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Einstein—Klein—Gordon spacetimes in the
harmonic near-Minkowski regime

Philippe G. LeFloch and Yue Ma

Abstract. We study the initial value problem for the Einstein—Klein—Gordon system and estab-
lish the global nonlinear stability of massive matter in the near-Minkowski regime when the
initial geometry is a perturbation of an asymptotically flat, spacelike hypersurface in Minkowski
spacetime and the metric enjoys the harmonic decay 1/r (in terms of a suitable distance func-
tion r at spatial infinity). Our analysis encompasses matter fields that have small energy norm
and solely enjoys a slow decay at spacelike infinity. Our proof is based on the Euclidean-
hyperboloidal foliation method recently introduced by the authors, and distinguishes between
the decay along asymptotically hyperbolic slices and the decay along asymptotically Euclidean
slices. We carefully analyze the decay of metric components at the harmonic level 1/r, espe-
cially the metric component in the direction of the light cone. In presence of such a slow-
decaying matter field, we establish a global existence theory for the Einstein equations expressed
as a coupled system of nonlinear wave and Klein—Gordon equations.

1. Introduction

1.1. Global evolution problem for the Einstein-matter equations

Main purpose. We consider solutions to the Einstein equations in the near-Minkow-
ski regime and study the global nonlinear evolution problem when a suitable initial
data set is prescribed, consisting of a Riemannian metric, a symmetric two-tensor, and
matter data. These data are assumed to be close to a sufficiently flat and asymptoti-
cally Schwarzschild-like perturbation of a hypersurface in Minkowski spacetime. For
the vacuum FEinstein equations, this problem was solved first by Christodoulou and
Klainerman [9], while an alternative proof in wave coordinates was given later on by
Lindblad and Rodnianski [35, 36]. Solutions with lower decay at spacelike infinity
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were constructed by Bieri [1] (and [2]), while most recent contributions are due to
Hintz and Vasy [15, 16]. All of these results easily extend to massless matter fields.

Our aim in the present paper is to solve the global evolution problem for the
Einstein-matter system when the matter field under consideration is massive. We are
going to describe the problem and first state a simplified version of our main result
(Theorem 1.1) when the data have Schwarzschild decay. Later in this paper (cf. The-
orem 3.1) we state a more general result, when the metric at spatial infinity enjoys
harmonic-type decay.

A recent literature on the global dynamics of self-gravitating massive fields is now
available. The present paper is a companion to our work [30] and, on the one hand,
provides the arguments that are necessary in order to establish the Schwarzschild-
type decay of solutions to the Einstein equations and, on the other hand, can also be
considered as an overview of the more general proof in [30] (see also [31]). These
results grew from earlier work by the authors in [26,29].

While our project came under completion we learned that Ionescu and Pausader
simultaneously solved the same problem by introducing a completely different meth-
odology, which is based on the notion of spacetime resonances; see [21]. A somewhat
different class of initial data sets is covered therein, as far as the functional norms
and the spatial decay of solutions are concerned (specially since the regularity in [21]
is stated in weighted Fourier spaces). We will not attempt to review here the vast
literature on the subject, and we refer the reader to our detailed overview in [30].
Recent work includes, among others, the major contributions by Bigorgne [3,4], Faj-
man et al. [11, 13], Lindblad et al. [37], Smulevici [42], and Wang [44]. This field is
extremely active and, for additional results and references, the reader is referred to
[5,6,10,12,14,17-20,22-25,27,28,32-34,38-41,43,45].

Einstein equations and massive fields. We consider four-dimensional manifolds
(M, g) in which M =~ [0, +00) x R? and g is a Lorentzian metric with signature
(—, +, +. +) and Levi-Civita connection Vy = V. Greek indices «, f3, ... describe
0,1, 2,3, and we denote by Ryg the Ricci curvature of g and by R = g"‘ﬂ Rqyp its
scalar curvature. Throughout, we use implicit summation over repeated indices, as
well as raising and lowering indices with respect to the metric gog and its inverse
denoted by g*#.
We impose that Einstein-matter equations hold, namely

Gop = 8Ty, (1.1)

in which the left-hand side is Einstein’s curvature tensor defined (in abstract indices)
as

R
Gop = Rap — Egaﬂ- (1.2)
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The right-hand side of (1.1) is the energy-momentum tensor, which depends upon the
matter content and, for instance, is taken to vanish identically for vacuum Einstein
spacetimes, so that (1.1) then reduces to the Ricci-flat condition Ryg = 0.

While our method of analysis should apply to many massive matter models, we
are interested here in Klein—Gordon scalar fields ¢ : M — R with energy-momentum
tensor

1
Tup = Va$Vpd — (3 V76976 + U(®) ) gap. (1.3

Here, the potential function U = U(¢) depends on the nature of the matter under
consideration and, throughout, we assume that

1
w@=5ﬁ&+0@% (1.4)

for some (mass-like) constant ¢ > 0. Recalling the Bianchi identity V* R,g = %Vﬁ R,
we have V¥Gyg = 0 and, consequently,

V*Typ = 0. (1.5)
In turn, we deduce that ¢ satisfies the nonlinear Klein—Gordon equation
O —U'(¢) = 0. (1.6)

For instance, when U(¢) = %d)z, this is Og¢p — c%2¢ = 0, which is linear in ¢ but
also involves the unknown metric.

Initial value problem. For suitable initial data, equation (1.6) is expected to uniquely
determine the evolution of the matter. Our challenge is precisely to study the nonlin-
ear coupling problem when the metric g itself is one of the unknowns and solves the
Einstein equations with suitably prescribed initial data. When a foliation by spacelike
hypersurfaces is chosen and a suitable gauge choice is made, we use Latin indices
varying between 1 and 3 and the Einstein equations decompose into evolution equa-
tions

Gap = 8 Typ, a,b=1,2,3, 1.7

and constraint equations
GOO = SJTTOOy GOa = 87TTOas a = 1,2,3. (1.8)

The initial value problem is then formulated by specifying a Riemannian metric g¢
and a symmetric two-tensor field kg, defined on a manifold with topology R3, and
satisfying the constraints (1.8), namely

Rgy + (Trgoko)? — |kolz, = 167 Too.

: (1.9)
divg, (ko - (Trg()kO)gO) = —8n Ty,
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where R, denotes the scalar curvature, Trg, the trace, and divg, the divergence
of the metric go. We then seek a globally hyperbolic Cauchy development [7, 8]
consisting of a spacetime metric g together with a matter field ¢ satisfying Ein-
stein’s evolution equations and defining a manifold whose induced geometry (first-
and second-fundamental forms) on an initial hypersurface is given by the pair (go, ko).

1.2. Self-gravitating fields in the asymptotically Schwarzschild regime

Wave-Klein—Gordon system of interest. We work on the manifold M ~ Rf3 =
{(t,x) € R'"3,t > 1} covered by a single coordinate chart (¢, x) = (¢, x%) with ¢ > 1
and x € R3. We also write 72 := |x|> = ZZ=1 |x%|2. We introduce the Minkowski
metric gvink := —dt? + s (dx%)?, and observe that M is the future of the initial
hypersurface {t = 1}. We also introduce the outgoing light cone

£:={r=1t-1) cR! (1.10)

and its constant-¢ slices are denoted by £;.
More precisely, we rely on global coordinate functions x* : M — R (with o =
0,1, 2, 3) satisfying the wave gauge conditions

Ogx* =0, (1.11)
and we express the Einstein equations as a nonlinear system of second-order partial

differential equations, supplemented with second-order constraints. The unknowns
are the metric coefficients gog and the matter field ¢. Specifically, we find

Oggap = Fap(g. g:0g,9g) — 167 (dadpdpd + U($)gap);
O, —U'(¢) =0,

where ﬁg = “’ﬁ’aa/aﬂ/ denotes a modified wave operator, and the wave gauge
constraints take the form

(1.12)

1,
r*=g*rj, =o, Ty = 3 M (Bagpr + 0pGars — 01 8ap)- (1.13)

The nonlinearities F = P + Q have an important structure especially in connection
with the Euclidian-hyperboloidal foliation, which is described and plays a central role
in [30].

Merging the Minkowski and the Schwarzschild solutions. In wave coordinates the
Schwarzschild metric gse, takes the form (with w, 1= x,/r)

r—m
g5ch,00 = — , gsch,0a = 0,
r+m
5 (1.14)
r+m (r +m)
Wawp + —— 35— (ap — @awp).

8Sch,ab =
vy —
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Consider a (regular) cut-off function y*(r) that vanishes for » < 1/2 and is iden-
tically 1 for all » > 3/4. Given a (small) mass coefficient m > 0 we introduce the
reference metric

g% = gmink + X () 1" (r/(t — 1)) (gsch — gMink) r>2. (1.15)

This metric coincides with gynk in the cone {r /—1) <1/ 2} and coincides with
gscn in the exterior {r/ t—1)>3/ 4} which contains the light cone &£. This metric
satisfies the so-called light-bending property, saying by definition that the light cone
coefficient

rg* (L) =4m+ O1/r) for the metric g*, (1.16)

is positive, where the light cone direction is defined by
1:=9, — (x%/r)0,. (1.17)
This is essentially the same construction as in [35].

Class of initial data sets. We are interested in solutions to the Einstein-matter sys-
tem in the harmonic regime (corresponding to A = 1 in [30]) and we establish a
sharp decay property in the case where the reference metric is constructed from the
Schwarzschild metric. The initial metric g¢ is assumed to be sufficiently close to the
Euclidean metric while the initial second fundamental form kg is sufficiently small.
Let us introduce the following decomposition (fora,b = 1,2, 3):

80ab = gaab + Ugap = Sab + haab + Uoab, kOab = k(;ab + lOab‘ (1.18)

We aim at covering a variety of asymptotic behaviors and, at this juncture, it is con-
venient to introduce the following terminology.

» The part hj is referred to as the initial reference and will be assumed to be small
in a (weighted, high-order) pointwise norm.

* The part uy is referred to as the initial perturbation and will be assumed to be
small in (weighted, high-order) energy norm.

An example of a such decomposition is provided by the construction in Lindblad
and Rodnianski [35], where the initial data is decomposed as the sum of a finite-energy
perturbation plus an (asymptotically) Schwarzschild metric outside of a compact set
(with sufficiently small and positive mass). In our theory, the two parts are treated
differently. Indeed, hy is the initial trace of 4™ while ug is propagated.

For the metric perturbation, we introduce the energy norms

metnc(g07k0) - Z ” K—Hll |818 u0|+|81u1 ||L2(R3)’
|[I|<N

matter(¢ ¢1) — Z ” /“L—Hll |3I x¢0| + |81¢0| + |al¢1 )”LZ(R3)

|I|<N

(1.19)
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While our proof below will provide a more general result as stated below, we find it
convenient to state first our result for the perturbation of the Schwarzschild solution.
Given an initial data set we decompose it according to (1.18) and we introduce
the linear development denoted by uy;; of the initial data set (1gag, U1ap), that is, we
introduce the solution to the (free, linear) wave equation with this initial data. It was
established in [30, Proposition 10.6] that, under the assumption that the norm above
is finite,
uinit| S Coe(t +r + 1)1 (1.20)

Our main assumption beyond the smallness on the norms (1.19) is the following sign
condition which we referred to as the light-bending condition
déflﬁglr (4m + rutini(1, l)) > g,. (1.21)
¢

Here, a parameter £ € (0, 1/2] being fixed once for all, we have defined the near-light
cone domain to be

t
My = {z >2,t—1<r< m} (1.22)
where in agreement with [30] it is convenient to restrict attention to ¢ > 2. Interest-
ingly, this condition can be easily satisfied when

» either ¢ is small with respect to &, so that the contribution m from the Schwarz-
schild metric dominates,

* Dboth initial data uy > 0 and u; > 0 are non-negative (as is clear from the fact that
the fundamental solution to the wave equation is a non-negative measure),

* or yet a combination of the above two extreme examples, namely, the negative
contribution of the perturbation is small with respect to the Schwarzschild mass.

Main statement. We are in a position to state our main result. In fact, a more gen-
eral statement concerning perturbations of reference metrics with harmonic decay is
actually established in this paper; see Theorem 3.1.

Theorem 1.1 (Nonlinear stability of self-gravitating Klein—-Gordon fields. Perturba-
tions of the Schwarzschild solution). A constant C, > 0 being fixed, the following
result holds for all sufficiently small e, e, satisfying € < Cye. Consider the reference
metric g* defined in (1.15) by merging together the Minkowski metric gzink and the
Schwarzschild metric with mass €, along a light cone. Consider a set of constraint-
satisfying initial data (go, ko, $o, P1), a large integer N, and some exponents (k, |4, €)
satisfying

ke (1/2,1), nwe@3/4,1), K < u. (1.23)
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Then, provided the initial data satisfies the light-bending condition (1.21) together
with the smallness condition

EP(go. ko) + ENU (o, 1) < e, (1.24)

the maximal globally hyperbolic Cauchy development of (go, ko, o, $1) associated
with the Einstein-massive field system (1.1) and (1.3) is future causally geodesically
complete, and asymptotically approaches Minkowski spacetime in all (timelike, null,
spacetime) directions. Moreover, the component g(1,1) has a harmonic decay and
enjoys the light-bending condition, namely

fete inf rgL1) > &,/2. (1.25)

LD S ————
8Os = AL,

Harmonic decay. The first inequality in (1.25) is the main novelty of this paper,
and establishing it requires significant new observation beyond our previous strategy.
Indeed, our proof of Theorems 1.1 and 3.1 follows from the general method in [30] in
which we now take the parameter A therein to be the critical value A = 1. We would
like to point out here several significant differences and several new ingredients that
are required for the proof in the present paper. First of all, the use of a hierarchy
property for commutators was not necessary for the range A < 1, but turns out to be
essential now. On the other hand, we revisit [30, Section 8] concerning the pointwise
decay of metric components (and their derivatives) and we use a decomposition of

the wave operators in which the component H# %0

is directly controlled. In turn, in
the analysis in [30, Section 13] we now decouple the contributions of the Hessian and
of the commutators. Interestingly, this leads to significant simplifications in compari-
son with the arguments in [30], while simultaneously new estimates are required. For
instance, in the analysis of the (now harmonic) decay of the null metric component
in [30, Section 14], we no longer introduce the “loss” exponent 6. In order to recover
the desired 1/r behavior for the metric, the application of the Kirchhoff formula must
now be done at the 1/r level of decay, and this requires a sharp control of the source-
terms in the wave equation. Such terms are due to the Ricci curvature of the reference
metric (assumed to have sufficient decay, and even to vanish for the Schwarzschild
metric), the commutators (discussed earlier) and the quasi-linear terms (also dis-
cussed earlier). Observe that it is also important to distinguish between zero-order
estimates (i.e. without differentiation) and high-order estimates. Finally, we point out
that, interestingly, our results also apply in the vacuum spacetimes by taking ¢ to
vanish identically: our proof then is somewhat simpler than the one in [36], thanks to
the fact that it takes advantage of the light-bending condition—a consequence of the
assumed positivity of the mass of the Schwarzschild metric.
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2. Euclidean-hyperboloidal foliation and functional inequalities

2.1. Spacetime foliation and vector fields

Preliminary. We provide here an overview of the technical tools introduced by the
authors in [30] when developing the Euclidean-hyperboloidal foliation method. This
method generally applies to establish the global existence of solutions with small
amplitude for coupled systems of wave and Klein—-Gordon equations. The method
relies on the following key ingredients.

* Construction of a spacetime foliation consisting of asymptotically hyperboloidal
slices and asymptotically flat slices.

» Functional analysis tools on such a foliation: admissible vector fields, Sobolev
inequalities, and energy estimates.

*  Sup-norm estimates for wave equations and Klein—Gordon equations.
For the full set of notions and results, we refer to [30].

Foliation of interest. In order to foliate M by spacelike hypersurfaces, we introduce
a cut-off function y : R — [0, 1] satisfying

0, x<0,
x(x) = (2.1a)
1, x>1.

We also introduce the hyperboloidal and Euclidean radii at a time s
1 1
r’(s) = E(sz —1), ré(s) = 5(s2 +1), (2.1b)
Then, a function & referred to as the foliation coefficient is defined by

£, r) = 1— y(r — () = { Lor<rG), 2.1¢)

0, r>ré().

We next define the Euclidean—hyperboloidal time function T = T(s, r) by solving the
ordinary differential equation

ré(s,r)

9, T(s,r) = m,

T(s,0) = s. (2.1d)
In turn, our foliation My := {(¢,x%) € M /t = T(s,r)} is a one-parameter family
of asymptotically Euclidean, spacelike hypersurfaces. The future of the initial surface
{t = 1} is decomposed as

(t= 1 =M"Ul M. My=MTUMTUME (2.2a)

§>2
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with M™M= {(t,x) /1 <t < T(2,r)} and

M= {t = T(s,|x|), |x] < r” (s)} asymptotically hyperboloidal,
MM = {t = T(s, |x|), r’'(s) < |x| <r® (s)} merging (or transition),
Mf i = {t =T(s),ré(s) < |x|} asymptotically Euclidean.
(2.2b)
We also write MEM := ME U MM,
Frames of interest. The following terminology will be used.
*  The semi-hyperboloidal frame (SHF)
3 g g3 X°
80 = 0y, aa = aa = 731 + 0q (2.3a)

is defined in M and is the appropriate frame in the hyperboloidal domain in order
to establish the relevant decay properties in timelike and null directions. Some of
our arguments will involve radial integration based on 3;}( = (x/r) 33{.

The semi-null frame (SNF)

a

X
=09, oV=pY.= e + 0 (2.3b)

is defined in M except on the center line r = 0, and is the appropriate frame
within the Euclidean-merging domain in order to exhibit the structure of the non-
linearities of the field equations and, in turn, to establish the relevant decay prop-
erties in spatial and null directions.

The Euclidean-hyperboloidal frame (EHF) defined as
agf}c = 8;,

(2.3¢)
9T = P70 = 9, + (x9/1)0, T, = 0g + x%E(s, r)(s2 + r2) /20,
consists of tangent vectors 35% to the slices M. Observe that d5%¢ = 97¢ in MY,
while 957¢ = 9, in M&. The expressions of the vectors 357 are more involved in
d¢7 interpolate between 32¢ and d,. Some
of our arguments will involve radial integration based on 35% = (x%/ r)ﬂ(ag%.

the merging M;M, where the vectors

Admissible vector fields. Minkowski spacetime admits three sets of Killing fields.

The spacetime translations generated by the vector fields d4 (@ = 0, 1,2, 3).
The Lorentz boosts generated by the vector fields L, := x40, + 19, (@ = 1,2, 3).

The spatial rotations generated by the vector fields Q,p := x40p — x40, (a, b =
1,2,3).



P. G. LeFloch and Y. Ma 352

We refer to 0y, L, Qap as the admissible fields which commute with the wave and
Klein—Gordon operators in Minkowski spacetime. In defining high-order norms, we
combine admissible vector fields together. An operator Z = 3/ LY QX is called an
ordered admissible operator. To such an operator Z = LI QK , We associate its
order, degree, and rank by

ord(Z) = |I| + |J| + |K]. deg(Z) = |1], rank(Z) = |J| + |K|. (2.4)

2.2. Energy and Sobolev inequalities

Weighted energy inequality. For the foliation under consideration, the fundamental
energy functional associated with the wave equation and, more generally, the Klein—
Gordon equations involve the weight { = {(¢, x) defined by

é(s,r)2 =1-— =

2.5
$2 + 2 (2.5)

1, r>ré(s).

3 r2€2(s,r) B {sz/tz, r<r’(s),

In addition, we introduce a weight which reduces to a constant in the interior of the
light cone and is essentially the distance to the light cone in the exterior domain.
Further, we are given a smooth and non-decreasing function R satisfying X(y) = 0
fory < —land X(y) = y + 1 for y > 0, and we set

X:=1+R(r—1). 2.6)

Consider the wave or Klein—-Gordon equation (with ¢ > 0) with unknown u,
namely g*#9,0pu — c?u = f associated with a metric g%# =: gfd’?nk + H® and
aright-hand side f. The energy-flux vector

Venelul := =X?"(g%9,ul® — g*28,udpu — c?u?, 2g"dudgu) (2.7
depends upon the metric g as well as the weight X”. By setting
Qg pelu] i= —2nX W (r —1)(=1,x/r) - Vg.y.clu]
= X2 (r — 1) (gAY udy w — HY\oul? + 2u?),  (2.7b)
~Ggylu] := 3, H|X"3,u|* — 9, H*X?"dqudpu + 2X*"9, H 3,udgu,

we find
=2X*9,uf = div Vg p.c[u] + Qg.p.c[u] — Gg.nlul. (2.7¢)

Next, we consider the integral

Eg (s, u) :=/ Vemelul -ns dos. (2.8a)
M

s
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By integrating the energy identity (2.7c) over the domain limited by a slice of the
foliation and the initial slice and using Stokes’ formula, we arrive at the energy identity

Egme(s1.1) — Eg (50, 1) + / (Qeycli] — Gg.ylu]) dxdr
M[So.Sl]
= —2/ ;ufX>"dxdt. (2.8b)
eM[So.sl]

The Jacobian J of our parameterization (¢, x) — (s, x), as established in [30, Lem-
ma 3.5], satisfies

s/t in M;H,
J < Es(s2+ )TV (1—£)2s  in M), (2.9)
2s in ,MSS,
and
P25 <J < inMM (2.10)

After a change of variable and differentiation we can rewrite (2.8b) in the equivalent
form

d
gé}’g,n,c(s, u) + 217/ (gN“bﬁaNuﬁbNu + U)W (r — )X Jdx

A

:/ (Ggnlu] + nX2" I (r — ) HV|0,u|?) Jdx (2.11a)

S

+ / |0;uf |X2" Jdx,
Ms
in which the latter integral is controlled by

S1
/M |0,uf|X2" des/ Enc (5. W) 2NTEXT £l p20u,) ds. (2.11b)
K S(

)
We will rely on the following weighted energy estimate in the Euclidean-merging
domain concerning any solution u : M [es (J)Wsl] — R to the wave or Klein—Gordon equa-
tion g*9,0pu — c?u = f with right-hand side f : eMEgM — R:

50,51]

d SEM

ds &,n,¢

+ 217/ . (g‘N“bﬂa'NuﬂbNu + )XW (r — 1) Jdx
M

d ,
(s,u) + gé?gﬂc(s, u; o)

(2.12)
= / oo (Genlu] + X2 (= ) HY O\ 3,u ) Jdxds
M

s

+/ X2"9,uf Jdxds,
MEM
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in which the latter integral is bounded by

S1
/ (85’1\/[(&”))1/2 ||J§_1an|’L2(M§M) dS,
S|

0

while the second term in the left-hand side is defined as

d
S Crc(s.1550) = s/ (= HYBul? + gV udy v + 2u?) do,  (2.13)
s

where the domain of integration is defined by # = r + 1 and r’(s¢) < r < r’(sy).

Commutator estimates. We also introduce the Japanese bracket (y) := /1 + |y|?
for all real y. Then, for any function u = u(t, x) we define |u|y := maXyqzy<n | Zu|
and

lulpr := max |Zul,

ord(Z)<N
rank(Z)<k

where the first maximum is over all ordered admissible operators. Various calcu-
lus rules based on this notation were established in [30], which we will not repeat
here. Let us only extract an important consequence of [30, Proposition 6.10]. We also
decompose each slice MfM into near and far regions so that

M;lear — MEM N {l —1<r< 2[}, Mgar = ME’M N {r > 21}. (2.14)

Proposition 2.1. (Hierarchy property for quasi-linear commutators. Euclidean-merg-
ing domain).

1. Estimate in the near-light cone domain. For any function u defined in the near-
light cone domain and for any operator Z with ord(Z) = p and rank(Z) =k, one has

1Z. Ho adglu| S (1Y) + 17 |r — 1] H|)|90ulp1 1 + TETH. 1]

+ T THu + T Houl i M, (2.15a)
with
THH = Y (ILHY 1+ 17— 1]|LH]p,—1) 189 s ks
p1+p2=p
p1+ko=k
T;fl’:y[H’ u] = Z (|8HNOO|P1—1,k1 + t_1|r _t||aH|p1—1,k1)|aa”|p2,k2’
pP1+p2=p
k1+ky=k
T H ol o= T H|ulp + 070 Y [Hlpy41[0u]pp, (2.15b)

0<p;<p—1
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2. Estimate in the Euclidean-merging domain. For any function u defined in the
Euclidean-merging domain, one has (with Yo = Lg or Qgp)

1Z. HP 01| < |H|00u por 1+ D YeorH |py—1100upy 5

p1+p2=p
p1t+ka=k
withk1=p1
. EM
+ D [0H|p 1k [00ulpyk,  in MEYS ) (2.16)
p1+p2=p
k1+ko=k

The above estimates will be applied to study the evolution of our high-order
energy functionals. In (2.15), the term T;‘j,ir[H , u] is the most challenging contribu-
tion to the change of the energy functional but involves terms at a lower rank, that is,
contains strictly fewer boosts or rotations; this structure will allow us to formulate an
induction argument on the rank. The term 7°* is easier since it contains the factor
dH which enjoys (comparatively) good L? and pointwise decay, while 75"P*" contains
a favorable 1/¢ factor.

Functional inequalities. It is necessary to revisit the standard Sobolev inequalities
and formulate them along the foliation of interest. We only select here two results.
In the inequalities below, recall that #5MI denotes any |/ |-order operator determined
from the fields {353\{}“:1,2,3, while #°7 denotes any |/ |-order operator determined
from the fields {Ba}u=1,2,3.

Proposition 2.2 (Sobolev inequality in the Euclidean-merging domain). Fix an expo-
nent n > 0 and set C() := 1 + n + n?. For all sufficiently regular functions defined
in Mig,,s,] With2 < so < s < 51, one has

PXTu@ )l SC Y IXTIQ | ooy, (6x) € MEM (2.17a)
[I]+]J]=2
PXMu@ )l SCo Y IXTIIQ Ul ey, (tx) € ME. (2.17b)
[I]+]J]=2
Next, we rely on the boosts L, = x%d; + td, which are tangent to the hyper-
boloidal slices.

Proposition 2.3 (Sobolev inequality in the hyperboloidal domain). For any function
defined on a hypersurface M2, the following estimate holds (where t*> = 52 + |x|?):

H
sup 2 u(t. )| S D ML ullpagpzey = D 1@ ) ull oz (218)
MTE |J]<2 m=0,1,2
Estimates based on the energy functional. We also have the following decay prop-
erties for the wave or Klein—Gordon equation; cf. [30, Propositions 7.2, 7.4, and 9.5],
respectively, together with [30, Proposition 7.3] (namely (7.9) therein).
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Proposition 2.4 (Hardy—Poincaré inequality for high-order derivatives). For any n =
1/2 4 & with § > 0 and any sufficiently decaying function u defined in Mg, 5,1 and
forall s € [sg, 1] one has

Xl 2ueaey S (14+87) 7707 s + F (w0, (2:19)
||X—1+7lé‘|Yr0tu|k_l ||L2(M§:M) 5 (1 + 8_1)?718M’k(s’ u) (220)

Proposition 2.5 (Sobolev decay for wave fields). For all n € [0, 1) and all functions
u, one has (withk < p)

N
X710l i [ oo ey + [T 2tk [ oo gy
< (L= FPEE (s ) (2.21a)
and, for1/2 <n=1/2+6§ < 1,
X ul -2l oo (ugzany S 87 7N (sou) + T (s, w0). (2.21b)

Proposition 2.6 (Pointwise decay of Klein—Gordon fields). Given any exponents n €

(0, 1), for any solution v to —v + c?v = f defined in MM . one has
[s0,51]

o len - €M, ptd k44 : .
) ro2X gt (. 0) + 1 flpse in My 5
c“lpk < —1—p = EM,p+2,k+2 . fo’ 1
r T e T T (s, v) in gM[?;’sl].

3. Nonlinear stability of Einstein—Klein—-Gordon spacetimes

3.1. The class of reference metrics
We introduce a class of reference spacetime metrics (Ri“, g*) which represent
“approximate solutions” to Einstein’s vacuum equations .

* The metric g* = gmink + 1™ is asymptotically Minkowski in the sense that
2* |42+ (r 4+ 018R* N1 + (r +1)2[80h% |y < eu(r+1)7'.  (3.1a)
* This metric is almost Ricci flat in the sense that

2 —4 o yEM
ex(r +1) in M7 s (3.1b)

eu{r +6)73 in MC

Ry + (r =)0 R [y-1 = {
[s0,+00)°

where ) R* denotes the “reduced” Ricci curvature classically defined by remov-
ing suitable contractions of the Christoffel symbols.
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* This metric satisfies the light-bending property, that is,

inf (rh*(l,l)) > ey, (3.1¢)
Mzeaf

in which g*(I,1) is (linearly) equivalent to —4*°® and we recall that 1 = 9, —
(x?*/r)d, (as stated earlier).

As a consequence of (3.1b) and (2.9) and after introducing a small parameter § > 0
and some decay exponent
ke (1/2,1), (3.2)

the following rough bound follows by integration:
[X TG R | o ey < Ripls) = Creel8 ™70 (3.3)

in which Cr» > 0 is a constant determined by N and

S
/ R:(s")ds' < Cree2873/2550. (3.4)
50

For further motivations and results we also refer the reader to the more general theory
in [30, Section 12]. Furthermore, it is straightforward to check that the Minkowski—
Schwarzschild reference metric g* in the introduction satisfies all of the conditions
above.

3.2. The class of initial data sets

In the following & € (0, 1) denotes a fixed exponent which should be small in com-
parison to a small multiple of x — 1/2, which arises as a critical value for the decay
of the metric perturbation. It will be interesting to keep track, in our estimates, of the
most relevant parameters and constants. For the initial data we assume the following
smallness conditions.

* In the hyperboloidal domain, we assume

FINS (50, u) + SJI/Z?CH’N_S(SO, ¢) < Coesg, (3.52)

FINT (50,u) + FIN (50, ) < Coes}. (3.5b)
* In the Euclidean-merging domain, we assume

FEN (s0,u) + 551 F,52N (50, 9) < Coesg, (3.6a)

FEMN=S (50 u) + FEMN=S (50 8) < Coest. (3.6b)
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* Finally, we impose the linear light-bending condition on the total initial data
(defined as the sum of the reference data and the perturbation) (with £ € (0, 1/2]
being fixed),

inf  (rg*(L1) + rupm(L1)) > e.. 3.7)

Concerning (3.7), we point out that the contributions due to the nonlinearities of
the Einstein-matter equations on the key metric component Y% will turn out to be
negligible in comparison to the background and initial linear contributions which are
of amplitude ¢, /r. As a consequence of our energy bounds, recalling [30, (10.38)]
and applying the Klainerman—Sobolev inequality on the initial slice, we obtain

10,u(1, x)| + |0xu(l, x)| < Coslr) 2%,
Integrating with the (spatial) radial derivative from spatial infinity, we obtain
(r)3u(1, x)| + [u(1, x)| < Coslr)~ /27,

Recalling that ¥ 4+ 1/2 > 1, we apply [30, Proposition F.2] (based on Kirchkoff’s
formula) and obtain

[uinic|n—a < Coe(t +r + 1)7! in Msg,+00)- (3.8)

Here, the linear development u;p;; of the initial data (1ag, U 14g) is the solution of the
(free, linear) wave equation with this initial data. (See also [30, Proposition 10.6].)
The passage from geometric statements to statements in coordinates was already dis-
cussed in an appendix of [30] to which the reader is referred.

3.3. Nonlinear stability statement

We distinguish between estimates at low- or high-order of differentiation, estimates
within the hyperboloidal and Euclidean-merging domains, and a positivity condition
near the light cone. The following energy bounds will be established at each time
s = 8o.

* In the hyperboloidal domain, we have
FIN(s,u) + s72FINT(5,4) < (es + Cre)s°, (3.92)
FINT (5, u) + FINT(5,9) < (64 + C1)s°. (3.9b)
* In the Euclidean-merging domain, we have

FEN (5,0) + s FEVN (5,4) < (ea + Cre)s7, (3.10a)
FENT(s,u) + FENT(5.9) < (e + Cre)s”. (3.10b)
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* Near the light cone, we have the light-bending condition

inf (—rh™%%) > 0. (3.11)
M
Theorem 3.1 (Nonlinear stability of self-gravitating Klein—Gordon fields. Perturba-
tions of metrics with harmonic decay). A constant C, > 0 being fixed, the following
result holds for all sufficiently small ¢, e, satisfying ¢ < C,e,. Consider a reference
metric g*, defined as a perturbation of the Minkowski metric satisfying (3.1) for some

decay exponent
ke (1/2,1). (3.12)

Consider an initial data set (ug, U1, o, 1) satisfying the decay and regularity condi-
tions (3.5)—(3.7) at the initial time sy for some parameters (N, |, €) for a sufficiently
large integer N with

e (3/4,1), K <. (3.13)

Then, the initial value problem for the Einstein—Klein—Gordon system in wave gauge
(1.12) admits a global in time solution (g, ¢) defined for all t > 1 and x € R3. This
solution satisfies the decay and regularity conditions (3.9)—-(3.11) for all times s > s¢
and remains close to the reference spacetime (]RirJrl , &%) (in the norms under consid-
eration) and enjoys the following decay estimate

inf (—rh¥%%) > 6,72, (LD S —

A L S (3.14)
M t+r+1

4. Consequences of the energy estimates

4.1. Bootstrap assumptions and basic estimates

Bootstrap assumptions. This result will be established in the succeeding sections by
following the strategy already outlined in the introduction. From now on, we assume
that the local in time solution in fact extends over an interval [sg, s1], and we assume
that [sg, 51] is the maximal interval of time within which (3.9), (3.10) and (3.11) hold
for all s € [sg, s1] so that, by continuity, one of these conditions is an equality at the
end time s;. Our objective is to establish the following improved estimates for all
s € [s9,81]:

1

FIN=5(5 y) + s V2FIN=5 (g ) < 5(8* + Cye)s?, (4.1a)
1

FINT(s.0) + FNT(5.9) < S (en + Cre)s” (4.1a)

1
\(fTKé:M’N(S,u) + S_l‘%‘;icj'\/t’N(s’qs) < 5(8* + Clg)s(ss (423')
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1

FEMN=S (s ) 4 FEMN=S(5 ) < E(g* + Cye)s°, (4.2b)
1

neiarrlf (_rhwoo) > _¢,. 4.3)
M@.[S().S]] 2

Observe that the factor s~1/2 arises in (4.1a), while s~! arises in (4.2a). In the follow-
ing, our statements will be established under the assumptions on the reference metric
and initial data and the bootstrap assumptions, as stated above.

Energy-based estimates. The following L? estimates for the metric perturbation and
the matter field are immediate from the bootstrap assumption (3.10a) and (3.10b) in
the Euclidean-merging domain:

N
||XK§|3M|N||L2(MSSM) + ||XK|3 M|N||L2(MSSM) S (6 + C1€)S8, (4.4a)
N
X100 1pl L2 pe vy + [[XH|9 PlplliL2acery + IX 1B1pll L2ace
S1+8, =N,
<e+ao) 7 (4.4b)
59, p=N-5.

As a consequence of the weighted Poincaré inequality in Proposition 2.4 we find
X i 2 gz ney S 8T FLEMPHK (s u) + F(s.u)
S8 (en + Cro)s’, 4.5)

which provides us with a control of the metric components possibly without partial
derivatives.

Pointwise decay of the metric. Basic sup-norm estimates are then derived by apply-
ing the generalized Sobolev estimate' in Proposition 2.5, and we thus control the
metric perturbation du at order N — 3, as

N
X 3ul sl oo age oy + 7 1Y ulw—sll oo ue oy < (ex + Cro)s’. (46)

In view of hog = h), g T Uaps by combining this result with the asymptotically Min-
kowski condition (3.1a) on the reference metric, for the metric unknown 9/ we obtain

N
||”XK|ah|N—3||Loo(M_§M) + [ h|N—3||L00(,M‘§M) < (ex + le‘f)ss- 4.7)

We apply the Sobolev decay for wave fields (2.21b), together with (3.9a) and (3.10a),
and obtain

X< |y 2l oo ety S 87 (ex + Cre)s® (4.8)
and, using again (3.1a) enjoyed by the reference,

1712l N 2]l ooz rey S 87 (ex + Cre)s”. (4.9)

"'We neglect a factor 1/(1 — k) since we have fixed k < 1.
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Pointwise decay of the matter field. The Sobolev decay inequality in [30, Proposi-
tion 7.4] and the bootstrap assumptions (3.10) provide us with sup-norm estimates
N
||”XM|3¢|p—3||Loo(M_§M) + [ ¢|p—3||Loo(M_§M)
Sl+5 ., p=N,

(4.10)
s8, p=N-5,

< (ex + Cie) {

and, thanks to the consequence in [30, (7.20)] of our generalized Sobolev inequality,

Sl+8, p= N,

s 4.11)
s, p=N—-5.

||rXM|¢|P—2||LOO(M§M) < (e« + Cre) {

However, within M}°* this is not sufficient for our purpose below and we establish a
stronger decay, as follows.

Lemma 4.1. The matter field satisfies the pointwise bound

EE
72Xl p—all poo agemy S (64 + Cre)
PrAIES M) s, p=N-5

Proof. In view of inequality (4.11), we want to “trade” a factor X for a factor r, and
we only need to deal with the domain M. We need the decay property near the light
cone stated in Proposition 2.6. We consider the Klein—Gordon equation g% 9,0 gP —
czqﬁ = 0 and with the notation therein, we set

f =h""0,0,¢ = h**9,,0,¢ +u*’9,,0,¢.
For the first term 2*#V9,,0,,¢ above, the decay condition on /* in (3.1a) yields us

S1+8, =N,

[B*MY 3, 0u¢)p—a < xlen + Cre)r2XH
wovPlp—4 1 . D= N5,

For the second term u*"9,,0,,¢, by [30, Lemma 10.1] we have [u*"|, < |u|, and, by
recalling the Sobolev decay (4.8) and (4.10), we find

|uuvauav¢|p—4 5 |u|p—4|a¢|p—3
s1+28 =N,
<8 New + Cre)?r 22X 11 P
§26 p=N-5.
On the other hand, recalling (3.10) we have

Sl+8, p= N,

ol = EM,p K —o1—
FTEXCTHRE P (5 ) S (x + Cre)r X TH
e * 59, p=N-5.

We are thus in a position to use the general pointwise decay enjoyed by Klein—Gordon
fields, as stated in [30, Proposition 9.5] and we arrive at the desired conclusion. [
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4.2. Basic estimates for nonlinearities: energy norm

Improving the energy estimates. We differentiate the metric and matter evolution
equations (1.12) with respectto Z = 8/ LY QX (withord(Z) = [I| + |J| + |K| <N
or < N — 5) and obtain
Og Zu = —[Z. 1" 0,0uJuap + Z(Plglul) + Z(Qlpul)

+ Z (g0l + 2 R* p — u9,,0,855)

—8nZ(2Top — Tgup). (4.12a)
and

OgZp —c*Zp = —[Z,h*9,,0,]9, (4.12b)

in which I*[u] represent the reference-perturbation interaction terms presented in [30,
(10.8)]. Our main task is to control || J¢ XX |T | v ||L2(M§M), where T represents any
of the terms of the right-hand sides of (4.12). Thanks to (2.10) we have

||J§_1XK|T|N||L2(MSSM) < ||5XK§|T|N||L2(,MS€M)- (4.13)

Linear-critical and super-critical nonlinearities. We treat first the comparatively
easier terms, that is, the reference-perturbation interaction terms I*[u], the term
utva MSvh; ’E and the source terms associated with the scalar field. On the other hand,
the null terms, the quasi-null term and the commutators require different arguments
and will be the subject of later sections. We set

Wlinear = Faﬂ (g*7 g*7 ag*’ 8“) + Faﬁ (g*7 g*7 au’ ag*)’

WP = Fop(u, 8708, 08") + Fop(g™. us 0g™, 0g7) (4.14)

+ Blglul + Clalul — 87 (2Top — Tgap) + 2 R* 4.

It is a simple matter to check that
—1wyk linear < -1 2 .—1-§
ITEXE W kel 2 e aty S 877 (ex + Cre)™s™ 77, (4.15)

while
” JZ_IXK | 1y super

p.k |L2(M§‘M) < 8_1(8* + C18)2S_1_8. (4.16)

On the other hand, for super-critical terms involving the reference metric we find

15X Fap (0, 8% 08" g ) 2 cacs ) + ISX LB 1Al 2 g
5 B s
+ IsXEEIC g I 2z ey S (6a + Cre)?s ™10, (4.17)

as well as for super-critical terms involving the matter field

lsX*¢[2T4p — Tgaﬂ|N||L2(MSSM) S (e + C18)2S_1_8.
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We can now apply the Hardy—Poincaré inequality in Proposition 2.4 and obtain

IsX<E[uddn* v Il L2 ety S 8 eulen + Cre)s >+ <67 (ew + Cre)%s72. (4.18)

4.3. Basic estimates for nonlinearities: pointwise norm

Estimates for the metric. We use our linear bounds and obtain
L glullv—s + [0 0,0u8" [N—a S 8" (ex + C1)2r X 5% (4.19)

and
" 0,0,855 N3 S 87 e (es + Cre)r XIS (4.20)

Estimates for the matter field. For the matter interaction terms, thanks to (4.10),
(4.11), and Lemma 4.1 we have

Y 2Tup = (Tyy &) gapln—3 = T ($)IN-3
a.B

S (e + Cls)zr_3X1_2”s1+38. (4.21)

Here and from now on, we use the short-hand notation T (¢) for the matter term
contributions 27,8 — (1), 8”")gap- For the proof, we recall the expression of Tyg
and, using the pointwise decay of Klein—Gordon fields in Proposition 2.6, obtain (see
[30, (12.35) and Lemma 12.1])

10¢3d|n—3 < [0d|n—3100|[(v-3)/2) S (4 + C1)2r >XI7251T36 - (4.22)

The bound for |¢?|y—_3 is similar and we omit the details. Using the fact that
|h*B|n_3 < 1, we obtain (4.21).

Bounds on null metric component. The null component g# %0

of the metric plays a
special role in our analysis, and the decay of its gradient is considered now. Thanks to

the wave gauge condition as derived in [30, Lemma 11.3], we have the decay property
10gV y_3 < § M (ew + Cls)r_l_"s5 in M[‘iffs]]. (4.23)

Indeed, consider the right-hand side the inequality in [30, Lemma 11.3] with p =
N — 3, namely

N _
0g¥ N3 SIF hin—s +r M hInes+ Y Bl [0k,
p1+p2=N-3

We need to substitute the Sobolev bounds (4.7) on |0h|y—3 and |E9Nh| N—3, together
with the bound for |h|y_, from (4.9).
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5. Estimates based on the structure of the Einstein equations

5.1. Commutator and Hessian estimates for the metric

Basic pointwise estimates. Throughout, the bootstrap assumptions (3.10) and (3.11)
are assumed, and (e, + C;¢) is taken to be sufficiently small. So far all the estimates
are similar to the ones we had derived in the general regime (but by taking A = 1) in
[30]. Now, we focus on the harmonic decay estimates. From [30, Sections 6 and 8], we
recall the following result (extracted from Propositions 6.10 and 8.5 therein). Observe
that the inequalities now are simpler in comparison to the general A regime, due to
the fact that now we have a “good” control of the component H %0, We first write
[30, Proposition 6.10] in a different form that will be more appropriate in the present
paper, and next we state our improved estimate for the Hessian.

Proposition 5.1 (Hessian for the wave equation near the light cone). Consider the
wave operator D u = g9y «0gu in which g = ngk + H*B, and assume that,
for some g1 K 1,

|H| <& in MG ), (5.1)
1+ |r—t]
|HV| < s —— M (5.2)

Then, for any function u one has

1 —t ~
—rr=a |: ||38u| < 1Ogul + 7 ol in MG (5.3)

and, more generally at arbitrary order (p, k),

1+ 1|r—1t ~ _
T ol 5 gl + 0 ol + T AL
TSN H A + T H ) in M (54

where the notation of (2.15) is used.

Sketch of the proof of Proposition 5.1. From [30, Proposition 8.5] (and by recalling
[30, (8.18)]) we find

1 r—t
#waub,k

S |gulpse + t Oulprrorr + Y [Z.HP00pu|. (5.9

ord(Z)<p
rank(Z)<k
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in which we control the last term thanks to the hierarchy property for commutators
(2.15), namely

1+ |r—t] ~ _
flaaulp,k 5 |Dg”|p,k +1t 1|au|p+1,k—i—1

+ ([HY 4+ 17 r — 1] | H[)00u|p—1 k-1
+ TR H u) + T, [Hou] + T, [H, ul.

Thanks to our smallness assumptions (5.1) and (5.2) (for a sufficiently small &), the
third term in the right-hand side above is absorbed on the left-hand side, and (5.4) is
established. ]

We will also use the second part of [30, Proposition 8.5], restated in the following
form.

Proposition 5.2 (Hessian for the wave equation away from the light cone). Suppose
that, for some g1 < £,
|H| <& in M™ (5.6)

£,[s0,51]"

Then, for any function u the following pointwise inequality holds (where the commu-
tator is bounded by (2.16)):

00ulpk < (14X (1Tgulpr + 17 100]p 1441

+ Y 2 H"B,081u]  in M

ord(Z)<p
rank(Z) <k

Estimates on the Hessian of the metric perturbation. The arguments in [30, Sec-
tion 13] somewhat simplify since the coupling between the commutator and the Hes-
sian contributions is no longer required at the leading order. For clarity in the presen-
tation, we treat first the remaining terms in (5.4).

Lemma 5.3. Using the notation (2.15b), for all p < N — 4 the metric perturbation
satisfies

| TN H u)lp i + [T H ullp g + TP H, ]k
X
< (6w + Cre) + rx—1|Lh“°|k_1)—|aau|p_1,k_1

+ 87 (en + Cre)* () PXTSP i MG (5.7)
while
[1Z, H* 96d]u| S (64 + C16)[30ulp k.
ord(Z) < p, rank(Z) <k in MM

£,[s0,81]

(5.8)
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Proof. The result is analogous to the one in [30, Proposition 13.1]. In view of (3.1a),
4.7), (4.8) and (4.23), we have
|HN |y < WYy s,
OHN | y_3 <87 (ex + Cre)r™ 17553,
|H|n—3 <8 " (ex + C1e)r™*s°,
|0H |n—3 < (64 + Cre)r X558,

5.9)

Observing that
|90uln—4 < [9uly-3 < (ex + Cre)r X5

and substituting these bounds in (2.15b), we obtain the desired result (5.7). The esti-
mate (5.8) is established in the same manner and we omit the details. [ ]

Proposition 5.4. There exists a constant 5 > 0, determined by N, such that, provided
BVOIN g <esr™'in MEN 5. (5.10)

the metric perturbation satisfies

—|88u|N s+ 108V uly—s < (en + CLor2XP im0 (5.1D)
together with
00u|n—a S L7 (ex + Cre)t ™ rTIXTESP i M (5.12)

Proof. We recall [30, Lemma 13.3], which we apply with the choice A replaced by k
which is possible since k¥ < 1. We obtain

|ﬁgu|p,k < (6x 4+ Cre)r2X*s® 46,773 in M[SO s P=N—4. (513)

Then we substitute (5.7) and (4.6) (applied in t_1|8u|p+1 k+1) into (5.4), and we
obtain the bound for |99u/, , prov1ded (6x + Cr&) + rX LN _; is suffi-
ciently small. The bound for |3i9 u|p,k is obtained thanks to [30, (6.4a)]. For (5.12),
we apply (5.8) and Proposition 5.2 with (e, + C;¢) sufficiently small. |

Hessian of the null component. We also need the following pointwise estimate
which is a direct application of the wave gauge condition (1.11).

Lemma 5.5. As a consequence of (5.11) and the wave gauge condition one has

00h™ |y 4 S (6x + Cre)r T TF XD in M



Einstein—Klein—Gordon spacetimes in the harmonic near-Minkowski regime 367

Proof. We only give an outline of the argument. Recalling [30, (11.22b)], we have
19,97V < 108" Bk + 77 19h ]

+ Z (|h|171,k1 |00h|p 1y + 10hpy &y |ah|172,k2)

p1+p2=p
ki+ko=k

+r7t Z 1R p, &y 1o kr -

P1+p2=p
ki1+ko=k

By substituting (4.6), (4.9), and (5.11), the desired result holds under the condition
5 Hew + Cre) S 1. n

5.2. Asymptotically harmonic decay of the null metric component

Objective. We now establish the following result which is similar to [30, Proposi-
tion 14.1]. Importantly, our bound here is sharper than the one derived in [30], which
was only concerned with a sub-harmonic decay.

Proposition 5.6. Under the bootstrap assumptions within [sg, 1], one has

BVCy 4 S (ex + Cro)(r) ™" in MEY (5.14)

1
inf  (—=r hV00) > —¢, . 5.15
Lt (= )z 5¢ (5.15)

Pointwise estimates. An important ingredient of the method is the derivation of
pointwise estimates, as now stated. Given a triple of data (f, ug, u;) we consider
the solution u = u(z, x) to

Ou = f, u(l,x) = up(x), deu(l,x) = uy(x), xeR3  (5.16)

and we use the notation
u=0""uo,ur, f1,
Ot [wo, u] := 07 [uo, u1. 0], (5.17)
Ol /1= 07"[0.0. f1].

We consider the effect of a decaying source, represented by the operator D;nllr' We
denote by A, x :={(7,y)/t —tv = |x — y|,1 < v <t} the past light cone associated
with a point (z, x). In the present paper, we will rely especially on the critical case

below (and refer to [30] for additional details).

Proposition 5.7 (Sup-norm estimates for the wave equation). Consider a function f
satisfying, for some oy, az, o3,

fE S Cie @+ yD2(1+ e =Iy)*.  (@y) €Ay, (5.18)
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Case 1 (typical). Whenoy =—1+vanda, = —1—vand oz = —1 + u for some
v+ pu<vand0 < p,v,v < 1/2, one has

|0k 1E )| SCLlv™ + ™ + =y v+ p—v[H e+ )" (5.19)

Case 2 (sub-critical). When oy = 0and oy = —2 — v and as = —1 + u for some
0<v,u<1/2, one has

=T+ )T >,

Ol /1. %) SCrL g 't + )"V in(e 4 1), w=v,  (5.19b)
p =yt + )7 p<v.
Case 3 (critical). When oy = 0 and ay = —2 and a3 = —1 — u for some u €

(0,1/2), one has

OLLLAE 0] S e+ 07 (14X In (%)) (5.19¢)

Case 4 (super-critical). When o; = 0 and o = =2 + v and a3 = —1 — u for
some 0 <v < u < 1/2, one has

IO [ f10. )] S Cr(lw—v| ™+ = XYY@+ )7 (5.19d)

Controlling |Ou|p x. We recall the following decomposition introduced in [30, Sec-
tion 14]:
good _ 1/2
ME = A{r =1 =1+ (e + Cra)t 2y n MEY ),

MRS =TS <=1+ (e + Cra) 2 0 ME

[s0.51] *

(5.20)

s1]°

The formulation [30, (14.1)—(14.4)], and specifically [30, (14.2)], can be restated as
IA“P[h]|N—y S 872(ex + Cre)?r 2% (5.21)

Then the statement in [30, (14.4)] still holds. Furthermore, thanks to (3.1a) and (3.8),
we have
FIEYC nos + rluii®In-a < (e« + Cre).

1nit

Then we find
(47 + Y, % < () usourlpk + (64 +Cre), p<N—4. (522

The only issue is to estimate 7 |ugou|p,x and, for this purpose, we need to bound
|Cu|p k. The following result is analogous to [30, Lemma 14.3].
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Lemma 5.8. Under the condition (5.10), such that (5.11) and (5.12) hold, one has
|DM|N_4 < 5_18_1(8* + Cl8)2t—1+(3/2)8r—l—KX—l-i-(l—/c)

+ 8_1(8* + C18)2r—2—38X—1+8 in Mfar

£,[s0,51]
and
Ouly—s < (ex + Cre)r 2HXT1*(r [PV y_y)
-1 2. —2-38y—1+6 . near
+8 (8+C18) r X mn CM(,[S(),S]]'

Proof. As in the proof of [30, Lemma 14.3], we need to establish pointwise bounds
on the following quantities:

R0l W e Pl 1Q* ullk
I IT[llk RIS

The estimates established in the general theory are sufficient for all but the first term

(5.23)

and, for convenience, we recall the previous bounds as follows:
IP*[u]|v—s + |Q*[u]|n—s < (ex + Cre)> ¥ r=273X 140,
T[]l v—s + [ 0,00 h* [N—s < 87 (o0 + Cre)2r 230X 71H5, (5.24)
IT[¢]|v—a < (4 + Cre)?r 230X 7116,
and |®) R* .|, is bounded by (3.1b), which is stronger than the inequality [30, (14.6)]
op

applied in the proof of [30, Lemma 14.3]. We thus focus on the first term |2#¥ 9,0, u g
and, first of all, we have

10,00 ugp i S [RY00,00uli + |HOFY uli + r~" | Hou|y_4. (5.25)
Thanks to (4.8), (5.11) and provided x — 1/2 > (3/2)6, the second term is bounded as

|H33NM|N_4 < 8_1(3* + C18)2r—3X1—2xs38

S8 N ew + Cre)>r 27X i Mg

On the other hand, to handle the “far” region we rely on (5.12) in combination with
(5.9) which leads us to the relevant estimate that is stated in Lemma 5.8.
The last term of the right-hand side of (5.25) is trivial thanks to the decreasing

factor r 1,

rYHW|N—s S8 Hew + Cls)zr_z_"X_"sS <8 New + Cls)zr_2_38X_1+8,

provided k — 1/2 > (5/4)4. For the first term of the right-hand side of (5.25), we first
apply [30, (13.5)] and (4.9), so

V008, 0|y —a < €167 (en + Cpe)?TITE/DY I TIHAm gy gl
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We have arrived at the first inequality. On the other hand, we rely on (5.10) and apply
(5.11) and obtain

B¥008,9,uln—4 S (60 + Cra)r PHXTH(rhV P n_a)  in MEE

and, in combination with the above inequalities, we arrive at the second inequality. =

Proof of Proposition 5.6. Step 1. We consider (5.14) first. We first establish the bound
in Mfar

80,8117
nation with Lemma 5.8 and (5.22). We observe that :Mg‘“[ so.51] is past complete, in the
sense that for any (¢, x) € M Cls0.51] the past cone

which is achieved by a direct application of Proposition 5.7 in combi-

Ay =T y) € Miss1/ |y —x| =t =7}

is entirely contained in ,Mzar[m s,)- Then, by Proposition 5.7, Case 1 (v = (3/2)6,
w=1—k,v=x)and Case 2 (u = 6, v = 35), we obtain (under the condition
Kk —1/2>(5/4)%)

[sourlN—4 S €872 (e + C18)*(t + 1)+ 8 (eu + Cre)?(t + 1)1,

which leads us to
|u%our|N—4 < Z_15_2(8* + C18)2<7')_1, (526)
Then recalling (5.22), we obtain (5.14) in Mfars sil
Then we consider the region M7 ¢, and define

s* = sup {(5.10) is valid in M??Fsro’s,]}. (5.27)

s'€[s0,51]
Provided (e, + Cj &) is sufficiently small, we have s* >sq and for all (¢, x) € M%O[(; i ey

good
[s0,s*]"

Aaxy =11, y) € Miso 51/ |y —x| St -1} T M
We also have

—8§ —85 ,.—44 d
X S (ex +Cre)~r in M?;?sl] N Mll}ffsro,sl]'

Thus, by Lemma 5.8, in MgOOd

[s0,s*
|DM|N 4 < = 18 1(8* + ClS)Zt—l+(3/2)8r—l—KX—l-i-(l—lc)
+ (5_1(8* + C]E)Z + (8* + C18)1—88r|hJV00|N_4)r—2—35X_1+8
(5.28)
provided 78 < k. (Here C is a constant determined by N.) Then, by Proposition 5.7
(Case 1 and Case 2), we obtain

|usour|N—4 < £_18_2(8* + C]S)Z(r>_l
+ 5_1(8* + C18)1—88<r)—1 sup (r|h‘N00|N_4).

good

[sg.s*]
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Recalling (5.22), we obtain

<r>|hNOO|N—4 S (8* + C18) + 6_18_1(8* + C18)2
+ 67 ey 4+ Cre)' ™% sup (r|h‘N00|N_4),

good

[s0.s*]

which leads us to (provided (e, + C;¢) is sufficiently small, as determined by N)
(MIAYO N4 S (ex + Cre) + 71672 (es + Cre)>  in ML, (5.29)

Next, we consider the region MF“C‘ N M?ef‘;o 51l and we rely on a technique of

integration towards the light cone. We observe that for (¢, x) € MF;‘ s+ We denote
by (¢, X) € M[gsofi*] Mbsa:s*] with x/|x| = X/|x|. Then, for ord(Z) < N — 4 we

have (with 987¢ = (x%/r)3570)

5
ZhV(t,x) = Zh V(1. 3) — | 9E¥Zh Ve, px/|x]) dp.

x|

Then, in view of (5.29) and (4.23), we have

(MZhV < (e, 4 Cre) + L7187 2 (e, + Cre)?
O[1%] = 1x|| sup {]0ZAV|y_4}
(50,51
Xo.A

< (8x + C18) + L7182 (60 4 C16)% + (64 + Cr8)2 (1) /271 F8/2,
Combining with (5.29) we find

sup {(r)|h"v°0|N—4} < (84 + C18) + L1672 (e, + C1)2. (5.30)

EM
M[So.s*]

Recalling (5.27), we observe that when (e, + C;é¢) is sufficiently small, the above
bound leads us to

1
kN0 y_y < 8 M - (5.31)

By continuity, we conclude that s* = s; since, otherwise, sup e (r|h MO0 Ny _y) = &
would contradict (5.31). Next, (5.14) follows from (5.30), pr0V1ded 187 (e, +
C1¢) < 1. This completes the proof of (5.14).

Step 2. We now turn our attention to (5.15), which, in some sense, is a special
case of (5.14) but also provides us with a key sign. We recall the following identity
(established in [30, (14.3)])

rhN% = rg* (IL1) + rui(L 1) + rhpio

pertur
0 0 0 0
=r(g" @D + i@ D) = r YWV UV gy g + N Y gAY 1],
a,p
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Thanks to (3.7) and (5.21), we find
rhV% < —g, + Crlusou| + 8 2(e4 + Cre)2r1726+8,
Substituting (5.14) in (5.28) we obtain

|Oul < €787 ey + Cre)? 1T 3/D8 g =140170)
+ 8_1(8* + C18)2—88r—2—38X—1+8 in Mgood (532)

[s0.51]

By Proposition 5.7 (Case 1 and Case 2), we obtain

<r>|usour| N 6_18_2(8* + C18)2—85 in Mgood

[s0,s1]

which leads us to (for some constant C > 0)

rhV% < g, + CUT82(ey + C16)% % in ME (5.33)

[s0551]

Again, we perform an integration towards the light cone in order to cover MFS"S sl
x|

B0 = 00~ [ 0F R pxlxl) dp

x|
< hM%(1, %) + C(es + Cre)%t ™!
—e X+ CUTI8 2 ey 4+ C18)2 X7 + Cley + Cre)%t7!
—e 4 C((ea + Cie)? + 0716 2(eh + Cls)z_gs)r_1

A

IA

in MPad 1] We recall that ¢ < C,e, with C, a given constant, thus, when ¢, suffi-
ciently small, the above inequality together with (5.33) leads us to (5.15). ]

5.3. Sharp decay for the gradient of good metric components

Objective and strategy. We now turn our attention to the estimates for dy for the
good components ¥ of the metric perturbation.

Proposition 5.9. Under the bootstrap assumption in [sg, s1] and as a consequence
of (5.14), one has in M}

4,[s0,811]
0| y—ae S (£752 +672)(en +cls)<r> X122
(14 (ex + Cre)(In{r))k), 0<k<N—4, (5.34)
00| v—sk S (L0 + 672 (ew + Cre)(r) X170
(1 + (e« + Cre)(In{r)¥), 0<k<N-5. (5.35)

Our proof relies on the following result, which was pointed out first in [35] and
formulated as follows in [30].
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Proposition 5.10 (Weighted pointwise estimate in the Euclidean-merging domain).
Consider a metric g*F = gl‘zfnk + H defined in M‘é‘ef‘sro 511 and satisfying

|HY®| <1, HY <0 in My (5.36)
Given any p > 0, for any function u defined M“e“;o 5] On€ has
XP|(3 — 3,)(ru)|(z, x) < sup (r —1 +2)°(r|du| + |u])
Qfo,SI

t
—f—/ X(, r)pr(r_1|i9'/vu|1,1 + |H||8E§Nu|
to

r= H ||du| + |Dgul)| dr,

or.x ()

in which the supremum is taken over the set Q¢ = Lo [50,51] Y M.

50,51 L,s0

Our strategy is to apply the above estimate to the wave equations satisfied by the
components Z ¢O"?; More precisely, we observe that
ﬁgugfﬁ = Liap + Laop + S1ap (5.37)
where u = ‘I/‘Na wN ﬂ ua/ﬁ/ and
— No/ g B’
Ligp = tgp Uy (Mg @ f ).
LZaB = g“"a (qu’a @Nﬂ )8 Ug'p’,

Siap 1= VY OV Doy,

Forany Z = ' L7 QK with ord(Z) < N — 4, we then write
O¢ (Zulp) = ZL1ap + ZLoap + ZS1ap + Saap.
Saap = Saapu] 1= —[Z. 1" 0,0, ]uls.
O (Z0uly) = Z0;(L1ap + Loag + Siap) + Shap:
bap = Shaglul 1= —[Z0, W 8,0,u

(5.38)

(5.39)

In order to eventually control Z ;é;xg, we need to estimate the source terms on the
right-hand side, which is our main task in the rest of this Section 5.3.

Estimates on source terms. We are in a position to establish the following result.

Proposition 5.11. As a consequence of (5.14), forall ord(Z) < N — 4 andrank(Z) =
k < N — 4 one has

X1/2+8/2r|ﬁgz¢=’v| < (8w + Cls)r_l(FXI/2+8/2|8¢'N|N—4,1¢—1)
+87 (ew + Cre)r 1, (5:408)
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while for all ord(Z) < N — 5 and rank(Z) = k < N — 5 one has

rXU T, 20V | < (eu + Cre)r ™ (rX |00y | N_s k—1)
+ 8 N(ew + Cre)yr— 170, (5.40b)

Proof. The proof is similar to that in [30, Proposition 15.2]. The only difference con-
cerns the estimates for S, [u] and S} ,v[u], while the remaining terms are bounded
by 87 (ex + C1&)r~17%. Recalling Proposition 2.1 together with (5.11) and (5.14)

(which guarantees (5.10)), for («, 8) # (0, 0) we find

1S20p pi S (ex + Cre)(r) 1 OYN -1 41
+ 8 Yew + Cre)2(r) 7*X*s¥, k<p<N-4

B (5.41)
|S£aﬁ lpk < (6w + Cre)(r) 1|aaatléd\/|p—1,k—1
+ 87 (e. + Cle)z(r)_z_"X_"s38, k<p<N-5.
Hence, (5.40a) and (5.40b) are established. [ ]

Proof of Proposition 5.9. Relying on the notation in Proposition 5.10, we observe
that by (4.6) and (5.11) expressed on the relevant cone r = t(1 —€) orr —t >~ £r

sup XV/2H2(r[azy V| + | ZyV)) < (€702 4 57 (ew + Cre),

251

sup X' (r10Za ™ | + |Z3™ |) < €70 (e + Cie).

Q.5

(5.42)

Then, for (¢, x) € Mzef‘;o 51l and ord(Z) = N — 4,rank(Z) = k, after observing that

(5.36) are guaranteed by (3.11) and (5.9), we obtain

X24812)3, — 8,)(rZy™ ) (1, %)
S(6‘5/2+5—1)(8*+C1€)+/tr(r /2, Z;éﬂ

Pt x("—')
to

* /t“ — )22 (1N YN |y 4 H 0B 2y

to

+ [H [0y | v-4)]
<2 £ 85 Y (e, + Cre)

or.x(1) dr

f (0 + ooy XY 2 iy |y gy | d

+ 8 (e, + Cls)/ ' de
o
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< (72 £ 8572 (e, + Ci) + (64 + C18)

t
/ e Uear LT VLS
11

0

orx(@aT

where we used” (5.41), (4.6), and (4.4a). On the other hand, observe that
|Zu| <87 (ew + Cre)r ' X158 < 87 (ew + Cre)r®? ™ < (en + Cre),
which we apply with u replaced by 1/‘”. This leads us to
r|@r — 3 Zi0g | S (ex + Cre) + [ — 3)(rZy™)). (5.43)
Now recalling (4.6), for all ord(Z) < N — 4 we have
r|3NZu| < Crer ™2 < (6, + Cye).

Recalling the identities 20; = (x@/r)d> + (3; — 9,) and 3, = #2 — (x@/r)d;, to-

gether with the ordering lemma [30, Lemma 5.8], we obtain the following bound in
near .
L,[so.s11°

rXV2H 2100 N |y ke S U2 4 872) (64 + Cre) + (64 + Cre)

t
_ / X2 gy N |y |¢t @At
to '

Finally, with the notation By (z) := SUp g (rXY/248/2) 9y |y g k) (with ¢ =
T¢(s)), the above estimate reads o

t
Br(1) < (0792 £ 872) (60 + Cre) + (64 + Cls)/ T B (v)dr,  (5.44)
to

in which the last term does not exist when k = 0. Next, by induction on k varying
fromk = 0to k = N — 4, we conclude and arrive at (5.34). The estimate (5.35) is
established in a similar way, and we omit the details.

Useful inequalities. For k > 1, we can relax (5.44) in the form
t
Bi(1) S (L2 +672) (s + Ci8) + (64 + Ci6) / tTIBr(r)dr.  (5.45)
to

By Gronwall’s inequality, we obtain the slightly weaker version

[0%| N4k

- {(6_8/2 + 5—2)(8* + Cle)(r)_1+C(8*+C1€)X_1/2_8/2, 1<k <N —4,

~

(07372 4+ 672)(ex + Cre)(r) X 71/278/2, k =0;
(5.462)

The term ¢‘N is a finite linear combination of ¥ with homogeneous coefficients of degree
zero, thus the bounds can be applied.
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|00% | N —s5 &
@8 (e + Crey(r)TIHCEAQIXTITF L <k < N -5,
(0 + 572 (e + Cre)(r)TIXT1S, k=0,

(5.46b)

5.4. Pointwise estimates for metric components at low order

Objective. We now collect the pointwise estimates obtained in the previous sections
for the different metric components. The main result is stated as follows.

Proposition 5.12. In ‘Mlt}efsro i1 the metric components satisfy
10hly—a x
- { (U8/2 4 872) (e, + Cre)X1/278/2 ()1, k =0,
~ (6_8/2 4 5_2)(8* + C]S)X_I/Z_S/Z(7’)_1+C(8*+C18), 1<k <N-—4,
(5.47)
|00h| N -5,k
B { 70 +572) (e + Cre)X 10 (r) 71, k=0,
= (6_5 +572)(es + CIS)X—l—S (r>—1+C(8*+C18), 1<k <N-5.
(5.48)

Furthermore, the source terms Usoyr o defined in [30, (14.1)] enjoys the near-har-
monic decay in the whole domain M[‘igwsl],
sourlic < (64 + Cre)r 1 FCEFCD g < p < N -5, (5.49)

We also have estimates for the metric with upper indices, that is

|0H | := max |0h%?|.
a’ﬂ

Corollary 5.13. In M?efsro i) the metric perturbation satisfies

[0u|n_—ax + [0H |N—4k
- (5_8/2 + 87 2)(eu + C18)X_1/2_8/2<r)_1, k=0,
T (082 4 572) (e + Cre)XV/278/2(p) 14 CEtCre) | <k < N —4,
[00u|§—sx + |00H |y _5k
(078 +872)(ea + Cra)X 15 (r) 1, k=0,
(6—8 + 3_2)(8* + C18)X_1_8 (r)—l—i-C(a*—i-Cla)’ 1<k <N—4.

<

~
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EM

, one has
[s0,51]

Furthermore, as a consequence of (3.1a), in M

Uln—s + |hag|n—s + |h% |n—s < (ex + Cre)(r) 1 TCEFCIDY2 (557
8

Sharp decay bounds on gradient and Hessian. The following identities will be
used.

Lemma 5.14. When |h|[,/2] < 1, one has h% = hgo = _%hwoo + B[h] with

0B, < 100K i + DA TR k.

N (5.52)
|3t3tB[th,k S 10:0:87 |p i + [00A[R]] .k

with
[0A[A]|px < Z 10R1py ki 1Bl ps s s

p1+p2=p
k1+ko=k

00AMA]px S D (10015, & 1hlp ks + 18h]py &y 18], k,)

p1+p2=p
ki+kr=k

+ Z 10 py ey 1072 py iy [ 72| s s -

pP1+p2+p3=p
k1+ko+ks=k

Proof. We only outline the proof and refer to [30] where we derived the algebraic

identity
2x4 a,b
M0 = hoo = Z—hao + hap = WUV GATRL (5530
with
hoo = hy,
B BN
hao = h;\l[gquijwo = _(xa/r)h(% + Z \devijdvoﬁaﬂ’
(.8)#(0,0) (5.53b)
xxb g NEGNByN
hap = r_zhOO + Z v b%aﬁ‘
(. 8)#(0,0)

Substituting (5.53b) into (5.53a) and separating the linear terms from the nonlinear
ones, we obtain the result. ]

Proof of (5.47). Combining Lemma 5.14 with (4.7) and (4.9), we obtain

|0A|N—4 + |00A|n—5 < 5 (ex 4+ Cre)2r 17X ¥ 52, (5.54)
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Combining (4.23), Lemma 5.5, and the condition § ! (¢, + C1e) < 1, we thus find
10:hg | —ak < 18 |y—ak + 8 (en + Cre)r™' %5,
10:0ch N5,k S 100k [N s + (20 + Cre)r T X ¥,
together with

N
107 Ry i S 1B |y + 10700 ok S 1Y ok + 107" * ok + 107 h ok

In view of Proposition 5.9 and (3.1a), we arrive at (5.47) and (5.48).

Proof of (5.50). We only outline the argument. For the bounds on |du| and |00u|, we
only need to observe that hgg = h), g T Uap together with (3.1a). For the bounds on
|0H | and [09H |, namely |9h%| and [90h*# |, we recall that —h*f = h,g + A%P[h]
and apply (5.54).

Proof of (5.49). We rely on Proposition 5.7, and the proof is quite similar to that of the
source in [30, Proposition 16.1], while the only difference is that here we have better
pointwise bounds (5.47), (5.48) and (5.50). More precisely, by (4.19), (4.20), (4.21)
and (3.1b), the terms I*[u], u*¥9,0,h*, T[¢] and (w)Réﬂ are bounded (provided
k >58and u > 3/4 4+ (7/4)6) by

8_1(8* + C18)2}’_2_38X_1+8.

ear

We only need to improve the estimate of |[Juqg|n—5 in M More precisely,

we have ol
[P* [u]lx + 1Q*[u]lx
- { U=+ 6 (o0 + Cre)2X 17672, k=0,
~ (6_8 + 8 ) (en + CIS)Zx—l—Sr—2+C(s*+C1€)7 1<k <N —4.
(5.55)

Similarly, considering the most challenging component 2% %°9,9,u we improve the
estimate of quasi-linear terms as

(L% 4+ 872) (g4 + C18)2X 170,72, k=0,
(E_S + 5_2)(8* + C1€)2X—1—8r—2+C(8*+C16)’ 1<k<N-5,
(5.56)

|huvau8vu|k S {

provided x > 1/2 + (5/4)8. We thus conclude that, in M

[s0.s1]°
|Duaﬂ|k < 5_1(8* + C18)2S_2_38X_1+8
{ (73 + 54 (en + Cr8)2X 1872, k=0,

(Z_S + 8_4)(8* + C18)2X_1_8r_2+c(8*+cls), 1<k <N —4.
(5.57)
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In Mzr[s()’sl] and forallk < N — 5, weuse X! < £71(r)~! together with (4.6), (4.9)

and (5.12), and arrive at

|0udu|y—s < £ (e, + Cre)2r 273X 7149,

1 9 0pu|n—5 S L7187 (64 + Cye)%t 1 TO/DI Ik 1k, (538
In conclusion, we have a control of the wave operator
Dt e < (6‘48 £ 5 Y (e + Cls)zr_2_38X_1+8
LI gy + Cre)2r1HG/DE m 1oy — 1k
L8 4 57 (60 + Cre)2X 178, 24CE+C10)12 (5.59)

Here, for simplicity we have replaced the decay factors r—! and r—2+C(Ex+C18) py

p=2+C(ea+C19'2  Applving Proposition 5.7 for the case k > 1, we obtain

sourle S (€% + 878 2(eu + Cre)?r™! + €717 3(en + Cre)?r™!
Case 2 with u=§,v=348 Case 1 with v=(3/2)8
pu=1—min(A,k),v=min(A,k),
v—pu—v>8

+ (K_S +8_4)8_1(8* + C18)3/2r—1+C(8*+C18)1/2 )

Case 4 with £u=8,v=C(ex+C18)1/2,C(ex+C18)1/2<8/2

Provided (£7¢ 4+ §~*)6 7! (e, + C1£)'/? < 1, we arrive at (5.49).
Proof of (5.51). We rely on the decomposition
haB = h;ﬂ + Ugg = h;ﬂ + Uini,af + Usour,aB

and, by recalling (3.1a) and (1.20) together with (5.49), we can control |h4g|. Further,
for |h%8|, we only need to observe that maxg, B |h*B| < maxg, B |hap|, provided that
maxy g |hap| is sufficiently small.

6. Closing the bootstrap estimates

6.1. Improved energy estimate for general metric components

Objective. This section is devoted to the following result. The proof begins with
the energy estimate (2.12) applied to (4.12). Sufficient integrable L? decay must be
checked for the terms arising on the right-hand side of the energy estimate.

Proposition 6.1 (Improved energy estimates for the matter field). Under the boot-
strap assumptions, the matter field satisfies

8

C
?KEM’N(s,u) < 7185‘ , s € [so0,51]. 6.1)
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Nonlinearities.

Proposition 6.2 (Sharp energy estimates for nonlinearities). Under the bootstrap
assumptions and as a consequence of the pointwise metric estimates (5.50), for all
s € [so0,s1] one has

|X T Tl | 2 pgeey S €2+ 672 (e + Cre) (7' FENPH (s, )

+ s—l+C(8*+C1€)ff"€M,P,k—1 (S u))
K )

t (ex + C1e)%57 70 4 RE(S),
(6.2)
where R, (s) denotes the Ricci upper bound in (3.3).

Proof. Null semi-linear terms near the light cone. Recalling the structure of the null
terms, we find

Q [l = max Qe

N
< Z |9ulp, &y |9 Ulpyky + 1R |p Z |9ulpy ki 19U ps ks

p1tp2=p p1t+p2=p
ki+ka=k k1+ko=k
(6.3)
and, in combination with (5.50),
* N _
Q* [lpk S D 10utlpy ey 137 1l py ey + Er |0 i |ty
p1+p2=p
k1+ko=k
S 45 (e + Cro)
— N — N
()T ulpae + () TFCEFOD )
+ (64 + Cls)s‘gr_l_"laub, =: Gy + G,. (6.4)
We integrate the above inequality so that, thanks to (2.10),
X ¢! Gall L2y < (64 + le)s_l_ZHS||XK§|3M|p||L2(M;f?;)
< (ex + Cre)2s7 178, (6.5)

On the other hand, we have
IX“TE7 Gl L2 aguesry

< (02 1 572 (en + Cre)s™ X ¢ IV u

pkllL2(aepen)
B B _ 1/2 N

+ (U782 £ 872 (64 + Cre)s ITCEAHCIO T XKr| Ulp—tie—1llL2 (g
S (U2 4 572)(ey + Cre)

. (S—I}VKEM,p,k(S’ u) + S_H—C(S*+Cls)?KSM’p_l’k_l(S,u)).
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Quasi-null terms near the light cone. Recalling [30, Lemma 11.2], we have

pie + [P u]

P [u] pk S |P60[u] p.k
N N
S Z |0y |P1,k1|a¢ |p2,k2
p1t+p2=p
ki +ho=k
G3
N EM
+ > (187 ulp, [0ulp, + 1S5 ]l[9ul )
p1+p2=p
G4a

+ Z |h*ps10ulp, |0ulp,

p1+p2+p3=p

Gup

The terms in G4, and G4 are null terms and high-order terms, bounded similarly to
G, so we can focus our attention on G3. By applying (5.46a), we find
IsXCGall2cpgery S (772 + §72)(ex + Cre)
. (S_lj"KSM’p’k(S, u) + S_1+C(E*+Cl8)?K8M’p_l’k_l(S, u))
Quadratic semi-linear terms away from the light cone. It remains to derive the desired

bound in M. We observe that X~ < £71572 so, thanks to (6.3) and our bound on
[P [u]

p.k>

1Q* Wllpk + 1P il S (14 ¥ W) Buduly S 3 13ulp, k100l s

p1+p2=p
ki1+ko=k

< 10ulp k1 0uliny2) S (6 + Cre)r ' X% |Jul p i

S (g0 + Cre)yr TIXTT2|Gu 1

We thus find

X< T Gall ey S €72 + i)l sXC ul i

L2

<02 (e, + Cls)s_I?KSM’p’k(s, u). n
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Commutators.

Proposition 6.3 (Sharp energy estimates for commutators). As a consequence of
Lemma 5.13, for all ord(Z) = p and rank(Z) = k one has

IX* T Z, WP g 0p]ull L2 pe )
SETHUT 4 872 (64 + Cre)sTLFEMPK (5, )
L8N + 872 (en + Clg)s—l+C(8*+Cle)}VKSM,p—l,k—l(S’u)
+ X T Tgulp-1pt 2y + €167 (en + Cre)%72
Proof. Estimates away from the light cone. For simplicity in the notation, we define
Apk(s) = > IXVENZ A Dadplul 2 ug, )

ord(Z)<p
rank(z)<k

By (5) := [ XIE 00Ul k2 age
We recall Proposition 5.2, which gives us
Bk () S Apic(s) + ¢ IX T L Bgulpell 2 ueie
+ Z_ls_I?KSM’pH’kH(s, u). (6.6)

We then rely on (2.16) and control each term in this inequality as follows.

»  For |Yioih|p,—1100u|p, k, we find
Yeothlp S [Yeoth*p + [Yeotttlp S &x(r) ™" + [Yiotttp.
which leads us to

||X’CJ§_1 |Yroth|p1—1 |88M|p2’k2 ”Lz(M?rx)

< {5_1(8* + C1e)Bp_1 x—1(5), p1 <N -3,

(6.7)
exBp 1 k—1(s) + €187 (ew + Cre)’.572, p1 >N —2,

where for the first case we have applied the third bound of (5.9), while for the
second bound we have applied (4.5) and (5.12), provided x > 1/2 + (3/2)$6.

* The term |H|[00u|,—; x—1 is also bounded by the first case of (6.7).

* The term |0k |y, —1,k,00u|p, k, is easier since a partial derivative is acting on /.
We observe that

|0h|, < |0R* [, + |0ulp < ex(r) ™ + |0ul, (6.8)

and, using the inequality X~1 < £71(r)~! valid in :M?I[SO ]

X5 T 0Ly -1 1000 ey 2 pr ) S €72 (6 + Cre)s™ FEOPH (5, ).
' (6.9)
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We then deduce that

Api(s) S8 Hew + Cro)Bpo k1 (5) + €702 (60 + Cre)s T FEMPHR (5 )
+ 07167 ey + Cre)%s™2 (6.10)

Combining (6.10) and (6.6) and observing that §~! (e, + C1¢) < 1, we obtain

Z ”XKJC_I[Z’haﬂaaaﬂ]u”Lz(eM?rs)
ord(Z)<p ’
rank(z)<k

< ||XKJ§_1|Dgu|p—1,k—1||L2(M§;rS)
+ 078 ey + Cls)s_l?KSM’p’k(s, u)
+ 07187 ey + Cre)?s572, (6.11)

which completes the proof of Proposition 6.3 in M;a‘[ so.s1]"

Estimates near the light cone. We also introduce the notation

Api() = D IXTETZ 0P e dplul L2y,
ord(Z)<p
rank(z)<k

”Z_1X1+:<Jé-—1|88u|p,k||L2(M?ff}r)’

Bp’k(s) .
Then, in view of (5.5) we get

B, (5) S Api(s) + [X<T¢ 1 Tgu

pill2cageny + 5T FEPEE (5 u). (6.12)

On the other hand, we recall (2.15) and we need to control each term in its right-hand
side.
« Theterm (|HN%| 4 t~1|r — t||H )[00u|p—1 k-1, thanks to (5.14) and (5.9) (the
third bound), is directly controlled by
IXCTE A HY OO+ 7 e — 2| HD|00u p—1 k—1) | S (e + C18)Bp_1 k-1 (5).
(6.13)

e Thanks to (5.14) and (5.9) (i.e. the third bound therein), the term T;izr[H ,u] is
controlled as follows. First of all, we have

ILHV|y_s + 7 r —t]|H|n—5 < (64 + C18)Xr ™!
and

ILHN g + 7 r = t]|H k-1 < 10|k + | Lule—y + 7 X]ulg
S ea(r) ™ Yoot leor + 17 X ulg.
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We thus deduce that
XIS TH ]l 2 gy
S (8* + C]S) ||XKJ2;_1XV_1 |88u|p_1,k_1 ||L2((M25'£;r)

k

-1
D NIXETE 98Uy ey Yottty —1 L2 aezey
ki1=N-—4

+ (64 + C18)528||XKJ§_1r_2X_K|u|N”Lz(szz')’
where (4.23) and (5.11) were used. For the latter term, we apply (4.5) which is
seen to be bounded by 871 (s, + C1¢)s ™2 (provided k > 1/2 + (3/2)8). For the
second term, we recall (2.20) together with (5.50) and obtain
11X T 90—ty ey | Yrortt L —1 |1l L2 (e
(L8 +872) (4 4+ Cre)s ™Y |EX 14| Yyogut | 1—1 ||L2(M2e§r),
(when k1 = k),
(70 4+ 872)(ea + Cre)s I HCEFCD XTI Ytk | L2 (pgpenry
(whenk; <k —1),
= — —1 g &M,p,k
S+ 82 (6w + Cre)s L FEMPE (5 u)
+ (£—8 + 8_2)(8* + ClS)S_1+C(8*+C18)37K8M’p_1’k_1(S, U)
Hence, it follows that
X T H , ul 2 (ageery
< (ex + Cre)Bp_1k—1(s) + U +852)(en + Cle)s_l?KSM’p’k(s,u)

+ (6_8 + 5_2)(8* + Cls)s—l—’rC(a*-i-Cls)‘?KSM,p—I,k—l(s’ u)

+ 87 1e, + Cre)s™2. (6.14)
We consider next the terms 7% and 75"P*", and we observe that 75'P¢" con-
tains a favorable factor t~! while the second term of 7 contains the factor
t~1r — t|, supplying sufficient decay in (r)~!. Thus, these terms are relatively

easier to handle and we only discuss now the most challenging term, namely
|hNV00|, 1 k,100u|p, &, When p; — 1 < N — 3, we apply (4.23) and obtain

XTI ORN 0, 1 gy 1000 py s | L2
<8 New + Cre)s ™ 728 X4 ¢ |00u
<8 (e, + Cre)%s72.

pokllL2 (e
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When p; —1 > N — 2, wehave p, <1 < N — 5 and thus
X< TEHORN 0 1k 1000 | ks llL2 (aegeary
S SIXEEI0R™ [y —1.k1 1900 |y s [l 2 (aegeery
+ S[IXEE10upy 1.4, 100U py s [l L2 (aegery
S (U8 487 (ey + Cre)s T LFEMPK (5 )
+ (0 4 572 (o0 + Cro)s 1 HCEHCIO G ENPLI=1(( 1y

The weighted L? norm of the remaining terms is bounded by § ! (e, + C£)%s2.
Now we conclude with (6.13), (6.14), and the bounds established on 7Y and
TSP that
Apje 5 (64 + C1)Bpo1—1(5) + (€70 +872)(ex + Cre)s T FIOPE (5, u)
£ 4872 (en + Clg)s—l-l-C(s*-‘rC]8)?K8M,p—l,k—1(S’u)
+ 87 (ex + Cre)?s72.

Substituting (6.12) in the above estimate and recalling (¢, + C1¢) < 1, we obtain

Z IX*J 1 [Z, h*F 9q0p Ju 2 (ageery
ord(Z)<p
rank(z)<k

< IX I Dgulpk

|L2(aeery + (7% + 872 (e, + Cre)s L FEMPK (5 1)
+ (70 + 87 (0 + Cro)sTHHCEFOOFENPTLE (5 )
+ 8_1(8,, + Cle)zs_z. (6.15)

In conclusion, by combining (6.11) and (6.15) we arrive at the desired result. ]

Conclusion. We summarize our result so far as follows.

Proposition 6.4. Under the conclusions of Propositions 6.2 and 6.3, the following
estimate holds for all ord(Z) < p and rank(Z) < k:
”XKJ;‘_I Dg Zuaﬂ ||L2(M§W[)
S8 4877 (ex + Cre)
. (S_l.?dkgM’p’k(S, u) + S—1+C(6*+C18)$K8M,p—l,k—l(s’ M))

+ 07167 ey + Cre)257 178 + R2 (5). (6.16)

1T

At this juncture it is useful to state the following elementary property.
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Lemma 6.5 (Comparison of energy functionals). Given (1, ¢*, w) = (x, 0, u) or
(n,c*,w) = (u,c, ) one has

€, nc‘*(s u) = (1/4)8,7 M(s,u).

Proof. The assumptions required in [30, Section 12.1] are valid in the present context,
especially the inequality #Y%0 < 0 in Mty 7 and the decay

|h| < (6« + C18)r 7 s < (g4 + Cre)r™V/2,
and we can thus follow the arguments in [30]. .

In order to apply (2.12), we still need the following two bounds for (ord(Z) < p
and rank(Z) < k and) (n, w) = (x,u) or (i, @):

/ oo [ Gen[Zw]|dx < (U2 + 572 (s + Cre)s7 ' 65 (s. Zw), (6.17)

M

/ nX2TI (r — )h V10, Zw|? Jdx < (e + Cre)s 165 (s, Zw). (6.18)
MSM

The first bound (6.17) is directly derived by applying (5.50) (with £ = 0) and (6.18)
is nothing but (5.14). Finally, we are ready to apply (2.12) with (1, w,c*) = (k, u,0).
Taking (6.16), (6.17), (6.18) and (3.3) into account, we obtain

d d

d—EISM(s Zu)+ SLC(S Zu;so)

+ 2/{/ (g"v“bﬁa Zuﬂb Zu + | Zu)X>* IR (r — 1) Jdx
MEM

S (U0 4872 (e + Cre)s 1 €EM (s, Zu)dss
+ [16X50; Zu|| o gz 2y X T Tg Zut]| o gy
<MY+ 6872 (60 + Cre)

. (S—lg’fJ\/[,p,k(S’ M) + s—l-i-C(S*+C18)}~K8M,p—l,k—l(S’ u)?KEM,p,k(S’ M))

+ 07187 ey 4 C16)2(1 + Cgre)s I FLEMPR (5 y), (6.19)

Now, let us focus our attention on the left-hand side. In the third term we observe
that ®'(r — 1) > 0 in MEM. Furthermore, since |h| < 1 we have 3 [#¥u|? <

gwabﬂawuﬁbwu and this leads us to

) / X2 (r — 1)V Y zup) Zu Jdx > 0. (6.20)
MSM

ord(Z)<p
rank(Z)<k
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For the second term of the left-hand side, we recall (2.13) and (3.11) and obtain

d
%8;6(& Zu; so) > 0. (6.21)
Summing up, in view of (6.19), for all ord(Z) < p,rank(Z) < k we find

cclis?m”(s u) S5THET 4872 (6w + Cre)

(sTIFENOPE (5, u) A sTIFCEFC1) F EMPTLISL (g )
+ 07167 (s 4+ C18)>(1 + Cpe)s™ 177

<SSV 4672 (en + Cre)
-(s‘lﬁgf,?’[””k(s,u) +S_1+C(s*+c1s)}vge,gvt,p—l,k—l(s,u))

+ 07185 ey + C16)2(1 + Cre)s™' 78

Observe that when k = 0 the underlined term in the right-hand side does not exist.
We rewrite the above inequality in the form

d

dsjyeMpk(s u) < C§~ l(ﬁ_ + 6§ 2)(8* + Ci¢)

. (S—I}Vgc(ig\/[,p,k(s’ u) + S—1+C(8*+C18)3;';;3\/[,1)—1,/(—1(S’ M))
+ CU8 N ew + C168)%(1 4 Cge)s™ 178

with C a constant determined by N. Then, by Gronwall’s inequality and by an induc-
tion argument on k, we deduce that

TP (s,u) = FEOPE (50,u)sCTOO < Cley + Cra)*PsCeat 1o,
provided Cy < C; and

1872(1 + Cre)(ew + Cre)/3 < 1,
ST + 872 (en + Cre)' P < 1.

Now we take C(e, + C1€)'/3 < § and C; > 4C, together with
£+ + Cre < (C1 —4Co)*/(4CCy)°
and we arrive at

1
\'}’VK&M’N(S, u) < 2}‘g5”zW,P,k(s’ u) < 5(8* + C18)58.
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6.2. Improved energy estimate for the matter field

In comparison with the issues arising with metrics with lower decay, the control of
the matter field is significantly simpler in the harmonic regime for the metric, and we
do not need to distinguish between various components of the metric. We are going
to establish the following result on commutators valid in M [‘ig"[Sl]:
IXFIE7Z H 050818 2 g0y
S U2 4872 (en + Cre)sTH(FENPHK (5. ¢) 4+ sCEHCDFENPEL (5 )
{ 0, k S N - 57

(6.22)
§U(ex + C1e)%, k>N —4.

To this end, we rely on the general commutator inequality (2.16) (with u = ¢ therein).
Recalling (5.50) (case k = 0) we find

IX* T H 1006 | p—1 k-1l 12 (a2 ™0y
S U2 4+ 872 (eu + Cro)s]|(r) T X L1006 o1 de—1 L2 ue M)
S U2 4572 (0 + Cre)s L FEYPE (s, ). (6.23)

For the second term of the right-hand side of (2.16), we observe that, when p; <
N — 5 and thanks to (5.51),

IXA T Vit H |y —1100 s o 24250

_ /2 _
< (60 + Cr0)s 1+C(ex+Cre)! 2fliz\4,p,k (s, ), (6.24)
where we used p; > 1and p; + p» = p, k1 + ko = k. When p; > N — 4, we have
|Yr0tH|p—1 5 |h*|p1 + |u|p1 5 8*(1')_1 + |u|p1'

Then, we have

||XMJ§_1 |YrotH|p1—l |aa¢|172,k2 “Lz(,MSEM)
< 8*||XMJ§_1(”)_1|83¢|p,k||L2(M‘;?M) + IXPTE ulp, 1009 |ps n ll L2 a2 )
< s*s_lﬁlfj"[’p’k_l(s, ¢) + (ex + Cre)s? IXETE 72X ulp kell L2 e )
S e*s‘l?ﬁiw’p’k‘l(s, @) + (e« + C18)S1+28||X2_K§”_2X_1+K|u|p,k||L2(,M§M)

S e FENPET (5 ) + (eu + Cre)s! AT XTIy

p.k |L2(,M§M)’
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where we applied Lemma 4.1. Then in view of (4.5) and (6.24), we obtain

IXETEH Yot H |py=11096 |y s ll 2 a1

§(ew + Cr8)?, N—-4<p=<N,
< (5_8/2 + 8_2)(8* + Clg)s—l—i-C(a*-i-Cla) (6.25)
.\TEMpk 1( ), p<N-5.

Finally, for the terms |0H |,, —1 x,100¢|p, k,, When py < N — 3, we apply (5.50) and
obtain

-1
||X“J§ |0H [ p)—1,k, 1006 p, &, “Lz(‘MSSM)
< Ixeat
+ ||XMJ§_1 10H |p;—1,k; 190 |p.k—1 ||L2(M§M)
S W2 4 572 ey + Cre)s T FENPE (s, )
+ (U2 4 572 (eu + Cre)s I TCEF O FEMPE (5 ),

which leads us to (6.22).

Recalling (6.17), (6.18) and (6.21), which are also valid for ¢, we apply (2.12)
and obtain

d __ _ _

TIN50 S @ 4 57)(ea + Cre)

—1-EM,p,k 1+C(e++C T EM,p,k—1
(T T ) + 57 et 1E)JQZ//«CP (s, u))

forp < N —5and

d
ST (50) S €72+ 57 (en + Cre)

—1 &M, pk 1+C(ex+C EM,p.k—1
(s Fawe (s, u) + 57 el 18)37gucp (5,))

+ 87 ey + Cr6)?

for p > N — 4. Here, C is a constant determined by N. Then we take Cy < C; and
(L7832 4 §72) (e, + C1)'/3 < 1 and, by Gronwall’s inequality and an induction on k,

we have
EM,N-5 EM,N-5 C(ex+C1e)1/3
Foue (8:9) = Fgiem (S0, h)s et Cre)

+ C(es + C18)4/3sc(8*+018)1/3,

EM,N EM,N 1+C Cie)l/3
r‘-'guc (S ¢)< rVgMC (S(),¢)S + (8*+ 18)

+ Cle, + C15)4/3s1+c(€*+018)1/3,

(6.26)
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with (another) constant C > 0 determined by N. We require that

Ci— 4C0>3

C(e, + Cre)'/3 <38, C; > 4C,, L+ C
(e« + Cre) /7 < 1> 4C £x + 18<(4CC1

We have established the refined energy bound for the matter field, and the proof of
Theorem 3.1 is completed.
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