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Hardwiring truth in functional interpretations
Bruno Dinis and Jaime Gaspar

Abstract. We present four different approaches to prove the soundness theorem for variants
with t-truth of functional interpretations. To showcase our different methods we focus on the
intuitionistic nonstandard bounded functional interpretation of the nonstandard extensional
Heyting arithmetic in all finite types because a version with t-truth for this interpretation has not
been given before. Also, because it is a more involved interpretation than others since it includes
both nonstandard principles and majorisability. This leads us to believe that if the approaches
work for this more complicated functional interpretation, then they should also work for simpler
functional interpretations (and realisabilities).

1. Introduction

Functional interpretations are maps of formulas from the language of one theory into
the language of another theory, in such a way that provability is preserved. These
interpretations typically replace logical relations by functional relations, for example
they may transform a formula Vx 3y ¢(x, y), where y logically depends on x, into
the formula 3 f Vx ¢(x, f(x)), where y = f(x) is a function(al) of x.

Functional interpretations have many uses, such as

(1) relative consistency results (“a first theory is consistent if a second theory is
also consistent™);

(2) conservation results (“if a first theory proves a formula of a certain form, then
a second theory also proves that formula”);

(3) extraction of computational content from proofs (“if a formula of a certain
form, e.g. Vx 3y ¢(x, y), is provable in a certain theory, then we can extract
from the proof a computable function(al) giving y as a function of x”).

The first functional interpretation was introduced by Godel in his seminal Dialec-
tica article [11, page 285]; it translates formulas of the language of Heyting arithmetic
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with functionals HA® (the intuitionistic counterpart of Peano arithmetic with function-
als (or finite types) PA®) into itself; it has the feature of extracting witnesses (a witness
for 3x ¢(x) would be an x such that ¢ (x) holds). A classical variant was introduced by
Shoenfield in his classical textbook on mathematical logic [20, page 219]; it translates
formulas of the language of PA® into formulas of the language of HA®.

A variant of the Dialectica interpretation which deals with the contraction axiom
¢ V ¢ — @ using a sequence of potential witnesses with the guarantee that one is
indeed a witness, was introduced by Diller and Nahm [2, pages 54-55]; as the Dia-
lectica, it translates formulas of the language of HA® into itself.

Later, the monotone functional interpretation was introduced by Kohlenbach [15,
page 231]; again, it translates formulas of the language of HA® into itself and works
by changing the Dialectica interpretation so that in the very last step one changes from
extracting witnesses to upper bounds on witnesses (an upper bound for x in 3x ¢(x)
would be a y such that Ix <* y ¢(y) holds); this has the advantage of interpreting
more axioms, sometimes uniformising terms (that is, eliminating their dependence on
certain variables) and producing simpler terms [9, Paragraph 8.1].

Afterwards, the bounded functional interpretation was introduced by Ferreira and
Oliva [7, Definition 4]; it translates formulas of the language of Heyting arithmetic
HA% extended with some majorisability <1 into itself; it also has the feature of not
ext;acting witnesses but upper bounds on witnesses, but in all steps instead of only
the very last step. A classical variant was soon after introduced by Ferreira in [5,
page 123]; it translates formulas of the language of PAZ into formulas of the language
of HAZ,. B

Su_bsequently, the nonstandard Herbrandised functional interpretation was intro-
duced by Van den Berg, Briseid and Safarik [22, Definition 5.1]; it translates formulas
of the language of Heyting arithmetic E-HAZ* extended with standardness predicates st
and finite sequences of types into itself; it extracts potential witnesses for existential
quantifications ranging over standard elements while ignoring quantifications ranging
over all (including nonstandard) elements. A classical variant was introduced in the
same article [22, Definition 7.1]; it translates formulas of the language of E-PAS* into
itself.

Finally, the intuitionistic nonstandard bounded functional interpretation was intro-
duced by Dinis and Gaspar [3, Definition 19]; it translates formulas of the language
of Heyting arithmetic E-HAY without sequences of types into itself. It has the feature
of giving upper bounds for existential quantifications ranging over standard elements
while ignoring quantifications ranging over all elements. A classical variant had been
previously introduced by Ferreira and Gaspar [5, Definition 1]; it translates formulas
of the language of E-PAY into formulas of the language of E-HAS.
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A functional interpretation I gives information about an interpreted formula ®'.
But sometimes we want information about the uninterpreted & itself. Without chan-
ging I, there are (at least) two ways of doing this:

(1) if ® belongs to a special class of formulas I' such that ®' — ®, then the
information can be transferred from ® to ®;

(2) if we strengthen the theory in which we are working to the so-called charac-
terisation theory T#, then we have ®' <> ®.

These two situations already work in many applications of I, for example in proof
mining. However, in some investigations, it happens that ® is not in I' and we want
to keep the theory weaker than T#. In these cases the solution is different: we change I
to a related interpretation It, in a process called “hardwiring truth”, so that ®* — ®
holds for all ® and in a weaker theory. Historically, this idea first appeared, for real-
isability, by Kleene [14] (with a realisability rq such that &9 — & holds for more
formulas than the ones in I', but not for all) and then completed by Grayson [12]
(with a realisability rt such that ®" — & holds for all formulas). More details on
functional interpretations and their applications can be found in [16] and the more
recent [1].

In this article, we explore proof methods of the soundness theorem of functional
interpretations with t-truth: the usual proof method of an induction on the length of
proofs and three alternative proof methods to choose from. They are presented as
a case-study together with a conviction of generalisation: we illustrate the methods
applied to the intuitionistic nonstandard bounded functional interpretation; but it is
our conviction that they are easily adapted to other interpretations.

Finally, we would like to point out that, empirically, we see no obstacle to apply
the methods presented here to realisability, for example the modified realisability [17,
Paragraph 3.5] and the bounded modified realisability [6, Definition 4]. A more ra-
tional argument could be that realisabilities can be presented as relations between
potential witnesses and challenges, and so recast as functional interpretations [18,
Section 3.1], [19, Section 2].

2. Framework

We adopt the same framework that we used before [3, Section 2]. Nevertheless, we
give here a quick overview for the sake of completeness.

Let E-PA® and E-HA® be (respectively) Peano and Heyting arithmetics in all finite
types with full extensionality and with primitive equality only at type 0.
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Definition 1. The Howard—Bezem strong majorisability <7 is defined recursively by
() s<gt:=s=ofl;
2) s 5;_)0 t:=VYoVu 5: v(su <} tvAtu <} tv).

We say that x is monotone if and only if x <% x.
We recall some properties of the Howard—Bezem strong majorisability.

Proposition 2. We have
(1) BEHA Fx <}y >y <y ¥;
Q) BEHA EXx <y yAy <rz—x <}z

Theorem 3 (Howard’s majorisability theorem [13]). Let t° be a closed term of
E-HA®. Then, there is a closed term t° of E-HA® such that E-HA® + ¢ < {.

We recall the variant E-HAY of E-HA®.

Definition 4. The nonstandard Heyting arithmetic in all finite types with full exten-
sionality E-HAY is obtained from E-HA® by enriching the language and the axioms of
E-HA? in the following way:

(1) adding standard predicates st° (¢°) for each type o;
(2) adding the axioms:

@) x =4 y Ast?(x) = st?(y);

(b) st"(y) Ax =y y—st?(x);

(c) st?(¢) for each closed term ¢;

(d) st77F(x) Ast7(y) = st (xy);

for all types o and t;
(3) adding the external induction rule

®(0) VxO (st(x) = (P(x) = P(x + 1))
Vx0 (stO(x) — ®(x))

The logical axioms (but not the arithmetical axioms) are extended to the formulas in
the language of E-HAY.

3. Hardwiring t-truth
We hardwire t-truth [12], [21, Exercise 9.7.11 in chapter 9] in the intuitionistic non-

standard bounded functional interpretation B [3, Definition 19] obtaining the intu-
itionistic nonstandard bounded functional interpretation with t-truth Bt. We follow



Hardwiring truth in functional interpretations 85

Oliva and Gaspar’s [10, page 592], [9, Paragraph 3.1] method to hardwire t-truth:
to add copies of the formulas under interpretations to the clauses of implication and
universal quantification of the interpretation ®' = ... ®[; to be more clear, if ®; is
defined as in the left column below, then ®y; should be defined as in the right column
in the following:

(P> V)i=---, (® > V)= A (DP— V),
VxP)yi=---, (Vx )y := \-’-_//\&CCD

) ®

It turns out that in some cases the copy (f) is redundant because it is implied by (7)
and so can be removed: it is the case of modified realisability [10, page 592] and of
our Bt.

Definition 5. The intuitionistic nonstandard bounded functional interpretation with
t-truth Bt assigns to each formula & of the language of E-HAZ the formula

PP = Pl VD Op(a; b)

of the language of E-HA® according to the following clauses (where ®p(a; b) is the
part inside square brackets, and r0, 50 and ¢° are terms). For atomic formulas, we
define

(r =0 ) = [r =0 5],
st(t)B = Pl r <
For the remaining formulas, if ®B'=3"q V*'b ®p,(a; b) and UB' =T V3'd Wy (c: d),
then we define
b.d [®ri(a:b) A Wei(c:d)].
i [Vb <*e p(a:b) v Vd <* f Up(c:d)],
a,d [(Vb <* ead Dy (a;b) — We(Ca:d)) A (O — W),
[ x @p(a; b)],
te [Ax Vb <* ¢ Ppi(a; b)].

In the following proposition we prove that Bt really has truth, that is (recalling the
explanation of truth in the introduction) ®* — &.

Proposition 6 (t-truth property). For all formulas ® of the language of E-HAS, w
have E-HAS = ®gi(a; b) — .
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Proof. The proof is by an easy induction on the length of ®. Let us see only the case
of the universal quantifier. We assume the induction hypothesis ®g(a;b) — ®. Then

(Vx ®)pi(a; b) = (Definition 5)
Vx ®pi(a:b) — (IH)
Vx . ]

The following is a technical lemma often used in relation with bounded functional
interpretations [7, inspired on Lemma 6]. Informally, the lemma says that if we have
®p(a; b), and we think of @ as being bounds on witnesses, then obviously we can
increase the bounds to some @ (with ¢ <* @), that is we have ®g((a; b).

Lemma 7 (Monotonicity of Bt). For all formulas ® of the language of E-HAY, we
have
E-HAG Fa <"a nb <"b A ®pi(a; b) — Ppi(d; b).

Proof. The proof is by induction on the length of ®. Let us see only the case of
implication. We assume

C<*C, e<*e, a<*a  d<*d,
so Ca <*Ca and ead <*&ad. Then
(® > V)p(C,e:a,d) = (Definition 5)

(Vb <*ead g (a:b) > Vp(Ca:d)) A (® - V) —  (IH, Ca <*Ca)
(Vb <*ead ®p(a;b) — Wp(Ca;d)) A (D — ¥) — (ead <*éad)
(Vb <*éad ®pi(a:b) — Wp(Casd)) A (O — W) = (Definition 5)

(® — W)p(C.é:a.d). =

The interpretation Bt is sound in the usual sense, that is it maps theorems of the
interpreted theory E-HAS to theorems of the interpreting theory E-HAL.

@
st

Theorem 8 (Soundness theorem of Bt). For all formulas ® of the language of E-HA
if E-HAZ &= @, then there are closed (and therefore standard) and monotone terms t
such that E-HAY = Vb Og(t; b).
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4. Proof 1: The “standard” proof

First, let us make some remarks and establish some conventions.

ey

(@)

3

“)

(5
Proof.

The proof is by induction on the length of derivations, so below we give the
Bt-interpretations of (some of the) axioms and rules of E-HAY and the terms
witnessing the existential quantifications of the Bt-interpretations.

If it is easy to check that the terms are closed, monotone and witness the exist-
ential quantifications, then we just present the terms without further explana-
tion.

Given an axiom @ with Bt-interpretation §S‘Q ‘;’S‘Ig ®g(a;b), we denote by ¢,
the terms witnessing 3%q.

Given a rule q’Q—‘I’ with Bt-interpretation

I Vb dp(asb) Ie V'd Wpi(c; d)
§st€ Qsti Qpi(e; 1)

we denote by r, and s, the terms that by induction hypothesis exist witness-
ing respectively 3" and 3¢, and by 7, the terms that we have to present
witnessing 3.

We write, for example, t,bc = b instead of t, = Ab,c.b.

P—->dAP

(®—> dAD) =F'C E gV, d, f ((Vb <*gad f Pp(a:b) —

®p(Ca;d) N Ppi(Ea; i)) ANDP— DA q’))

ica=a, tga:=a, lgadf = max(d,[).

[N

The term max,, is a closed and monotone term such that

E-HA? b ¥a”, b (a <} max(a,b) A b <} max(a.b)),
o p

which exists [8, Definition 133 and Lemma 149].
d—>PVvVY

(@ — oV =TF'C.E.i V. g.h((Vb <*iagh Op(a:b) —
Vd <*g ®p(Ca:d) vV f <*hWp(Ea; [)) A (@ — DV D)),
ica=a, tga:=0, tiagh:=g

The term O is the term Ax? .0°. Analogously for L — ®.
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dPVVYV >Yvo

(@VVU > UV OB =FTE G mnV'a.ckl
((Vi.j <*mackl,nackl (Vb <*i ®p(a:b) v ¥d <* j Up(c:d)) —

Vf <*kWp(Eac: f) v Yh <*1 ®p(Gacih)) A (@ VW — WV B)),

tgac:=c¢, tgac:=a, Imackl:=1, tyackl:=k.

Analogously for ®v & - &, DAYV - Pand DAY — U A D.
P[s/x] > Ax d

(®[s/x] — Ix D) = FC, f Vg, e (Vb < " fae ®s/x]pi(as b) >
Ix Vd <* ¢ Dy(Ca: d)) A (P[s/x] — Tx D)),

(@
tca:=a, tyae:=e.

Here we use ®p(a; b)[x/w] = P[x/w]pi(a; b), where the variables a, b, x, w are
all distinct, which is easily proved by induction on the length of ®. Analogously for
Vx ® — P[s/x].

P>V U ->Q/P—>Q

(@ — W) =3C. g ¥a.d (Vb <* gad Ppi(a:b) —
Wp(Ca:d)) A (D — V),
(U — QP =TE g Ve, £ ((Vd <*gcf Wpilc:d) —
Qp(Ec; ) A (T — Q)),
(@ —> QP =TE gV, f (Vb <*gaf Ppila:b) >
Qp(Ea; ) A (@ — Q)),
tga:=sg(rca), itgaf :=rga(sg(rca)f).
Dropping ® — ¥, ¥ — Q and ® — 2 to simplify, by induction hypothesis we have
(4.1) and (4.2) and we want to prove (4.3),
b <"rgad ®p(a;b) — Vp(rca:d)), 4.1
Ve, f (Vd <*sgcf Wplc:d) - Qelsecs £)), 4.2)
Vg, f (Vb <*rga(se(rea) f) Puia:b) — Quu(se(rea): f)). 4.3)
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From (4.1) we get (4.4), from (4.2) we get (4.5), and from the last line of (4.4) and
(4.5) we get (4.3),

Vi, f Vd <*sg(rca) f (Vb <*rgad ®pi(a;b) - Vn(rea;d)),  (44)

Vd <*sg(rca)f Vb <*rgad ®p(a:b) — Vd <*sg(rca) f Un(rca:d)

Vb <*rga(sg(rca) f) Pula:b) — Yd <*s¢(rca) f Ynlrca:d)
Via, £ (Vd <*sg(rca) f Un(rca:d) — Qu(se(rca): f)).  (45)

Recovering ® — W, ¥ — Q and & — €2, since ® — W and ¥ — 2 are provable by
induction hypothesis, so it is & — €2 by the rule under interpretation. Analogously
ford, >V /Yandd >V /dVQ—>TVvVQ.

PAV—->Q/ D> (V- Q)

(@AY - QP =TE g hVac f
((Vb.d <*gacf.hac f (Ppi(a;b) A Upi(c;d)) —
Qpi(Eac; [)) AN (P@AY - Q)),
(®—> (V> Q)" =FE H.GV.c. f (Vb <*Gacf Pp(a:b) —
(Vd <* Hac f Wpi(c:d) — QEacs £)) A (¥ — Q) A (@ — (¥ — Q))),
tgac = sgac, tgacf :=spacf, tgagcf =sgacf.

To prove ¥ — Q in (® — (¥ — Q))B!, we use Proposition 6 saying ®g(a;b) — P,
and ® AW — Qin (® A Y — Q)B Analogously for ® — (¥ — Q) / DAY — Q.

P>V /IxDP> VY

(@ —> WP =3C. g ¥"a.d((Vh <* gad Pyi(a:b) —
Up(Ca:d)) A (D > W)),
@Fx @ > WP =3C, £ V'a.d((Ve <* fad Ix Vb <* e Dp,(a; ) —
Up(Ca:d) A (3x @ — 0))),

tca = sga

U,

trad = sgad.

To prove 3x ® — W in (Ix ® — W)Bt, we use that by induction hypothesis we proved
® — W. Analogously for ® - ¥ / & — Vx V.

Vx,y,z(x =py — zx =¢ zy) This axiom is an internal formula, so it is equiva-

lent (provably in E-HAZ) to its Bt-interpretation, thus is provable, and does not require
witnessing terms. Analogously for the axioms for the combinators, recursors, equality,
successor and the rule of (internal) induction.
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()

st(1?)B = Fa (t <*a),

tg i =1t"™.

Since ¢” is a closed term, then there exists a closed and monotone term (¢™)” such
that E-HAZ ¢ 5; t™ by Howard’s theorem [13, Theorem 3.1].

X =,y Ast(x) — st(y)

(x =, y Ast(x) = st(y)® < I*B VS‘a((x =, yAXx <*a—y<*Ba)A
(x =p y Ast(x) — st(y))),

tgpa ‘= a.

Analogously for st(y) A x <7 y — st(x).
D0/ w], st(x) A O[x/w] — P[Sx/w] / st(x) = D[x/w]

®[0/w]™ = F'a Vb Ppi(a: b)[0/w].
(st(x) A ®[x/w] — P[Sx/w])B = §StQ,£g’Stc,g,g
(Vb <* feae (x <*c A Ppi(a: b)[x/w]) —

Ppi(Deas e)[Sx/w]) A (st(x) A @[x/w] — @[Sx/w))),
(st(x) — Dfx/w])® = F'A4 Ve, b((x < — Pp(Aeib)[x/w]) A
(st(x) — @x/w])),

140 :=r14, ta(Sc):=max(spc(tac),tac).

Dropping st(x) A ®[x/w] — P[Sx/w] and st(x) — P[x/w] to simplify, by induction
hypothesis we have (4.6) and (4.7) and we want to prove (4.8),

Voib @py(rg: b)[0/w], (4.6)

Viic.a.e (Vb <*sycae (x <*c A ®pi(a:b)[x/w]) — Ppi(spea:e)[Sx/w]).
4.7
Fe, b (x <*c — Dy (tac; b)[x/w)). 4.8)

(1) We prove () V¥'c Vx (x <*¢ — t4x <*t 4¢) by induction on c.

(2) We prove (%) st(x) — Vb ®p((t 4x:b)[x/w] by induction on x: the base case
is equivalent to (4.6); for the induction step, we assume () and st(x), we take
¢ = xand a = f4x in (4.7) getting essentially its premise

Ve Vb <*s px(tax)e pi(t ax; b)x/w]
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and therefore essentially its conclusion
Ve @pi(spx(14x):€)[Sx/w].
from which by Lemma 7 we get
Vb Bpi(14(Sx): b)[Sx/w].
(3) We prove (4.8) using Lemma 7, (T) and ().

Recovering st(x) A ®[x/w] — ®[Sx/w] and st(x) — P[x/w], since ®[0/w] and
st(x) A ®[x/w] — P[Sx/w] are provable by induction hypothesis, so it is st(x) —
®[x/w] by the rule under interpretation. ]

5. Proof 2: A detour through q-truth

We hardwire g-truth [14] in the intuitionistic nonstandard bounded functional inter-
pretation B obtaining the intuitionistic nonstandard bounded functional interpretation
with g-truth Bq. We follow Stephen C. Kleene’s method to hardwire g-truth: to add
copies of the formulas under interpretations to the clauses of disjunction, implication
and existential quantification of the interpretation ®' = ... ®; to be more clear, if
®; is defined as in the left column below, then ®j4 should be defined like in the right
column below,

(VW) = Veen (@V W)y = (- AD)V (- A D),
(@ W)=, (P W)= AD e,
(3x @) :=3Ix ---, (Fx ®)jq 1= Fx (--- A D).

Definition 9. The intuitionistic nonstandard bounded functional interpretation with
q-truth Bq assigns to each formula @ of the language of E-HAY the formula

O 1= Fa Vb Ppq(a: b)

of the language of E-HAY according to the following clauses (where ®g(a; b) is the
part inside square brackets, and r9, 59 and ¢# are terms). For atomic formulas, we
define

(r =¢ 5)B9:=[r =¢ s,

st(1)BY = Fa [r <*al.
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For the remaining formulas, if
081 =Fg Vb Dpg(a:b)  and WP =T ¥ Ugy(cid).

then we define

(D AW)BY =Ty, ¢ Vb, d [py(a; b) A py(c: d)],
(© Vv W)P4 =g, ¢ Ve, £ [(Vh <* e Ppq(a:b) A )V
(Vd <* f Wpq(c:d) A W),
(® — W)B1:=FC e V'a, d [Vb <* ead Bpy(a;b) A ® — W (Ca;d)),
(Vx @)% = F'a ¥ [Vx Ogq(a: b,
(3x )B4 := Fq V¢ [3x (Vb <* ¢ Dpy(a; b) A W),

In the following proposition we prove that Bq really has truth, but only for dis-
junctions and existential quantifications.

Proposition 10 (g-truth property). For all formulas ® of the language of E-HAY of
the form ® = W v Q or ® = 3x ¥, we have E-HAY = ®py(a;b) — .

Proof. Let us see only the case of disjunction: we have

(Vv Q)pgla,cie, f) = ( <*e Wpq(a:b) A \IJ)V(Vd <* J Qpq(c;d) A Q),

—-v —-Q
so (UV Q)pqla,cie, f) > YV .
The following is an analogous of Lemma 7 for the Bq interpretation.

Lemma 11 (Monotonicity of Bq). For all formulas ® of the language of E-HAS, w
have

E-HAS Fa <*a Ab <"b A ®gqla; b) — Dpq(a:b).

The next result, inspired by a similar result in [10, Proposition 7.6], not only
relates g-truth and t-truth but even “explains” why g-truth is weaker than t-truth: we
need to strengthen ®p, by “adding” ® in order to get Pg;.

Proposition 12 (Factorisation Bq A id = Bt). For all formulas ® of the language
of E-HA?, being @B = Fta Vsip ®gq(a: b) the Bq-interpretation of ®, then the Bt-
interpretation of ® will be of the form ®B' = ﬁ“c_z ‘7“1_) Dg(a; b) (for the same vari-
ables a, b as in ®®9) and we have

E-HA? | V%'a, b (®py(a; b) A ® < Ppi(a;b)).
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Proof. The proof is by induction on the length of ®. We will implicitly assume that
the variables @, b are monotone and standard, so that () ¢ <*a — st(¢) and (}) Va <*

12<I>/\lll<—>"v7c_z <*b (® A W) with g not free in W.

s =¢t
(s =0 )pq() As =01 = (Definition 9)
S=oltAS=¢t < (logic)
s =ot = (Definition 5)
(s =0 1)B()-
st(t)
st(t)Bq(a;) Ast(t) = (Definition 9)
t <*a Ast(t) < )
t<*a= (Definition 5)
st(f)ge(as).
vy

(®V W)pqgla,cie, YA (P V) =
(Vb <*e ®pq(a:b) A @) v (Vd <* f Wpq(c:d) A ¥)) A
(PVVY) <«
(Vb <*e Dpg(a:b) A @) v (Vd <* f Wpq(c:d) A W) <>
Vb <*e (Opgla:b) A ®) v Vd <* f (Upg(cid) A P) <
Vb <*e ®pi(a:b) v Vd <* f Wpi(cid) =
(@ Vv Wpa,ce f).
Analogously for W A @, Vx ® and 3x V.
[

(@ > W)py(C.e;a. d) A (@ > W) =

(Vb <*ead Ppg(a:b) A ® — Wpy(Ca:d)) A (® — W) <

(Vb <* ead ®pq(a:b) A ® — Upg(Cazd) AW) A (O — ¥) <
(Vb <*ead (pg(a:b) A ®) — Upy(Ca:d) A W) A (P — U) <
(Vb <*ead ®pi(a;b) — Wp(Casd)) A (@ > V) =

(P — ¥)pi(C.e;a,d).

(Definition 9)

(logic)

(€3

(IH)
(Definition 5)

(Definition 9)
(logic)

(€3

(IH)
(Proposition 6)
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As a curious side remark, observe that from the factorisation Bq A id = Bt the
terms witnessing ®29 and ®B! are the same (and it can be proved that they are also
the terms witnessing ®5).

The interpretation Bq is sound in the usual sense, that it maps theorems of the
interpreted theory E-HAS into theorems of the interpreting theory E-HAZ.

Theorem 13 (soundness theorem of Bq). For all formulas ® of the language of
E-HAY, if E-HAY F @, then there are closed (and therefore standard) and monotone

terms t such that E-HAZ vsth Dy (2: D).

Finally, we give our second proof of the soundness theorem of Bt (Theorem 8).
The proof can be summarised by the following diagram:

O — 1 By (t:h) ——— Dpg(t:h) A D —

/

Proof. The proof is similar to Jaime Gaspar and Paulo Oliva’s proof [10, Theo-
rem 7.7], using the soundness theorem of Bq (Theorem 13) and the factorisation
Bq A id = Bt (Proposition 12): for all formulas & in the language of E-HA, being
PBa = Jig Vsip ®pq(a; b) the Bg-interpretation of ® and B = Itq Vb Dp(a; b)
the Bt-interpretation of ® (by the factorisation Bq A id = Bt), if E-HAS = & then there
exist closed and monotone terms ¢ such that E-HAY - g’“l_) ®gq(2;b) (by the soundness
theorem of Bq), s0 E-HA? - Vb ®p, (z:5) A ®, where E-HAL b V5th (Dpy (1:5) A B <>
®g(z; b)) (by the factorisation Bq A id = Bt), thus the same terms ¢ are such that
E-HA® 1= ¥5b Dp,(2; b). m

$p,(2:b).

P

6. Proof 3: The copies-only method

To explain the “copies-only method”, we consider the case of the axiom ® — ® v .
Let us see how we check that B interprets this axiom.

(1) First, we give the B-interpretation of the axiom,
(@ — &V W) =3C.E.iVa g.h(Vb<"iagh®p(a:b) —
Vd <*g dp(Card) v ¥ f <*hWp(Ea: /),

and then the terms supposedly witnessing the interpreted formula,

tca=a, tga:=0, tiagh:=g.
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(2) Secondly, we replace the terms by their definitions in the interpreted formula,
getting

Va, g, h (Vb <* g ®p(a:b) — Yd <*g dp(a;d) v V [ <*h Wp(O: f)),

and we verify that the result is provable, which essentially consists in noticing
that the first underlined subformula implies the second underlined subformula

because they are the same modulo an irrelevant renaming of the variables b
tod.

Now let us see how Bq interprets the axiom & — & v .
(1) First, we give the Bg-interpretation of the axiom,
(@ — &V V)P =TC E, iV & h (Vb <*iagh ®py(a;b) A ® —
(Vd <* g Opy(Ca:d) A ®) v (Vf <*hWpy(Ea: f) A W),

and then the terms supposedly witnessing the interpreted formula (the same
as for B),
tca:=a, tga:=0, tiagh:=g.

(2) Secondly, we replace the terms by their definitions in the interpreted formula,
getting

‘?Q‘gh(‘;’lzfg q(ab)/\d>—>
(df Ppqla;d) A 2 (f<h‘I’Bq(Q;i)/\“I’)),

and we verify that the result is provable, which essentially consists in noticing
that

(1) the first underlined subformula implies the second underlined subfor-
mula because they are the same modulo an irrelevant renaming of the
variables b to d ;

(%) the first double-underlined ® implies the second double-underlined .

The previous points reveal that the verification that the terms interpret the axiom splits
into two disjoint tasks (1) and (%), which we reformulate now:

() essentially, to verify, ignoring the ellipsis, that the terms work, that is that they
are such that

-+ (Vb <* g Ppq(@:b) A —
(Vd <* g Opg(@:d) A )V (Vf < hWpg(O: f) A--0)):
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(+) to verity, ignoring the ellipsis, that the copies work, that is that they do not
spoil provability

Analogous considerations work for t-truth. At this point we should conclude what we
learned as a statement of the “copies-only method”.

In proving the soundness theorem of a functional interpretation with truth Iq
or It, it is superfluous to do the task () since it is just a repetition of the same
task for the functional interpretation without truth 1, so it suffices to do only

the task ().

We should point out, however, that the “copies-only method” does not always
work. One situation in where it does not work is when the proof of the soundness
theorem of I depends on some crucial property of the formulas ®;(a; b) that does not
hold for the formulas ®gq(a;b) or ®y(a;b). This problem does not occur with Bq
(nor Bt) but occurs, for example, if we try to hardwire g-truth (or t-truth) in Godel’s
functional interpretation D [11, page 285] obtaining Dq, which we explain now. To
illustrate the problem, let us prove that D interprets the axiom ® — ® A ®. Its D-
interpretation is

AC.E,BVa.d, f (Pola: Bad [) - Pp(Ca:d) A Po(Eg; [f))
and the terms witnessing the interpretation are

S if Ppla:d),

tca=a, tga=a, tpadf =
‘ca=q, tpa=g tpad] {c_i if ~®p(a;d).

The terms £ p can be defined by cases because of the crucial property that the for-
mula ®p(a; d) is quantifier-free. But, and here is the problem, the formula ®py(a; d)
is no longer quantifier-free (because of the possible non-quantifier-free copies added
to it), so we cannot apply the “copies-only method”, as we wanted to illustrate. Other
properties, which look more innocent but could also be a source of problems, include

(1) ®[t/x]pg(a;b) and ®py(a; b)[t/x] should be syntactically equal (which plays
a crucial role in interpreting the axioms Vx ® — @[t /x] and @[t /x] — Ix D);
(2) the free variables of ®pq(a;b) should be exactly the free variables of ® and

the variables @, b (which plays a crucial role in interpreting the rules ® — ¥ /
d—>VxV¥and ® > ¥ /Ix & - U);

(3) for all quantifier-free formulas ¢, we should have gpq(a; b) <> ¢ and the
tuples ¢ and b should be empty (which plays a crucial role in interpreting
axioms and rules restricted to quantifier-free formulas).
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After presenting the “copies-only method”, we finally go to the actual proof of
Theorem 8 using this method.

Proof. First, we notice that there is no need to check the copies for axioms and rules
whose premises and conclusions are both unnested implications, as in ® — W versus
® — (U — ), because their Bt-interpretations, which are very roughly (®g; —
Wg) A (& — W), are provable since & — W is an axiom or the proved premise or
conclusion of a rule. In the present setting, there are only two axioms or rules with
nested implications, namely

PAY > Q b - (¥ —>Q)
d— (V- Q) OAVY - Q

So we only have to check the theorem for these two rules, which was already done in
the “standard” proof in Section 4. |

7. Proof 4: The translations t and o

The strategy for this final proof is to

(1) define an extension E-HA of E-HA? where there are copies @ of every for-
mula ® of the language of E-HAZ;

N
(2) a translation t from E-HAZ to E—HA§; that puts copies in strategical places,
namely after implications and universal quantifications;

(3) atranslation Bc from E-HA§: to itself which is essentially the same as B except
that a clause is added to deal with the translation of copies by leaving them
unchanged;

(4) atranslation o from E—HAcz;’f to E-HAZ that replaces the copies ®. with the ori-
ginal formulas .

The idea is summarised in the following diagram (compare with Proposition 24):

o]

E-HA? — s E-HAL —2% E-HAE > E-HAZ.

\/

Bt

Theorem 8 is then essentially an immediate consequence of the soundness of the
translations t, B¢ and o and of the factorisation Bt = o o Bc o t (Proposition 24). This
recasts a previous idea [9, Section 13.4].
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Definition 14. The theory E-HA{ is obtained by adding to E-HA® the following.

(1) A fresh formula &, called the copy of ®, for each formula ® of the language
of E-HAY

st
atomic if and only if ® is atomic.

which we declare to be internal if and only if ® is internal, and

(2) The axioms and rules of E-HAZ extended to the language of E—HA§. For exam-
ple, for an internal formula ¢, the internal rule of induction now holds.

(3) The axioms ($1)c — -+ — (P,). for each theorem ®; — - - — P, of E-HAL.
Note that the implication associates to the right so, for example, ®; — &, —
@3 means ®; — (P, — P3). Note also that n can be equal to 1, so if O is a
theorem of E-HA®, then @, is an axiom of E—HAg .

(4) The axiom ¢ — ¢, for each internal formula ¢ of the language of E-HAY.

(5) The free variables FV(-) are extended to the language of E-HA by FV(®,) :=
FV (D).

(6) We say that a term ¢ is free for a variable x in ®. if and only if 7 is free for x
in ®.

(7) Substitution [-/-] is extended to the language of E-HA by ®.[t/x] := @[t /x]..

We have to define the translations t, o and the functional interpretation Bc, and to

prove their soundness theorems. Let us start with t.

Definition 15. The translation t assigns to each formula ® of the language of E-HAY
the formula ®* of the language of E-HA according to the following clauses:

(s =00 = (s =01),
st(f)! := st(1),
(P AW = (D' A WY,
(Vv W)= (0 v I,
(P — W)t = (O - W) A (O — V),
(3x ®)' := Ax O,
(Vx &)t := Vx &' A (VX D).

It should be clear from the previous definition that, for all formulas ® of the lan-
guage of E-HA?, we have FV(®') = FV(®). Moreover, for all terms ¢, variables x
and formulas ®, ¢ is free for x in ®! if and only if 7 is free for x in ®, and we have
Qfr/x]t = dr/x].

The translation t has a sort of “truth property” since the translated formulas ®*
imply the copies P, of the original formulas, instead of implying the original formu-

las @ (as in a proper truth property).
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Proposition 16 (“Truth property”). For all formulas ® of the language of E-HAL, we
have E-HAY F @' — @

Proof. The proof is by induction on the length of ®. We present only the case of
conjunction. By induction hypothesis, we assume (IH;) ®! — &, and (IH,) ¥* — .
The formula ® — (¥ — (® A W¥)) is a theorem of E-HA®, so &, — (V. — (D A ¥),)

St 2

is an axiom of E—HA;c‘;. Hence ®. A ¥, — (® A W).. Using this together with (IH;)
and (IH,), we derive

(PAD) =
o' AP —
O NV, —>

(D A Y)..

The remaining cases are either immediate or similar. ]

Theorem 17 (Soundness theorem of t). For all formulas ® of the language of E-HAS,
if E-HA® | @, then E-HAS F @

Proof. The proof is by induction on the length of derivations.

OAY - WA D Wehave

(DAY > WUAD) = (PIAY 5> WEADH)A(PAY — U A D).

The formula ® A ¥ — W A @ is a theorem, so (P A W — W A @), is an axiom and the
result follows. Analogously for ®v ® - &, & > dVv V. & > PA D, OAYV — P,
dvVyY >V¥vdand L — &.

Vx ® — ®[t/x] We have
(Vx ® — ®t/x])' = (Vx D' A (VX D) — P[t/x]") A (Vx D — D[t/x])..

Here we use the fact that ®*[t/x] = ®[¢t/x]* and that ¢ is free for x in ® if and only
if  is free for x in ®*. Analogously for ®[t/x] — 3x ®.

PAY > Q/ P — (¥ — Q) Wehave

(PAV - QM= (DAY 5> QHA (DAY = Q).
(®—= (V- Q) =(d' - (V' = QYA (¥ = Q)) A (P — (¥ = Q))..
The formula & A Ut — Q? is a theorem (because it follows from the t-translation of

the premise of the rule), so (1) ®* — (¥! — Q) is a theorem. By Proposition 16, we
have (2) @t — ®,. The formula ® — (¥ — ) is a theorem, 5o (3) P, — (¥ — Q).
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and 4) (& - (¥ — Q)). are axioms. From (1), (2), (3) and (4), we get the t-

. . ® P>V PV YO
translation of the conclusion of the rule. Analogously for \p_) , _)q>_>Q—> ,

P—>(V—>Q) d->P d>—>¥ and d->Y
PAY—-Q ’ DVQ>UYVQ OV W Ix d—>V -

External induction The translation of the rule is

®0/w] (st(x) A Dt[x/w] — DSx/w]) A (st(x) A P[x/w] — P[Sx/w])c
(st(x) = P [x/w]) A (st(x) = P[x/w])c '

Although the formula ®! may contain copies, it is an instance of the rule in E-HAg:‘i
because in E-HAé‘: the rule was extended to the language of E-HA§:.

The remaining cases are trivial in the sense that either the axiom is an internal for-
mula or the translation of the axiom is essentially an instance of the same axiom-
scheme. ]

Now we present the translation o and prove its soundness theorem.

Definition 18. The translation o assigns to each formula ® of the language of E-HAE
the formula ®° of the language of E-HAY according to the following clauses:

(@) := D,
(s=01)°:=(s=01),
st(2)° := st(z),

(P AW)? = P° A PP,
(® VW) :=0°VvP°,
(® - V)= 0° —» P°,
(Vx @)° := Vx ®°,
3x ®)° := Ix ©°.

o4
Sst’

Theorem 19 (Soundness theorem of o). For all formulas ® of the language of E-HA
if E-HAE | ® then E-HAS |- @°.

Proof. The assertion is proved by a simple induction on the length of the derivation.
Observe that for the nonstandardness axioms the result is trivial since for those axioms
we have ® = ¢°. [
Proposition 20. For all formulas ® of the language of E-HAS, we have

E-HA? | (9Y)° < &,

Proof. The proof is by induction on the length of ®.
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st(t) We have

(st(t)H° = (Definition 15)
st(2)® = (Definition 18)
st(t).
® — & We have
(& — ¥)H° = (Definition 15)
(' - V) A (P — ¥),)° = (Definition 18)
((@9)° = (¥TH) A (D — V) & (IH)
(P> UVA(DP—> V) < (logic)
d - v,
Vx ® We have
(Vx ®)H)° = (Definition 15)
(Vx ') A (Vx ®))° = (Definition 18)
Vx (PH° AVX D < (TH)
VXOPAVXD < (logic)
Vx &.
The other cases are analogous. |

Now we present the functional interpretation Bc and prove its soundness theorem.

Definition 21. The intuitionistic nonstandard bounded functional interpretation Bc
extended to copies @ interprets formulas in the language of E-HA{ into formulas of
the language of E—HA§: in the same way that the interpretation B interprets formulas
of the language of E-HA? into formulas of the language of E-HAY, except that for
formulas of the form ®. we define

(q)c)BC = (P)p. := ..

Proposition 22. For all formulas ® of the language of E—HAgf, we have that if
E-HA?: F @, then there are closed (and therefore standard) and monotone terms t
such that E-HAS F Vb ®g.(1: b).

Proof. The proof is the soundness theorem of B plus the interpretation of the new
axioms (®;). — -+ — (P,). by Bc, which is the theorem ®; — -+ — @, of E-HAZ.
]
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Lemma 23. For all formulas ® of the language of E-HA®, we have ®° = .

st?

Proof. The proof is a simple induction on the length of the formula ® in which each
case follows immediately from Definition 18 and the induction hypothesis. |

w

Proposition 24. For all formulas ® of the language of E-HAY, we have

(1) E-HAZ | ((®")Be(a: b))° = Ppi(a: b);
(2) E-HA? |- ((d*)B)° = @B,
So, Bt is sound because t, B¢ and o are sound.
Proof. We focus on the proof of the first item because the second item is an immediate

consequence. The proof is by induction on the length of the formula ®. The cases are
all similar so we just present the case of implication.

(@ - ¥))se(C, Bia,d))° = (Definition 15)
(@' — WYY A (@ — ¥)o)e(C, B;a,d))’ =  (Definition 21)
(@' = ¥')pe(C. B:a. d) A ((P = W)o)pe(:))° = (Definition 21)
(Vb <* Bad (®")pe(a:b) - (Wpe(Ca:d)) A ((® — ¥))° =  (Definition 18,
Lemma 23)
(Vb <* Bad (®")pe(@:b))° — (¥M)pe(Ca:d)° A (@ - W) = (IH)
(Vb <* Bad ®y(a:b) — Vp(Ca:d)) A(® — W) = (Definition 5)
(® > V)g(C,B;a,d) A(® - V) = (Proposition 6)
(© — W)p(C, B;a,d). u

8. Conclusion and future work

We introduced variants with t-truth and g-truth for the intuitionistic nonstandard
bounded functional interpretation of the nonstandard extensional Heyting arithmetic.
We presented four different approaches to prove its soundness theorem, the “stand-
ard” way, one using a detour through g-truth, one relying on the copies-only method
and finally a method relying on the translations t and o. For the reasons mentioned in
the introduction we are convinced that these methods may be adapted without diffi-
culty to prove the soundness of variants with truth for other functional interpretations.
Let us briefly comment on why each of the new methods may have advantages.

(1) The method explored in Section 5 is useful because it is easier to hardwire
g-truth than t-truth.
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(2) The copies-only method developed in Section 6 has the obvious advantage of
avoiding a lot of bureaucracy, allowing one to focus only on the copies instead
of the whole interpreted formula.

(3) The method presented in Section 7 can be seen as a theoretical clarification of
the fact that one can deal with interpretations with truth as blocs of independ-
ent processes. In this way, one can see this method as a sort of formalisation
of the copies-only method.

Finally, let us say a few words concerning future work. It is well known that a
characterisation theorem for interpretations with truth is a sort of “unobtainable goal”.
In spite of that we can maybe nevertheless separate certain principles. So we would
like to pay attention to the characteristic principles of the version without truth and
see if they are interpretable in the version with truth, as these give some idea of how
powerful a theory is.

Recently, in [4] a parametrised interpretation for Heyting arithmetic was intro-
duced. It is claimed that this parametrised interpretation should, in principle, be able
to also deal with interpretations with truth. We believe that this is worth exploring as
it might shed some extra light concerning the relation with linear logic, in analogy
with what is done in [10].
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