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Homology of weighted path complexes and
directed hypergraphs

Yuri Muranov, Anna Szczepkowska, and Vladimir Vershinin

Abstract. We introduce the weighted path homology on the category of weighted directed hy-
pergraphs and describe conditions of homotopy invariance of weighted path homology groups.
We give several examples that explain the nontriviality of the introduced notions.

1. Introduction

One of the tools for the investigation of global structures in graph theory are (co)ho-
mology theories which were constructed recently by many authors for various cat-
egories of (di)graphs, multigraphs, quivers, and hypergraphs [4, 6, 7, 10, 12, 14–16].

The notion of directed hypergraphs arises in discrete mathematics as a natural
generalization of digraphs and hypergraphs [3, 8]. At present time, there are many
mathematical models of various complex systems in which the system is presented
by a network whose interacting pairs of nodes are connected by links. Such mod-
els are naturally presented by hypergraphs with additional structures [2]. The notions
of path, cycle and weight structure on hypergraphs arise naturally for the directed
hypergraphs. These concepts allow to investigate global structures on hypergraphs by
methods of algebraic topology and, in particular, homology theory. The excellent sur-
vey of application of directed hypergraphs to various aspects of computer sciences is
given in paper [1]. The application of homology theory of hypergraphs in the phar-
maceutical industries is described, for example, in [5, 13].

In the present paper, we introduce several categories of weighted directed hyper-
graphs and the notion of homotopy in these categories. Then we define functorial
homology theories on such categories using the homology theory of path complexes
constructed in [9, 10, 12]. We describe also the conditions of homotopy invariance of
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introduced homology groups and we give several examples. In the paper, we consider
only finite digraphs, path complexes and directed hypergraphs.

2. Path homology of weighted path complexes

A path complex [9, Sec. 3.1]…D .V;P / consists of a set V of vertices and a set P of
elementary paths .i0 � � � in/ of vertices such that one-element sequence .i/ is in P and
if .i0 � � � in/ 2 P then .i0 � � � in�1/ 2 P , .i1 � � � in/ 2 P . The length of a path .i0 � � � in/
is equal to n. We denote by …V D .V; PV / the path complex for which PV consists
of all paths of finite length on V .

A morphism of path complexes f W .V; P /! .W;Q/ is given by the pair of maps
.fV ; fP / where fV WV ! W and fP .i0 � � � in/ WD .fV .i0/ � � �fV .in// lays in P . Thus
we obtain a category P whose objects are path complexes and whose morphisms are
morphisms of path complexes.

Let J D ¹0; 1º be the two-element set. For any set V D ¹0; : : : ; nº, let V � J
be as usual the Cartesian product. Let V 0 be a copy of the set V with the elements
¹00; : : : ; n0º where i 0 2 V 0 corresponds to i 2 V . Then we can identify V � J with
V
`
V 0 in such a way that .i; 0/ corresponds to i and .i; 1/ corresponds to i 0 for

all i 2 V . Thus, V is identified with V � ¹0º � V � J and V 0 is identified with
V � ¹1º � V � J . The natural bijection V Š V 0 defines the set of paths P 0 on the
set V 0 by the condition: .i 00 � � � i

0
n/ 2 P

0 iff .i0 � � � in/ 2 P . We define a path complex
…" D .V � J; P "/ where

P " D P [ P 0 [ P #;

P #
D
®
q#
k D .i0 � � � ik i

0
k; i
0
kC1 � � � i

0
n/ j q D .i0 � � � ik ikC1 � � � in/ 2 P

¯
:

There are morphisms i�W…!…" and j�W…!…" which are induced by the natural
inclusion of V in V � ¹0º and in V � ¹1º, respectively.

Definition 2.1. (i) A path complex…D.V;P / is called weighted if it is equipped
with a function ıV W V ! R where R is a unitary commutative ring. This
function is called the weight function. We denote such a path complex by
…ı D .V; P; ıV /.

(ii) Let .V; P; ıV / and .W; S; ıW / be weighted path complexes. A morphism
f W .V;P /! .W;S/ of path complexes is a weighted morphism if ıW .fV .v//
D ıV .v/ for every v 2 V . We denote such a morphism by f ı .

Weighted path complexes with weighted morphisms form a category we denote
by P ı .
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Let…ı D .V;P; ıV / be a weighted path complex. Then the path complex…" has
the natural structure of the weighted path complex …"

ı
with the weighted function

ıV�J .v; 0/ D ıV�J .v; 1/ D ıV .v/.

Definition 2.2. (i) We call weighted morphisms f ı ; gı W…ı ! †ı of weighted
path complexes weighted one-step homotopic if morphisms f , g are one-step
homotopic (see [10, Def. 3.1]) and the homotopy F W…" ! † is a weighted
morphism.

(ii) Two weighted morphisms f ı ; gı W…ı ! †ı of weighted path complexes are
homotopic f ı ' f ı if there exists a sequence of weighted morphisms

f ı D f ı0 ; f
ı
1 ; : : : ; f

ı
n D g

ı
W…ı
! †ı

such that any two consequent morphisms are one-step homotopic.

Thus, we obtain homotopy category hP ı whose objects are weighted path com-
plexes and morphisms are classes of weighted homotopic weighted morphisms.

Proposition 2.3. Let f ı ; gı W…ı ! †ı be weighted morphisms of weighted path
complexes which are one-step homotopic as morphisms of path complexes. Then
morphisms f ı and gı are weighted one-step homotopic.

Proof. It follows from the definition of the weight function ıV�J .

Let …ı D .V; P; ıV /. We define the weighted path homology groups Hw
� .…

ı/

with coefficients in a unitary commutative ring R similarly to the regular path homo-
logy groups [10, Sec. 2]. For n � 0, let R

reg
n .V / be a module generated by all paths

.i0 � � � in/ on the set V which are regular, that is ik ¤ ikC1 for 0 � k � n � 1 and
R

reg
�1.V /D 0. Let R

reg
n .P / � R

reg
n .V / be submodules generated by paths from P for

n � 0 and R
reg
�1.P / D 0. We define a weighted boundary homomorphism

@wn WRn.V /! Rn�1.V /

by putting @w0 D 0 and

@wn .ei0���in/ D

nX
sD0

.�1/sıV .is/ei0���yis ���in

for n � 1, where yis means omission of the index is . Then, similarly to the case of
unweighted boundary homomorphisms in [14], we obtain .@w/2 D 0. Let us define
R-modules �w� D �

w
� .…

ı/ by setting �w�1 D 0 and

�wn D
®
v 2 Rreg

n .P / j @
wv 2 R

reg
n�1.P /

¯
for n � 0:

Modules �wn with the differential induced by @w form a chain complex. Homology
groups Hw

� .…
ı/ of this complex are called weighted path homology groups.



Y. Muranov, A. Szczepkowska, and V. Vershinin 70

Recall that a digraph G D .VG ; EG/ is called weighted if it is equipped with
a weight function ıVG

W VG ! R. Let Gı D .VG ; EG ; ıVG
/ be a weighted digraph

without loops. We define a weighted path complex Dw.G/D .VG ;PG ; ıVG
/ in which

a path .i0 � � � in/ on the set VG lies in PG iff for k D 1; : : : ; n every pair of consequent
vertices ik�1; ik lies in the edge .ik�1! ik/ 2EG . Thus, one gets a functor Dw from
the category of weighted digraphs Dı to the category of weighted path complexes P ı .
We define the weighted path homology of the weighted digraph by

Hw
� .G

ı/ WD Hw
�

�
Dw.Gı/

�
:

The homology groupHw
� .G

ı/ is a functor from the category Dı of weighted digraphs
to the category of R-modules.

Example 2.4. We give two examples of weighted path complexes …ı for which
the regular homology groups H�.…/ and Hw

� .…
ı/ with coefficients in Z are non-

isomorphic.

(i) Let …ı D .V; P; ıV / with V D ¹a; b; c; dº, P D ¹a; b; c; d; ac; ad; bc; bdº
and ıV .a/ D ıV .b/ D 1, ıV .c/ D ıV .d/ D 0. The path homology groups of
… D .V; P / coincide with the regular path homology groups of the digraph

c

a

>>

��

b

``

��

d:

We have

Hi .…/ D

´
Z for i D 0; 1;

0 for i � 2;

and

Hw
i .…

ı/ D

´
Z2 for i D 0; 1;

0 for i � 2:

(ii) Let …ı D .V; P; ıV / with V D ¹a; bº, P D ¹a; b; abº, and ıV .a/ D 2,
ıV .b/ D 4. The path homology groups of … D .V; P / coincide with the reg-
ular path homology groups of the digraph a! b. We have

Hi .…/ D

´
Z for i D 0;

0 for i � 1;

and

Hw
i .…

ı/ D

´
Z˚ Z2 for i D 0;

0 for i � 1:
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Let us fix a weighted path complex …ı D .V; P; ı/ with a weighted function
ıW V ! R such that ı.i/ is an invertible element for all i 2 V . We define a function

 W V ! R by putting 
.i/ D .ı.i//�1. Recall that for the weighted path complex
…"

ı
D .V � J; P "; ıV�J /, we identify V � ¹0º with V , V � ¹1º with V 0 and, hence,

ıV�J .v; 0/ D ıV�J .v; 1/ D ıV .v/ D ıV .v
0/ for v 2 V:

Thus, for a path ei0���in 2R
reg
n .P / and 0� k� n, we have ı.ik/D ı.i 0k/, 
.ik/D 
.i

0
k
/.

For n � 0, we define a homomorphism � WR
reg
n .V /!R

reg
nC1.V � J / on basic regular

n-paths v D ei0���in by

�.v/ D

nX
kD0


.ik/.�1/
kei0���ik i 0k ���i

0
n
: (2.1)

We set R
reg
�1.V / D 0 and define � D 0WRreg

�1.V /! R
reg
0 .V � J /.

Lemma 2.5. For n � 0 and any path v 2 R
reg
n .V /, we have

@w�.v/C �.@wv/ D v0 � v: (2.2)

Proof. It is sufficient to prove the statement for basis elements v D ei0���in . For n D 0
and v D ei0 2 R

reg
0 .V /, we have

@w�.ei0/ D @
w.
.i0/ei0i 00

/ D 
.i0/ �
�
ı.i0/ei 0

0
� ı.i0

0/ei0
�

D 
.i0/ � ı.i0/Œei 0
0
� ei0 � D ei 00

� ei0 ;

�.@wv/ D �.0/ D 0;

and so (2.2) is true. Let v D ei0���in 2 R
reg
n .V / with n � 1. Then

@w.�.v// D @w
� nX
kD0

.�1/k
.ik/ei0���ik i 0k ���i
0
n�1

i 0n

�
D

nX
kD0

.�1/k
� kX
mD0

.�1/mı.im/
.ik/ei0���yim���ik i 0k ���i
0
n

�
C

nX
kD0

.�1/k
� nX
mDk

.�1/mC1ı.i 0m/
.ik/ei0���ik i 0k ���yi
0
m���i
0
n

�
D

X
0�m�k�n

.�1/kCmı.im/
.ik/ei0���yim���ik i 0k ���i
0
n

C

X
0�k�m�n

.�1/kCmC1ı.i 0m/
.ik/ei0���ik i 0k ���yi
0
m���i
0
n
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and

�.@wv/ D �

� nX
mD0

.�1/mı.im/ei0���yim���in

�
D

nX
mD0

.�1/m
�m�1X
kD0

.�1/kı.i 0m/
.ik/ei0���ik i 0k ���yi
0
m���i
0
n

�
C

nX
mD0

.�1/m
� nX
kDmC1

.�1/k�1ı.im/
.ik/ei0���yim���ik i 0k ���i
0
n

�
D

X
0�k<m�n

.�1/kCmı.i 0m/
.ik/ei0���ik i 0k ���yi
0
m���i
0
n

C

X
0�m<k�n

.�1/kCm�1ı.im/
.ik/ei0���yim���ik i 0k ���i
0
n
:

Hence

@w�.v/C �.@wv/ D
X
0�k�n

.�1/kCk ı.ik/
.ik/„ ƒ‚ …
D1

e
i0���yik i

0
k
���i 0n

C

X
0�k�n

.�1/kCkC1 ı.i 0k/
.ik/„ ƒ‚ …
D1

e
i0���ikyi

0
k
���i 0n

D

X
0�k�n

ei0���ik�1i
0
k
���i 0n
�

X
0�k�n

ei0���ik i 0kC1
���i 0n

D ei 0
0
���i 0n
C

X
1�k�n

ei0���ik�1i
0
k
���i 0n

�

X
0�k�n�1

ei0���ik i 0kC1
���i 0n
� ei0���in

D ei 0
0
���i 0n
� ei0���in

C

� X
0�k�1�n�1

ei0���ik�1i
0
k
���i 0n
�

X
0�k�n�1

ei0���ik i 0kC1
���i 0n

�
D ei 0

0
���i 0n
� ei0���in D v

0
� v:

Theorem 2.6. Let f ı ' gı W…ı D .V;P;ıV /! .W;S;ıW /D†
ı be weighted homo-

topic morphisms of weighted path complexes such that the elements ıV .i/ 2 R are
invertible for all i 2 V . Then morphisms f ı and gı induce the chain homotopic
morphisms of weighted chain complexes

f ı� ' g
ı
�W�

w
� .P /! �w� .S/

and hence, the equal homomorphisms of weighted path homology groups.
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Proof. It is sufficient to consider the case of the one-step weighted homotopy
F W…"

ı
!†ı between f ı and gı . By definition F� ı Œi���D f� and F� ı Œj���D g�.

We define a chain homotopy LnW�wn .P /! �wnC1.S/ such that

@wLn C Ln�1@
w
D g� � f�:

Let the element v2R
reg
n .P / belong to�wn .P /. Then, by definition, �.v/2R

reg
nC1.P

"/.
To prove that �.v/ 2 �wnC1.P

"/, it is sufficient to check that @w�.v/ 2R
reg
n .P

"/. By
definition, @wv 2 R

reg
n�1.P / � �

w
n�1.V /. By Lemma 2.5,

@w�.v/ D ��.@wv/C v0 � v

where the right summands belong to R
reg
n .P

"/. Hence, �.v/ 2�wnC1.P
"/. For n� 0,

we define homomorphisms

Ln.v/W�
w
n .P /! �wnC1.S/

by Ln.v/ WD F�.�.v//. Now, we check that Ln is a chain homotopy:

.@wLn C Ln�1@
w/.v/ D @w.F�.�.v///C F�.�.@

wv//

D F�.@
w�.v//C F�.�.@

wv//

D F�.@
w�.v/C �.@wv//

D F�.v
0
� v/ D gı�.v/ � f

ı
� .v/:

3. Path homology of weighted directed hypergraphs

Definition 3.1. (i) A directed hypergraph G D .V; E/ consists of a finite set of
vertices V and a set of arrowsED¹e1; : : : ;enºwhere ei 2E is an ordered pair
.Ai ; Bi / of disjoint non-empty subsets of V such that V D

S
ei2E

.Ai [ Bi /.
The set A D orig.A! B/ is called the origin of the arrow and the set B D
end.A! B/ is called the end of the arrow. The elements of A are called the
initial vertices ofA!B and the elements ofB are called its terminal vertices.

(ii) A directed hypergraph G D .V; E/ is called weighted if it is equipped with
a function ıV W V ! R where R is a unitary commutative ring. This function
is called the weight function. We denote such a directed hypergraph by Gı D
.V;E; ıV /.

For a set X let P.X/ denote as usual its power set. We define a set P .X/ WD

¹P.X/ n ;º � ¹P.X/ n ;º: Every map f W V ! W induces a map P .f /W P .V / !

P .W /. For a directed hypergraph G D .V;E/, by Definition 3.1, we have the natural
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map 'G WE ! P .V / defined by 'G.A! B/ WD .A; B/. Let X � V be a subset of
the set of vertices of a weighted directed hypergraph Gı . Define the weight jX j of a
set X by setting

jX j WD
X
x2X

ıV .x/:

Let G D .VG ; EG/ and H D .VH ; EH / be two directed hypergraphs. By [14,
Def. 2.1], the morphism f WG ! H is given by a pair of maps fV W VG ! VH and
fE WEG ! EH such that the diagram

EG

fE

��

'G // P .VG/

P.fV /

��

EH
'H // P .VH /

(3.1)

is commutative. LetGı D .VG ;EG ; ıVG
/ andH ı D .VH ;EH ; ıVH

/ be two weighted
directed hypergraphs and let f WG ! H be a morphism.

Definition 3.2. (i) The morphism f is called vertex-weighted if ıVH
.fV .v//D

ıVG
.v/ for every v 2 VG . We denote such morphism by f v .

(ii) The morphism f is called edge-weighted if for every .A! B/ 2 EG and
fE .A! B/D A0! B 0 the conditions jAj D jA0j, jBj D jB 0j are satisfied.
We denote such a morphism by f e .

(iii) The morphism f is called strong-weighted if it is vertex-weighted and edge-
weighted simultaneously. We denote such a morphism by f s .

Example 3.3. (i) LetGı D .VG ;EG ; ıVG
/ be the weighted directed hypergraph

with VG D ¹0; 1; 2º, EG D ¹¹0º ! ¹1; 2ºº and ıVG
.i/ D 1 for i 2 VG . Let

H ı D .VH ;EH ; ıVH
/ be the weighted directed hypergraph with VH D¹0;1º,

EG D ¹¹0º ! ¹1ºº and ıVH
.i/ D 1 for i 2 VH . Consider the morphism of

directed hypergraphs f WG!H where fV .0/D 0, fV .1/D fV .2/D 1 and
fE .¹0º ! ¹1; 2º/ D .¹0º ! ¹1º/. Then f is a vertex-weighted morphism
but it is not an edge-weighted morphism.

(ii) Let G and H be the same directed hypergraphs as in (i). Define the weight
functions ıVG

and ıVH
setting ıVG

.0/ D 1, ıVG
.1/ D ıVG

.2/ D 1=2 and
ıVH

.i/ D 1 for i 2 VH . Then the morphism f WG ! H defined in (i) is an
edge-weighted morphism but it is not a vertex-weighted morphism.

(iii) For any weighted directed hypergraph Gı the identity morphism IdWGı !
Gı provides an example of a strong-weighted morphism.

(iv) LetGı be the directed hypergraph as in (i) with the weight function ıVG
.0/D

ıVG
.1/ D 1, ıVG

.2/ D 0. Let F ı D .VF ; EF ; ıVF
/ be the weighted directed
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hypergraph with VF D ¹0; 1; 2; 3º, EF D ¹¹0º ! ¹1; 2; 3ºº and ıVF
.0/ D

ıVF
.1/ D 1, ıVF

.2/ D ıVF
.3/ D 0. Consider the morphism of directed hy-

pergraphs gW F ! G where fV .0/ D 0, fV .1/ D 1, fV .2/ D fV .3/ D 2

and fE .¹0º ! ¹1; 2; 3º/ D .¹0º ! ¹1; 2º/. Then g is the strong-weighted
morphism.

Thus, we obtain categories DH v , DH e , and DH s of vertex-weighted, edge-
weighted, and strong-weighted directed hypergraphs, respectively.

Let G D .VG ; EG/ be a directed hypergraph. We define subsets P0.G/, P1.G/,
and P01 D P0.G/ [ P1.G/ of P.VG/ n ; by setting

P0.G/ D ¹A 2 P.VG/ n ; j 9B 2 P.VG/ n ; W A! B 2 EGº;

P1.G/ D ¹B 2 P.VG/ n ; j 9A 2 P.VG/ n ; W A! B 2 EGº:

We define a digraph N.G/D .V nG ;E
n
G/where V nG D¹C 2P.V / n ; jC 2P01.G/º

and EnG D ¹A! B j .A! B/ 2 Eº: Note that N is a functor from the category DH

of directed hypergraphs [14] to the category D of digraphs. We equip the digraph
N.G/ D .V nG ; E

n
G/ with a structure of a weighted digraph by defining a weight func-

tion in the following way: ıV n
G
.A/

def
WD jAj where jAj is the weight of the set A. We

denote such a weighted digraph by Nw.G/.

Proposition 3.4. Every edge-weighted morphism of weighted directed hypergraphs
f eWGı ! H ı defines a morphism of weighted digraphs

ŒNw.f e/� D .f nV ; f
n
E /W .V

n
G ; E

n
G ; ıV n

G
/! .V nH ; E

n
H ; ıV n

H
/

by f nV .C / WD ŒP.f
e
V /�.C / and f nE .A! B/ D .f eV .A/! f eV .B// 2 E

n
H . Thus, we

obtain a functor Nw from the category DH e of edge-weighted directed hypergraphs
to the category Dı of weighted digraphs.

Example 3.5. Let Gı D .VG ; EG ; ıVG
/ be the weighted directed hypergraph with

VG D ¹0; 1; 2; 3º, EG D ¹¹0º ! ¹1; 2º; ¹1; 2º ! ¹3º; ¹0º ! ¹2; 3º; ¹0º ! ¹3ºº and
ıVG

.i/ D 1 for i 2 VG . Then Nw.Gı/ is the following weighted digraph:

A //

��   

C

��

D B;

in which A D ¹0º, B D ¹3º, C D ¹1; 2º, D D ¹2; 3º and ıV n
G
.A/ D ıV n

G
.B/ D 1,

ıV n
G
.C / D ıV n

G
.D/ D 2.

The composition Dw ı Nw is a functor DH e
! P ı , and we define the edge-

weighted path homology groups of the weighted directed hypergraph Gı by

H e
�.G/ WD H

w
� .D

w
ıNw.G//:
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Now we use the notion of a line digraph In D .VIn
; EIn

/ (n � 0) from [11,
Sec. 3.1]. Note that we have two digraphs I1, namely 0 ! 1 and 1 ! 0. For a
digraph G the box product G�In is a digraph with VG�In

D VG � VIn
and with

the set of arrows EG�In
such that there is an arrow ..x; i/! .y; j // 2 EG�H if and

only if either x D y and i ! j or x ! y and i D j , see [11]. If Gı is a weighted
digraph, we equip the digraph G�In with the structure of a weighted digraph by set-
ting ıVG�In

.v; i/ D ıVG
.v/ for v 2 VG , i 2 VIn

. We denote this weighted digraph by
Gı�In.

For a directed hypergraph G, the box product G�In D .VG�In
; EG�In

/ is a di-
rected hypergraph with VG�In

D VG � VIn
and the set of arrows EG�In

being a
union of ¹A � i ! B � iº, .A! B/ 2 EG , i 2 VIn

and ¹A � i ! A � j º, .i ! j /

2 EIn
, A 2 P01.G/. If Gı is a weighted directed hypergraph, we equip the directed

hypergraph G�In with the structure of a weighted directed hypergraph by setting
ıVG�In

.v � i/ D ıVG
.v/ for v 2 VG , i 2 VIn

. We denote this weighted directed
hypergraph by Gı�In. Recall, see e.g. [14], that two morphisms f0; f1WG ! H

of directed hypergraphs are called one-step homotopic f0 '1 f1, if there exists a
morphism F WG�I1 ! H , such that

F jG�¹0º D f0WG�¹0º ! H; F jG�¹1º D f1WG�¹1º ! H:

Two morphisms f;gWG!H of directed hypergraphs are called homotopic f 'g,
if there exists a sequence of morphisms fi WG ! H for i D 0; : : : ; n such that f D
f0 '1 f1 '1 � � � '1 fn D g.

Proposition 3.6. Let f �0 ; f
�
1 WG

ı!H ı be weighted morphisms of weighted directed
hypergraphs where � is v, e, or s. If f0 and f1 are one-step homotopic as morphisms
of directed hypergraphs by means of a homotopy F , then F can be considered as a
weighted morphism F �WGı � I1 ! H ı .

Proof. It follows from the definition of Gı�I1.

If � means one of the values v, e, or s we obtain a homotopy category of �-
weighted directed hypergraphs hDH� whose objects are weighted directed hyper-
graphs and morphisms are classes of homotopic �-weighted morphisms.

Lemma 3.7. Let I1 D .0 ! 1/ and Gı be a weighted digraph. Then there is an
equality ŒDw.Gı/�"

ı
DDw.Gı�I1/ of weighted path complexes.

Proof. It follows from the definitions of the functor Dw , the box product, and the
path complex …".

Lemma 3.8. LetGı be a weighted directed hypergraph and I1D .0! 1/. Then there
is an equality ŒDwNw.G/�"

ı
DDwNw.G�I1/ of the weighted path complexes.
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Proof. By Lemma 3.7, ŒDw.Nw.G//�"
ı
DDw ŒNw.G/�I1�. The weighted digraphs

Nw.G/�I1 and Nw.G�I1/ are equal by definition of the box product and the func-
tor Nw . Hence, Dw ŒNw.G/�I1� DDwNw.G�I1/ and the result follows.

Theorem 3.9. Let f e; geW Gı ! H ı be edge-weighted homotopic morphisms of
weighted directed hypergraphs and assume that all elements of the set K D ¹k 2 R j

k D jAj; A 2 P01.G/º are invertible in R. Then the induced homomorphisms

f�; g�WH
e
�.G;R/! H e

�.H;R/

coincide.

Proof. It follows from Lemma 3.8 and Theorem 2.6.

Let us consider a subcategory hDH1 of the category hDH e in which ıV � 1 for
every weighted directed hypergraph.

Theorem 3.10. If the ringR is an algebra over rationals, then the weighted homology
groups H e

�.�; R/ are homotopy invariant on the category hDH1.

Proof. Similar to the proof of Theorem 3.9.

Now, we describe several weighted path homology theories on the category DH v

which are similar to the path homology theories on DH constructed in [14, Sec. 3].
We present here only functorial and homotopy invariant theories. The other path
homology theories from [14] can be transferred to the case of weighted hypergraphs
similarly. Let us consider the functors C, B, and the functor given by the composition
Hq ıE from the category DH to the category P of path complexes [14]. We recall
the definition of these functors for objects, then it will be clear for morphisms.

LetGD.V;E/ be a directed hypergraph. Define a path complex C.G/D.V c ;P cG/

by V c D V and a path .i0 � � � in/ 2PV lies in P cG iff for any pair of consequent vertices
.ik; ikC1/ either ik D ikC1 or there is an edge e D .A! B/ 2 E such that ik is the
initial vertex and ikC1 is the terminal vertex of e.

Recall the definition of the concatenation p _ q of two paths p D .i0; : : : ; in/

and q D .j0; : : : ; jm/ on a set V . The concatenation is well defined only for in D j0
and in such a case, it is a path on V given by p _ q D .i0 � � � inj1 � � � jm/. Define a
path complex B.G/ D .V bG ; P

b
G/ where V bG D V and a path q D .i0 � � � in/ 2 PV lies

in P bG iff there is a sequence of edges .A0 ! B0/; : : : ; .Ar ! Br/ in E such that
Bi \ AiC1 ¤ ; for 0 � i � r � 1 and the path q can be presented in the form�

p0 _ v0w0 _ p1 _ v1w1 _ p2 _ � � � _ pr _ vrwr _ prC1
�

where p0 2 PA0
, prC1 2 PBr

, vi 2 Ai , wi 2 Bi , pi 2 PBi�1
\ PAi

for 1 � i � r and
all concatenations are well defined.
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Recall that a hypergraphG D .V;E/ consists of a non-empty set V of vertices and
a set of edgesE D ¹e1; : : : ;enºwhich are distinct subsets of V such that

Sn
iD1 ei D V

and every ei contains strictly more than one element. For a directed hypergraph G,
we define a hypergraph E.G/ D .V e; Ee/ where V e D V and

Ee D ¹C 2 P.V / n ; j C D A [ B; .A! B/ 2 Eº:

For a hypergraph G D .V; E/, define a path complex H2.G/ D .V 2; P 2G/ of density
two where V 2 D V and a path .i0 � � � in/ 2 PV lies in P 2G iff every two consequent
vertices of this path lie in an edge e 2 E, see [10]. Thus for every directed hypergraph
G the composition H2 ıE defines a path complex H2 ıE.G/.

For a weighted directed hypergraph Gı D .V; E; ıV /, the path complexes C.G/,
B.G/, and H2 ıE.G/ have the natural structure of weighted path complexes given
by the weight function ıV WV ! R. We denote weighted path complexes by Cv.Gı/,
Bv.Gı/, and ŒH2E.Gı/�v , respectively.

Proposition 3.11. If f vWGı ! H ı is a vertex-weighted morphism of weighted di-
rected hypergraphs, then the morphisms

C.f /WC.G/! C.H/;

B.f /WB.G/! B.H/;

H2E.f /WH2E.G/! H2E.H/

are vertex weighted for the weighted function ıV . Thus, we have the functors Cv , Bv ,
and ŒH2E�v from DH v to P ı .

Proof. It follows from the definition of morphisms in the category DH v and from
the definition of the weight function on the objects of corresponding categories.

For any weighted directed hypergraph Gı D .V;E; ıV /, we call

H c=v
� .Gı/ WD Hw

� .C
v.Gı//;

H b=v
� .Gı/ WD Hw

� .B
v.Gı//;

H 2=v
� .Gı/ WD Hw

� .ŒH
2E�v.Gı//;

(3.2)

as weighted path homology groups, weighted bold path homology groups, and weight-
ed non-directed path homology groups of density two, respectively.

Now we reformulate [14, Lemma 3.5, Lemma 3.10, and Lemma 3.16] for the
case of functors Cv , Bv , and ŒH2E�v from DH v to P ı . Let Gı D .V; E; ıV / be a
weighted directed hypergraph and I1 D .0! 1/.
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Lemma 3.12. (i) There is a natural isomorphism Cv.Gı�I1/ Š ŒŒCv.Gı/�"�
ı

of weighted path complexes.

(ii) There exists an inclusion �vW ŒŒBv.Gı/�"�ı ! Bv.Gı�I1/ of weighted path
complexes. The restrictions of �v to the images of the morphisms i� and j�,
defined in Section 2, are the natural identifications.

(iii) There is the inclusion

�vW
h�
ŒH2 ıE�v.Gı/

�"iı
!
�
H2 ıE

�v
.Gı�I1/

of weighted path complexes.

Proof. By definition, the weight functions on the vertex set V � J are given by the
function ıV�J .v; 0/ D ıV�J .v; 1/ D ıV .v/ and hence, coincide for all path com-
plexes above. Now the result follows from [14].

Now, let H�=v
� .Gı/ denote one of the homology groups H c=v

� .Gı/, H b=v
� .Gı/, or

H
2=v
� .Gı/ defined in (3.2).

Theorem 3.13. Let f v; gvWGı1 D .V1; E1; ıV1
/ ! Gı2 D .V2; E2; ıV2

/ be vertex-
weighted homotopic morphisms of weighted directed hypergraphs and assume that
all elements of the set K D ¹k 2 R j k D ıV1

.v/; v 2 V1º are invertible in R. Then
the induced homomorphisms

f v� ; g
v
�WH

�=v
� .Gı1 ; R/! G�=v� .Gı2 ; R/

coincide.

Proof. It follows from Lemma 3.12 and Theorem 2.6.

All data generated or analysed during this study are included in this published
article.

References

[1] G. Ausiello and L. Laura, Directed hypergraphs: introduction and fundamental algorithms
– a survey. Theor. Comput. Sci. 658 (2017), part B, 293–306 Zbl 1356.68159
MR 3580541

[2] F. Battiston, G. Cencetti, I. Iacopini, V. Latora, M. Lucas, A. Patania, J.-G. Young, and
G. Petri, Networks beyond pairwise interactions: structure and dynamics. Phys. Rep. 874
(2020), 1–92 Zbl 1472.05143 MR 4147650

[3] C. Berge, Graphs and hypergraphs. North-Holland Math. Libr., Vol. 6, North-Holland
Publishing Co., Amsterdam-London; American Elsevier Publishing Co., Inc., New York,
1973 Zbl 0254.05101 MR 0357172

[4] S. Bressan, J. Li, S. Ren, and J. Wu, The embedded homology of hypergraphs and applic-
ations. Asian J. Math. 23 (2019), no. 3, 479–500 Zbl 1432.55032 MR 3983756

https://zbmath.org/?q=an:1356.68159
https://mathscinet.ams.org/mathscinet-getitem?mr=3580541
https://zbmath.org/?q=an:1472.05143
https://mathscinet.ams.org/mathscinet-getitem?mr=4147650
https://zbmath.org/?q=an:0254.05101
https://mathscinet.ams.org/mathscinet-getitem?mr=0357172
https://zbmath.org/?q=an:1432.55032
https://mathscinet.ams.org/mathscinet-getitem?mr=3983756


Y. Muranov, A. Szczepkowska, and V. Vershinin 80

[5] Z. Cang and G.-W. Wei, Persistent cohomology for data with multicomponent heterogen-
eous information. SIAM J. Math. Data Sci. 2 (2020), no. 2, 396–418 Zbl 1484.55004
MR 4099810

[6] F. R. K. Chung and R. L. Graham, Cohomological aspects of hypergraphs. Trans. Amer.
Math. Soc. 334 (1992), no. 1, 365–388 Zbl 0772.05073 MR 1089416

[7] E. Emtander, Betti numbers of hypergraphs. Comm. Algebra 37 (2009), no. 5, 1545–1571
Zbl 1191.13015 MR 2526320

[8] G. Gallo, G. Longo, S. Pallottino, and S. Nguyen, Directed hypergraphs and applications.
Discrete Appl. Math. 42 (1993), no. 2–3, 177–201 Zbl 0771.05074 MR 1217096
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