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Generalized fractional integral operators on variable exponent
Morrey type spaces over metric measure spaces

Takao Ohno and Tetsu Shimomura

Abstract. We prove the boundedness of generalized fractional integral operators I�;� on vari-
able exponent Morrey type spaces Lp.�/;!;� .X/ over non-doubling metric measure spaces X ,
where both �.x; r/ and !.x; r/ depend on x 2 X . Our result extends the recent results by the
authors.

1. Introduction

Sobolev inequalities for Riesz potentials were studied on Morrey spaces in [1], on
generalized Morrey spaces in [24], onLp.�/ in [7,10,11], on variable exponent Morrey
spaces in [2, 12, 19–21] and on local Morrey type spaces in [5], where Morrey spaces
were introduced by Morrey [23] in 1938. See also [8, 18, 31, 36].

LetG be a bounded open set in RN . For f 2L1.G/ and a function � 2 .�/ below,
we define the generalized Riesz potential I�f by

I�f .x/ D

Z
G

�.x; jx � yj/

jx � yjN
f .y/ dy:

If �.x; r/ D r˛ with 0 < ˛ < N , then I�f is the usual Riesz potential I˛f .x/ DR
RN jx � yj

˛�Nf .y/ dy. When �.x; r/ D �.r/, I�f was studied in [13, 25]. In the
previous paper [28], we established Sobolev-type inequalities for I�f of functions in
variable exponent Morrey type spaces Lp.�/;!.G/, as an extension of [22, 30].

In the present paper, we work in a metric measure space X D .X; d;�/, where X
is a bounded set, d is a metric on X and � is a nonnegative Borel outer measure on
X which is finite in every bounded set. For x 2 X and r > 0, we denote by B.x; r/
the open ball in X centered at x with radius r and dX D sup¹d.x; y/ W x; y 2 Xº. We
assume that dX < 1, �.¹xº/ D 0 for x 2 X and 0 < �.B.x; r// < 1 for x 2 X
and r > 0 for simplicity. We do not assume that � has a so-called doubling condition.
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Recall that a Radon measure � is said to be doubling if there exists a constant c0 > 0
such that �.B.x; 2r// � c0�.B.x; r// for all x 2 supp.�/.D X/ and r > 0 (see [3]).
Otherwise � is said to be non-doubling. In connection with the 5r-covering lemma,
the doubling condition had been a key condition in harmonic analysis. In [29], we
established Sobolev-type inequalities for I˛;�f of functions in Morrey type spaces
Lp;!;�1.X/, where

I˛;�f .x/ D

Z
X

d.x; y/˛f .y/

�.B.x; �d.x; y///
d�.y/

in the constant exponent case.
Let us consider the family .�/ of all functions � satisfying the following condi-

tions: � WX � .0;1/! .0;1/ is a measurable function such that there exist constants
0 < k1 < k2 and C� > 0 such that

sup
r=2�s�r

�.x; s/ � C�

Z k2r

k1r

�.x; s/
ds

s
(1.1)

for all r > 0 and there exists a constant C > 0 such thatZ max¹1;k2ºdX

0

�.x; s/
ds

s
� C (1.2)

for all x 2 X . We do not assume the doubling condition on �. For � � 1 and a func-
tion � 2 .�/, we define the generalized Riesz potential I�;�f for a locally integrable
function f on X by

I�;�f .x/ D

Z
X

�.x; d.x; y//f .y/

�.B.x; �d.x; y///
d�.y/:

The operator I�;� is also called the generalized fractional integral operator. In the
doubling metric measure setting,

I�f .x/ D

Z
X

f .y/

�.B.x; d.x; y///1��
d�.y/

was studied in [9]. A variety of examples of � satisfy (1.1) ([37]).

• Let �.x; r/ D �.B.x; � r//� for some � 2 .0; 1/, � � 1 and 0 < r < dX . Then �
satisfies (1.1) with k1 D 1 and k2 D 2. If � satisfies the upper Ahlfors condition
�.B.x; r// � CrQ .x 2 X; r > 0/; then � satisfies (1.2). When � is doubling,
I�;�f .x/ D I�f .x/.

• If � satisfies the doubling condition, that is, there exists a constant C > 0 such that
C�1 � �.x;r/

�.x;s/
� C for x 2 X and 1=2 � r=s � 2, then � satisfies (1.1) whenever

2k1 D k2.
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• If � is increasing in the second variable, then � satisfies (1.1) with k1 D 1 and
k2 D 2. If ˛.�/ is a measurable function on X such that ˛� WD infx2X ˛.x/ > 0
and �.x; r/ D r˛.x/, then � satisfies (1.1) with k1 D 1 and k2 D 2.

• Let x0 2 X . If �.x; r/ D .1C d.x0; x/=r/r˛ (˛ > 0), then � satisfies (1.1) with
k1 D 1 and k2 D 2.

• IfA is a positive measurable function onX , �.x; r/ D A.x/r˛ (˛ > 0) for 0 < r <
1 and �.x; r/ is A.x/e�.r�1/ for 1 � r <1, then � satisfies (1.1) with k1 D 1=4
and k2 D 1=2.

In the present paper, we extend [28, Theorem 3.1] in the Euclidean setting to the
non-doubling metric measure setting. In fact, we show that I�;� is bounded from vari-
able exponent Morrey type spaces Lp.�/;!;�1.X/ to Musielak–Orlicz–Morrey type
spaces L‰;!;�2.X/ over non-doubling metric measure spaces X (Theorem 5.1), as an
extension of [28, 30] in the Euclidean case and [29] in the constant exponent case.
See Sections 2 and 5 for the definitions. Theorem 5.1 is obtained applying Hedberg’s
trick [15] by the use of the (modified) Hardy–Littlewood maximal operatorM� (The-
orem 3.4). Theorem 3.4 extends [29, Theorem 2.4].

Throughout the paper, we let C denote various constants independent of the vari-
ables in question and C.a; b; : : :/ be a constant that depends on a; b; : : : only. The
symbol g � h means that C�1h � g � Ch for some constant C > 0.

2. Variable exponent Morrey type spaces

Let us consider a real valued measurable function p.�/ on X such that

(P1) 1 < p� WD infx2X p.x/ � supx2X p.x/ DW p
C <1,

(P2) p.�/ is log-Hölder continuous on X , namely

jp.x/ � p.y/j �
Cp

log.e C 1=d.x; y//
.x; y 2 X/

with a constant Cp � 0.

We also consider a weight function !.x; r/ W X � .0;1/! .0;1/ satisfying the
following conditions:

(!0) !. � ; r/ is measurable on X for each r > 0 and !.x; � / is continuous on
.0;1/ for each x 2 X ;
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(!1) r 7! !.x; r/ is uniformly almost increasing on .0;1/, namely there exists
a constant Qc1 � 1 such that

!.x; r1/ � Qc1!.x; r2/

for all x 2 X whenever 0 < r1 < r2 <1;

(!2) there exists a constant Qc2 > 1 such that

Qc�12 !.x; r/ � !.x; 2r/ � Qc2!.x; r/

for all x 2 X whenever r > 0;

(!3) there exist constants !0 > 0 and Qc3 � 1 such that

Qc�13 r!0 � !.x; r/ � Qc3

for all x 2 X and 0 < r � 2dX .

Example 2.1. Let �.�/ and ˇ.�/ be measurable functions on X such that

0 < �� WD inf
x2X

�.x/ � sup
x2X

�.x/ DW �C � !0

and �c.!0 � �.x// � ˇ.x/ � c for all x 2 X and some constant c > 0. Then

!.x; r/ D r�.x/.log.e C 1=r//ˇ.x/

satisfies (!0), (!1), (!2) and (!3).

Recall that f is a locally integrable function onX if f is an integrable function on
all balls B in X . Let � � 1. Given p.x/ and !.x; r/ as above, we define the Lp.�/;!;�

norm by

kf kLp.�/;!;� .X/ D inf
²
� > 0I sup

x2X

�Z 2dX

0

!.x; r/

�.B.x; � r//

�

�Z
B.x;r/

�
jf .y/j

�

�p.y/
d�.y/

� dr
r

�
� 1

³
:

The space of all measurable functions f on X with kf kLp.�/;!;� .X/ <1 is denoted
by Lp.�/;!;� .X/. The space Lp.�/;!;� .X/ is referred to as a variable exponent Morrey
type space. Here, note that 2dX can be replaced by �dX with � > 1. In case p.x/ � p,
Lp.�/;!;� .X/ is denoted by Lp;!;� .X/. See [29, Example 4.1] for an example of
Lp.�/;!;�1.X/¤ ¹0º. In [32], Rafeiro and Samko introduced variable exponet Morrey
type spaces Mp.�/;q.�/

!.�;�/
.RN / in terms of norms instead of modular in the Euclidean

setting. For Morrey type spaces related to our spaces, we refer to the survey [31] and
e.g. [4–6, 33] in the Euclidean case.
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3. Maximal operator

In this section, we show the boundedness of M� on Lp.�/;!;� .X/.
For a locally integrable function f on X and � � 1, the (modified) Hardy–Little-

wood maximal function M�f is defined by

M�f .x/ D sup
r>0

1

�.B.x; �r//

Z
B.x;r/

jf .y/j d�.y/:

For � � 1, we say that X satisfies (M�) if there exists a constant C > 0 such that

�
�
¹x 2 X WM�f .x/ > kº

�
�
C

k

Z
X

jf .y/j d�.y/ (3.1)

for all measurable functions f 2 L1.X/ and k > 0. In (3.1), we cannot reduce the
number � any more ([38]). Here, note thatX satisfies (M�) for any �> 0 if� satisfies
the doubling condition ([16]). For condition (M�), see [26,27,34,39], [14, Appendix]
and [35, Section 5].

We know the following result. We refer to [33, Corollary 3.11].

Lemma 3.1 ([29, Theorem 2.4]). Let 1 � �1 < �2 and � > �1.�2 C 1/=.�2 � �1/.
Assume that X satisfies (M�). Further suppose

(!10) r 7! r�"1!.x; r/ is uniformly almost increasing in .0; dX � for some "1 > 0.

If p > 1, then there is a constant C > 0 such that

kM�f kLp;!;�2 .X/ � Ckf kLp;!;�1 .X/

for all f 2 Lp;!;�1.X/.

Remark 3.2. Note that (!10) implies (!1). Letting !.x; r/Dr�.x/.log.eC1=r//ˇ.x/

be as in Example 2.1, then note that (!10) holds for 0 < "1 < ��.

Lemma 3.3. Let 1 � � < �. Set

I.f I x; r; �/ D
1

�.B.x; �r//

Z
B.x;r/

f .y/ d�.y/

and
J.f I x; r; �/ D

1

�.B.x; �r//

Z
B.x;r/

f .y/p.y/=p
�

d�.y/

for x 2 X and 0 < r � dX . Then, given L � 1, there exist constants C D C.L/ � 1
such that

I.f I x; r; �/p.x/=p
�

� CJ.f I x; r; �/
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for all x 2 X , 0 < r � dX and for all nonnegative measurable functions f on X such
that f .y/ � 1 or f .y/ D 0 for each y 2 X and

sup
z2X

�Z 2dX

0

!.z; t/

�.B.z; � t//

� Z
B.z;t/

f .y/p.y/ d�.y/
� dt
t

�
� L: (3.2)

Proof. Given f as in the statement of the lemma, x 2 X and 0 < r < dX , set I D
I.f I x; r; �/ and J D J.f I x; r; �/. Taking f , we see from (3.2) that

!.x; r/

�.B.x; �r//

Z
B.x;r/

f .y/p.y/ d�.y/

� C

Z �r=�

r

!.x; t/

�.B.x; � t//

�Z
B.x;t/

f .y/p.y/ d�.y/

�
dt

t
� C1L:

Hence
J � C

1=p�

1 !.x; r/�1=p
�

L1=p
�

: (3.3)

Since f .y/p.y/=p
�

� f .y/ for all y 2 X , it follows that I � J . Thus, if J � 1, then

Ip.x/=p
�

D I � Ip.x/=p
��1
� J:

Next, suppose J > 1. Set K D J p
�=p.x/. We obtainZ

B.x;r/

f .y/ d�.y/ �

Z
B.x;r/\¹y2X Wf .y/�Kº

f .y/ d�.y/

C

Z
B.x;r/\¹y2X Wf .y/>Kº

f .y/ d�.y/

� K�.B.x; r//CK

Z
B.x;r/

f .y/p.y/=p
�

Kp.y/=p
�

d�.y/:

By (3.3) and (!3),

Kp
�

� J p
�

� C1!.x; r/
�1L � C1 Qc3Lr

�!0

or r � K�p
�=!0 with  D .C1 Qc3L/

1=!0 . Thus, if d.x; y/ � r , then d.x; y/ �
K�p

�=!0 . Hence, by (P2) there is ˇ � 1, independent of f , x, r , such that

Kp.x/=p
�

� ˇKp.y/=p
�

for all y 2 B.x; r/:

Thus, we haveZ
B.x;r/

f .y/ d�.y/ � K�.B.x; r//C
ˇK

Kp.x/=p
�

Z
B.x;r/

f .y/p.y/=p
�

d�.y/

D K�.B.x; r//C ˇK�.B.x; �r//
J

Kp.x/=p
�

� K�.B.x; �r//.1C ˇ/;
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so that
Ip.x/=p

�

� CJ;

as required.

Now, we are ready to prove the boundedness of M� on Lp.�/;!;� .X/, as an exten-
sion of [29, Theorem 2.4] in the constant exponent case.

Theorem 3.4. Let 1� �1 < �2 and �> �1.�2C 1/=.�2 � �1/. Assume thatX satisfies
(M�) and (!10) holds. Then there exists a constant C > 0 such that

kM�f kLp.�/;!;�2 .X/ � Ckf kLp.�/;!;�1 .X/

for all f 2 Lp.�/;!;�1.X/.

Proof. Let f be a nonnegative measurable function on X with kf kLp.�/;!;�1 .X/ � 1.
Let f1 D f�¹x2X Wf .x/�1º and f2 D f � f1, where �E is the characteristic function
of E. Set g1.y/ D f1.y/p.y/=p

�

. Applying Lemma 3.3 to f1 and L D 1, there exists
a constant C � 1 such that

¹M�f1.x/º
p.x/=p�

� CM�g1.x/ (3.4)

for all x 2 X .
Since M�f2 � 1, we have

¹M�f2.x/º
p.x/
� C (3.5)

for all x 2 X with a constant C > 0 independent of f . Here, note from (!10) and
(!3) that there exists a constant C > 0 such thatZ 2dX

0

!.z; r/
dr

r
D

Z 2dX

0

r�"1!.z; r/ � r"1
dr

r
� C

Z 2dX

0

r"1
dr

r
� C (3.6)

for all z 2 X . Hence, we obtain by (3.4), (3.5), (3.6) and Lemma 3.1Z 2dX

0

!.z; r/

�.B.z; �2r//

�Z
B.z;r/

¹M�f .x/º
p.x/ d�.x/

�
dr

r

� C

²Z 2dX

0

!.z; r/

�.B.z; �2r//

�Z
B.z;r/

¹M�f1.x/º
p.x/ d�.x/

�
dr

r

C

Z 2dX

0

!.z; r/

�.B.z; �2r//

�Z
B.z;r/

¹M�f2.x/º
p.x/ d�.x/

�
dr

r

³
� C

²Z 2dX

0

!.z; r/

�.B.z; �2r//

�Z
B.z;r/

¹M�g1.x/º
p� d�.x/

�
dr

r

C

Z 2dX

0

!.z; r/
dr

r

³
� C

for all z 2 X , as required.
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4. Lemmas

Set

z�.x; r/ D

Z r

0

�.x; s/
ds

s

for r > 0.
We give an estimate inside a ball.

Lemma 4.1. Let 1 � � < � . Then there exists a constant C > 0 such thatZ
B.x;ı/

�.x; d.x; y//f .y/

�.B.x; �d.x; y///
d�.y/ � C z�.x; k2ı/M�f .x/

for all x 2 X , 0 < ı < dX=2 and nonnegative f 2 L1loc.X/.

Proof. Let f 2 L1loc.X/ be a nonnegative measurable function on X . Let x 2 X and
0 < ı < dX=2. Take  2 R such that 1 <  � min¹2; �=�º. If y 2 B.x; �jC1ı/ n
B.x; �j ı/ for a positive integer j , then a geometric observation and (1.1) show

�.x; d.x; y//

�.B.x; �d.x; y///
�

1

�.B.x; ��j ı//
sup

�j ı�s��jC1ı

�.x; s/

�
1

�.B.x; ��jC1ı//
sup

�jC1ı=2�s��jC1ı

�.x; s/

�
C

�.B.x; ��jC1ı//

Z �jC1k2ı

�jC1k1ı

�.x; s/
ds

s
: (4.1)

Let j1 be the smallest integer such that k1=k2 � �j1 . Then note from (4.1) thatZ
B.x;ı/

�.x; d.x; y//f .y/

�.B.x; �d.x; y///
d�.y/

D

1X
jD1

Z
B.x;�jC1ı/nB.x;�j ı/

�.x; d.x; y//f .y/

�.B.x; �d.x; y///
d�.y/

� C

1X
jD1

Z �jC1k2ı

�jC1k1ı

�.x; s/
ds

s
�

1

�.B.x; ��jC1ı//

Z
B.x;�jC1ı/

f .y/ d�.y/

� C

1X
jD1

Z �jC1k2ı

�j�j1C1k2ı

�.x; s/
ds

s
�M�f .x/

� C

Z k2ı

0

�.x; s/
ds

s
�M�f .x/ D C z�.x; k2ı/M�f .x/;

as required.
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We consider the following condition:

(�!) there exist constants "2 > 0 and A � 1 such that

r
"2
2 �.x; r2/!.x; r2/

�1=p.x/
� Ar

"2
1 �.x; r1/!.x; r1/

�1=p.x/

for all x 2 X whenever 0 < r1 < r2 < max¹1; 2k2ºdX .

Remark 4.2. We have by (�!)

t"2�.x; t/!.x; t/�1=p.x/ � As"2�.x; s/!.x; s/�1=p.x/

for all x 2 X whenever 0 < t=2 � s � t � max¹1; 2k2ºdX . Then, by (!1) and (!2),
we obtain

�.x; t/ � C�.x; s/

for all x 2 X whenever 0 < t=2 � s � t � max¹1; 2k2ºdX .

Remark 4.3. Let ˛.�/ be a measurable function on X such that ˛� > 0 and set
�.x; r/ D r˛.x/. Let

!.x; r/ D r�.x/.log.e C 1=r//ˇ.x/

be as in Example 2.1. Condition (�!) is satisfied if

inf
x2X

��.x/
p.x/

� ˛.x/
�
> 0:

The next lemma concerns an estimate outside a ball.

Lemma 4.4. Let 1 � � < � . Assume that (�!) holds. Then there exists a constant
C > 0 such thatZ

XnB.x;ı/

�.x; d.x; y//f .y/

�.B.x; �d.x; y///
d�.y/

� C�.x;min¹1; k1ºı/!.x;min¹1; k1ºı/�1=p.x/

for all x 2 X , 0 < ı < dX=2 and nonnegative f 2 Lp.�/;!;� .X/ with

kf kLp.�/;!;� .X/ � 1:

Proof. Let f be a nonnegative measurable function with kf kLp.�/;!;� .X/ � 1. Let
x 2 X and 0 < ı < dX=2. In view of (!3), we have

d.x; y/ � Qc
1=!0
3 !.x; d.x; y//1=!0 (4.2)
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for all x; y 2 X . It follows from (!3), (P2) and (4.2) that

!.x; d.x; y//.p.y/�p.x//=p.x/ � C!.x; d.x; y//
� 1
p.x/

Cp
log.eC1=d.x;y//

� C!.x; d.x; y//
� 1
p.x/

Cp

log
�
eCQc
�1=!0
3

!.x;d.x;y//�1=!0

�
� C: (4.3)

Hence, by (P1), we findZ
XnB.x;ı/

�.x; d.x; y//f .y/

�.B.x; �d.x; y///
d�.y/

D

Z
¹y2X Wf .y/�!.x;d.x;y//�1=p.x/ºnB.x;ı/

�.x; d.x; y//f .y/

�.B.x; �d.x; y///
d�.y/

C

Z
¹y2X Wf .y/>!.x;d.x;y//�1=p.x/ºnB.x;ı/

�.x; d.x; y//f .y/

�.B.x; �d.x; y///
d�.y/

�

Z
XnB.x;ı/

�.x; d.x; y//!.x; d.x; y//�1=p.x/

�.B.x; �d.x; y///
d�.y/

C

Z
XnB.x;ı/

�.x; d.x; y//f .y/

�.B.x; �d.x; y///

f .y/p.y/�1

!.x; d.x; y//�.p.y/�1/=p.x/
d�.y/

�

Z
XnB.x;ı/

�.x; d.x; y//!.x; d.x; y//�1=p.x/

�.B.x; �d.x; y///
d�.y/

C C

Z
XnB.x;ı/

�.x; d.x; y//!.x; d.x; y//1�1=p.x/f .y/p.y/

�.B.x; �d.x; y///
d�.y/

D I1 C CI2:

Here we used (4.3) in the last inequality.
Take 1 2 R such that 1 < 1 � min¹�; 2º. Let j1 be the smallest integer such that


j1
1 ı � dX and let j0 be the smallest integer such that k2=k1 � 

j0
1 . As in the proof

of Lemma 4.1, we have by (4.1)

I1 �

j1X
jD1

Z
B.x;

j
1
ı/nB.x;

j�1
1

ı/

�.x; d.x; y//!.x; d.x; y//�1=p.x/

�.B.x; �d.x; y///
d�.y/

� C

j1X
jD1

!.x; 
j
1 ı/
�1=p.x/

Z 
j
1
k2ı


j
1
k1ı

�.x; s/
ds

s

� C

j1X
jD1

Z 
j
1
k2ı


j
1
k1ı

�.x; s/!.x; s/�1=p.x/
ds

s
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since we find by (!1) and (!2) that

!.x; 
j
1 ı/
�1=p.x/

� C!.x; s/�1=p.x/

for all 1 � j � j1 and j1 k1ı � s � 
j
1 k2ı. Further, we see from the definitions of j0

and j1 that

I1 � C

j1X
jD1

Z 
j
1
k2ı


j
1
k1ı

�.x; s/!.x; s/�1=p.x/
ds

s

� Cj0

Z 
j1
1
k2ı

1k1ı

�.x; s/!.x; s/�1=p.x/
ds

s

� C

Z 2k2dX

k1ı

�.x; s/!.x; s/�1=p.x/
ds

s
;

so that we have by .�!/

I1 � C.k1ı/
"2�.x; k1ı/!.x; k1ı/

�1=p.x/

Z 2k2dX

k1ı

s�"2
ds

s

� C�.x; k1ı/!.x; k1ı/
�1=p.x/:

Next, take 2 2 R such that 1 < 2 � min¹�=�; 2º. Let j2 be the smallest integer
such that j2=22 ı � dX . For I2, we have by (�!)

I2 � C�.x; ı/!.x; ı/
�1=p.x/

Z
XnB.x;ı/

!.x; d.x; y//

�.B.x; �d.x; y///
f .y/p.y/ d�.y/

� C�.x; ı/!.x; ı/�1=p.x/

�

j2X
jD1

Z
B.x;

j=2
2

ı/nB.x;
.j�1/=2
2

ı/

!.x; d.x; y//

�.B.x; �d.x; y///
f .y/p.y/ d�.y/:

Hence, by (!1),

I2 � C�.x; ı/!.x; ı/
�1=p.x/

j2X
jD1

!.x; 
j=2
2 ı/

�.B.x; 
.jC1/=2
2 �ı//

Z
B.x;

j=2
2

ı/

f .y/p.y/ d�.y/

� C�.x; ı/!.x; ı/�1=p.x/

�

j2X
jD1

Z 
.jC1/=2
2

ı


j=2
2

ı

!.x; t/

�.B.x; � t//

�Z
B.x;t/

f .y/p.y/ d�.y/

�
dt

t

� C�.x; ı/!.x; ı/�1=p.x/
Z 2dX


1=2
2

ı

!.x; t/

�.B.x; � t//

�Z
B.x;t/

f .y/p.y/ d�.y/

�
dt

t
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� C�.x; ı/!.x; ı/�1=p.x/
Z 2dX

0

!.x; t/

�.B.x; � t//

�Z
B.x;t/

f .y/p.y/ d�.y/

�
dt

t

� C�.x; ı/!.x; ı/�1=p.x/:

Thus, we obtain the required result by (�!).

5. Sobolev-type inequality

To state Theorem 5.1 below we give the assumptions for the function appearing in the
theorem. We consider a function

‰.x; t/ W X � Œ0;1/! Œ0;1/

which satisfies

(‰1) ‰. � ; t / is measurable on X for each t � 0 and ‰.x; � / is continuous on
Œ0;1/ for each x 2 X ;

(‰2) there exists a constant A1 � 1 such that

A�11 � ‰.x; 1/ � A1 for all x 2 X I

(‰3) t 7!‰.x; t/=t is uniformly almost increasing on .0;1/, namely there exists
a constant A2 � 1 such that

‰.x; t1/=t1 � A2‰.x; t2/=t2 for all x 2 X whenever 0 < t1 < t2I

(‰4) there exists a constant A3 � 1 such that

‰
�
x; t z�.x; !�1.x; t�p.x///

�
� A3t

p.x/

for all x 2 X and t � 1.

We write
x .x; t/ D sup

0<s�t

‰.x; s/

s

and
S‰.x; t/ D

Z t

0

x .x; r/ dr

for x 2 X and t � 0. Then S‰.x; �/ is convex and

‰.x; t=2/ � S‰.x; t/ � A2‰.x; t/ (5.1)

for all x 2 X and t � 0.
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Let � � 1. Given ‰.x; t/ and !.x; r/ as above, we define the L‰;!;� norm by

kf kL‰;!;� .X/ D inf
²
� > 0I sup

x2X

�Z 2dX

0

!.x; r/

�.B.x; � r//

�

� Z
B.x;r/

S‰.x; jf .y/j=�/ d�.y/
� dr
r

�
� 1

³
:

The space of all measurable functions f onX with kf kL‰;!;� .X/ <1 is denoted by
L‰;!;� .X/.

Note from Remark 4.2 that

�.x; t/ � C

Z t

t=2

�.x; s/
ds

s
� C z�.x; t/ (5.2)

for all x 2 X and all 0 < t � max¹1; 2k2ºdX .
As an extension of [28, Theorem 3.1] and [29,30], we give a Sobolev-type inequal-

ity for I�;�f of functions in Lp.�/;!;� .X/.

Theorem 5.1. Let 1 � �1 < �2 and �1.�2 C 1/=.�2 � �1/ < � < � . Assume that X
satisfies (M�) and (!10) and (�!) hold. Then there exists a constant C > 0 such that

kI�;�f kL‰;!;�2 .X/ � Ckf kLp.�/;!;�1 .X/

for all f 2 Lp.�/;!;�1.X/.

Proof. Let f be a nonnegative measurable function on X such that

kf kLp.�/;!;�1 .X/ � 1:

Let x 2 X and 0 < ı < dX=2. By Lemmas 4.1 and 4.4 and (5.2), we find

I�;�f .x/ D

Z
B.x;ı/

�.x; d.x; y//f .y/

�.B.x; �d.x; y///
d�.y/

C

Z
XnB.x;ı/

�.x; d.x; y//f .y/

�.B.x; �d.x; y///
d�.y/

� C
®
z�.x; k2ı/M�f .x/C �.x;min¹1; k1ºı/!.x;min¹1; k1ºı/�1=p.x/

¯
� C

®
z�.x; k2ı/M�f .x/C z�.x;min¹1; k1ºı/!.x;min¹1; k1ºı/�1=p.x/

¯
:

Set
!�1.x; r/ D sup¹t > 0I!.x; t/ < rº:

Here, note from [17, Lemma 5.1 (3)] that

!.x; !�1.x; r// D r: (5.3)
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If k�12 !�1.x; ¹M�f .x/º
�p.x// � dX=2, then, taking ı D dX=2, we have

I�;�f .x/ � C z�.x;max¹1; k2ºdX=2/ � C

by (5.3), (!1) and (!3). If k�12 !�1.x; ¹M�f .x/º
�p.x// < dX=2, then take

ı D k�12 !�1
�
x; ¹M�f .x/º

�p.x/
�
:

Then we have

I�;�f .x/ � CM�f .x/z�
�
x; !�1.x; ¹M�f .x/º

�p.x//
�

by (5.3), (!1) and (!2). Thus, we have

I�;�f .x/ � C1 max
°
M�f .x/z�

�
x; !�1.x; ¹M�f .x/º

�p.x//
�
; 1
±
:

In view of (‰4), we obtain

‰.x; I�;�f .x/=C1/ � C
°
‰
�
x;M�f .x/z�

�
x; !�1.x; ¹M�f .x/º

�p.x//
��
C 1

±
� C

�
¹M�f .x/º

p.x/
C 1

�
:

Hence, we see from Theorem 3.4 and (3.6)Z 2dX

0

!.z; r/

�.B.z; �2r//

�Z
B.z;r/

‰.x; I�;�f .x/=C1/ d�.x/

�
dr

r

� C

²Z 2dX

0

!.z; r/

�.B.z; �2r//

�Z
B.z;r/

¹M�f .x/º
p.x/ d�.x/

�
dr

r

C

Z 2dX

0

!.z; r/
dr

r

³
� C2

for all z 2 X , so that by the convexity of S‰ and (5.1)Z 2dX

0

!.z; r/

�.B.z; �2r//

�Z
B.z;r/

S‰
�
x; I�;�f .x/=.A2C1C2/

�
d�.x/

�
dr

r
� 1

for all z 2 X . This completes the proof.

Example 5.2. Let ˛.�/ and .�/ be measurable functions on X such that ˛� > 0 and

�1 < � WD inf
x2X

.x/ � sup
x2X

.x/ DW C <1:

Let
�.x; r/ D r˛.x/.log.e C 1=r//.x/
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and let
!.x; r/ D r�.x/.log.e C 1=r//ˇ.x/

be as in Example 2.1, see Remark 3.2. We know that condition (�!) holds if

inf
x2X

.�.x/=p.x/ � ˛.x// > 0

(Remark 4.3). Set

‰.x; t/ D
®
t .log.e C t //˛.x/ˇ.x/=�.x/�.x/

¯p�.x/
;

where 1=p�.x/ D 1=p.x/ � ˛.x/=�.x/. Then note that ‰.x; t/ satisfies conditions
(‰1)–(‰4), see [28, Example 4.1].

Applying Theorem 5.1 to special � and ! given in Example 5.2, we obtain the
following corollaries.

Corollary 5.3. Let �.x; r/ and !.x; r/ be as in Example 5.2. Let 1 � �1 < �2 and
�1.�2 C 1/=.�2 � �1/ < � < � . Assume that X satisfies (M�). Further, suppose
infx2X .�.x/=p.x/ � ˛.x// > 0. Then there exists a constant C > 0 such that

kI�;�f kL‰;!;�2 .X/ � Ckf kLp.�/;!;�1 .X/

for all f 2 Lp.�/;!;�1.X/, where ‰.x; t/ D ¹t .log.e C t //˛.x/ˇ.x/=�.x/�.x/ºp
�.x/

with p�.x/ given by 1=p�.x/ D 1=p.x/ � ˛.x/=�.x/.

Corollary 5.4. Let X be a doubling metric measure space. Let �.x; r/ and !.x; r/
be as in Example 5.2. Suppose infx2X .�.x/=p.x/ � ˛.x// > 0. Then there exists a
constant C > 0 such that

kI�;1f kL‰;!;1.X/ � Ckf kLp.�/;!;1.X/

for all f 2Lp.�/;!;1.X/, where‰.x; t/D ¹t .log.eC t //˛.x/ˇ.x/=�.x/�.x/ºp
�.x/ with

p�.x/ given by 1=p�.x/ D 1=p.x/ � ˛.x/=�.x/.

Remark 5.5. We write that Lc.t/D log.cC t / for c > 1 and t � 0, L.1/c .t/D Lc.t/,
L
.jC1/
c .t/ D Lc.L

.j /
c .t//. We may consider

�.x; r/ D r˛.x/
kY

jD1

.L.j /e .1=r//j .x/

and

!.x; r/ D r�.x/
kY

jD1

.L.j /e .1=r// ǰ .x/:
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