e~"~D for 1 <r < oo, then p satisfies (1.1) with k; = 1/4
and k, = 1/2.

In the present paper, we extend [28, Theorem 3.1] in the Euclidean setting to the
non-doubling metric measure setting. In fact, we show that /,, ; is bounded from vari-
able exponent Morrey type spaces £P0-@:91(X) to Musielak—Orlicz—Morrey type
spaces £ %292 (X) over non-doubling metric measure spaces X (Theorem 5.1), as an
extension of [28, 30] in the Euclidean case and [29] in the constant exponent case.
See Sections 2 and 5 for the definitions. Theorem 5.1 is obtained applying Hedberg’s
trick [15] by the use of the (modified) Hardy—Littlewood maximal operator M) (The-
orem 3.4). Theorem 3.4 extends [29, Theorem 2.4].

Throughout the paper, we let C denote various constants independent of the vari-
ables in question and C(a, b, ...) be a constant that depends on a, b, ... only. The
symbol g ~ h means that C~'h < g < Ch for some constant C > 0.

2. Variable exponent Morrey type spaces

Let us consider a real valued measurable function p(-) on X such that
(P1) 1 < p~ :=infyex p(x) < sup,ey p(x) =: p* < o0,
(P2) p() is log-Holder continuous on X, namely
Gy
gle + 1/d(x, y))

p(x) — p(y)] < o (x,y € X)

with a constant C, > 0.

We also consider a weight function w(x, r) : X x (0, 00) — (0, co) satisfying the
following conditions:

(w0) w(-,r) is measurable on X for each r > 0 and w(x, -) is continuous on
(0, 00) for each x € X;
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(wl) r — w(x,r) is uniformly almost increasing on (0, c0), namely there exists
a constant ¢; > 1 such that

w(x,r1) < cio(x, )

for all x € X whenever 0 < r; < r, < o0;

(w2) there exists a constant ¢, > 1 such that
&lox.r) < w(x,2r) < GHo(x.r)

for all x € X whenever r > 0;

(w3) there exist constants wg > 0 and ¢3 > 1 such that
&3 'r® < w(x,r) < ¢
forall x € X and 0 < r < 2dy.

Example 2.1. Let o(-) and B(-) be measurable functions on X such that

0<o™ = info(x)<supo(x)=:0" <wy
xeX

xeX

and —c(wg — 0 (x)) < B(x) < ¢ forall x € X and some constant ¢ > 0. Then
w(x,r) = r°(log(e + 1/r))F®
satisfies (w0), (w1), (w2) and (w3).

Recall that f is a locally integrable function on X if f is an integrable function on
all balls B in X. Let @ > 1. Given p(x) and w(x, r) as above, we define the £7()-®-0
norm by

2dx w(x,r)
| fllgper.o.0 = inf{)L > 0; sup(/ 7
et vex\Jo  w(B(x.0r)

(L (50" ) 1)

The space of all measurable functions f on X with || f'[| £»().0.0(x) < 00 is denoted
by £70-:0(X). The space £P)®¥ (X) is referred to as a variable exponent Morrey
type space. Here, note that 2dx can be replaced by xdx with x > 1. In case p(x) = p,
22020 (X) is denoted by £7?-9(X). See [29, Example 4.1] for an example of
220201 (X) £ {0}. In [32], Rafeiro and Samko introduced variable exponet Morrey
type spaces M Cf ((.',).Sq(') (R%) in terms of norms instead of modular in the Euclidean
setting. For Morrey type spaces related to our spaces, we refer to the survey [31] and
e.g. [4-6,33] in the Euclidean case.
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3. Maximal operator

In this section, we show the boundedness of M on £20-@0 (X).
For a locally integrable function f on X and A > 1, the (modified) Hardy—Little-
wood maximal function M), f is defined by

M; f(x) = sup

s 4 '
r>0 W(B(x,A1)) JB(x,r) Sl dp(y)

For A > 1, we say that X satisfies (M 1) if there exists a constant C > 0 such that
C
plix € X Mo £ > k1) < 1 [ 170l du) @D

for all measurable functions f € L'(X) and k > 0. In (3.1), we cannot reduce the
number A any more ([38]). Here, note that X satisfies (M A) for any A > 0 if u satisfies
the doubling condition ([16]). For condition (M A), see [26,27,34,39], [14, Appendix]
and [35, Section 5].

We know the following result. We refer to [33, Corollary 3.11].

Lemma 3.1 ([29, Theorem 2.4]). Let 1 < 01 < 6, and A > 61(6, + 1)/(6, — 61).
Assume that X satisfies (M A.). Further suppose
(wl’) r = r~clw(x,r) is uniformly almost increasing in (0, dx| for some &1 > 0.

If p > 1, then there is a constant C > 0 such that
M5 fllgro.6sxy = Cllf lgro.e x)

forall f e £P®01(X).

Remark 3.2. Note that (w 1) implies (w1). Letting w(x, r) =r°® (log(e +1/r))™)
be as in Example 2.1, then note that (w1”) holds for 0 < ey < o™

Lemma 3.3. Let 1 <0 < A. Set

1
I(f:x,r,A) = m B S du(y)

and
1

,u(B(x, Ar)) B(x,r)

forx € X and 0 < r < dx. Then, given L > 1, there exist constants C = C(L) > 1
such that

J(fix.rA) = FOPOP™ dp(y)

I(f;x,m, M)POPT < CJ(fx,1,1)
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forall x € X, 0 < r < dyx and for all nonnegative measurable functions f on X such
that f(y) = 1or f(y) =0foreachy € X and

2dx C()(Z, t) () dt)
=t J di . |
zsg (/0 w(B(z,01)) (/B(m f) M(y)) )= L (3.2)

Proof. Given f as in the statement of the lemma, x € X and 0 < r < dx, set [ =
I(f.x,r,A)and J = J(f;x,r, A). Taking f, we see from (3.2) that

w(x,r) )
2B ) Jaen SOPP du(y)

- Ar/6 M o ) ﬂ _
_C/r ;L(B(x,@z))(/B(x’t) ST du(y) ) — = GiL.

Hence B
J < CHPg(x,r)y VP VP (3.3)

Since f(y)P(y)/p_ > f(y) forall y € X, it follows that / < J. Thus, if J < 1, then
7PX)/ P — . px)/pT—1 < J.

Next, suppose J > 1. Set K = J 2 /PX)_We obtain

/ FO) du(y) < / FO) du(y)
B(x,r) B(x,r)n{yeX: f(»)<K}

S du(y)

f(y)p(y)/p_
B(x.r) Kr()/p~

v,
B(x,r)N{yeX:.f(y)>K}

< Ku(B(x,r)) + K du(y).

By (3.3) and (w3),
KP < JP < Cio(x,r) 'L < Cié3Lr®°

orr < yK_P_/“’O with y = (C153L)1/“’°. Thus, if d(x, y) <r, then d(x, y) <
yK —r~ /@0 Hence, by (P2) there is 8 > 1, independent of f, x, r, such that

KPW/P™ < pgPOVP™  forall y € B(x,r).

Thus, we have

K —
/B(m SO du(y) < Kp(B(x,r)) + %/ﬂm LY du(y)

= Ku(B(x,r)) + BKu(B(x, Ar))

< Ku(B(x, Ar))(1 + B).

Kp(x)/p~
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so that
[PW/Pr <y,

as required. ]

Now, we are ready to prove the boundedness of M on £7®9(X), as an exten-
sion of [29, Theorem 2.4] in the constant exponent case.

Theorem 3.4. Let 1 <6y <6, and A > 601(0, 4+ 1)/(62 — 01). Assume that X satisfies
(M M) and (w1’) holds. Then there exists a constant C > 0 such that

||M/lf||;ﬁl’(').w,92(x) < C”f”zp(-).w.(ﬂ](x)
forall f e £PO-@01(X),

Proof. Let f be a nonnegative measurable function on X with || /|| gp).0.61 (xy < 1.
Let fi = fxxex:f=1) and fo = f — f1, where y g is the characteristic function
of E.Set g1(y) = f1(y)?®)/P~ Applying Lemma 3.3 to f; and L = I, there exists
a constant C > 1 such that

(M f1(x)}PDP™ < CM;g1(x) (3.4

forall x € X.
Since M), f> < 1, we have

(M f(x)}?™ < C (3.5)

for all x € X with a constant C > 0 independent of f. Here, note from (w1’) and
(w3) that there exists a constant C > 0 such that

2dx d 2dx d 2dx d
/ w(z,r) ar_ / r%tlw(z,r) - r ar < C/ rét ar <C (3.6)
0 r 0 r 0 r

for all z € X. Hence, we obtain by (3.4), (3.5), (3.6) and Lemma 3.1

2dy w(z,r) ) dr
o e iy O d0)

2dx C()(Z,r) - 0
= {/(; m(/l?(z,r){Mkfl (0} d“(x)) -

M o) 2G) ) ﬂ}
ey M )

2dx C()(Z,r) )2 dr
=l T, sy o) 5
dx
+/02 w(z,”)?}fc

for all z € X, as required. [
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4. Lemmas

Set , d
~ S
Bx.r) = / p(x.s) &

0 S

forr > 0.
We give an estimate inside a ball.

Lemma 4.1. Let 1 < A < 1. Then there exists a constant C > 0 such that

/ p(x.d(x,y)) f(y)
B(x,8) M(B(x,td(x,)))

forall x € X, 0 < § < dx /2 and nonnegative f € L} (X).

dp(y) = Cplx. k28) My f (x)

Proof. Let f € L} (X) be a nonnegative measurable function on X. Let x € X and

0 <8 <dy/2. Take y € Rsuch that 1 <y <min{2,t/A}. If y € B(x,y/T18) \
B(x,y 7 8) for a positive integer j, then a geometric observation and (1.1) show

plx,d(x,y))  _ 1 sup o(x.5)
H(B(x, 7d(x, 1)) ~ HBOGT7I8) gy

1

< , su X,s

R(B(x, Ay~ T15)) y*-i+18/2§sp§y*j+18p( )

C y—j+1k28 ds

< _ ,5) —. 4.1

~ w(B(x, Ay=Jt1§)) /,,—j+1k15 px.5) s @D

Let j; be the smallest integer such that k{/k, > y~/1. Then note from (4.1) that

/ px.d(x,y) f(y)
B

d
(x,8) M(B(X,Td(x,y))) M()’)

— p(x.d(x. ) f(y)
- ; /B(x,y—f+‘5)\3(x,y—j5) w(B(x,td(x, y)))
00 y*./'+1k28 ds 1
=€ Z:/ plx8) = W(B(x, Ay=/*18)) Jp(x,y—i+1s) JO) i)

y—i+t1lg§
[e.e]

<C Z/
j=1"7

k»6
<c /0 p(3.5) & My £(6) = e, kad) M f (),

du(y)

y—j+lk25

ds
B p(x.s) — x My f(x)
—J—i1tlg,s N

as required. |
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We consider the following condition:

(pw) there exist constants e, > 0 and A > 1 such that
& —1/p(x) ~ Art2 -1/p(x)
ry2p(x, r2)w(x,ra) < Ar?p(x,r)o(x,ry)

for all x € X whenever 0 < r; < r, < max{l, 2k, }dx.

Remark 4.2. We have by (pw)
1°2p(x, e (x, 1)~ VPX) < As®2p(x, s)w(x, )P

for all x € X whenever 0 < ¢/2 <s <t <max{l,2k;}dx. Then, by (w1) and (w2),
we obtain
px,1) = Cp(x,s)

for all x € X whenever 0 < ¢/2 <s <t < max{l, 2k, }dx.

Remark 4.3. Let o(-) be a measurable function on X such that ¢~ > 0 and set
o(x,r) = r*™ Let

w(x,r) = ro(x)(log(e + l/r))ﬂ(x)

be as in Example 2.1. Condition (pw) is satisfied if
inf (ﬂ - a(x)) > 0.
xeX p(x)
The next lemma concerns an estimate outside a ball.

Lemma 4.4. Let 1 < 0 < t. Assume that (pw) holds. Then there exists a constant
C > 0 such that

/ p(x,d(x, ) f(y) du(y)
X\B(x.8) M(B(x,7d(x,y)))
< Cp(x, min{1, k1 }8)w(x, min{1, k;}§) /7

forall x € X, 0 < 8 < dy /2 and nonnegative f € £PO-9(X) with

”f”;ﬁp(‘).wﬂ(x) < 1.

Proof. Let f be a nonnegative measurable function with || f|¢r0.0.6(x) < 1. Let
x € X and 0 < § < dyx /2. In view of (w3), we have

d(x,y) <&/ ™w(x,d(x, y))'/* 4.2)
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for all x, y € X. It follows from (w3), (P2) and (4.2) that

w(x,d(x, y)) PP/ P(x) < Cw(x,d(x,y))_ﬁmg(eﬁ%
1 Cp
< Co(x,d(x,y)) () |og(e+5;1/w0w(x’d(x!y))—l/w())

<C. 4.3)

Hence, by (P1), we find

/ p(x,d(x,y)) f(y) du(y)
X\B(x,8) L(B(x,7d(x,)))

:/ p(x,d(x,y)) f(y) du(y)

YeX: () <w(x,d(x,y)~1/ PONB(x,8) H(B(x,Td(x,y)))

+[ plx.d(x,y) f(y)

eX:f()>o(x,d(x,y)~1/ PONB(x,8) K(B(x,td(x,y)))

p(x.d(x, y))o(x,d(x, y)) /P

< fopen By )

N / p(x.d(x.9) f(7) £GP du(y)
\Bee) LB(x, Td(x, 7)) w(x, d(x, )~ @076 “H

< / plx,d(x, y)w(x,d(x, y))—l/p(x)
X\B(x,5)

du(y)

du(y)

L(B(x. td(x.))))
p(x.d(x. y)o(x. d(x. ) ~VP® f(3)P0)
C
* /X\B<x,5> j(B(x. 1d(x. 7))
=1 +ClI,.

du(y)

Here we used (4.3) in the last inequality.
Take y; € Rsuch that 1 < y; < min{z,2}. Let j; be the smallest integer such that

)/lj '§ > dy and let jo be the smallest integer such that k»/k; < y{°. As in the proof
of Lemma 4.1, we have by (4.1)

3 —1/p(x)
n=) | Pl d(x. y)o(x.d(x. )~/

A A du(y)
B(x,y! \B(x,y! ~'6) p(B(x,td(x, y)))

j=1
J1 . i k28
=CY w8 [ i)

j=1 viki8

ds

N

J1 y{kz(g 1 p) dS
< CZ/yj p(x, s)w(x, s) 1/ PH)

j=1 1k13 $
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since we find by (w1) and (w2) that
w(x, ylf(g)—l/p(X) < Ca)(x,s)_l/p(x)

foralll < j < j; and ylj ki6<s< ylj k>4 Further, we see from the definitions of jg
and j; that

J1 ylj k28

d
h=c Z/ p(x, $)o(x,s)~/PE as

j=1 yi]kls §

7 k2 ds
< Cjo/ p(x, $)w(x,s)"VPE 2
y1k16 S

2krdx ds
< C/ p(x, s)w(x,s)"V/PE) =
k16 s
so that we have by (pw)

2kodx dS
I < Cki8) p(x, k1§ (x. ky §) /P / s
k18
< Cp(x,k18)w(x, k18)~1/P™).

Next, take y» € R such that 1 < y, < min{z/6,2}. Let j, be the smallest integer
such that )/'2’2/28 > dy. For I, we have by (pw)

I, < Cp(x,$ 8" V/p w(x,d(x,y)) 20)
2 < Cp(x,8)w(x,d) /X\B(x’g) Bl ) )
< Cp(x,8)w(x,8)~1/P™

)3 / 0 A0 ID ()0 gy
2 et 2oy =728 (B Td ey

Hence, by (w1),

1/p(x) & w(x J’g/zfs) (D)
I, < Cp(x,8)w(x,8)" /P oL / _ PP du(y)
T 2 B P o 7O MO
< Cp(x, §)w(x,8) 1/ P®

i J+1/2
J2 2 § Cl)(X,I)

Z dt
. T hiv O r») g
j=1 /1'{/28 L(B(x,01)) (/B(X’t) f) u(y)) —

, d
= Cptedpoeay o [E0 Sl ([ o )
y2 ’ X,

y2dx
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2dy d
= Cpte Do) [ Sl ([ 00 an)

< Cp(x,8)w(x,8) /PN,

Thus, we obtain the required result by (pw). ]

5. Sobolev-type inequality

To state Theorem 5.1 below we give the assumptions for the function appearing in the
theorem. We consider a function

W(x,t): X x[0,00) — [0, 00)

which satisfies

(P1) W(-,1) is measurable on X for each r > 0 and ¥(x, -) is continuous on
[0, c0) for each x € X;

(P2) there exists a constant A7 > 1 such that
AT < W(x,1) < A, forall x € X;

(W3) ¢+ W(x,t)/t is uniformly almost increasing on (0, c0), namely there exists
a constant A, > 1 such that

W(x,t1)/t;1 < AyW(x,t5)/t2 forall x € X whenever 0 < t; < t5;
(W4) there exists a constant A3 > 1 such that
(x, 1p(x, 0 (x, 17PM))) < 4317 ™)

forallx € X andt > 1.

We write "
¥ (x,1) = sup (x,5)

0<s<t N

and

t
o = [ G dr
0
for x € X and ¢ > 0. Then W(x, -) is convex and
W(x,1/2) < W(x,1) < A2 ¥(x,1) (5.1)

forallx € X andt > 0.
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Let 6 > 1. Given W(x, ) and w(x, r) as above, we define the £%“-% norm by

w(x,r)

W(B(x.67)
— d
([ Felsmmanm) ) <1l
B(x,r) r

2dx
”f”;(i‘l’swﬁ(x) = inf {)L > 0; sup(/o

xeX

The space of all measurable functions f on X with || f'[| gw.0.6(x) < 00 is denoted by
2Y09(x).
Note from Remark 4.2 that

t ds _
p(x.1) < C / p(r.s) 2 < Chx.1) (5.2)
t/2 s

forall x € X and all 0 < ¢ < max{1, 2k, }dx.
As an extension of [28, Theorem 3.1] and [29,30], we give a Sobolev-type inequal-
ity for I, . f of functions in P00 (X)),

Theorem 5.1. Let 1 < 60y < 65 and 61(6, + 1)/(62 — 61) < A < t. Assume that X
satisfies (M L) and (w1") and (pw) hold. Then there exists a constant C > 0 such that

[Ho,c fllgw.w.02(xy = Cllf llgrero.01(x)

forall f e £PO®01(x),

Proof. Let f be a nonnegative measurable function on X such that

I/l erermerxy = 1.

Letx € X and 0 < § < dx /2. By Lemmas 4.1 and 4.4 and (5.2), we find
_ p(x,d(x, ) f(y)
loef ) = /B<x,s> (B, wd(x, yy) M)
p(x.d(x,y)) f(y)
d

* /X\B(x,s> (B(x, wd(x, ) V)
< C{p(x, k28) My f(x) + p(x, min{1, k1 }8)o(x, min{1, k;}8) /7))
< C{p(x, k28) M, f(x) + p(x, min{1, k1 }8)w(x, min{1, ky}§) /7)),

Set
o N (x,r) = sup{t > 0;w(x,t) < r}.

Here, note from [17, Lemma 5.1 (3)] that

ox, 0 (x,r) =7 (5.3)
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If k3 '™ (x, {M} f(x)}7P®) > dy /2, then, taking § = dx /2, we have
Ipo f(x) = Cp(x, max{l,k2}dx /2) < C
by (5.3), (1) and (03). If k5 '™ (x, {M; f(x)}7P¥) < dx /2, then take
§ = k3 o™ (x, AM; f(x)}7PD).
Then we have
Toe f(x) < CMy f()B(x, 07" (x, (M3 f(x)) 7))

by (5.3), (w1) and (w2). Thus, we have

Ipe f(x) = Crmax { M (05 (x, 07 (v, My f (0} 77), 1},
In view of (W4), we obtain

W(x, Ly f()/C1) = C{(x, My fB(x, 07 (6 AMa (1)} 7D)) + 1)
< CAMLf()}PD + 1],

Hence, we see from Theorem 3.4 and (3.6)

2dx  y(z,1) ir
[ e i g, Yo s € no))

- 2dyx M p(x) ) ﬂ
- C{/O w(B(z,6r)) (/I;(z,r){MAf(x)} dp(x) ) —

2dx d
+/ w(z,r) _r}
0 r

<G

for all z € X, so that by the convexity of W and (5. 1)

2dx g(z,1) / — dr
_otn T, Ipe f()/(42C1Co) dM(X)) r
[o M(B(Z,er))( pem 10 2Gi62) r
for all z € X. This completes the proof. |

Example 5.2. Let a(-) and y(-) be measurable functions on X such that = > 0 and
—oo <y~ = inf y(x) < sup y(x) =yt < 0.
xeX xeX

Let
p(x,r) = r*®(log(e + 1/r))’®
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and let
w(x,r) = r”(x)(log(e + l/r))ﬂ(x)

be as in Example 2.1, see Remark 3.2. We know that condition (pw) holds if
inf (o(x)/p(x) —a(x)) >0
xeX
(Remark 4.3). Set
W(x. 1) = {t(log(e + 1)*@PF@/0CI—r )y 77

where 1/p*(x) = 1/p(x) — a(x)/o(x). Then note that ¥(x, ¢) satisfies conditions
(W1)—(W4), see [28, Example 4.1].

Applying Theorem 5.1 to special p and w given in Example 5.2, we obtain the
following corollaries.

Corollary 5.3. Let p(x,r) and w(x,r) be as in Example 5.2. Let 1 < 0; < 8, and
01(0, +1)/(6; — 61) < A < 1. Assume that X satisfies (M A). Further, suppose
infyex (0(x)/p(x) —a(x)) > 0. Then there exists a constant C > 0 such that

[Hpc fllgww.62xy < Clf lgreroor (xy
for all f € £PO@91(X) where U(x, 1) = {t(log(e + 1))*@EX)/0(xX)=y(x))p*(x)
with p*(x) given by 1/p*(x) = 1/p(x) — a(x)/o(x).
Corollary 5.4. Let X be a doubling metric measure space. Let p(x,r) and w(x,r)
be as in Example 5.2. Suppose infyex (o(x)/p(x) —a(x)) > 0. Then there exists a
constant C > 0 such that

o1 fllgwoaxy = Cllflgro.ox)

forall f € £PO1(X), where W(x,1) = {t(log(e 4 1))* @B/ D)=y P*(x) 15
p*(x) given by 1/ p*(x) = 1/p(x) —a(x)/0(x).
Remark 5.5. We write that L. (¢) = log(c +¢) forc > 1 andz > 0, Lgl)(t) = L.(t),
LY @) = L (LY (1)). We may consider

k
p(x,r) = re® H(ng)(l/r))yf(x)
Jj=1

and

k
o(x.r) =r"OTT@P/r)?®.
=1

Acknowledgments. We would like to express our thanks to the referees for their kind
comments.



T. Ohno and T. Shimomura 280

References

(1]

(2]

(3]

(4]

(5]

(6]

(7]

(8]

(9]

(10]

(11]

[12]

[13]

(14]

[15]

[16]

D. R. Adams, A note on Riesz potentials. Duke Math. J. 42 (1975), no. 4, 765-778

Zbl 0336.46038 MR 458158

A. Almeida, J. Hasanov, and S. Samko, Maximal and potential operators in variable expo-
nent Morrey spaces. Georgian Math. J. 15 (2008), no. 2, 195-208 Zbl 1263.42002

MR 2428465

A. Bjorn and J. Bjorn, Nonlinear potential theory on metric spaces. EMS Tracts Math. 17,
European Mathematical Society (EMS), Ziirich, 2011 Zbl 1231.31001 MR 2867756
V. I. Burenkov, A. Gogatishvili, V. S. Guliyev, and R. C. Mustafayev, Boundedness of the
fractional maximal operator in local Morrey-type spaces. Complex Var. Elliptic Equ. 55
(2010), no. 8-10, 739-758 Zbl 1207.42015 MR 2674862

V. I. Burenkov, A. Gogatishvili, V. S. Guliyev, and R. C. Mustafayev, Boundedness of the
Riesz potential in local Morrey-type spaces. Potential Anal. 35 (2011), no. 1, 67-87

Zbl 1223.42008 MR 2804553

V. I. Burenkov and H. V. Guliyev, Necessary and sufficient conditions for boundedness
of the maximal operator in local Morrey-type spaces. Studia Math. 163 (2004), no. 2,
157-176 Zbl 1044.42015 MR 2047377

C. Capone, D. Cruz-Uribe, and A. Fiorenza, The fractional maximal operator and frac-
tional integrals on variable L? spaces. Rev. Mat. Iberoam. 23 (2007), no. 3, 743-770

Zbl 1213.42063 MR 2414490

F. Chiarenza and M. Frasca, Morrey spaces and Hardy-Littlewood maximal function.
Rend. Mat. Appl. (7) 7 (1987), no. 3-4, 273-279 (1988) Zbl 0717.42023 MR 985999
D. Cruz-Uribe and P. Shukla, The boundedness of fractional maximal operators on variable
Lebesgue spaces over spaces of homogeneous type. Studia Math. 242 (2018), no. 2, 109—
139 Zbl 1397.42009 MR 3778907

L. Diening, Riesz potential and Sobolev embeddings on generalized Lebesgue and
Sobolev spaces L?) and W-2)_ Math. Nachr. 268 (2004), 31-43 Zbl 1065.46024
MR 2054530

T. Futamura, Y. Mizuta, and T. Shimomura, Sobolev embeddings for Riesz potential space
of variable exponent. Math. Nachr. 279 (2006), no. 13-14, 1463-1473 Zbl 1109.31004
MR 2269250

V. S. Guliyev, J. J. Hasanov, and S. G. Samko, Boundedness of the maximal, potential and
singular operators in the generalized variable exponent Morrey spaces. Math. Scand. 107
(2010), no. 2, 285-304 Zbl 1213.42077 MR 2735097

H. Gunawan, A note on the generalized fractional integral operators. J. Indones. Math.
Soc. 9 (2003), no. 1, 39-43 Zbl 1129.42380 MR 2013135

D. Hashimoto, Y. Sawano, and T. Shimomura, Gagliardo-Nirenberg inequality for gener-
alized Riesz potentials of functions in Musielak-Orlicz spaces over quasi-metric measure
spaces. Collog. Math. 161 (2020), no. 1, 51-66 Zbl 1464.46043 MR 4085112

L. I. Hedberg, On certain convolution inequalities. Proc. Amer. Math. Soc. 36 (1972),
505-510 Zbl 0283.26003 MR 312232

J. Heinonen, Lectures on analysis on metric spaces. Universitext, Springer, New York,
2001 Zbl 0985.46008 MR 1800917


https://zbmath.org/?q=an:0336.46038&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=458158
https://zbmath.org/?q=an:1263.42002&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2428465
https://zbmath.org/?q=an:1231.31001&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2867756
https://zbmath.org/?q=an:1207.42015&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2674862
https://zbmath.org/?q=an:1223.42008&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2804553
https://zbmath.org/?q=an:1044.42015&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2047377
https://zbmath.org/?q=an:1213.42063&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2414490
https://zbmath.org/?q=an:0717.42023&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=985999
https://zbmath.org/?q=an:1397.42009&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3778907
https://zbmath.org/?q=an:1065.46024&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2054530
https://zbmath.org/?q=an:1109.31004&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2269250
https://zbmath.org/?q=an:1213.42077&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2735097
https://zbmath.org/?q=an:1129.42380&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2013135
https://zbmath.org/?q=an:1464.46043&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4085112
https://zbmath.org/?q=an:0283.26003&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=312232
https://zbmath.org/?q=an:0985.46008&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1800917

(17]

(18]

[19]

(20]

(21]

(22]

[23]

(24]

[25]

[26]

[27]

(28]

(29]

(301

Generalized fractional integral operators on variable exponent Morrey type spaces 281

F.-Y. Maeda, Y. Mizuta, T. Ohno, and T. Shimomura, Boundedness of maximal operators
and Sobolev’s inequality on Musielak-Orlicz-Morrey spaces. Bull. Sci. Math. 137 (2013),
no. 1,76-96 Zbl 1267.46045 MR 3007101

Y. Mizuta, E. Nakai, T. Ohno, and T. Shimomura, An elementary proof of Sobolev embed-
dings for Riesz potentials of functions in Morrey spaces L'*V-8(G). Hiroshima Math. J.
38 (2008), no. 3, 425-436 Zbl 1175.31005 MR 2477751

Y. Mizuta, E. Nakai, T. Ohno, and T. Shimomura, Riesz potentials and Sobolev embed-
dings on Morrey spaces of variable exponents. Complex Var. Elliptic Equ. 56 (2011), no.
7-9, 671-695 Zbl 1228.31004 MR 2832209

Y. Mizuta, E. Nakai, T. Ohno, and T. Shimomura, Maximal functions, Riesz potentials and
Sobolev embeddings on Musielak-Orlicz-Morrey spaces of variable exponent in R”. Rev.
Mat. Complut. 25 (2012), no. 2, 413-434 Zbl 1273.31005 MR 2931419

Y. Mizuta and T. Shimomura, Sobolev embeddings for Riesz potentials of functions in
Morrey spaces of variable exponent. J. Math. Soc. Japan 60 (2008), no. 2, 583-602

Zbl 1161.46305 MR 2421989

Y. Mizuta and T. Shimomura, Sobolev’s inequality for Riesz potentials of functions in
Morrey spaces of integral form. Math. Nachr. 283 (2010), no. 9, 1336-1352

Zbl 1211.46026 MR 2731137

C. B. Morrey, Jr., On the solutions of quasi-linear elliptic partial differential equations.
Trans. Amer. Math. Soc. 43 (1938), no. 1, 126-166 Zbl 0018.40501 MR 1501936

E. Nakai, Hardy-Littlewood maximal operator, singular integral operators and the Riesz
potentials on generalized Morrey spaces. Math. Nachr. 166 (1994), 95-103

Zbl 0837.42008 MR 1273325

E. Nakai, On generalized fractional integrals. Taiwanese J. Math. § (2001), no. 3, 587-602
Zb1 0990.26007 MR 1849780

F. Nazarov, S. Treil, and A. Volberg, Cauchy integral and Calderén-Zygmund operators
on nonhomogeneous spaces. Internat. Math. Res. Notices (1997), no. 15, 703-726

Zbl 0889.42013 MR 1470373

F. Nazarov, S. Treil, and A. Volberg, Weak type estimates and Cotlar inequalities for
Calder6n-Zygmund operators on nonhomogeneous spaces. Internat. Math. Res. Notices
(1998), no. 9, 463-487 Zbl 0918.42009 MR 1626935

T. Ohno and T. Shimomura, Generalized fractional integral operators on variable exponent
Morrey spaces of an integral form. Acta Math. Hungar. 167 (2022), no. 1, 201-214

Zbl 07574604 MR 4460116

T. Ohno and T. Shimomura, On Sobolev-type inequalities on Morrey spaces of an integral
form. Taiwanese J. Math. 26 (2022), no. 4, 831-845 Zbl 07579496 MR 4484273

T. Ohno and T. Shimomura, Sobolev-type inequalities on variable exponent Morrey spaces
of an integral form. Ric. Mat. 71 (2022), no. 1, 189-204 Zbl 07545269 MR 4440732
H. Rafeiro, N. Samko, and S. Samko, Morrey-Campanato spaces: an overview. In Oper-
ator theory, pseudo-differential equations, and mathematical physics, pp. 293-323, Oper.
Theory Adv. Appl. 228, Birkhduser/Springer Basel AG, Basel, 2013 Zbl 1273.46019
MR 3025501


https://zbmath.org/?q=an:1267.46045&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3007101
https://zbmath.org/?q=an:1175.31005&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2477751
https://zbmath.org/?q=an:1228.31004&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2832209
https://zbmath.org/?q=an:1273.31005&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2931419
https://zbmath.org/?q=an:1161.46305&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2421989
https://zbmath.org/?q=an:1211.46026&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2731137
https://zbmath.org/?q=an:0018.40501&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1501936
https://zbmath.org/?q=an:0837.42008&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1273325
https://zbmath.org/?q=an:0990.26007&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1849780
https://zbmath.org/?q=an:0889.42013&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1470373
https://zbmath.org/?q=an:0918.42009&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1626935
https://zbmath.org/?q=an:07574604&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4460116
https://zbmath.org/?q=an:07579496&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4484273
https://zbmath.org/?q=an:07545269&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4440732
https://zbmath.org/?q=an:1273.46019&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3025501

[32]

[33]

[34]

(35]

(36]

(37]

[38]

(391

T. Ohno and T. Shimomura 282

H. Rafeiro and S. Samko, Coincidence of variable exponent Herz spaces with variable
exponent Morrey type spaces and boundedness of sublinear operators in these spaces.
Potential Anal. 56 (2022), no. 3, 437-457 Zbl 1494.46028 MR 4377328

H. Rafeiro and S. Samko, On a class of sublinear operators in variable exponent Morrey-
type spaces. Complex Var. Elliptic Equ. 67 (2022), no. 3, 683-700 Zbl 1494.46027

MR 4388827

Y. Sawano, Sharp estimates of the modified Hardy-Littlewood maximal operator on the
nonhomogeneous space via covering lemmas. Hokkaido Math. J. 34 (2005), no. 2, 435—
458 7Zbl 1088.42010 MR 2159006

Y. Sawano and T. Shimomura, Fractional maximal operator on Musielak-Orlicz spaces
over unbounded quasi-metric measure spaces. Results Math. 76 (2021), no. 4, Paper No.
188 Zbl 1479.42055 MR 4305494

Y. Sawano, S. Sugano, and H. Tanaka, Generalized fractional integral operators and frac-
tional maximal operators in the framework of Morrey spaces. Trans. Amer. Math. Soc. 363
(2011), no. 12, 6481-6503 Zbl 1229.42024 MR 2833565

I. Sihwaningrum, H. Gunawan, and E. Nakai, Maximal and fractional integral operators
on generalized Morrey spaces over metric measure spaces. Math. Nachr. 291 (2018), no.
8-9, 1400-1417 Zbl 1396.26014 MR 3817325

K. Stempak, Examples of metric measure spaces related to modified Hardy-Littlewood
maximal operators. Ann. Acad. Sci. Fenn. Math. 41 (2016), no. 1, 313-314

Zbl 1337.42023 MR 3467713

J.-0. Stromberg, Weak type L! estimates for maximal functions on noncompact symmet-
ric spaces. Ann. of Math. (2) 114 (1981), no. 1, 115-126 Zbl 0472.43010 MR 625348

Received 29 May 2022; revised 25 October 2022.

Takao Ohno
Faculty of Education, Oita University, Dannoharu Oita-city 8§70-1192, Japan;
t-ohno@oita-u.ac.jp

Tetsu Shimomura
Department of Mathematics, Graduate School of Humanities and Social Sciences, Hiroshima
University, Higashi-Hiroshima 739-8524, Japan; tshimo@hiroshima-u.ac.jp


https://zbmath.org/?q=an:1494.46028&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4377328
https://zbmath.org/?q=an:1494.46027&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4388827
https://zbmath.org/?q=an:1088.42010&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2159006
https://zbmath.org/?q=an:1479.42055&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4305494
https://zbmath.org/?q=an:1229.42024&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2833565
https://zbmath.org/?q=an:1396.26014&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3817325
https://zbmath.org/?q=an:1337.42023&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3467713
https://zbmath.org/?q=an:0472.43010&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=625348
mailto:t-ohno@oita-u.ac.jp
mailto:tshimo@hiroshima-u.ac.jp

	1. Introduction
	2. Variable exponent Morrey type spaces
	3. Maximal operator
	4. Lemmas
	5. Sobolev-type inequality
	References

