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Homology of weighted path complexes and
directed hypergraphs

Yuri Muranov, Anna Szczepkowska, and Vladimir Vershinin

Abstract. We introduce the weighted path homology on the category of weighted directed hy-
pergraphs and describe conditions of homotopy invariance of weighted path homology groups.
We give several examples that explain the nontriviality of the introduced notions.

1. Introduction

One of the tools for the investigation of global structures in graph theory are (co)ho-
mology theories which were constructed recently by many authors for various cat-
egories of (di)graphs, multigraphs, quivers, and hypergraphs [4,6,7,10, 12, 14-16].

The notion of directed hypergraphs arises in discrete mathematics as a natural
generalization of digraphs and hypergraphs [3, 8]. At present time, there are many
mathematical models of various complex systems in which the system is presented
by a network whose interacting pairs of nodes are connected by links. Such mod-
els are naturally presented by hypergraphs with additional structures [2]. The notions
of path, cycle and weight structure on hypergraphs arise naturally for the directed
hypergraphs. These concepts allow to investigate global structures on hypergraphs by
methods of algebraic topology and, in particular, homology theory. The excellent sur-
vey of application of directed hypergraphs to various aspects of computer sciences is
given in paper [1]. The application of homology theory of hypergraphs in the phar-
maceutical industries is described, for example, in [5, 13].

In the present paper, we introduce several categories of weighted directed hyper-
graphs and the notion of homotopy in these categories. Then we define functorial
homology theories on such categories using the homology theory of path complexes
constructed in [9, 10, 12]. We describe also the conditions of homotopy invariance of
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introduced homology groups and we give several examples. In the paper, we consider
only finite digraphs, path complexes and directed hypergraphs.

2. Path homology of weighted path complexes

A path complex [9, Sec. 3.1] I1 = (V, P) consists of a set V' of vertices and a set P of
elementary paths (io - - - i) of vertices such that one-element sequence (i) is in P and
if ({g---iy) € P then (ig---in—1) € P, (i1---iy) € P. The length of a path (ig---iy)
is equal to n. We denote by [Ty = (V, Py) the path complex for which Py consists
of all paths of finite length on V.

A morphism of path complexes f:(V, P) — (W, Q) is given by the pair of maps
(fv, fp) where fy:V — W and fp(io---in) := (fy(io)--- fy(in)) laysin P. Thus
we obtain a category J whose objects are path complexes and whose morphisms are
morphisms of path complexes.

Let J = {0, 1} be the two-element set. For any set V = {0,...,n}, let V x J
be as usual the Cartesian product. Let V’ be a copy of the set V with the elements
{0/,...,n"} where i’ € V' corresponds to i € V. Then we can identify V x J with
V I]V’ in such a way that (i,0) corresponds to i and (i, 1) corresponds to i’ for
all i € V. Thus, V is identified with V x {0} C V x J and V’ is identified with
V x {1} C V x J. The natural bijection V' = V' defines the set of paths P’ on the
set IV’ by the condition: (iy---i,) € P"iff (ig---i,) € P. We define a path complex
0t = (v x J, P1) where

P'=PUP UP
P* ={q} = (o~ ikip.igpyip) | g = (io- ik ikq1-++in) € P}.

There are morphisms ie: IT — IT" and jo: IT — TIT which are induced by the natural
inclusion of V in V' x {0} and in V' x {1}, respectively.

Definition 2.1. (1) A path complex IT=(V, P) is called weighted if it is equipped
with a function dy: V' — R where R is a unitary commutative ring. This
function is called the weight function. We denote such a path complex by
% = (v, P, 8y).

(i) Let (V, P,dy) and (W, S, ) be weighted path complexes. A morphism
f:(V,P)— (W,S) of path complexes is a weighted morphism if Sw ( fy (v))
= 8y (v) for every v € V. We denote such a morphism by f?.

Weighted path complexes with weighted morphisms form a category we denote
by P9.
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Let [T1% = (V, P, §y) be a weighted path complex. Then the path complex I1" has
the natural structure of the weighted path complex IT"° with the weighted function
5VXJ(U, 0) = 5ij(v, 1) = 51/(1)).

Definition 2.2. (i) We call weighted morphisms f?, g%: TT¥ — % of weighted
path complexes weighted one-step homotopic if morphisms f, g are one-step
homotopic (see [10, Def. 3.1]) and the homotopy F: 1T — X is a weighted
morphism.

(i) Two weighted morphisms f 8 g8: I’ — =8 of weighted path complexes are
homotopic % ~ f9 if there exists a sequence of weighted morphisms

8 5 6 8 N )
fo=f e, =811 = 2
such that any two consequent morphisms are one-step homotopic.

Thus, we obtain homotopy category 1% whose objects are weighted path com-
plexes and morphisms are classes of weighted homotopic weighted morphisms.

Proposition 2.3. Let f § o8:T1% — % pe weighted morphisms of weighted path
complexes which are one-step homotopic as morphisms of path complexes. Then
morphisms f 5 and g8 are weighted one-step homotopic.

Proof. It follows from the definition of the weight function Sy« . |

Let I1® = (V, P, 8y). We define the weighted path homology groups HY(IT%)
with coefficients in a unitary commutative ring R similarly to the regular path homo-
logy groups [10, Sec. 2]. For n > 0, let R,,%(V) be a module generated by all paths
(ig -+ i) on the set V' which are regular, that is iy # ix+q for 0 <k <n —1 and
RET(V) = 0. Let Ry *(P) C Ry (V) be submodules generated by paths from P for
n > 0and R (P) = 0. We define a weighted boundary homomorphism

8;,”: Rn(V) = Ru—1(V)
by putting 5’ = 0 and

0 (Cigin) = Y (=18 (is)e .7

)
s=0

in

for n > 1, where /i\s means omission of the index is;. Then, similarly to the case of
unweighted boundary homomorphisms in [14], we obtain (%)% = 0. Let us define
R-modules Q¥ = Q¥ (I1%) by setting QY =0and

QY ={veREP)|0¥veRE (P) forn=>0.

Modules ¥ with the differential induced by 0 form a chain complex. Homology
groups HY(T1%) of this complex are called weighted path homology groups.
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Recall that a digraph G = (Vg, Eg) is called weighted if it is equipped with
a weight function dy;: Vg — R. Let GS = (VG, Eg, dv,;) be a weighted digraph
without loops. We define a weighted path complex ©*(G) = (Vi, Pg .8y, ) in which
apath (ig---i,) on the set Vg lies in Pg iff for k = 1,...,n every pair of consequent
vertices ix_1, iy lies in the edge (ix—1 — ix) € Eg. Thus, one gets a functor ®" from
the category of weighted digraphs DI to the category of weighted path complexes B
We define the weighted path homology of the weighted digraph by

HY(G%) := HY (D" (GY)).

The homology group HY(G?%) is a functor from the category D? of weighted digraphs
to the category of R-modules.

Example 2.4. We give two examples of weighted path complexes IT¢ for which
the regular homology groups H,(IT) and HY(IT%) with coefficients in Z are non-
isomorphic.
() LetIT® = (V, P,8y) withV = {a,b,c,d}, P ={a.b,c.d,ac,ad, bc,bd}
and 8y (a) = 6y (b) = 1, 8y (c) = 8y (d) = 0. The path homology groups of
IT = (V, P) coincide with the regular path homology groups of the digraph

a/C\b
\d/

We have
7 fori = 0,1,
H;(IT) = ,
0 fori > 2,
and
s 72 fori =0, 1,
0 fori > 2.

(i) Let IT1% = (V, P, 8y) with V = {a,b}, P = {a, b, ab}, and 8y (a) = 2,
Sy (b) = 4. The path homology groups of IT = (V, P) coincide with the reg-

ular path homology groups of the digraph a — b. We have
Z fori =0,
0 fori > 1,

H;(T) = {

and

7 & 7 fori =0,
HiW(HS)z{ Gre o

fori > 1.
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Let us fix a weighted path complex 1% = (V, P, §) with a weighted function
8:V — R such that §(i) is an invertible element for all i € V. We define a function
y:V — R by putting y(i) = (8§(i))~'. Recall that for the weighted path complex
M = (V x J, P1, 8yx), we identify V x {0} with V, V x {1} with V"’ and, hence,

Syxg(v,0) = 8yxs(v,1) =8y (v) =8y (v') forveV.

Thus, for a path e;,..i,, € Ry *(P) and 0 < k <n, we have 8(ix) = 8(i), y(ix) = y(i}).

For n > 0, we define a homomorphism 7: R, 5(V) — :‘Rfil (V x J) on basic regular

n-paths v = ¢;,,..;, by
n
T(0) = Y YD) (D gy i 2.1)
k=0
We set R=5 (V) = 0 and define T = 0: R (V) — Ry5(V x J).
Lemma 2.5. Forn > 0 and any path v € R,5(V), we have
t(v) + 1(0%v) = v —v. (2.2)

Proof. 1Itis sufficient to prove the statement for basis elements v = ¢;,,..;,. Forn = 0
and v = ¢;, € R, (V), we have

0" t(eig) = 0" (v (io)eigig) = (o) - (8(io)eyy — 8(io)ei)
= y(io) - S(iO)[eié —ejy] = €if — €ip»
(0% v) = 7(0) = 0,
and so (2.2) is true. Let v = €jy.i,, € Ry~ (V) with n > 1. Then

0 (r(v)) = 0¥ ( D O i) ey i ,-,;)

n—1
k=0

n k
= Z(—Dk( > (—1)'"S(im)y(ik)e,-o...;m...,-kii,...,-,1)
k=0 m=0

D ( D OB el
k=0 m=k

= 3 DSy Gne,

0<m=<k<n

+ Y DTGy Ge,

0<k<m=<n

0"'im“'iki;/(“'i;l

~
iged iy i
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and
n
@) = o X 0"8Gme, 5,0,
m=0
n m—1
_ ko .
-y <—1)m( (1) S(z,’,,)y(zwe,-o...,.k,.;C...;;n...,.;)
m=0 k=0
n n
+ Z(—l)m( Z (—l)k_lS(im)y(ik)eio...fm...ikili‘..i;l)
m=0 k=m+1
= Z (_1)k+m8(ir/n)7/(ik)ei0...ikilfc...f;n...i;l
0<k<m<n
+ Z (_1)k+m_1S(im)y(ik)eio...fm...ik,';(...i,; .
0<m<k<n
Hence
0"t () + (@ v) = Y D8 n) €500
0<k=<n -1
+ > GO G)Y) €
0<k=<n -1
= Z eiO"'ik—li;/C"'i;/q - Z eio'"iki]/c+1“'it/’l
0<k=<n 0<k<n
= e,-(f)...,-;l + Z ei()"'ikfli/i"'ir/z
1<k<n
— Z eiO"'ikil/{+1“‘ir/1 — eio...in
0<k<n-—1

= e,'(f)...,-;l — Cig-ip

+ ( E eiO"'ik—li]/("'it/l - E eiO"'iki;/c_,_l"'i;z)

0<k—1<n-1 0<k<n-—1

—_— . . _— / —_
= @) ify = Ciguiy =V — V.

72

Theorem 2.6. Let f8 ~gb: T8 = (V,P,8y) — (W, S,8w) = = be weighted homo-
topic morphisms of weighted path complexes such that the elements 8y (i) € R are

invertible for all i € V. Then morphisms f 5 and g‘g induce the chain homotopic

morphisms of weighted chain complexes
1P =gl (P) > QU(S)

and hence, the equal homomorphisms of weighted path homology groups.
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Proof. 1t is sufficient to consider the case of the one-step weighted homotopy
F: 1" = 55 between % and g%. By definition Fy o [is], = fix and Fx o [Je], = gx.
We define a chain homotopy L,: €2/ (P) — €7, ,(S) such that

oYL, + L,_10" = g« — [+

Let the element v € R, *(P) belong to Q¥ (P). Then, by definition, (v) € Rfil (Ph.
To prove that t(v) € ), (P1), it is sufficient to check that 9% 7 (v) € Ry 2(P1). By
definition, 0% v € R, %, (P) C Q¥_,(V). By Lemma 2.5,

n—

() = —t(@%v) + v —v

where the right summands belong to R, (P ). Hence, t(v) € Q¥ ,(P1). Forn > 0,
we define homomorphisms

Ln(v): 82,/ (P) — 2,/11(S)
by L, (v) := F«(t(v)). Now, we check that L, is a chain homotopy:

(0¥ Ly + Lp—10")(v) = 3¥ (Fx(t(v))) + Fu(r(3"v))
= F (0¥t (v)) + Fi(z(3%v))
= F(0¥7(v) + 1(3%¥v))

= F(v' —v) = gl (v) — (). n

3. Path homology of weighted directed hypergraphs

Definition 3.1. (1) A directed hypergraph G = (V, E) consists of a finite set of
vertices V and a set of arrows E = {eq,...,e,} where e; € E is an ordered pair
(A;, B;) of disjoint non-empty subsets of V' such that V = Ue,»eE(Ai U Bj).
The set A = orig(A — B) is called the origin of the arrow and the set B =
end(A — B) is called the end of the arrow. The elements of A are called the
initial vertices of A — B and the elements of B are called its terminal vertices.

(ii) A directed hypergraph G = (V, E) is called weighted if it is equipped with
a function §y: V' — R where R is a unitary commutative ring. This function
is called the weight function. We denote such a directed hypergraph by Gb =
(V, E,8y).

For a set X let P(X) denote as usual its power set. We define a set P(X) :=
{P(X)\ @} x {P(X) \ @}. Every map f:V — W induces a map P(f): P(V) —
P(W). For a directed hypergraph G = (V, E), by Definition 3.1, we have the natural
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map ¢g: E — P (V) defined by pg(A — B) := (A, B). Let X C V be a subset of
the set of vertices of a weighted directed hypergraph G%. Define the weight | X | of a
set X by setting
1X]:= )" 8y (x).
xeX

Let G = (Vg, Eg) and H = (Vy, Eg) be two directed hypergraphs. By [14,
Def. 2.1], the morphism f:G — H is given by a pair of maps fy: Vg — Vg and
fE: EG — Epg such that the diagram

E¢ —25P(Vg)
1 ln»«m 3.1)

Eg —2LP(Va)

is commutative. Let G% = VG, Eg.8y;) and HS = (Va, Eq, 8y, ) be two weighted
directed hypergraphs and let f: G — H be a morphism.

Definition 3.2. (i) The morphism f is called vertex-weighted if §y,, (fv (v))=
3y (v) for every v € V. We denote such morphism by .

(i) The morphism f is called edge-weighted if for every (A — B) € Eg and
fe(A— B) = A" — B’ the conditions |A| = |A’|, | B| = | B’| are satisfied.
We denote such a morphism by f°.

(iii) The morphism f is called strong-weighted if it is vertex-weighted and edge-
weighted simultaneously. We denote such a morphism by f¥.

Example 3.3. (i) LetG®=(Vg,Eg.$§ v ) be the weighted directed hypergraph
with Vg = {0, 1,2}, Eg = {{0} — {1,2}} and §y; (i) = 1 fori € V. Let
HS = (Vy,Eq, 8y, ) be the weighted directed hypergraph with Vg = {0, 1},
Ec = {{0} — {1}} and 8y, (i) = 1 for i € Vg. Consider the morphism of
directed hypergraphs f:G — H where fy(0) =0, fiy(1) = fy(2) =1 and
fE({0} — {1,2}) = ({0} — {1}). Then f is a vertex-weighted morphism
but it is not an edge-weighted morphism.
(ii)) Let G and H be the same directed hypergraphs as in (i). Define the weight
functions dy,; and 8y, setting Sy, (0) =1, Sy, (1) = 8y, (2) = 1/2 and
Oy, (i) = 1fori € Vy. Then the morphism f: G — H defined in (i) is an
edge-weighted morphism but it is not a vertex-weighted morphism.

(iii)) For any weighted directed hypergraph G? the identity morphism Id: G —
G? provides an example of a strong-weighted morphism.

(iv) Let G® be the directed hypergraph as in (i) with the weight function 8y (0)=
Sy, (1) =1, 8y,(2) =0. Let F8 = (Vp,Ep, 8y, ) be the weighted directed
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hypergraph with Vg = {0,1,2,3}, EF = {{0} — {1, 2,3}} and v, (0) =
Oy, (1) =1, 8y, (2) = 8y (3) = 0. Consider the morphism of directed hy-
pergraphs g: F — G where fy(0) =0, fy(1) =1, fyr(2) = fyr3) =2
and fg ({0} — {1,2,3}) = ({0} — {1,2}). Then g is the strong-weighted
morphism.

Thus, we obtain categories DH, DIH®, and DH° of vertex-weighted, edge-
weighted, and strong-weighted directed hypergraphs, respectively.

Let G = (Vg, Eg) be a directed hypergraph. We define subsets Py (G), P1(G),
and Py; = Po(G) U P1(G) of P(V) \ @ by setting

Po(G) ={A eP(Vg)\ 0 |IB eP(Vg)\0: A — B € Eg}.
Pi(G)={BeP(V5)\@|3AeP(Vg)\0: A — B € Eg}.

We define adigraph W(G) = (V3. Ef;) where Vi ={C e P(V)\ 0| C € P1(G)}
and E, ={A — B | (A — B) € E}. Note that 0 is a functor from the category D
of directed hypergraphs [14] to the category £ of digraphs. We equip the digraph
W(G) = (V§, EG) with a structure geff a weighted digraph by defining a weight func-
tion in the following way: 5V3 (A) := |A| where |A]| is the weight of the set A. We
denote such a weighted digraph by 9" (G).

Proposition 3.4. Every edge-weighted morphism of weighted directed hypergraphs
f€:G% — H? defines a morphism of weighted digraphs
[ ()] = (S S8 (Ve EgSyn) — (Vi Efy.Sup)

by f}(C) :=[P(fH)C) and fg(A — B) = (fi;(4) — f(B)) € E};. Thus, we
obtain a functor MY from the category DH® of edge-weighted directed hypergraphs
to the category D° of weighted digraphs.

Example 3.5. Let G® = (Vg, Eg, dv,;) be the weighted directed hypergraph with
Ve =1{0,1,2,3}, Eg = {{0} — {1,2},{1,2} — {3}, {0} — {2,3},{0} — {3}} and
dy; (i) = 1fori € V. Then NY (G?) is the following weighted digraph:

A——C

I\

D B,

in which A = {0}, B = {3}, C = {1,2}, D = {2, 3} and 8V5(A) = SVg(B) =1,
814(C) = Sy (D) =2
The composition D¥ o N¥ is a functor DH* — P4, and we define the edge-

weighted path homology groups of the weighted directed hypergraph G® by
HE(G) := HY (D" o N*(G)).
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Now we use the notion of a line digraph I, = (V;,, E1,) (n > 0) from [11,
Sec. 3.1]. Note that we have two digraphs /;, namely 0 — 1 and 1 — 0. For a
digraph G the box product GO1I, is a digraph with Vgoy, = Ve x Vi, and with
the set of arrows Egmy, such that there is an arrow ((x,i) — (. j)) € Egog if and
only if either x = y andi — j orx — y andi = j, see [11]. If G%isa weighted
digraph, we equip the digraph G, with the structure of a weighted digraph by set-
ting 8y, (v.i) = 8y, (v) forv € Vg, i € Vi,. We denote this weighted digraph by
G°0I,.

For a directed hypergraph G, the box product GOI, = (Vgor,. Ecni,) is a di-
rected hypergraph with Vgoy, = Ve x Vi, and the set of arrows Egny, being a
unionof {A xi - Bxi},(A— B)e Eg,i e Vj,and{Axi - Axj}, (i —j)
€ Er,, A € Py (G). If G is a weighted directed hypergraph, we equip the directed
hypergraph GO, with the structure of a weighted directed hypergraph by setting
$vgpy, (v x 1) = 8yg (v) for v € Vg, i € Vi,. We denote this weighted directed
hypergraph by G®01I,. Recall, see e.g. [14], that two morphisms fy, f1: G — H
of directed hypergraphs are called one-step homotopic fo ~1 f1, if there exists a
morphism F: GOI; — H, such that

Flgogy = fo:GO{0} - H, Flgop = fi:GO{1} - H.

Two morphisms f, g: G — H of directed hypergraphs are called homotopic f >~ g,
if there exists a sequence of morphisms f;: G — H fori = 0,...,n such that f =

Soxi iz > fa=28.

Proposition 3.6. Let f\, f": G® — H® be weighted morphisms of weighted directed
hypergraphs where y is v, e, or s. If fo and f1 are one-step homotopic as morphisms
of directed hypergraphs by means of a homotopy F, then F can be considered as a
weighted morphism F*: G® x I, — H?.

Proof. 1t follows from the definition of Géar,. ]

If y means one of the values v, e, or s we obtain a homotopy category of -
weighted directed hypergraphs hD J¢* whose objects are weighted directed hyper-
graphs and morphisms are classes of homotopic y-weighted morphisms.

Lemma 3.7. Let 118= (0 — 1) and G® be a weighted digraph. Then there is an
equality [V (GHT° = DY (G*T1) of weighted path complexes.

Proof. Tt follows from the definitions of the functor ©", the box product, and the
path complex T11. |

Lemma 3.8. Let G® be a weighted directed hypergraph and I; = (0 — 1). Then there
is an equality [DY ¥ (G)]Tg = DYN®(GOIL) of the weighted path complexes.
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Proof. By Lemma 3.7, [DY ()Y (G))]TS =2DY[NY(G)OI;]. The weighted digraphs
NY(G)OI; and NY (GOI,) are equal by definition of the box product and the func-
tor Jt¥. Hence, DY [NY (G)O1;] = DYNY(GOI;) and the result follows. [

Theorem 3.9. Let f€, g% G® — HS be edge-weighted homotopic morphisms of
weighted directed hypergraphs and assume that all elements of the set K = {k € R |
k = |A|, A € Po1(G)} are invertible in R. Then the induced homomorphisms

fe 8+ H{(G, R) —> H,(H.,R)
coincide.
Proof. Tt follows from Lemma 3.8 and Theorem 2.6. |

Let us consider a subcategory hD H#! of the category hD ¢ in which 8y = 1 for
every weighted directed hypergraph.

Theorem 3.10. [fthe ring R is an algebra over rationals, then the weighted homology
groups HE(—, R) are homotopy invariant on the category hD #*.

Proof. Similar to the proof of Theorem 3.9. ]

Now, we describe several weighted path homology theories on the category D F”
which are similar to the path homology theories on £ J constructed in [14, Sec. 3].
We present here only functorial and homotopy invariant theories. The other path
homology theories from [14] can be transferred to the case of weighted hypergraphs
similarly. Let us consider the functors €, ®8, and the functor given by the composition
$7 o € from the category DK to the category J of path complexes [14]. We recall
the definition of these functors for objects, then it will be clear for morphisms.

Let G =(V, E) be a directed hypergraph. Define a path complex €(G)=(V°, P§)
by V¢ =V and a path (i ---i,) € Py lies in Pg iff for any pair of consequent vertices
(ig, ix+1) either iy = ix4q or there is an edge e = (A — B) € E such that iy is the
initial vertex and i 4 is the terminal vertex of e.

Recall the definition of the concatenation p v g of two paths p = (ip, ..., in)
and ¢ = (jo,..., jm) on aset V. The concatenation is well defined only for i, = jo
and in such a case, it is a path on V given by p vV ¢q¢ = (io---inj1 - jm). Define a
path complex B(G) = (V2, Pcb;) where V2 = V and a path ¢ = (ig---in) € Py lies
in Pg iff there is a sequence of edges (49 — By), ..., (A, — B;) in E such that
BN A1, # @for0 <i <r — 1 and the path g can be presented in the form

(Po\/vowovpl Voiwy VvV pa VeV pr VU Wy Vpr+1)

where po € Pa,, pr+1 € Pp,,v; € Aj, w; € B;, p; € Pg,_, N Py, for1 <i <r and
all concatenations are well defined.
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Recall that a hypergraph G = (V, E) consists of a non-empty set V' of vertices and
aset of edges E = {ey,...,e,} which are distinct subsets of V' such that U?=1 e =V
and every e; contains strictly more than one element. For a directed hypergraph G,
we define a hypergraph €(G) = (V¢, E¢) where V¢ = V and

E¢={C eP(V)\0|C=AUB,(A— B) € E)}.

For a hypergraph G = (V, E), define a path complex $?(G) = (V?2, Pé) of density
two where V2 = V and a path (ig ---i,) € Py lies in P(z; iff every two consequent
vertices of this path lie in an edge e € E, see [10]. Thus for every directed hypergraph
G the composition $2 o € defines a path complex $2 o €(G).

For a weighted directed hypergraph G® = (V, E, §y), the path complexes C(G),
B(G), and H? o &(G) have the natural structure of weighted path complexes given
by the weight function 8y: V' — R. We denote weighted path complexes by €?(G?),
BY(G?), and [H2G(G?)]?, respectively.

Proposition 3.11. If fV: G' > H%isa vertex-weighted morphism of weighted di-
rected hypergraphs, then the morphisms
€(f):6(G) — C(H),
B(f):B(G) — B(H),
H2C(f): 926G(G) — H*G(H)

are vertex weighted for the weighted function 8y . Thus, we have the functors €V, BY,
and [$*G]Y from DH® to P°.

Proof. 1t follows from the definition of morphisms in the category DH" and from
the definition of the weight function on the objects of corresponding categories. m

For any weighted directed hypergraph G® = (V, E, §y), we call

H{Y(G%) == H)(€"(GY)),
HYY(G) := H)(B"(G")). (3.2)
H(G%) = HY(9°€]"(G%)).
as weighted path homology groups, weighted bold path homology groups, and weight-
ed non-directed path homology groups of density two, respectively.
Now we reformulate [14, Lemma 3.5, Lemma 3.10, and Lemma 3.16] for the

case of functors €7, B?, and [H>E]” from DH" to P Let G8 = (V,E,by) be a
weighted directed hypergraph and 7; = (0 — 1).
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Lemma 3.12. (i)  There is a natural isomorphism €V (G4 O1,) =~ [[€V (G‘S)]T]S
of weighted path complexes.
(ii)  There exists an inclusion AV: [[BY(G)]']* — B°(G*01,) of weighted path
complexes. The restrictions of AV to the images of the morphisms ie and j,
defined in Section 2, are the natural identifications.

(iii) There is the inclusion
§
[ [[[@2 ° @]”(GS)]T] = [$%0 €]’ (G On)
of weighted path complexes.

Proof. By definition, the weight functions on the vertex set V' x J are given by the
function 8y xy(v,0) = dyxs(v,1) = 8y (v) and hence, coincide for all path com-
plexes above. Now the result follows from [14]. n

Now, let HX'¥(G?®) denote one of the homology groups H"(G%), HY'Y(G?), or
H2'"(G%) defined in (3.2).

Theorem 3.13. Let [V, g% G§ = (V4, E1,8y,) — GS = (Va, E, 8y,) be vertex-
weighted homotopic morphisms of weighted directed hypergraphs and assume that
all elements of the set K = {k € R | k =y, (v),v € V1} are invertible in R. Then
the induced homomorphisms

f2. gl HXV(GS, R) — GX¥(GS. R)

coincide.
Proof. Tt follows from Lemma 3.12 and Theorem 2.6. |

All data generated or analysed during this study are included in this published
article.
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