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Filtrations of moduli spaces of tropical weighted stable curves
Stefano Serpente

Abstract. We consider tropical versions of Hassett’s moduli spaces of weighted stable curves
M;tﬁ, ]\71;?& and Ag 4 associated to a weight datum A4 = (ay,...,an) € (Q N (0, 1])",
their associated graph complexes G ‘- and study the topology of these spaces as # changes.
We show that for fixed g and n, there are particular filtrations of these topological spaces and
their graph complexes which may be used to compute the reduced rational homology of Ag 4
and the top weight cohomology of the moduli space Mg 4 of smooth (g, #4)-stable algebraic
curves.

1. Introduction

Let g > 0andn > 1 be two integers, and A = (a1,...,a,) € Dgn :=(Q N (0,1])" a
weight datum such that 2g —2 + "', a@; > 1. In order to give different compactifi-
cations to the moduli stack of smooth curves M ,,, Hassett in [ 13] defined generalized
stability conditions on algebraic curves introducing weight data attached to marked
points. The definition of weighted stable curve gave rise to the moduli stacks M &,
which generalize the standard moduli stack of stable curves M ¢,n- In [19], Ulirsch
exploited the dualism between the moduli theory of algebraic curves and the one of
tropical curves defining generalized stability conditions on graphs, and out of these,
constructed the moduli spaces of tropical weighted stable curves Mgii, generalizing
the construction of the moduli spaces of tropical curves with marked points M, ;3?
from [5] (see Section 2).

Following [13], the space of admissible weight data g , may be decomposed
into connected components separated by a set of hyperplanes, which are called walls.
The set of these hyperplanes is called chamber decomposition, and the connected
components of the decomposition are called chambers. We call K the set of chambers.
We treat the wall crossing theory for these stability conditions in Section 3. Each wall
can be defined by a linear inequality and subdivides the space of weights into two
chambers, according to the two corresponding inequalities, see Examples 3.1 and 3.2.
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We consider the fine chamber decomposition, defined in [13],

Wy = {Zaj =1:{Sc{l,....n}},2<|S| <n —25g,0},
jes
where §; ; is the Kronecker Delta. As showed by Ulirsch in [19], different weight
data in the same chamber give rise to the same moduli space, and the fine chamber
decomposition is the coarsest one with this property.
Given two weight data 4 and B, we write A < B if a; < b; component-wise. It
is easy to show that if A < B there is an inclusion as a closed subset

trop trop
M4 S My - (D

For a given weight datum +, we denote by Ch its chamber. We define a par-
tial order relation in the set K which extends the previous one on weight data as
follows. Let Chy, Ch, € K, we say that Ch; < Ch, if they are equal or there are
S1,....8 C{l,...,n} such that for every 4 € Chy, Ziesj a; < 1 and for every
B € Chy, Ziesj a; > 1, for every j from 1 to ¢, while for any S’ # S; for every
j from 1 to ¢, the two chambers belong to the same half-space of £, , induced by
the wall ) ;. a; = 1. Itis easy to see that if we pick A € Ch; and 8 € Ch, with
Ch; < Ch,, the inclusion (1) still holds.

Given a weight datum 4 = (ay,...,a,) and a permutation o € S, let o (4) be the
weight datum obtained by permuting the weights of 4 according to o, i.e. o(A) =
(@g(1), - -+ A5(n))- Then M;:)i is homeomorphic to M;if( A the homeomorphism,
called relabeling homeomorphism, consists of sending a tropical curve into the curve
with the same underlying graph and the same length function, but with the legs marked
according to the permutation (see e.g. Example 3.4).

We can consider the action of S, induced on K given by 0(Ch,4) = Chy(4) as
well. We call the orbits of this action chambers up to symmetry, and we denote the
set of chambers up to symmetry by [K]. Denote by [Ch] the orbit of Ch € K, which
we call the chamber up to symmetry of Ch. We say that [Ch;] < [Chy] if there are
two chambers Chy, € [Ch;] and Chy, € [Chy] such that Ch4, < Chy,, for some
41 and 5. In that case, each time we pick

A € Chy, € [Ch,A,l] < [Ch,A,z] 3 Chy, > B,
there is a permutation o € S, giving a topological embedding
M M
obtained by combining the relabeling homeomorphism M;r::i ~ M;rif( A With the
inclusion (1), M;’(Zf( % C M;i%. In particular, there is only a moduli space of tropical
curves up to homeomorphism for each chamber up to symmetry.

All these properties work if we replace M;rii with 1\7;’0; and Ag 4, respectively

the moduli space of extended A-weighted stable curves of genus g and the moduli
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space of A-weighted stable curves of genus g and volume 1 (see Section 2.3 for their
definitions).

We illustrate the situation with an example Suppose we have g> 1 andn = 3, and
we have the weight data A; = (27, 57, 1 —¢&) and A, = ( &, 27,
O<e<s5 Clearly they are not comparable with respect to the parual order on weight
data, and we can verify that they belong to different chambers, i.e. Ch,, 7# Chy,. It

27) for some

is also possible to verify that [Ch,, | # [Chy,]. This implies that their moduli spaces
M;ﬁl and M;?iz are different, and none of them is the subspace of the other. But if
we reorder the weights of the second weight by the permutationo = (1 3 2) € S3
the datum we obtain is o (A;) = (27 27 14

57 — €), and by the relabeling homeomor-
phism we know that

trop trop
Mg iz ™ My o(a)

Moreover, o (+4>) and #; are comparable, in particular o (A;) < 47, so we have

the inclusion as a subspace

trop trop
Mg oa) © Mgon,:
Composing the relabeling homeomorphism with this inclusion gives an embedding as

a subspace

trop trop
(I .
Mg ,A2 Mg L1

In the case g > 1 and n = 3, there are five chambers up to symmetry, so choosing
representative weight data up to relabeling homeomorphisms we get the filtration

cM trop

tro tro tro, tro,
M™P cM™ c M™ w L CM™ 3

g.(3.13.1-9) g.(3-ed—cd—0) g.($3,14, 18 —¢) g.(3%.14.1-¢)
where we take &’s in order to take weight data in the interior of the chamber decom-
position (see Example 4.8 for further details).

Following the previous discussion, in Section 4, we prove the following theorem.
Letg >0,n>1and A € Dy, C C thp be a closed subset. We say it is a sub-
moduli space if it is homeomorphic to M for some B, and points of C are in
bijection with (g, 8)-stable tropical curves

Theorem A. Let g > 0, n > 1 be two integers. Fix a weight datum A € Dg ,. There
are filtrations of M;ﬁi given by embeddings as sub-moduli spaces induced by the
partial order on the set of chambers up to symmetry. Namely, given a sequence

[Cthl] = [Chzf\az] == [CheA)p] == [Cho"oN—l] < [Chu],
the filtration is

trop trop trop trop trop
s [N N [N N s
Mg'A)1 MgA M MgAN 1 MgA

The same result holds if we replace M frop

4 With the moduli space of extended weighted
tropical (g, A)-stable curves M < A or the moduli space of (g, #4)-stable tropical

curves of volume 1, Ag 4.
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In Section 4, we define the graph complexes G &>*). These objects generalize the
graph complexes G € defined in [9, Section 2.4]. We deduce a Filtration Theorem
analogous to Theorem A for these complexes (see Section 4 for further details). This
gives them the structure of filtered chain complexes.

In order to study further these graph complexes and their homology, in Section 5
we extend the theory developed in [10] and [9] for Ag , to Ag 4, treating it as a
symmetric A-complex for every +4, and then we generalize [9, Theorem 1.4] showing
that there is a natural surjection of chain complexes Cyx(Ag 4) — G (&) decreasing
degrees by 2g — 1 inducing isomorphisms on homology

Hir2g-1(Dg,a: Q) — He(GEY)
for all k’s. Analogously to what happened for A, ,, there is a natural isomorphism
Grog—gaon T (Mg 4:Q) — He(GEY),

between the rational top weight cohomology of Mg 4 and the rational homology of
the complex G (&)

There is a spectral sequence associated to a filtered chain complex which can
be used to compute the homology of the complex. In particular, the structure of the
bounded filtered chain complex given to each G combined with the shifting
degree isomorphism of the top weight cohomology of M, 4 with the homology of
the complex gives us the following theorem, proved at the end of Section 5.

Theorem B. Fix g > 1, n > 2. Assume we have a sequence of chambers up to sym-
metry [Chy ] <--- < [Chy,] < - < [Chyy], and let G&A) s ... s G&AY) s
oo <> G&AN) be the induced filtration on graph complexes. Then

N
w 4g—6+2n—k . ~ 00
Greg—e+anH (Mg, ay: Q) = @ Epk—p
r=1

where the terms E;Ok_ p are the ones to which the spectral sequence induced by the
above filtration converges.

In Example 5.10, we use this theorem to compute the Top Weight Cohomology of
M 1,3, confirming results obtained in [9].

1.1. Motivation and related works

This work builds up on previous work and ideas from many authors in the area.
Firstly, the moduli space of weighted tropical curves was constructed by Ulirsch in
[19, Propositions 6.1 and 6.2], where the author shows the constancy of the tropical
moduli spaces inside the chambers. In the same work, the moduli spaces of weighted
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tropical curves are identified with the skeletons of moduli spaces of curves, general-
izing [1] in the case of moduli spaces of curves with standard stability. The inclusion
property coming from the component-wise relation on weight data was known in
other works related to tropical moduli spaces such as [7]. The relabeling symmetry
in the algebraic set was a well-known fact since Hassett published his work [13], and
again the permutation action was studied in [7] on Ag 4, for certain particular cases,
in [15] to study Aut(Ag ,), and in [8] for computing the S,-equivariant cohomology
of Mg ,. In [21], there are computations for the S,-equivariant rational homology of
the tropical moduli spaces A, , for n < 8. In[12], authors give an explicit formula for
the intersection products of weighted tropical y-classes on M(;rfi, in arbitrary dimen-
sions. Section 5 develops on tools and language introduced in [10] and [9], which we
adapt to study Ag 4.

Furthermore, there are many works on the topology of moduli spaces of tropical
curves and their identifications with other objects from which we benefit:

* Allcock, Corey and Payne showed that Ag , is simply connected for (g, n) #
(0,4), (0,5), see [2]. This result is generalized for g > 1 and for all # in [16] by
Kannan, Li, Yun and the author.

* In[10] and [9] Chan, Galatius and Payne give results on the top weight cohomol-
ogy of Ag . In[16], similar results are given for Ag 4.

«  When #4 = 10, Vogtmann showed that Ag_, is homotopic to a wedge of (1 — 2)!
spheres of dimension n — 4, see [20].

*  When + is heavy/light, i.e. it has m components equal to € < 1 /m and n — m com-
ponents equal to 1, Cavalieri, Hampe, Markwig, and Ranganathan in [6] derived
from their results that Ay, ,, is homotopic to a wedge of (n — 2)!(n — 1) spheres
of dimension n 4+ m — 4.

*  When w has at least two weight-1 entries, Cerbu, Marcus, Peilen, Ranganathan
and Salmon in [7] showed that Ay, is homotopic to a wedge of spheres of
possibly varying dimensions, and gave infinite families of w where Ay, is dis-
connected, and examples where 71 (Ag,y) = Z/2Z.

e In [11], they study the automorphism group of A, 4, which corresponds to the
subgroup of the group of relabeling morphisms preserving Ag 4.

2. Background

2.1. Graphs

We start by introducing all the notation and the conventions we will use during the
rest of the paper.
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Definition 2.1. A decorated graph with n legs G is the data of:
(1) a finite non-empty set V(G) called the set of vertices;
(2) a finite set of half-edges H(G);
(3) aninvolution: : H(G) — H(G) with n fixed elements, called legs, whose set
is denoted by L(G);
(4) an endpoint map € : H(G) — V(G);

(5) avertex weight function on the vertices w : V(G) — Zxy.

A non-ordered pair e = {h, i’} of distinct elements in H(G) interchanged by
the involution is an edge of the graph, and the set of edges is denoted by E(G). If
€(h) = v we say that & is adjacent to v, and that v is the endpoint of /4. The same
definition works for edges. The valence of a vertex v is val(v) := |e~!(v)|, i.e., the
number of half-edges adjacent to v. An edge whose endpoints coincide is called a
loop. Two different edges with the same endpoints are said to be parallel. Two legs
are called disjoint if their endpoints are distinct.

In the literature, decorated graphs are known also as weighted graphs, and the
vertex weight function is known also as weight function. Here we change the termi-
nology in order to avoid confusion with another notion of weight we will introduce
later.

Definition 2.2. The genus of a decorated graph is

gG)=b(G)+ Y w)

veV(G)

with b1 (G) :=|E(G)| —|V(G)| + ¢, where c is the number of connected components
of the graph.

From now on, we will consider only connected graphs, so ¢ = 1 every time, and
we will omit the adjective connected.

Definition 2.3. A morphism between graphs G and G’ is a map
a:V(G)UH(G)— V(G)U H(G)

such that ®(L(G)) C L(G’) and the following diagrams commute:

V(G)U H(G) % V(G')U H(G') V(G)U H(G) <% V(G')U H(G')
l(id‘//é) l/(idv//e/) l(idv/t) l/(id[///t/)
V(G) U H(G) % V(G') U H(G), V(G) U H(G) % V(G') U H(G').

In particular, we have that a(V(G)) € V(G').
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A morphism « : G — G’ is said to be an isomorphism if it induces by restriction
three bijections ay : V(G) — V(G'),ag : E(G) - E(G')and oy, : L(G) — L(G').
An automorphism of a graph G is an isomorphism of G with itself: in this case end-
points of the legs are preserved.

If the image of an edge e is v’ € V(G’), also its endpoints are mapped into v’
and we say that e is contracted by « and that « is a contraction. Let T C E(G), the
graph G/ T denotes the graph obtained by contracting the edges ¢ € T'. A weighted
contraction is (G/T,w/T) where G/ T is a contraction and w/ T is the vertex weight
function defined by setting, for every v € V(G/T),

w/T@) =bie @)+ Y w. )
uca—1(v)
It is clear from equation (2) that the genus of a decorated graph remains constant after
contraction.

Let G be a decorated graph, and let L(G) be the set of its legs. A marking is
the assignment of a number from 1 to n to each leg, and a graph with a marking is
called marked graph. To denote it, we write L(G) = {x1,..., X»}. A morphism of
marked graphs ¢ : G — G’ is a morphism of graphs which preserves the marking, i.e.
¢(x;) = x] for every i from 1 to n.

We recall the notion of input datum given in [13].

Definition 2.4. Let n > 1. A weight datum is an n-tuple A = (a1, ..., day) €
((0,1] N Q)". Given g > 0 an integer, an input datum is a pair (g, #4) with 4 being a
weight datum such that 2¢g —2 4 a; + --- 4+ a, > 0. The integer n is also called the
length of the weight datum.

The domain of all admissible weight data for genus g and length 7 is
Dgn:={(ai,...,an) € ((0,11 N Q)" such thata; + --- +a, > 2 —2g}.

Note that for a fixed n this space is Dg , = ((0, 1] N Q)" for every g > 1. We call
Dy » the space of stability conditions. We write Dy , for the space including also real
coefficients, i.e.

i)g,n = (O’ 1]71’

as we need it for technical purposes. Let G be a weighted marked graph, and let
L(G) ={x1,...,x,} be the set of its legs. For every v € V(G), we denote with L (v)
the set of legs adjacent to v, and with |v|g the number of half-edges that are not legs
adjacent to v, i.e.

vl = val(v) — [L(v)].

For a given weight datum A, we set also

lvfa = Z ai.

x;i€L(v)
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Definition 2.5 ([19, Definition 2.1]). Let (g, #) be an input datum, 4 = (a1,...,d,),
and G a weighted marked graph with n legs. We say that G is stable of type (g, #4)
(or that it is (g, #)-stable) if it is of genus g and if for every vertex v € V(G)

2w() =2+ |v|lg + |v|4 > 0.

When A = (1,...,1) := 1("), we recover the usual notion of stability for marked
graphs, as the sum |v|g + |v|.4 becomes equal to val(v).

Remark 2.6. A weighted contraction of a stable graph of type (g, #) is still a (g, #4)-
stable graph.

2.2. Tropical curves

Definition 2.7. An n-marked tropical curve of genus g is a pair I := (G, /) where G
is a weighted marked graph of genus g with n legs and / is a function

[: E(G)UL(G) - Rsg U{oo}

such that /(x) = oo if and only if x is a leg or an edge adjacent to a vertex of valence 1
and weight 0.

Let w be the vertex weight function of G; if w(v) = 0 for every v € V(G), we
write w = 0 and we say that the tropical curve is pure. A tropical curve is called
regular if it is pure and if G is a 3-regular graph, i.e. all of its vertices have valence 3.
The volume of a tropical curve is defined as the sum of its edge lengths.

We usually refer to G as the underlying graph of the tropical curve, and we denote
it with G(I") when it is necessary. Legs are called marked points of the tropical curve.
We also write V(I'), E(I") and so on to indicate vertices, edges and other character-
istics of the tropical curve, meaning the ones of the underlying graph. We also forget
to recall the adjective n-marked when it is clear by the context.

Definition 2.8. A tropical curve is (g, #4)-stable if its underlying graph is (g, #)-
stable.

Furthermore, we say that two tropical curves I' and I’ with n marked points
L(T) ={x1,...,xp}and L(I'") = {x], ..., x;,} are isomorphic if there exists an iso-
morphism of weighted marked graphs o between the underlying graphs G(I") and
G(T"') such that I(e) = I’(a(e)). We denote by Aut(T") the group of automorphisms
of a tropical curve I'. Note that Aut(I") C Aut(G(I")).

Definition 2.9. An n-marked extended tropical curve of genus g is a pair I' := (G, /)
where G is a weighted marked graph of genus g and / is a function
[ E(G)UL(G) > Rsg U {00}

such that /(x) = oo for every leg.
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Notice that the only difference with the not-extended tropical curves is that we
possibly have infinite length edges. All the other notions, as e.g. the notion of tropical
equivalence, remain unaltered. Extended tropical curves are needed to compactify the
moduli space of tropical curves.

2.3. Moduli Spaces

For every A € i)g ,,, there are moduli spaces of tropical curves M A and extended
tropical curves M A which carry respectively the structure of a generahzed cone
complex and of a generahzed extended cone complex, both in the sense of [1]. Their
construction is due to Ulirsch in [19], generalizing previous constructions of moduli
spaces of tropical curves of [4] and [5]. Moreover, it is possible to define the locus
Ag. 4 of (g, #)-stable tropical curves of genus g with volume 1.

Consider the category §,, 4 of isomorphism classes of (g, /)-stable marked deco-
rated graphs with morphisms generated by isomorphisms and contractions. We define
a natural contravariant functor

S : 9.4 — RPCC

on the category RPCC of rational polyhedral cone complexes (see [19] for further
details) as follows: to each isomorphism class of a (g, #)-stable marked decorated
graph G we associate the rational polyhedral cone og = ]RlE(G)l A weighted edge
contraction 7 : G — G’ induces the natural embedding i, : 0g — o¢ of a face of 0.
An automorphism of G induces an automorphism of og if it is trivial, otherwise it
induces a self-gluing. Similarly, there is also a natural functor ¥ from g, 4 into the
category of extended rational polyhedral cone complexes that is given by sending G
= E‘EEO(G)I, where Rsg is Rxo U {oo}. The moduli space M;’Oj of (g, A)-
stable tropical curves is defined to be the colimit

into oG

M"™ :=limo
g,h e

taken over (§¢ 4)°P. The moduli space M, MR 4 of (g, /)-stable extended tropical curves
is defined analogously using the compact1ﬁed cones 0 ’s. The moduli space Ag 4 is
obviously a subspace of M;ﬁi, but it can be defined in the same way we did for the
other spaces. Let

nG = {K :E(G) = Ry Z L(e) = 1} C RE(G).
ecE(G)

Then we have
Ag,.A, = li_I)n G,

where the limit is taken again over (54 4).
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2.4. Graph Complexes

Let (g, #4) be an input datum. The chain complex G & is a complex of rational
vector spaces generated by elements [G, w] where G is an n-marked pure (g, A)-
stable graph and w is a total order on the set of the edges of G. Generators are subject
to the relation

[G, w] = sgn(0)[G’, o]

if there is an isomorphism of n-marked graphs G =~ G’ under which the orders @ and
o’ are related by the permutation o € S| ()| This forces [G, w] = 0 when G admits
an automorphism that induces an odd permutation on the edges. The homological
degree of G is |E(G)| — 2g.

So G&HA =D Gj(g"A’), where

G}g A) — {Rational vector space spanned by elements [G, w]

where G has j + 2g edges.}

The differential on [G, w] # 0 is defined as

E@
G, 0] = Z (=1)'[G/ei, 0| E@G)\{e;}]-
i=0

where G/e; indicates the contraction and ®|g(G)\{e,} is the induced order. If e; is a
loop, we interpret the corresponding term in the formula of the differential as zero.

Remark 2.10. This generalizes the notions and the theory developed in [10] and [9].
In fact, when 4 = 1™ we recover the definition of G (&™) we have in [9].

3. Wall crossing for weight data

In this section, we study the stability conditions on their own to show properties which
reflect some phenomena of tropical curves depending only on the markings and the
stability type.

A chamber decomposition of £y ,, consists of a finite set W of hyperplanes, called
walls of the decomposition. The chambers of the decomposition are the connected

Den — U w.

wew

components of

We will consider the fine chamber decomposition defined in [13] as

Wf={Zaj =1:SC{1,...,n},2§|S|5n—25g,0}

Jes
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where §; ; is the Kronecker delta, and we will denote the set of the chambers with K
(note that Wr and K both depend on g and n, but we avoid to recall this to lighten the
notation).

Each wall in Wy divides Oy, in two connected components defined by inequali-
ties

aj, +--+a,>1 and a; +---+a;, <l

So each chamber Ch is defined by a set of inequalities: each inequality is associated
to a wall, and indicates in which of the two components determined by that wall the
elements of Ch lie.

Example 3.1. Let g > 1 and n = 2. We have
Dy2 = {(ar.a2) € (0.1]UQ)*: 0 <a; <1} C (0. 1],

Since n = 2, we have only a possible S, i.e. only a wall given by a; + a, = 1, and
we get only two chambers as showed in Figure 1. When g = 0, we have the condition
ai + a, > 2, which is impossible since the a; are smaller or equal than 1, so there are
not admissible input data. This reflects the fact that there are no stable rational curves
(either tropical or algebraic) with only two marked points.

w={a; +a, =1}

A
: a1+a2>1
: a1+a2<1

Figure 1. The space Dg > for g > 1.
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Example 3.2. Let g > 1 and n = 3. Here D,z 3 C (0, 1]3. We have
Wy = {{ar + a> = 1}, {a1 + a3 = 1}, {ax + a3 = 1}, {a1 + a» + a3 = 1}},

which are all planes in R3. The chambers of the fine decomposition are defined by the
following sets of inequalities:

ay+ax > 1,
ay+az>1,
Ch; : e
a +az > 1,
ap +az +asz > 1, (which is implied by the three above)
a; +ax <1, ay +ax > 1,
ay +az > 1, a; +as <1,
Ch, : e Chy:={" ' "%
a2+a3>1, a2+a3>1,
ay +az+az > 1; ay +az+asz > 1;
ay+ap>1, a1+a2<1,
ay+az>1, ay+az <1,
Chy : e Chs : e
a, +as <1, a +as > 1,
ay +az +as > 1, ay +az +as > 1,
ap +ax <1, ay +az > 1,
a; +az > 1, a; +as <1,
Ch : e Ch, : e
a2+a3<1, 612+Cl3<1,
ay +az+asz > 1; ay +az+asz > 1;
a1 +ax <1,
ay+az <1,
Chg:=4 ' 7
a +az <1,
ay +ax+az>1;
ay +az +asz <1, (which implies the three below)
ar+ax <1,
Chy:=4 ' 72
a; +asz <1,
a2+a3<1.

When g = 0, we have
Dos = {(a1,a2,a3) €R?: 0 <a; < 1,a1 +az +asz > 2},

and Wy becomes the empty set, since the condition 2 < [S| < 1 is impossible. So
there is only a non-empty chamber without walls.
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From Example 3.2, we can notice that there are inequalities which are not indepen-
dent. Namely, if } ;g a; < I then it has to be that } ;g a; < 1 forevery S" C S.
At the same time if there is S" C S such that ) *; ¢/ a; > I,then ) ;g a; > 1. More-
over, whenever we have two sets S and T such that S N 7' =@ and both } ;g a; > 1
and ) ;cra; > 1, thenclearly 3, g raj > 2, soif thereisa 7 C S U T such that

ZjET/ aj < l,then ZjE(SUT)—T/ a; > 1.

Example 3.3. Suppose we have n = 4 and the defining inequalities a; + a3 > 1,
a, + a4 > 1,anda; + a» < 1. Then ay; + a> + az + a4 > 2, and so it must be that
as + a4 > 1, i.e. this inequality is forced by the others, otherwise we obtain an empty
chamber.

Chambers up to symmetry

Let us now consider the action of S, on Dy 5 given by permuting the entries of weight
data,

Sp X Dgn ———— Dy,

(0,(ar,....an)) —— (ag)s--->ao(m))-

Example 3.4. Consider g = 1,n = 3, let A = (¢, %, %) € D, 3, for some ¢ > 0. Then
the graph G in Figure 2 is (1, #)-stable.

Letnowo = (1 2 3)e Sz, theno(A) = (%, e, 2), and one can observe that G
is not anymore stable with respect to the new weight datum. But changing the label of
the legs of G according to the same permutation o gives the new graph G’ in Figure 3,
which is (1, o (+4))-stable.

3

Figure 2. A (1, (e, % %))-stable graph.

2
G’
1

Figure 3. A (1, (%, £, %))-stable graph.
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The action of S, on Dg , descends on an action on K, since a chamber is sent into
another chamber by permutation of the coordinates. Under this action, two chambers
are in the same orbit if there is a permutation in S, which sends all the inequalities
defining the first chamber in the inequalities defining the second one by permuting the
indices of the variables. We call the orbits of this action chambers up to symmetry. In
particular, note that for a given o € S, 0(Ch4) = Chg ().

We denote by [Ch] the chamber up to symmetry of the chamber Ch, and we denote
the set of all the chambers up to symmetry by [K].

Example 3.5. Let g > 1, n = 3. There are five orbits, namely
[K] = {Chy }, {Ch;, Chs, Chy}, {Chs, Che, Ch7}, {Chg}, {Cho}.

To see how to get an orbit, let us compute for example {Ch,, Chs, Chs}. By the
inequalities of Example 3.2, we can see that 0 (Chy) = Chs foroc =2 3),(1 3 2)
and 7(Chy) =Chgfort=(1 3),(1 2 3),whileidand (1 2)fixit. Analogously,
we can see that 6(Chz) = Chy for 6 = (1 2),(1 3 2). To find a permutation ¢’
such that 0/(Chs) = Ch, one can just pick the inverse of a permutation of one of the
o’s, and analogously for 7/ and ¢’.

Definition 3.6. Let A = (a;,...,a,) and B = (b1, ...,b,) € Dy, be two weight
data such that a; < b; for every i from 1 to n. Then we write A < 8B.

Remark 3.7. This relation is defined to reflect the following property. Let (g, A =
(a1,...,ay)) and (g, B = (b1, ..., by)) be two input data such that A < B. Then
a (g, #)-stable graph is always (g, 8)-stable, because for every vertex v € V(G) we
have

0<2w() =2+ v + |v|s = 2w(v) =2+ |v[E + |v]8.

In particular, for any weight data «+, a graph that is (g, #)-stable is always stable in
the standard sense, since 4 < 10 for every weight datum 4.

We now focus on some technical results concerning weight data and chambers.
We say that two chambers are adjacent if there is only a wall dividing them: in terms
of inequalities, this means that there is only a subset S C {1, ..., n} such that weight
data in the first chamber satisfy ) ;. ¢ @; < 1, and weight data in the second chamber
satisfy the opposite inequality ) ;¢ @; > 1, while for every other S” # S the defining
inequality it gives has the same direction for the two chambers or, in other words, they
lie in the same half space induced by S” on D, ,,. We denote by Ch; |Ch, the portion of
the wall wg := {3_;cg @ = 1} C Dy dividing these two chambers, i.e. the subset
of wg which verifies all the common defining inequalities of the two chambers.

Lemma 3.8. Let Chy and Ch, be two adjacent chambers. The set Chy|Chy is not
empty.
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Proof. Let S be the subset of {1,...,n} indexing the variables appearing in the defin-
ing inequalities which differ between Ch; and Ch;. Suppose that weight data in Ch;
verify ) ;g a; < 1 and weight datain Ch, verify ) ", cga; > 1. Let X = (x1,...,x5)
in Ch; and ¥ = (y1, ..., y») in Ch,. Consider the segment between X and ¥: each
point of the segment can be described by

Pt=(l—t)x+t§y

fort € [0, 1].

Now, consider the function f : [0, 1] — R sending ¢ into (1 —¢) > ;cg Xi +
tY jesyi—l:wehave f(0) = > . .gx; —1 < Osince X is in Chy, while f(1) =
Yiesyi—1>0since ¥ = (y1,...,yn) is in Chy. Then there must be a ¢y € [0, 1]
such that f(0) = 0, and this implies that P, belongs to the wall wg.

Now, let T # S be asubset of {1,...,n}, and suppose ) ;. a; > 1 for each point
in Ch; and Ch,. Then

A=) xi+tY yi>U=-0)+1=1,
ieT ieT
for every ¢ from O to 1.
Analogously, if we pick 7" # S such that ) ;. a; < 1 for each point in Ch; and
Ch,, then
A=Y xi+1Y yi<(l-0+1=1
ieT ieT
again for every ¢ from O to 1.
So in particular, Py, verifies all the common defining inequalities of the two cham-
bers and belongs to the wall wg, hence it lies in Chy [Ch,. ]

Proposition 3.9. Let Chy and Chy be two adjacent chambers with S C {1,...,n}
such that data in Chy satisfy ), cq ai < 1, while data in Chy satisfy Y ;cgai > 1,
and for every other T # S the corresponding inequalities agree for both chambers.
Then there are A € Ch; and B € Chy such that A < B.

Proof. By the previous lemma the set Ch;|Ch, is non-empty, so we can choose

X = (x1,...,xn) € Chy|Ch,. Let & being a number which is strictly less than
(ming.s | Y ;e Xi — 1]). Then we can pick A = (x1,...,x; —¢,...,X,) and B =
(X1,...,x; +¢&,...,x,) forsomei € S.

Assume both have all rational components, then these two weight data verify all
the common defining inequalities of Ch; and Ch;. Indeed, if we choose a subset
T # Sof{l,...,n}suchthat ) ;,.; x; <1, then

Zai =Zx,~—s<1 and Zbi =Zx,~+s<1
ieT ieS ieT ieT

since ) ;g xi < 1 — & by how we pick e.
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Analogously, if we choose 7" # S such that Zi er Xi > 1, then

Zbi=2xi+8>l and Zai=2x,~—s>1

ieT ieT ieS ieT
since ) ;cr Xi > 1+ ¢, s0 4 and B verify all the common defining inequalities of
Ch; and Ch,. Moreover, ) ;.ga; < land ) ;. b; > 1, so it follows that 4 € Chy,
B € Ch,, and A < B by construction.

If A= (x1,...,X; —&,...,Xx,) has irrational components, we can find a weight
datum A’ in Ch; approximating down each the irrational components x; with a ratio-
nal number x] such that x; — x; < . The same can be done with B approximating
up, so that we have 8’ € Ch, and by construction A < B’. [

Definition 3.10. Let Ch;, Ch, € K. We say that Ch; < Ch; if they are equal or there
are S1,...,8; C{1,...,n} such that for every 4 € Ch; we have Ziesj a; < 1and
for every B € Ch, we have ) ;. s; b; > 1 for every j from 1 to ¢, and given any
S” # S; for every j from I to ¢, the two chambers are in the same half-space induced
by the wall {} ;¢ a; = 1} on Dy », i.e. all the other defining inequalities agree.

Proposition 3.11. The relation defined in Definition 3.10 is a partial order on K.

Proof. The relation is reflexive by definition. It is also clearly transitive: let Ch; <
Ch, and Ch, < Chs, and let Sy, ..., S; be the subsets of {1,...,n} on which the
defining inequalities of Ch; and Chs disagree. Fix a j from 1 to ¢. If the inequalities
corresponding to S; agree for Ch; and Ch,, then it has to be that ) ;. s; @i < 1 for
both, since it has to disagree with the inequality corresponding to S; of Chs and
Ch, < Chs by hypothesis. If the inequalities corresponding to S; disagree for Ch
and Ch,, then it has to be that Ziesj a; < 1 for Ch; and Ziesj a; > 1 for Chy, since
we have Ch; < Ch,. But then it has to be that ) ;. s; @i > 1 also for Chs, otherwise
it cannot be that Ch, < Chs, and so we have Ch; < Chs.

For antisymmetry, let Ch; < Ch, and Ch, < Ch;, and suppose they are different.
By the first relation we get that there are Sy, ..., Sy such that their inequalities agree
for §” # S, for j =1,....q and for them } ;g @; < 1inChyand } ;g a;i > 1
in Ch,. On the other hand, the second equation gives that there are 71, ..., T, such
that their inequalities agree for $” # Tj, and for them } ;.7 a; <1 in Chy and
ZieTj a; > 1in Chy. But this is impossible, since such T;’s cannot exist by the first
relation, so they must be the same chamber. [

The partial order we just defined on K naturally induces an order on [K].

Definition 3.12. Let [Ch;], [Ch;] € [K], [Ch;] < [Ch;] if there are two chambers
Ch; € [Chl] and Ch, € [Chz] such that Ch; < Ch,.

Then by Proposition 3.11 we have the following.



Filtrations of moduli spaces of tropical weighted stable curves 43

Corollary 3.13. The relation defined in Definition 3.12 is a partial order on the
set [K].

Both the number of chambers and the number of chambers up to symmetry are
finite, as showed in [3]. For every g, there is a unique maximal chamber, namely the
one given by the weight datum 17V Tt is easy to see that it is the only element in the
orbit of the action of S,, and consequently [Ch; ] is also the maximum with respect
to the partial order on chambers up to symmetry. When g > 1, there is also a minimal
chamber (up to symmetry) which contains all the admissible weight data A4 < ,ll(n).
Also in this case, the orbit of the minimal chamber is made only by itself.

From now on when g > 1, we denote by & a generic weight datum in the minimal
chamber, which is denoted by Chg.

An algorithm to compare weight data

Given two arbitrary weight data A = (a1,...,a,) and B = (b1,...,b,) in Dy, it is
possible to describe an algorithm which compares their chambers up to symmetry with
respect to the order we put on them, and also says whenever they are not comparable.
The procedure is the following:

(1) For a given input n, consider the group of permutations
S, ={0y=1id,...,0,...,0m}.

Consider also the inputs 4 and B, and denote by Ar = (a1, ..., ds k) the
datum oy (A).
(2) Foreachset S C {1,...,n} such that 2 < |S| < n — 284 o, we compute the
sums Y ;g bi.
The index k will count the iterations of the algorithm. So to start the iteration here we
setk = 1and A; = #A.
(3) Foreachset S C {1,...,n} such that 2 < |S| < n — 28, 9, we compute the
Sums ) e dik-
Then we can have the following outputs:

(3.1) If the condition ), ¢ a; x <1 holds if and only if the condition ) ;. ¢ b; <1
holds (and of course ) ;g a; x>1ifandonlyif ) ; ¢ b;>1), then [Chy] =
[Chg].

(3.2) If there are Sy.....Sq such that 3 ;g aix < 1and } ;g bi > 1, while
for every other S # S; forevery j = 1,....d we have ) ,.ga;x <1 if
andonly if ) ;. ¢ b; < 1, then [Ch,] < [Chg]. If the same happens but with
the roles of A and B are reversed then [Chg] < [Chy].
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(3.3) Ifthereare S, T suchthat ), .ga;x<land ) ;. b;>1while ) ;cra; x>
land ),y bi <1, we let the index k grow by one.
If k < n! we restart from the point 3) of the algorithm.
When k = n! + 1, we can conclude that [Ch4] and [Chg] are not compara-
ble in the partial order.

When n grows, this algorithm is not really efficient as it needs an extremely large
number of operations: in the worst case, if g > 1 we have to compute (2" —n)(n! + 1)
sums and make (2" — n)n! comparisons of results, while if g = 0 the number of sums
is (2" —2n — 1)(n! + 1), with (2" — 2n — 1)n! comparisons.

Notice that in the case of comparable chambers up to symmetry a smarter choice
of the permutation can reduce the number of the operations, but they will never fall
below the number of operations of the best case, which is when we need a single it-
eration. In this case, the number of sums is 2(2" —n) if g > 1 and 2(2" —2n — 1) if
g =0, while the number of comparisons is (2" —n) if g>1and (2" —2n — 1) if g=0.

4. Proof of the first main theorem

In this section, we give the proof of Theorem A, restated here.

Theorem A. Let g > 0, n > 1 be two integers, and A € Dg , a weight datum. There
are filtrations of M;m; given by embeddings induced by the partial order on the set of
chambers up to symmetry. Namely, an ordered sequence

[Ch,,A,]] = [Cha‘%z] == [Cho"op] == [Chef’oN—l] < [Chu]
induces a filtration is

trop trop trop trop trop
8:h1 8,A2 8:hp 8, AN—1 g:h

The same result holds if we replace M;(?i with the moduli space of extended weighted

tropical (g, #A)-stable curves M;(ﬁ or the moduli space of (g, A)-stable tropical
curves with volume 1 Ag 4.

The strategy of the proof is to show that there are filtrations of the graph categories
9,4 induced by the partial order on the chambers up to symmetry. Then the direct
limit description of the moduli spaces of tropical curves will give us the result.

4.1. Wall-crossing properties for graphs

Let g 4 be the graph category introduced in [19], where objects are (g, +) weighted
marked graphs with the morphisms described in Section 2. We start by showing that
weight data lying in the same chamber define equal categories of graphs.
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Lemma 4.1. Consider the map

W Den\ U W — {§g 4 : A is a weight datum}
weWy

sending a weight datum # in the graph category G4 4. Then
(1) the map WV is constant on each chamber of the fine chamber decomposition;

(2) the fine chamber decomposition is the coarsest one with the above property,
i.e., if A and B are in two different chambers of the fine chamber decomposi-
tion, their image under the above map is different.

Proof. We follow the lines of [19, Proposition 6.2], since the proof relies only on
graphs. The map is clearly constant on the fine chambers of Dy 5. It suffices to show
that §, 4 changes whenever we cross awall. Let S C {1,...,n} with2 < |S| <n be
the subset indexing the equation of the wall w = {} ,cga; = 1}.

Suppose first that g > 1. Let S C{1,...,n} with 2 <|S| <n be the subset indexing
the equation of the wall w = {) ;g a; = 1}, and consider the graph containing one
edge between two vertices, one of weight 0 and one of weight g, with all the legs with
index in S being incident to the one with weight O (see Figure 4). Then the graph is
stable of type (g, #) if ) ;¢ a; is greater than 1, otherwise it is not, i.e. changing the
half-space of £, ,, we are also changing the category ¥, 4, since the graphs are not
the same. In the case g = 0, let S C {1,...,n} with 2 < |S| < n — 2 be the subset
indexing the equation of the wall w = {), g @; = 1}, and consider the graph with
two vertices of weight O connected by an edge and legs incident to the first vertex
having indices in S, while the others are incident to the second vertex (Figure 5).
Suppose that ;g a; < 1, then the condition Y_7_; a; > 2 implies ) j4ga; > 1.
So when crossing the wall ) ;g @; = 1 without changing the a; such thati ¢ S we
obtain that the described graph is stable of type (0, 4) if ) ;¢ a; > 1, and it is not
otherwise, and again we conclude that changing the half-space of £y , the category
G, 4 18 also different. [

g 1// " legs indexed by S
other legs \

Figure 4. A genus g graph with all the legs indexed by S on a vertex.

g loops
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/ -~ legs indexed by S
other legs \

Figure 5. A genus 0 graph with all the legs indexed by .S on a vertex.

In the following lemma we will consider the case of weight data lying on walls.

Lemma 4.2. Let d > 1 be an integer and Sy, ...,S; C{l,...,n}. Let Ch be a
chamber such that ), s; @i < 1 for every j from 1 to d. Let R be a weight datum
such that Ziesj ri = 1, for every j from I to d, while for every S # S; the weight
datum R belongs to the half-space induced by S containing Ch. Then §, 4 is equal
to G4 R, for every A € Ch.

Proof. By definition, for all S and for every 4 € Ch we have » ;. ga; <1 if and
only if ) ;g7 < 1. Indeed, since A belongs to a chamber, ) ;. a; # 1 for any
S C{1,...,n}. Moreover, we can find 4 € Ch with the property that A < R. Indeed,
letS = U7=1 S;andlet e := (ming/xg | Y ;g Xi — 1])/2|S|. We can consider A =
(r1, ..., 7,;) where

_ { ri ifi ¢,
ri ‘=
ri—e ifi €8.
By construction, if ZieS_,— r; = 1, then Ziesj 7; < 1forevery j =1,...,d. More-
over,if ) ;cgri <lthen) ;g7 <landif) ;.gr; > 1then) ;g7 > 1.

By construction # < R, so the category G, 4 is a full subcategory of §; & by
Remark 3.7. As in Proposition 3.9 we can assume # to have all rational components,
so that 4 € Ch.

Now, by contradiction suppose there is G € Ob(F, &) \ Ob(¥, 4 ). If this happens,
there is v € V(G) such that

2w() =24 |vlg + |v|g <0 <2w() =2+ |v|E + |V|r.

This implies that there is an S such that [v[4 =) ;cga; <1 while [v|g=)",cgri>1,
indeed 2w(v) — 2+ |v|g + |v|4 < Oimplies 2w(v) —2 + |v|g < —|v|4,s0 wW(v) =0
and |v|g < 1, since they are all integers. But this is a contradiction to our hypothesis
on Ch and R, so the result follows. n

Proposition 4.3. Let Chy, Ch, € K be two chambers, A € Chy, B € Chy two weight
data. Then, if Chy < Chy, the category G4 4 is a full subcategory of §; 3.
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Proof. Suppose Ch; and Ch, are different, otherwise the result is trivial by Lem-
ma 4.1. Since Chy < Chy, there are Sy,...,Sg S {l,...,n}suchthat ) ;. ga; <1
for (ay,...,ap) € Chy and ) ;¢ b; > 1 for (by,...,b,) € Chy, for j =1,....d,
while for § # §; the defining inequalities of Ch; and Ch, have the same direction.

Suppose first d = 1. Since g, 4’s are constant on each chamber, by Proposi-
tion 3.9 we can find A’ € Ch;, 8’ € Ch; such that A" < B’ and we have §, 4 = G, 4/
and §, g = § . The inclusion follows from Remark 3.7.

Let d > 2, and suppose by induction that for every d’ < d, given two cham-
bers Ch) and Ch), whose inequalities agree for all but d’ sets of indices S 1S :1,,
and for every 4 € Ch; we have ), s di < 1 while for every 8 € Ch, we have
> es; @i > 1, then we can find a weight datum in /A’ € Ch), and B’ € Ch), such that
A <'B,

First, suppose there is a chamber Ch; whose defining inequalities agree with the
one of Ch; except for Sy, ..., S¢, for a number ¢ < d. Then by induction there is
A € Chy, #,@ € Chz and B € Ch, such that A < P and @ < B. Then we can
induce inclusions

ﬁg,A —> gg,g) = ‘gg,@ —> ‘gg,ig,

so by composition we get the desired inclusion.

Suppose now there is no chamber Chs, i.e. for every weight datum @ not belong-
ing to walls such that ZzeS qi > 1forsomei =1,...,d, then ZIGS qi > 1 for
every k = 1,...,d and the same holds picking the symbol < instead of the symbol >.

Let X € Chl, Y € Ch; and consider the segment which goes from X and ¥. Then
every point on the segment P; = (1 — )X + t¥ for ¢ € [0, 1] verifies all the common
inequalities, and there is at least a t’ € [0, 1] such that v = (p1, ..., pn) belongs to
awall wg,, forsome k = 1,...,d.Lete = mingr|y, _, p; 213 11 — D ;er pil and let
§ < e.Define B = (b1,...,bp) = (p1 + 5 S e+ 8) It follows by construction
that B verifies all the 1nequahtles Verlﬁed by P, and since ) ;. s, bi > 1 and it
cannot be on a wall it belongs to Ch,. Analogously we can define A4 = (a1,...,a,) =
(pr— %, Pn— —) Since ) ;¢ s, @i < 1 while all other equalities agree with the
one of Py then it belongs to Chy, and A < B by construction, so we conclude by
observing that we can suppose them to have all rational components as in the proof of
Proposition 3.9. |

Remark 4.4. The proof of this proposition also shows that for any two chambers
Ch; < Ch; we can find a weight datum in 4 € Ch; and 8 € Ch; such that A < 3.

By Example 3.4 we can easily deduce that each time we have two weight data
/A and a permutation o € §,, the two categories §; 4 and §; ;(4) are isomorphic,
since it is enough to send each graph to the one obtained relabeling its legs according
to o, without changing morphisms (they are equal if the chosen permutation acts
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trivially on the chamber). So, up to isomorphism, there is only a category , 4 for
each chamber up to symmetry, which is the one containing the chamber to which 4
belongs. Therefore, the latter proposition can be rephrased including this symmetry
property, giving the following:

Proposition 4.5. Let [Chy] and [Chy] be two chambers up to symmetry, and let
A € Chy € [Chy], 8 € Chy € [Chy]. There is an inclusion as a full subcategory
Yo 4 — Gg.8 each time [Ch;] < [Chy]. It is an isomorphism if the two chambers
up to symmetry are the same.

Since the stability conditions on tropical curves are defined on their underly-
ing graphs, everything we showed so far can be easily generalized for M;ﬁ, M, M
and Ag 4. We can resume everything in the following proposition.

Proposition 4.6. Let g,n > 1 be two integers and A and B two weight data in Dg .
(1) If A < B, then M C M5

trop

(2) If A and B are in the same chamber, then M\ A is equal to M

(3) If A and B are obtained one from the other through a permutatlon of coordi-
nates, then M;fi is homeomorphic to M;i% through a relabeling homeomor-
phism.

@) If A and B are in chambers which belong to the same orbit, then M lro; is

trop

homeomorphic to M g through a relabeling homeomorphism.

The same results hold if we replace the M grfﬁ ’s with the M;ii ‘s or the Ag 4’s.

Remark 4.7. A priori given 4 and B in different chambers, we cannot say if two
moduli spaces M A and M;’O% are not homeomorphic as topological spaces. The
point of using the relabehng homeomorphism is that they preserve the moduli space
structure.

Proof of Theorem A. We can now conclude the proof of Theorem A. Consider an
ordered sequence of chambers up to symmetry

[Chy,] < [Chy,] <--- < [Chy,] <--- <[Chy,_,] < [Chy].

At each step of the filtration [Ch,,] < [Ch,,, ] we can find two weight data A < B
and two chambers Ch; < Ch; such that 4 € Ch; € [Chy,] and B € Chy € [Chy, ]
Then M;iip ~ tmp C M m)p R M tmp e where by ~ we indicate homeomor-
phisms of the above proposmon (3), and the inclusion is the one of (1). This induces
the desired inclusion map M, R ny M;’ijﬂ. The result of the theorem then fol-
lows repeating this reasoning for each step of the sequence. ]
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Example 4.8. Consider the case g > 1, n = 3. We saw the chamber decomposition
in Example 3.2, and the chamber decomposition up to symmetry in Example 3.5. We
choose a weight datum for each chamber, and for symmetric chambers we choose
data obtained after a permutation:

e (1,1,1) € Chy;
12 14 .
o (2,181 _¢) e Chy
(ﬁv &, 27) € Ch3,
o (1-&12 1% e Chy;

. 21_4&_8)6(:115,

27°27° 27
¢ %_8’ 27° 27) € Che;

* % % ’27) € Chy;

® (9 g, 9 g, 9 —¢) € Chg;
. (3———8)€Ch9,

for 0 < & < 55. We pick these ¢ perturbations in order to have our weight data in the
interior of chambers Since moduli spaces are constant on each chamber, for every
weight datum A € Dy 3, the moduli space M A is the same as the space obtained
picking one of the nine data above (the one Wthh lies in the same chamber of #4). So
by the partial order on the set of the chambers, we get the following diagram:

Mtrop - M trop

g3 g,(1,1,1)
trop ~ trop ~ trop
M, ~ M, ~ MIT O,
g5(275 7 &) g,(27, 8527) 8,( 5:27:27)
Mtrop ~ trop ~ trop
g.(33, 14,12 ) \ g. (33,14 —e,12) g.(F2—e,42,14)
trop
g.(3-ed—ed—2)
trop
M 111
g.(3,3,3-9)

In the diagram, we indicated the relabeling homeomorphism of Proposition 4.6
with ~.
For example, the following filtration
Mtrop - Mtrop - Mtrop - Mtrop - Mtrop
g.(3.3.1-9 g (3—e4—c,4—2) g.($3—¢,42,13) g.(1-¢,42,13) &3

trop

of the space M, 3 can be obtained by picking the right column of the diagram.
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Clearly, the same diagram and the same filtrations also work for M;:’j and Ag 4.
Notice that in this case the partial order induced on the chambers up to symmetry
becomes total, since we can say for each couple of chambers up to symmetry which
of them is greater or equal than the other. This is not true in general, as showed in the
following example.

Example 4.9. Let g > 0, n = 8. Consider the chamber Ch; defined by the following
set of inequalities:

ay +az > 1,

ay +az > 1,

ay +aqg > 1,

ay +as >1,

ay +ae > 1,

ay+ay>1,

a; +aj <1 for any other couple of indices,
Y iesai > 1 forany S such that |S| > 3.

This is not empty, for example the datum
Al = (1+28,1—8,1—8,1—8,1—8,1—8,1—8,28)
2 2 2 2 2 2 2
belongs to Ch; for a sufficiently small . Consider now the chamber Ch, defined by
ay+ax; >1,
ay +az > 1,
a; +ag > 1,
a, +asz > 1,
a, +ag > 1,
az +ag > 1,
a; +aj <1 for any other couple of indices,
Diesai >1 onlyif |[S|>3and[S N{1,2,3,4} >2.

This also is not empty since
A (] Fetdeste sy )
= ~ 87 ~ 87 ~ 8’ -~ ’87 b ’8
2T\ TRy TRy ey TRSAE

belongs to Ch; for a sufficiently small . We can see that Ch; and Ch, are not com-
parable with respect to the partial order on K by looking at their defining inequalities.
Indeed, by definition, given Ch, and Chy in K we say that Ch, < Chy, if they are
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equal or, informally, all of their defining inequalities which have different direction
are such that ) ", g a; < 1 for every 4 € Ch, and ), g b; > 1 for every B € Chy.
But here we have that in Chy, a; + as > 1 while a; + a5 < 1 in Ch,. Meanwhile,
a + a4 < 11in Chy, but ap + a4 > 1 in Ch, so the above condition is not satisfied.

Moreover, these two chambers are in different orbits of the action of Sg on K
since the inequalities with two variables and right direction defining Ch; all con-
tains the variable a1, while in Ch, there is no variable repeated in all the inequalities
with two variables and right direction. So there is no permutation o in Sg such that
0(Ch;) = Chy, and this implies that [Ch;] and [Ch;] are not comparable in [K].

At the level of moduli spaces of tropical curves, it means that we can find points
in M;f’jl with combinatorial types which are not in M;f’;z and vice versa as showed
in Figure 6.

4.2. Wall crossing on graph complexes

Consider now the graph complexes G (¢-* introduced in Section 2.4. These com-
plexes are defined upon the same stability conditions that we have been considering
so far on graphs, so we can establish a theorem analogous to Theorem A which holds
for G(&M)

Proposition 4.10. Let g,n > 1 be two integers, and A and B two weight data in Dy .
(1) If A < B, then G&M c G&B),
() If A and B are in the same chamber; then G&* = G&B),

3) If A and B are obtained one from the other through a permutation of coordi-
nates, then G is isomorphic to G &%),

@) If A and B are in chambers Chy and Chy such that [Ch;] = [Ch,] € [K], then
G &* s isomorphic to G&8).

1 2
g 1 56783
3 6 M
g
4 5 g8 7 2 4
trop

Figure 6. The graph on the left is a combinatorial type of points in M;fo};‘)l but notin M, 7, .

while the graph on the right is a combinatorial type of points in M;mf&z but not in M;O&I .
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Proof. A generator of G&*) is a (g, A)-stable graph with an edge ordering under
the relation [G, w] = sgn(0)[G’, '] if there is an isomorphism of n-marked graphs
G = G’ under which the orders @ and ' are related by the permutation o € S|g (). If
A < B, every (g, #)-stable graph is also (g, B)-stable, so to show (1) we just send a
generator into itself. For (2), if +#4 and 8 are in the same chamber, then G, 4 = ¢ 8 s0
the result follows. Proof of (3) follows by the same reasoning by sending a generator
of G&*) into the generator of G &%) obtained relabeling the legs according to the
permutation which sends A to B. This also shows (4) as by hypothesis we can assume
A and B are obtained one from the other after a permutation of coordinates. ]

Theorem 4.11. Let g > 0, n > 1 be two integers. Fix a weight datum A € Dg ;.
There are filtrations of G€*) induced by the partial order on the set of chambers up
to symmetry given by inclusions of complexes. Namely an ordered sequence

[Chdh] = [Cha&z] <..-< [Chef’op] <. = [Ch,A,N_l] =< [CheA]a
induces a filtration of chain complexes

G@A) o, @A) ...y GEA) .. GE@AN-D <y G(&A)

with G&%*4r=1) < G&40) being an injective map of chain complexes for every
p=2,...,N.

Proof. At each step of the filtration [Chy,,] < [Chy, ] we can find two weight data
/4 < B and two chambers Ch; < Ch; such that A € Ch; € [Chy,] and 8 € Ch; €
[Chy, ] Then by Proposition 4.10, G@&H*r) = G&A c G&B) =~ GE-Ar+1) anal-
ogously to what we did to prove Theorem A. ]

4.3. Examples of filtrations

In this section, we construct some sequences of weight data, chambers and chambers
up to symmetry which define interesting filtrations of moduli spaces.

The five term filtration

Recall that for any g,n > 1 there are two special chambers up to symmetry: the
maximal chamber [Ch; ], which is greater than any other chamber up to symmetry,
and the minimal chamber [Ch, () ] := [Chg], fore < % which is smaller than any other
chamber up to symmetry. Moreover, both these orbits are made by a single chamber.

Let ¥ = (% + &, % cee, %). This datum belongs to the chamber Chg described
by the inequalities ) ;cga; < 1 forevery S #{1,...,n}and Y ;_;a; > 1 .1Itis
clearly invariant by the action of S, and so its orbit [Chg] is made only by itself. In
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particular, o (¥) € Chg for every o € S,,. Moreover, by the inequalities defining Chg
it is clear that Ch,(:) < Chg < Ch for any chamber Ch # Ch,c»).

Suppose we have two chambers up to symmetry [Ch;] and [Ch,] such that [Ch;] <
[Ch;], then it is always possible to construct a five term sequence

[Che] < [Chy] < [Chy] < [Chy] < [Chym]
inducing a filtration of moduli spaces

trop trop trop trop trop
Mg’g — Mgf — Mg,A — Mg,:B — Mgy,

where A € Ch; and 8B € Chs,.

Remark 4.12. In general, given a sequence [Chy, | < --+ < [Chy,] which does not
contain already [Chg], [Chg] and [Ch; ], it is always possible to extend it by two
terms [Chg] < [Chg] on the left and by [Ch;u)] on the right (if they are not already
in the sequence).

The heavy/light filtration

Letg>1,n>2,ande < ,ll We denote by (17, £=™)) the weight datum made by
a sequence of m components of weight 1, called the heavy components, and n — m
components of weight €~ called light components, for m which goes from 0 to 7.
Such data are called heavy/light. Notice that if m = 0 we get &, while if m = n we
get 1M,

By construction, we have

(l(m)’ 8(n—m)) < (1(m+1)’ 8(n—m—1))

forany m = 0,...,n — 1, and passing to their chambers it is easy to see that we have
Chg < Ch(y) cn—ny < < Chgyom gor-mry < === < Chiga—n gy < 1.

It is easy to check that all of these inequalities are strict except the last one, since
Chm-n gy = Chym.
So there is an induced filtration of spaces

trop trop o trop o trop
My e = M, (1) gn—1ry = " M Gom gnmmyy T Mgy

Of course the same holds also if we consider the chambers up to symmetry. In
that case, given a weight datum of the heavy/light form (1™, ¢»=™)) each chamber
in [Ch(jom) gu—my)] contains a heavy/light datum obtained by a permutation of the
original one.
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Remark 4.13. The heavy/light filtration also works for g = 0, but in this case we
must start by the case m = 2. These particular input data were used in [6] and [17]
to study the topology and the Chow Ring of the moduli spaces of rational tropical
curves.

The floor filtration

Fix g > 0and !/ € {2,...,n}. Suppose we have a chamber defined by the following
set of inequalities: ) ;g @; > 1 if and only if | S| > [. The weight datum

Hy = (;+81,...,;+81)

belongs to that chamber for ¢; sufficiently small, and its chamber Chy, is invariant
with respect to the action of S,,. We call [Chg, ] the /-th floor of the chamber decom-
position.

Notice thatif / = 2, Chg, = Chyw), while if | = n, Chg, = Chg. Moreover, by
construction

Chggl < Chggl_l
(and clearly the same holds if we pick them up to symmetry) so there is an induced
y p p y y
filtration
trop cee trop trop . trop
Mgf’ = - Mg,ﬂ’/ - Mg,«'f’f’l—l g Mg,”’

eventually extendable on the left with M;ng. Notice that being stable for a curve in the
[-th floor means that each valence one vertex needs at least [ markings to be stable.

5. Spectral sequences of graph complexes

We start this section putting in relation the reduced rational homology of A, 4 with
the top weight cohomology of M, 4. We start giving a brief account on the theory of
symmetric A-complexes introduced in [9] and [10].

Symmetric A-complexes

Let / denote the category whose objects are the sets [p] := {0, ..., p} for nonnegative
integers p, together with [—1] := @, and whose morphisms are injections of sets. A
symmetric A-complex is a functor from /°P to Sets.

For any weight datum +, we can consider our A, 4’s as symmetric A-complexes
as follows. Let X = A, 4 : I°° — Sets be a functor, with

X, = {equivalence classes of pairs (G, 1)},

with G € Ob(¥,, 4) and t : E(G) — [p] a bijection, where we consider t = 7’ if they
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are in the same orbit under the action of Aut(G). For every i : [p'] — [p] define X (i) :
X, — X, as follows: given an element of X, represented by (G, t : E(G) — [p]) we
contract the edges of G whose labels are not in i ([p’]) C [p], and then we relabel the
remaining edges with labels [p’] as prescribed by i. The result is a [p’] edge labeled
graph G’, and we set it to be X(i)(G).

To a symmetric A-complex X, we can associate its group of cellular p-chains

Cp(X) = (QSign ® QXP)Sp—H

where QX), is the vector space with basis X, on which S, acts by permuting the
basis vectors, and Q¢ denotes the action of S »+1 on Q via the sign. By [10, Propo-
sition 3.8] we know that the homology of Cx(Ag, 4) is identified with H, (Ag.4:Q).

Moreover, whenever X C Y is a subcomplex in the sense of [9, Definition 3.5],
for every p > —1 we can define C, (Y, X) by the exact sequence

0= Cp(X) = Cp(Y) = Cp(Y, X) = 0.

For every weight data 4 € Ch; and 8 € Ch; such that [Ch;] < [Ch;], since there
is an inclusion as symmetric A-subcomplex Ag 4 C Ag g, we can consider the rel-
ative chain complex C«(Ag 8, Ag 4) Whose homology is identified with the relative
rational homology by [9, Proposition 3.6],

Hi(Cs(Ag,8.Ag,a) = Hi(Ag, 8, Ag,4:Q).
First, we can prove the following theorem.

Theorem 5.1. Let g > 1 and A € Dg , a weight datum. There is a natural injection
of chain complexes
GEN - Cu(Ag4, Q)

decreasing degrees by 2g — 1, inducing isomorphisms on homology
Hicv2g-1(8g.4: Q) — Hi(GE)
for all k’s.

Proof. We prove this theorem following the lines of [9, Theorem 1.4]. Consider the
cellular chain complex C«(Ag 4. Q). It is generated in degree p by [G, w] where
Geg, gisagraphandw : E(G) — [p] =0, 1, ..., pisabijection, with the relations
[G, w] = sgn(0)[G’, '] if there is an isomorphism G — G’ of graphs inducing the
permutation o of the set [p]. We claim that the complex Ci«(Ag 4, Q) splits into
the direct sum of two subcomplexes A& @ B&-#)  4(&-4) peing spanned by the
generators where G has no loops and whose vertices have weight zero, and B&-A)
is spanned by the generators such that G has at least one loop or one nonzero vertex
weight. These are in fact subcomplexes: for B&*) it is clear, while for A& we
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need just to observe that if G has no loops and all vertices have weight zero, and
[G, w] # 0, then G has no parallel edges. Therefore, every contraction G/e also has
no loops and also has all vertices of weight zero.

Now we note that A®*) is isomorphic to G€-**) up to shifting degrees by 2g — 1,
and B&*) is the cellular chain complex associated to the subcomplex of tropical
curves with underlying graphs having at least a loop and/or a vertex with positive
weight Alg'f '4» Which is contractible whenever it is non-empty by [16, Theorem 3.2].
Therefore, B&>*) is an acyclic complex by [10, Proposition 3.8], so the result follows.

]

So the graph complexes G &) compute the reduced rational homology of the
Ag 4. This theorem generalizes [9, Theorem 1.4], and gives the following corollary.

Corollary 5.2. There is a natural isomorphism
Grog—eian ¥ T2 (Mg 41 Q) —> H(GEY).

Proof. Using the language of [10] and [9], the proof follows by Theorem 5.1 and
[10, Theorem 5.8] just observing that the dual boundary complex A(Mg, 4 C M a,4)
is Ag 4. Indeed, by [19, Theorem 1.1], we have D := ﬂg’,,g \ Mg 4 to be a divi-
sor with normal crossing (stack theoretically), so by [10, Corollary 5.6], A(D) is the
symmetric A-complex associated to the smooth generalized cone complex 6(4\7 PR
The rest of the proof is analogous to the one of [10, Corollary 5.6] and [9, Theo-
rem 6.1]. ]

Filtered chain complexes

We want to put on the graph complexes the structure of filtered chain complexes and
extract from them a spectral sequence in order to show our last theorem. We recall
briefly some definitions and facts about these objects.

Definition 5.3. A filtered module is an R-module A with an increasing sequence
of sub-modules FpA C Fp41A indexed by p € Z such that | J,cz FpA = A and
(pez FpA = {0}. We call {F, A} pez afiltration of A.

We say that the filtration { £, A} ez is bounded it F,, A = {0} for sufficiently small
p and F, A = A for sufficiently large p.

Definition 5.4. Let A be a filtered module. The associated graded module is defined,
in degree p, as G, A = F,A/F,_1 A.

Notice that there is a short exact sequence

0— Fpo14— FA— G,A— 0.
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Definition 5.5. A filtered chain complex is a chain complex (Cy, d) together with a
filtration {F,C;},ez on each C; such that the differential preserves the filtration, i.e.
8(chi) C FpCi_l.

We have a well-defined induced differential d : G,C; — G,C,_1, and so we can
define an associated graded chain complex G,Cx. Moreover, there is an induced fil-
tration on the homology of C, given by

FpyHi(Cyx) ={a € H;i(Cy) 1 = [x],3x € F,C;}.

Again, this has associated graded pieces G, H; (C«) defined as before.

Definition 5.6. A spectral sequence consists of the following:

* an R-module E , defined for each p, g € Z and each integer r > ro, where r¢ is
some nonnegative integer;

« differentials 8, : E}, , — E;_, .. such that 3} = 0 and E"*! is the homology
of (E",d,),1i.e.
Ker(ar : Elr;,q - E;—r,q-i-r—l)

Mm@, E)yryrir = E} )

r+1 __
pq

A spectral sequence converges if for every p, g, if r is sufficiently large, then
d, vanishes on Effq and E;Jrr’q_r_l_l. In this case, for each p, ¢, the module E;jq is
independent of r for r sufficiently large, and we denote this by E7%,. For a given r,
the collection of R-modules {E£ ;, q}, together with the differentials d, between them,
is called the r-th page of the spectral sequence. Each page is the homology of the
previous page.

Given a filtered complex, we have an associated spectral sequence obtained from
the short exact sequences extracted from the filtrations. Namely, let £ 1‘,), g = G6pCpiqg.
Then there is a well-defined 9 : E,(,),q — Eg,q_l. We denote E;’q = Hp14(G,Cy). and
define 0 : E;’q — E;_l,q as follows. A homology class @ € E;’q can be represented
by a chain x € F,Cp44 such that 0x € F,_1Cpyq—1. We set 01 (o) = [0x]. It follows
easily from 9 = 0 that 9; is well defined and 37 = 0. We now consider the homology
. Ker(0; : E;,q — E;_l’q)
P4 Im@r  Eyyy = Eb )

We can iterate this process for every nonnegative integer r, so we can define an r-th
order approximation to G, Hp+4(C«) by

ET — {X S FpCp+q 10x € Fp—GC+q—1}
P Fp—lcp+q + 8(Fp+r—lcp+q+1)
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Here the notation indicates the quotient of the numerator by its intersection with
the denominator.
Fix g,n > 1 and a sequence [Chy,] < --- < [Chy,, ]. It gives a filtration of chain
complexes
G@A) s ...y GEA) L. GEAN)

If we set by convention G (€-*») = {0} for every p < 0 and we let it stabilize at
the last term for every p > N, we can extend the above filtration for every p € Z,
with the trivial differential outside the bounds 0 and N . Then the induced filtration on

Gl.(g AN) makes G&#N) a filtered chain complex.

each
This structure on G €-*~) induces a spectral sequence as already seen, and we
have

0o _ (g,4N) __ (g,AN) (g,4N)
Epg = GPGp+q M= FPGp+q N /FP—IGp+q N

_ (gva’[)) (gs'Ap—l) e (g’Ap,eA?p—l)
- GIH“I /GP+q T GP'HI ’

with G;‘ijp HAp=1) being the complex of 4, but not 4,_; stable graphs, and

(@A) | 1 (8Ap—1) (@Ap 1)
Epl’q = p+q(GpG(g:e>“°N)) = Hp+q(GPiqp /Gp‘iqp 1 ): Hl’+q(Gpiqp p—1 )

So we are ready to show the last main theorem, restated here.

Theorem B. Fix g > 1, n > 2. Assume we have a sequence of chambers up to sym-
metry [Chy,] <+ <[Chy,] <--- < [Chyu,] and let GEAD) s ... s GEAP) s
.o <> G&AN) e the induced filtration on graph complexes. Then

N
w 4g—6+2n—k . ~ 00
Greg_orantl (Mg,ay: Q) = @ pk—p*
p=1

where the terms E;Ok_ p are the ones to which the spectral sequence induced by the

above filtration converges.

Proof. We consider the homology ring Hy(G€*~)) = Drez Hi (G&#N)) By
construction of the graph complexes, H(G®&#*N)) is supported only in degrees
1 —2g <k < g+ n — 3 so the sum is finite, and since any of the Hy (G & *N))’s
is finite dimensional this is true also for H, (G (&*N)). Moreover, each Hy (G (&*~))
comes with a filtration induced by the one on G &-*~),

Fp H(GEAY) = (o € He(GE*V) o = ). x € GE).

so also Hy(G€*N)) is filtered by

g+n-3
FH (G®*Y) = D FH(GE*Y).
k=1-2g



Filtrations of moduli spaces of tropical weighted stable curves 59

This gives to Hy(G & *N)) the structure of a finite dimensional filtered graded vector
space.
By [18, Section 1], such an object can be decomposed, in each degree, as the direct
sum
FpHp+q (G&AN)

Hk(G(garA’N)) — @ — @ G,H,+ (G(gJ'AN)).
(g,4N) piipTq
pta=k Fp-1Hp+q(GTE7NY) pta=k

Moreover, since the filtration is bounded, we can rewrite this sum taking only the
significant indices

N N
FpHpig(G&AN)
(8AN)) — pp+q _ (&.AN)
Hi (G )= For H s (GEARY) B Gy Hp14(G ),

p=1 p=1

where g = k — p.
Consider now the associated spectral sequence: by construction we have

GpHp+q (G&AN) = E;?q

since the spectral sequence converges to it, so

N
HUG A = D R,
p=1

To conclude it is enough to apply Corollary 5.2, so that

N
Grig—oranH* " (Mg ay: Q) = Hi(GEA) =D ES_,. =
p=1

We add some remarks about the proof:

Remark 5.7. The proof additionally shows that the same decomposition holds for
Hi_1(Ag, 4, :Q), just by applying Theorem 5.1 instead of the corollary.

Remark 5.8. Since the filtration is bounded, by [14, Lemma 3.1.d] the approxi-
mations of the spectral sequence stabilize after a certain r, i.e. E)% = E} , for r
sufficiently large. By the description

ET — {x € FpCpig :0x € FprCpig-1}
P Fp-1Cptg + 0(Fptr-1Cpg+1)

we can see that for our filtrations these terms stabilize when r > max{p, N — p + 1}
since for these r’s Fp_,Cpig—1 = {0} and Fp4,1Cpigi1 = Gl(,‘g_’;q‘AN). So ES, =
Emax{p,N—p+1}

P.q :
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Remark 5.9. The top weight cohomology Grg¥ ¢, H*8 621K (My 4. ) does
not depend on the chosen filtration: a priori different filtrations give different spectral
sequences and different convergence terms E;?k—p' Nevertheless, the two direct sums
will be isomorphic.

In general, some of the terms E;?k_ » in the direct sum may be zero.

Example 5.10. We put ourselves in the case g = 1, n = 3. We fix the sequence of
weight data of Example 4.8,

(3337926257250 (g -2z m) =(-omy) =1

for a sufficiently small &. We set also A = (%, % % —g), Ay = (9 &, % —¢, g g),
A3 = (% — &, %, %), Ay =(1—c¢, %, %) and A5 = 1™ for simplicity. The cor-
responding sequence of chambers up to symmetry is then

[Ch(%’%,%_g)] < [Ch(4_‘8 4 o4 8)] < [Ch( e 12 14y ] < [Ch(1 12 14y ] < [Chym].
By Theorem B, we can compute the homology of A; ;) = Ay, 3, which cor-

responds to the top weight cohomology of M; 3, computing first the terms of the
spectral sequence of G-3) and then using the shifting degree isomorphism. Since we
know that G-3) has homology only in degrees —1, 0, and 1, we have to compute only
three direct sums, each with five terms. All the terms E ; k—p stabilize for r > 5.

e Case k = —1. Here we have to compute @5 E, 5 —1—p- For each p from 1 to

is equal to the quotient G(1 ‘A"’)/(G(1 HAp-1) | 8G(1 Aoy
”” is generated by the loop graph L with a
single vertex and its only orlentatlon depicted in Figure 7, so the quotient is zero
whenever p > 2. When p = 1, BG(()I’A”_S“) G(1 As) — G(1 A1) by what we
saw, so the quotient is again zero. Hence

5
5, the term EJ _,_

Now for every p =1,...,5, G

5
Gr@ H (M1 3:Q =@ E, _,_, = {0}

: 2
3
L

Figure 7. This graph has only the loop-flipping automorphism, and only a possible order on its
set of edges. The resulting generator [L, w] has degree —1.
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Case k = 0: In this case, the terms are Elf’_p, for p =1,...,5. On the numerator
of the quotient which defines ES,—l— » We have Ker(d : G(()l"A”’ ) GSII’A” )) for

each p by construction. For p = 1 this is zero since G((,l"’"‘)

p=2, Gél""’z) is generated by [G, w;], where G is the graph of Figure 8.
All the w; are related by permutations of the indices, so there is only a generator

is already zero. When

class. The map 9 sends the generators [G, w;] into [L, w], so it is an isomorphism
and the kernel Ker(0 : G(()I’AZ) — GS;""‘Q)) is trivial. When p = 3,4, 5, the kernel
Ker(d : G(()I’A”) — G(_ll"A'p)) coincides with Im(09 : G((,I’AP) — G(_ll"A”)), due to
the generators coming from the graphs G, G, and G3 of Figure 9. But Im(9 :

G(()l”A’” ) G(_ll"A’” )) is exactly what we have in the denominator of the quotient
defining £ 5,_ p» S0 itis zero. Hence all the terms of the direct sum are zero, so

Grl H* (M, 3;Q) = {0}.

Case k = 1: Here we have to compute @5 E>

=1 Ep1—p- By construction, we see
that

E5

1,4p) (1,4p) 1,A,-1)
cip =Ker(0: Gy - Gy ) /Gy

Now, for every +,, the Kernel at the numerator has a single generator coming from
the graph H of Figure 10, but since H is (1, #)-stable for any p the generators

Figure 8. The graph G has no automorphisms, and since it has only two edges there are only

two possible orderings. It gives two generators [G, w;] in degree 0, for i = 1, 2, related by their

sign.

1 3 2 3 3 2
G, 2 G, 1 Gs 1

Figure 9. The graphs with this combinatorial type have only an automorphism which flips

the loop. This does not produce any odd permutation on the set of edges, so these classes are

nonzero. Again, there are six possible orderings on the edges, so we obtain generators [G;, w; ;]

in degree 1,fori = 1,...,6and j =1,2,3.
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2 H 3

Figure 10. The graph H has no automorphisms, and there are six different possible orderings
of its edges. This leads to six different generators [H, @ ;] in degree 1, fori = 1,...,6, all
related by the permutations of the ordering.

coming from it belong to G(I’A‘”_l) for any p = 2,...,5, giving Ejl _»=0.

When p =1, G(1 A0) — = {0} by the convention we adopted at the beginning, so
Gr¥ H3 (M, 3;Q) = @ ey =Eig

= Ker (9: G* = G§*) = Q.

The computations made in this example give what was expected from [9, Corol-
lary 1.3], which says that the top weight cohomology of M , is supported in degree
n with rank (n — 1)!/2 for n > 3, which equals 1 when n = 3.

Remark 5.11. We can use the theorem to estimate the dimension of the cohomology
of Mg ». Suppose we have n, g > 1, and a fixed sequence [Chy, | < -+ < [Chy,] <

< [Chu,]. Let E;’ok_ » be one of the pieces of the direct sum coming from the
filtration, then

dim H4g—6+2n—k (*A'{g,n; Q) > dim GrGI/I;_6+2nH4g—6+2n—k (Mg,n; Q)

: o0
> dim Dk—p>

so if we are able to estimate the dimension of one of the pieces we can give nonvan-
ishing results for the cohomology of M .

Example 5.12. Let g = 2, n = 3 and consider the sequence coming from the floor
filtration of Example 4.3, extended on the left by the minimal chamber,

Ch,3 < Chg, < Ch;a.

By Theorem B we know that Gr}5 H8~ F(Ma3:Q) = EBN E°° - For k = 2 the
last term of the sum is E3 3 _1» which has dimension at least 1. To see thls consider the
graphs in Figure 11, then H1 H, + H3 — Gy + G, — G3 belongs to G(2 %) and one
can see its differential is zero. However, its quotient by Gé #3) |
is —G1 4+ G, — G3, so it defines a nontrivial element of E;,—s-

is nonzero, namely it
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2 3 1 3 1 2
el €1 €1
e €3 e €3 e €3
e (L e (3 e €6
1 2 3
Gy G- Gs
2 3 1 3 1 2
€1 €1 €1
€2 €3 €2 €3 €2 €3
€4 €4 €4
e (4 e €6 e €6
1 2 3
H, H, H;

Figure 11. These are generators of G§2'3). The letters e; represent the chosen order on the set
of edges.

Then we conclude that
dim H®(M23:Q) > dimGr{5 H(M23;Q) > dimE3 _| > 1,

i.e. H%(M3 3; Q) does not vanish.

Relative Homology

There is a relation between the spectral sequence associated to a filtration and the
relative homology with respect to the inclusion of Ag 4 C A,z g. As we already saw,
whenever X C Y is a subcomplex, for every p > —1 one can consider the exact
sequence
0= Cp(X) = Cp(Y) = Cp(Y, X) = 0,

with Cy (Y, X)) computing the relative homology.

In particular, whenever we have an inclusion Ag 4 <> Ag g, the relative chain
complex C«(Ag, 8, Ag, 4) has its homology coinciding with relative rational homo-

logy
Hi(C«(Ag 8, Mg 4)) = Hi(Ag. 3. Mg 4:Q),

as it has a natural isomorphism with C«(Ag,8)/Cx(Ag, 4).
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Now as we saw in the proof of Theorem 5.1 we have a decomposition Cx(Ag 4) =
A& @ BEA) 50 we can decompose also Cy (Ag,8)/Cx(Ag, 4) into

A(g’ﬂ)/c*(Ag,,A,) @ B(g,o'B)/C*(Ag’eA).

The term B&®)/C, (A4 4) is acyclic, since also B&-8) is. Now, consider the
shifting degree injection j : G&*) — Ci(Ag 4. Q) of Theorem 5.1: it is clear by
the definition of A% that 4®-®)/C, (A4 4) is isomorphic to A&B) /j(G&A)
and this is isomorphic to G &) /G&H) .= G(&B:A) with the isomorphism shifting
degrees by 2g — 1. The complex G ¢-%-*) can be seen as the one generated by (g, B)-
stable but not (g, /)-stable graphs, with the same conventions on the degree and the
same boundary map.

Through the latter isomorphism, we can conclude that there is an isomorphism

Hi—2g11(GEBM) > Hi (Mg 5, Mg 4 Q).

Example 5.13. Consider the floor filtration of Example 4.3. A graph is (g, #;)-stable
if and only if its leaves have at least / markings, and its vertices of valence 2 have at
least one. In particular, when [ = 2 we get the usual notion of stability. Then the com-
plex G&-#1:%1+i) is generated by stable graphs (in the standard sense) with a number
of markings on each leaf between / and / —i — 1, and by the previous computations
we have Hy_pg11(G&H1-%140)) = Hy (Ag 50, Ag e, Q).

In particular, if i = 1, G&#:-#1+1) is generated by stable graphs with exactly /
markings on each leaf.

When ! = 2, we have #, € Chyum) so

Hie—2g+1(GE 2%y = Hi(Ag . Mg e, Q).
As an example of computation, if g = 1 and for every n we have
Ho(A1n, A5 Q) =0, Hi(Atn, Ar,3e5:Q) = 0.

Now for a given filtration, at each step we have E;’q = Hpy4(G&HAr-Ar-1)) 50
we conclude that the first page of the spectral sequence computes the relative homol-
ogy at each step of the filtration.
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