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Existence and boundary asymptotic behavior of strictly
convex solutions for singular Monge—Ampere problems
with gradient terms

Xuemei Zhang and Shuangshuang Bai

Abstract. In this paper, we study the existence as well as the boundary asymptotic behavior of
strictly convex solutions for singular Monge—Ampere problems with gradient terms. The stan-
dard tools are Karamata regular variation theory and the sub-super-solution method. In order to
apply these methods, we need to know the properties of the weight function b and the nonlinear
term f. We find new structure conditions on b and f to overcome the difficulties due to the
singularity of b and the gradient terms.

1. Introduction

Let €2 be a strictly convex, bounded smooth domain in R” with n > 2. We consider
the following singular Monge—Ampere problems:

det(D?u) = b(x) f(—u) + [Dul!  inQ, (1.1)
u=20 on 9%, )
and
det(D?u) = b(x) f(—u)(1 + |Dul?)  inQ, (12)
u=20 on 092, ’

where det(D?u) is a Monge—Ampére operator, 0 < ¢ < n, b € C*(Q2) is a positive
weight function in €2, and f € C°°(0, 4-00) is positive and nonincreasing.

The Monge—Ampere equation is a class of fully nonlinear partial differential equa-
tion, which arises from fluid mechanics, geometric problems and other scientific
fields. In the past years, there is an extensive research devoted to the study of Monge—
Ampere equations by different methods, see [5,7,9,11, 14, 19,21, 29,31, 33,37, 38,
40-44] and the references therein.
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Moreover, we notice that a type of singular elliptic boundary value problem has
received much attention, for example, see previous studies [8,13,23,24,26,39] and the
references cited therein. In [30], the existence question for Monge—Ampere problem

{det(DZM) =u~ 2 ihQ,

1.3
u=20 onaQ, ( )

was studied by Loewner and Nirenberg when n = 2. Cheng and Yau [6] considered
problem (1.3) in the case of n > 2 and also obtained existence results.

Using the sub-super-solution method, Lazer and McKenna [27] proved that the
Monge—Ampere problem

{det(Dzu) =bx)u™’ in ,

14
u=~0 on 092, a4

admits a unique solution v € C2(2) N C(Q), where y > 1 and b € C*®(Q) is posi-
tive. Besides, they proved that there exist two negative constants c; and ¢, such that
u satisfies

cldﬂ(x) <u< czdﬂ(x) in Q,

where 8 = ZI;I/ and d(x) = dist(x, 02).

In [32], Mohammed considered a more general Monge—Ampere problem

{det(Dzu) =b(x)f(—u) inQ, 05
u=20 on 012,
and proved the existence of a solution when b satisfies
b(x) < Cd(x)’™! (1.6)

for some positive constants C and 0 < § < n — 1. Note that (1.6) allows b(x) to be
singular near 9%2.

Recently, Sun and Feng [14] (where k-Hessian equation was studied, it reduces
to the Monge—Ampere equation when k = n), Li and Ma [28] applied the Karamata
regular variation theory and the sub-super-solution method to analyze the boundary
asymptotic behavior of convex solutions of (1.5). They covered a more general weight
function b by using the following condition:

(b) there exist constants C, > C; > 0 such that
C16" 1 (d(x)) < b(x) < C,0"T1(d(x)) near 92, (1.7)
for some 6(t) € C1(0, a) satisfying

(%

o ) = Dy € [0, +00),

lim
t—>0t

where (1) = [3 0(s)ds.
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Remark 1.1. It is clear that 6(z) = ¢ satisfies

) o)\ 1
t1_1)1(1)1+ (Wzt)) “lta

When det(D?u) is replaced by Au or the p-Laplacian Apu in (1.1) and (1.2), similar

questions involving the gradient terms | Du| have been extensively studied. For exam-
ple, Brezis and Turner [4] studied the existence of positive solutions for the following
problem:

{Lu = g(x,u, Du), x € Q,

u=20, x € 092,

where L is a linear elliptic operator. Ghergu and Rédulescu [18] established several
results related to existence, nonexistence or bifurcation of positive solutions for the
boundary value problem

—Au + K(x)g(u) = Af(x,u) — |Du|?, x €,
u = 0’ X € 89,

where K € CO”’(S_?), 0 <y < 1,0 < a < 2. Dupaigne, Ghergu and Réadulescu [10]
considered

—Au £ p(d(x))g) = Af(x,u) + u|Dul*,  x€Q,
u =20, x €092,

where p(d(x)) is a positive weight with possible singular behavior on the boundary
of Q. For general p-Laplacian problems with gradient terms, please see [1, 2, 16,
17,34,36]. Generally, the variational method cannot be directly applied because the
gradient terms usually destroy the variational structure. The existing methods mainly
involve the topological degree and sub-super-solution argument.

In [12], Feng, Sun, and Zhang studied the existence and boundary behavior for
Monge—Ampere equations with nonlinear gradient terms of the form

det(D?u) = b(x) f(—u) + g(|Du|)  in <, I8
u=20 on 0%2, (18)
and
det(D?u) = b(x) f(—u)(1 + g(|Du]))  inQ, o
u=20 on 0%2, (19)

where b € C*®(Q) is positive in Q and satisfies (b) with Dy € [0, 1], f is positive,
decreasing on (0, +00), lim,_, o+ f(s) = 0o, and there exist positive d and c¢; such
that f(u) < :—}, g € C*(0, 00) is positive and nondecreasing on (0, o), and there
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exist a constant ¢, and 0 < g < n such that g(x) < cgx?. They obtained interesting
results on the existence and boundary asymptotic behavior of strictly convex solu-
tions.

In this paper, we focus on the case g(|Du|) = |Du|? (0 < g <n)in (1.8) and (1.9)
but allow much more general behaviors of b(x) and f. We will construct some new
functions with special structure to overcome the difficulties due to singularity of » and
the gradient terms. Even in the case b € C*() we get a structure condition better
than that in [12]. In fact, in this paper we will use a new technique to study problem
(1.1) and (1.2), which is completely different from that used in [12]. Especially, the
condition on b is weaker than (b), see Remark 1.2 for detail.

We will apply the sub-super-solution method and Karamata regular variation the-
ory to show the existence and boundary asymptotic behavior of solutions for problems
(1.1) and (1.2).

Firstly, we suppose that f satisfies

®) f :(0,00) = (0,00) is of class C*° and nonincreasing.

For the study of the existence and the boundary asymptotic behavior of solutions,
let us introduce a function ® defined by

t
(1) = / [(n+1— /L)F(s)]_'H-ll—# ds, tel0,d], (1.10)
0
where

0, corresponding to problem (1.1),
n= (1.11)

q, corresponding to problem (1.2),

a
F(t) = / f(s)ds, (1.12)
t

and a is a positive constant. Since ®" > 0, the inverse function exists. Let ¢ be the
inverse of ®.

Next we discuss the conditions on b. To achieve this goal, we first introduce a few
notations.

Let

1
P(r) = / P,

where p € C1(0, 00) is a positive function satisfying p’(¢) <0 and lim,_ o+ p(t)=cc.
Such a function p is said to be of class Pgpite if

/()+[P(r)]"lﬁtdr < 0, (1.13)

where p is defined in (1.11).
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We suppose that b satisfies
(by) b € C®(Q) is positive in Q, or

(by) b € C*°(R) is positive in €2, singular near 0€2, and there exists a function p
of class Pryie such that

kap(d(x)) = b(x) < k1p(d(x))

near 02, where k; > ko > 0.

Remark 1.2. Condition (b;) here is weaker than [28,32] (where ¢ = 0), where p(t)
was required to satisfy

/O+[p(r)]nl+1dr < o0. (1.14)

For example, letting p(t) = ¢t~ 1 (=1In t)_ﬁ, O0<t<ty<l,Be(nn+1],then
p satisfies

/ [P(0)]"dt < oo,
o+

but

/ [p()]#Tdt = oo.
ot
The existence results are as follows.

Theorem 1.1. Let (f) and (by) hold. Then problem (1.1) (or (1.2)) admits a strictly
convex solution.

Theorem 1.2. Let (f) and (b, ) hold. Then problem (1.1) (or (1.2)) admits a strictly
convex solution.

The next theorem provides an asymptotic behavior of strictly convex solutions
close to the boundary. To state the theorem, we need to introduce two constants [

and Jj.
- (5) ()
s)D(s
Suppose that lim,_, o+ /(s) exists and is denoted by /y. Set
t
o) = [ o= mpeads (116)
e ()0 (5)
w(s)w" (s

Suppose that lim,_, o+ J(s) exists and is denoted by Jy.
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Theorem 1.3. Suppose that f satisfies (f), lim;_, o+ f(s) = oo and such that Iy is
well defined and Iy # 0. Suppose that b satisfies (b,) and such that Jy exists and
Jo # 0. Then there exist &1, & such that for any strictly convex solution u to problem
(1.1) it holds

—(E1[0(d(x)]7FT) < u(x) < —(E2lo(d(X)]7FT) neardQ.  (1.18)

And there exist 0y, 1, such that for any strictly convex solution u to problem (1.2)
it holds

—p (Ml @) T77) < u(x) < —p(n2[w(d(x)]7 7)) near 3Q.  (1.19)

Corollary 1.1. In Theorem 1.3, if Q is a ball of radius R, and limg(x)—¢ % = l;,
then there exists &y such that for any strictly convex solution u to problem (1.1), it
holds

U(X) 1-1Igp

lim — =&, °. (1.20)
S5 pl@) ]

And there exists ng such that for any strictly convex solution u to problem (1.2), it
holds

. u(x —
lim ( ) _ — 1 I()'

52 $l@(@(x)) 4157

(1.21)

Remark 1.3. Comparing with the previous articles, such as [12], the main features
of this paper are as follows.

(i)  Our condition on f is weaker than that of [12], no assumption of the form
f(u) < :—}, for u € (0, +00) and for some positive constants ¢y, d are
assumed. Our technique depends on the construction of the function @ in
(1.10) which has a relation with a gradient term and a special structure con-
dition (1.15). However, in [12], the author did not define the function ® and
the structure condition (1.15).

(ii) The conditions on b are also different. We study not only the case b €
C°°(Q) (considered in [12]) but also the case b is singular near 9Q. We
solve the difficulty of singularity by constructing a special structure condi-
tion (1.17) which is not used in [12].

(iii)) We use different methods from [12] to deal with gradient terms.

The rest of this paper is organized as follows. In Section 2, we give some prelim-
inary results to be used in the subsequent sections. Section 3 is devoted to proving
Theorem 1.1 and Theorem 1.2, Section 4 is devoted to proving Theorem 1.3 and
Corollary 1.1.



Existence and boundary asymptotic behavior 113

2. Preliminary results

In this section, we shall give some lemmas and definitions for the convenience of later
use.

Lemma 2.1 ([7, Proposition 2.1]). Let u € C?(S2) be such that the matrix (i, ;) is
invertible for x € Q, and let h be a C? function defined on an interval containing the
range of u. Then

det(D?h(u)) = det(D*u){[' )" + [0’ )" *h" w)(Vu)T Bw)Vu},  (2.1)

where AT denotes the transpose of the matrix A, B(u) denotes the inverse of the
matrix (Uy, x; ), and
T
Vu = (Ux; Uxys -5 Ux,)

Moreover, when u(x) = d(x), we have

xEle,

n—1 _
det(D2h(u)) = (=h'(u))" ‘K" &
et(D7h(u)) = (=h'(u)) (u) ll:ll e

where Qs = {x € Q : 0 < d(x) < 81}, X € 9 is the projection of the point x € Qg,
to 02 and k1, . . ., kn—1 are the principal curvatures of 02 at X.

Lemma 2.2 ([22, Lemma 2.1]). Suppose that Q C R" is a bounded domain, and
u,v € C%(Q) are strictly convex. If

() ¥(x,z,p) > ¢(x,z, p), V(x,z,p) € (2 x R x R");
(2) det(D?u) > Y (x,u, Du) and det(D?v) < ¢(x,v, Dv) in Q;
3) u <vonodf;
@) Yz(x,z,p)>00r¢,(x,z,p) >0,
thenu <vin Q.

The following interior estimate for derivatives of smooth solutions of Monge—
Ampere equations is a special case of [15, Theorem A.42].

Lemma 2.3. Let Q be a bounded domain in R", n > 2, with 0Q € C®. Let f €

C(Q x [0, 00) x R™) with f(x,u, p) > 0 for (x,u, p) € Q x [0,00) x R™. Let

u € C®(Q) be a convex solution of the Dirichlet problem
{det(Dzu) = f(x,u, Du), x € Q,

(2.2)
u(x) =c € R, x € 0Q2.

Let Q' be a subdomain of @ with Q' C Q and k > 1 be an integer. Then there exists

a positive constant C which depends only on k, a, b, bounds for the derivatives of
f(x,u, p) and dist(Q', 9Q) such that

lullcr@n = C.
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The existence result below is a special case of [20, Theorem 1.3].
Lemma 2.4 ([20, Theorem 1.3]). The equation of the form

det(D?u) = ¢(x,u, Du), x e,
u(x) = ¢(x) e C*, x € 092,
where @(x,u, p) is a positive C™ function for x € Q, u < max¢, p € R" and ¢ €

C>(0R), admits a strictly convex solution u € C*(Q), if there exists a subsolution
u € C2(Q) such that u = ¢ on IQ and which satisfies

det(ﬂz]) = <P(x,% DZ)’ Vx € Q.
If ¢, > O, then this solution is unique.

Next we prove some properties of Iy and Jy by the Karamata regular variation
theory, which was introduced and established by Karamata in 1930, and it is a basic
tool in stochastic processes (see [3,25,35]).

Definition 2.1. A positive measurable function f defined on (0, a), for some constant
a > 0, is called regularly varying at zero with index p, written f € RVZ,, if for each
¢ > 0 and some p € R,

i JE9) _
s—ot f(s)
In particular, when p = 0, f is called slowly varying at zero.
Clearly, if f € RVZ,, then L(s) = fs(,f) is slowly varying at zero.

£°.

Definition 2.2. A positive measurable function f defined on (0, a), for some constant
a > 0, is called rapidly varying at zero,

if lim f(s) =00, andforeachp>1, lim f(s)s° = oo,
s—0t s—>0F

orif lim f(s) =0, andforeachp>1, lim f(s)s™® =0.
s—0t s—0+

Proposition 2.1 (Representation theorem). A function L is slowly varying at zero if
and only if it may be written in the form

“1 y(7)

L(s) = ¥ (s)exp (/ d‘[), s €(0,ay)
S
for some 0 < ay < a, where the functions W and y are measurable and for s — 07,
y(s) = 0and Yy (s) — co with cy > 0.
On the other hand, for (0, ay) one says that

L(s) = co exp (/al y(r)dt)

s T
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is normalized slowly varying at zero and
f(s) =s"L(s). s € (0.a1)
is normalized regularly varying at zero with index p and write f € NRVZ,,.

Proposition 2.2. A function f € RVZ, belongs to NRVZ,, if and only if

f e CY0,ay), for some a; > 0 and 51_13(])[14r S;;L(YS))

Proposition 2.3 (Asymptotic behavior). Ifa function L is slowly varying at zero, then
fora>0andt — 0T,

(1 fot sPL(s)ds = (1 + p)~t"PL(t), for p > —1;
Q@) [ sPL(s)ds = (=1 — p) P L(1), for p < —1.

Lemma 2.5. Let [ satisfy (f) and such that Iy is well defined, then 0 < Iy < 1.

Proof. In order to estimate /¢, by integrating (1.15) from 0 to v we have

AR ZOL PR O N
[, o= | @) 4= | @eREt?®

o(s) | [ (P'(s))° = 20(5)¥'(5)2"(s)
= N
D'(s) o (@'())°
P(v)
= — 2 I(s)ds.
() v+ /0 (s)ds
At the same time, it follows from (1.10) that ®'(v) > 0, so we have
P I(t)d
0< tim 20 _ gy SO =1 1,
v—=>0T qu(l)) v—0t v v—0+
i.e. Iy <1, therefore, we get 0 < [y < 1. n

Lemma 2.6. Let f satisfy (f) and such that Iy is well defined, we have
(1) 1o €(0,1) ifand only if F € NRVZ, 11 with p < —1. In this case, f € RVZ,;
) if Iy = 1, then F is rapidly varying at zero;
) if Io = 0, then F is slowly varying at zero.

Proof. (1)
1 1
P7(s) . ' (s) D(s)
lim ——— = — lim )
s—>0%F S(CD’(S)) 20T s @y P0)
1 D(s)
. P/ (s)

m
I() s—0t S
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1 (D(5))* — D(s)D"(s5)

o Iy s—ot+ (CI)/(S))Z

_f-1 (2.3)
Iy

.o, 1
By Proposition 2.2, o) € NRVy,/(1o—1) and F € NRVZ 1 1_)10/(1o—1) bY
Proposition 2.1. Denote (n + 1 — w)lo/(lo — 1) by p + 1, then p + 1 < 0, i.e.
p <—1.
Now, we assume that F € NRVZ,,; | with p < —1, then q,%(s) ENRV (p11)/(n+1-p)>
and

s(w) _ pAI 1

(D/l(s n—+ I - /’L’ (D/(S)

+1 ~
lim — gition L(s), Vse(0,a1),

s—0+

~|

where Z(s) is normalized slowly varying at zero. By Proposition 2.3,

fo=~ Tm, (CD/l(s))/q)(s)

Y 1
S\F ) ()
= — lim (‘1’1‘”) lim 2 p(s)
s—0t 46) N
1 tu—n ~ $ +1 o~
—__r*ty lim st L(s) R L(z) lde
n+1—pus>ot 0
1 +u—n ~ 1 N1 +1 A
—_ Pl i SRS L(s)(l . L) s1m A =E L (s) .
n+1—pus—ot n+1l—p
It follows that Iy = pf:iﬂ < 1. In this case,

F(s) = s?T'L(s), VY0 <s <ay.
Taking the derivative with respect to s,
f©) =sP[(p+ 1) +y®ILts). YO<s<ay,

where y(s) — 0 as s — 0. It follows from Definition 2.1 that f € RVZ,.
) If Iy = 1, by (2.3) we have
sF'(s)
im =
s—o0+ F(s)

Then, for an arbitrary M > 1, there exists / = /(M) > 0 small enough such that

F'(s)  M+1

, YO l.
F(s)< g <s<
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Integrating the above inequality with respect to s, we obtain
InF()—InF(s) <—(M + 1)(In/ —1Ins), VO0<s </.

Therefore, we get

F) /1\-+D)
m < (;) s VOo<s < l,
ie. Mo
F()!
F(s)sM > %, VO <s <.

Let s — 0T and then we see that F is rapidly varying at zero by Definition 2.2.
3)If Iy = 0, we see

1 !/
S\ &7
lim (‘I’I(S)) = 0.
s—0t 70
Let L
S\ 75
(¢1(S)) =y(s), Vs>0,
@/ (s)
i.e.
1 i
Fw) 0 o, 2.4)

Integrating (2.4) from s to a;, we have

1 “y(r)
@/—@:CQGXP(—K Tdf), 56(0,611),
where cg = m.

By lim,_, o+ y(s) = 0, we have that for each ¢ > 1,

1

s &
Ples) _ eXp(/ y(T)dr) = eXp(/ y(sv)dv> —1 ass—07.
s T 1

1
() v

Then q,%(s) is slowly varying at zero, it follows that F is slowly varying at zero. |
Lemma 2.7. Let p € Prniee be defined as in Section | and such that Jy is well defined.
We have

() Jo =0;

2) Jo € (0,00) ifand ifonly P € NRVZ, 41 with—1 > r > —n — 1 4+ pu, where
r+1=—m-—w)Jo/(Jo + 1). In this case, p € RVZ,.

) If Jo = 0, then P is slowing varying at zero.
(4) If Jo = oo, then P € NRVZ_,,,,. In this case, p € RVZ_,, 1, 1.

Proof. The proof is similar to Lemma 2.6. So we omit it. |
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3. Proof of Theorem 1.1 and Theorem 1.2

In this section, we will give the proof of Theorem 1.1 and Theorem 1.2.

Proof of Theorem 1.1. By [5, Theorem 1.1], there exists ug € C °(Q), which is the
unique strictly convex solution to

det(D%*up) =1 inQ, up =1 onaS.

Let z(x) := 1 — ug(x). Then z(x) > 0 in 2 and it is the unique strictly concave
solution to
(=" det(D?2) =1 ing, z=0 ond<. 3.1

Since ¢ is the inverse of @, we have
1
¢'(t) =[(n+1—pF(p@)]"F=7

and —
¢"(1) = —[(n + 1= W F(@@)]"F=" f(p(1)).

We hence can easily get

(O (1) = — P _ [0 +1- ) F@@)]™TE
(@'(1)) " (1) f(¢(r)) and o) o)

Let v = —c¢(z), combining with (3.1), (3.2) and Lemma 2.1, then

3.2)

det(D?v) = det(D?z)[v/(2)" + v'(z)" 0" (z)(Vz)T B(z) V<]
= det(D*2)[(—¢)"¢" + (—c)"¢" 14" (V2) B(2) V]

— _c"¢’"—1¢"[ _¢ (VZ)TB(Z)VZ]

¢//
[(n + 1 — ) F(p(2))) 77
f(6@)

= " fpng™ | - (V)T B(z)Vz].

Let it
[((n +1 - F(@(z))] 7
f(@(2)

Since (zy;x,) is negative definite for x € Q, so is its inverse B(z). Since |Vz| > 0

A= — (V)T B(z)Vz.

near d$2, we obtain
—(V2)TB(z)Vz >0 forx € Q near 9S2.

For x € 2, -
[(n + 1 — p)F(p(2))]+T-#

@) >0
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and it is bounded away from O for x € Q outside any neighborhood of d<2. Hence
there exists M; > 0 depending on ¢ such that

A > M].
For problem (1.1), we have = 0. It follows that

det(D?v) — b(x) f(—v) — |Dv|?
=" f(¢(2)A —b(x) f(~v) —c?¢"|Dz|?

- n— b(x) f(-v)
= T PEN[IA =2 ST
e+ 1-9F@e) =
5) LEC] IEE)
Let
* - b(x) f(=v) [(n+1—q)F(p(z))]iF=a
AT =cTA - - Dz|1.
i T /o) [5) 1Dz
Since f is nonincreasing, fj(ri_vl/}z) < 1 for large ¢, combing this with the fact that

b € C(RQ) is positive, we can easily get that A* > 0 when c is large enough, so we
have
det(D?v) > b(x) f(—v) + |Dv|9.

By Lemma 2.4, it follows that problem (1.1) admits a strictly convex solution.
For problem (1.2), © = g, we have

det(D?v) — b(x) f(—=v)(1 + |Dv|?)
=" f(@(2)¢" A —b(x) f(—v)(1 + c?¢"|Dz|9)

iq[ n—q xS (=V/0) 1
= cqf(—v)¢q[c qAW —b(X)(Cq¢/q + |DZ|q)] (34)

Similar to the proof for (1.1) we can get

det(D?v) > b(x) f(—v)(1 + [Dv|?),

i.e. problem (1.2) admits a strictly convex solution. The proof of Theorem 1.1 is com-
pleted. |

Proof of Theorem 1.2. Since b satisfies (b,), it is obvious that b satisfies the condi-
tion of [38, Theorem 1.5], then there is a strictly concave function zg(x) satisfying

(—1)" det(D?z¢) = b(x) in$, zo0=0 ondQ. (3.5)
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Let v = —c¢(zp), combining with (3.2), (3.5) and Lemma 2.1, then

det(D?v) = det(D?z9)[v(20)" + v'(20)" 0" (20)(Vz0)" B(20)Vzo|
= det(D?zo)[(—¢)"¢" + (=¢)"¢" ' ¢" (Vz0)" B(z0)Vz0]

= =g g"bo)| = 57 = (Vo) Bz Vo]

[(n + 1 — @) F(¢(20))) 717

_ cnb(x)f(¢(20))¢m[ f(¢p(z0))
- (VZo)TB(Zo)VZO]'

We first consider problem (1.1).

120

Similar to the proof in Theorem 1.1 we obtain that there exists ¢; > 0 large enough

such that
det(D?v) > b(x) f(-v) + |Dv|?,

i.e. v = —c1¢(zp) is a subsolution of (1.1).
Moreover, there exists ¢; > 0 small enough such that

det(D?v) < b(x) f(=v) + |Dvl?,

i.e. v = —ca¢(29) is a supersolution of (1.1).
Now, we define

1
Q,:{xesz:g<——,} for j =1,2,. ..
' j

Clearly
Qn C Qn-l—l
and -
Q=
n=1
Consider
det(D?u) = b(x) f(—u) + |Dul?, x e Q;,
1
U=——, x € 09;.
J

Combining the fact that
det(D*v) > b(x) f(-v) + |Du|? in L,

and

(3.6)
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with Lemma 2.4 we get that (3.6) has a strictly convex solution u;.
Moreover, by Lemma 2.2, we have

v=<u; in§;.

Since
Ui =V =Ujy1 ON 891',
using Lemma 2.2 again, we get

Uj SUj41 1IN Qj.

At the same time, we observe that

c cp 1 1
U= —CP(20) = —22 =—2_>_— o 092,
C1 c1] J

for 22 < 1. Then by Lemma 2.2,

u; <v in Qj

121

3.7

(3.8)

3.9)

Vx € £2, we can choose a positive constant jg so that x € £,. From (3.7)—(3.9), we

have
V=u; Sujy1 <0 inQj,

for any j > jo. Thus,
u(x) = lim u;(x).
j—00

By Lemma 2.3, we have

||u] ”Coo(g_z)jo S Ca

where C is a positive constant depending only on n, ¢, b, f, v, v. Hence, the conver-

gence is uniform in every compact subset of Q and u € C(£2), which implies
v=u(x) =v.

This shows that u is a strictly convex solution of (1.1).

The proof of the existence of solutions of (1.2) is similar to (1.1), so we omit it.

Above all, the proof of Theorem 1.2 is finished.
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4. Proof of Theorem 1.3

For § > 0, we set
Qs={xeQ:0<dx) <8}, Ts={xeQ:dx) =46},

where d(x) = inf,epq [x — y|. When Q is C*°-smooth, we choose §; > 0 such that
d € C*(25,)(see [19, Lemmas 14.16 and 14.17]).

Let X € 052 be the projection of the point x € Qg, to 32, and k; (X) (i =1,2,...,
n — 1) be the principle curvature of 92 at X, we can choose a coordinate system such
that

Dd(x) = (0,0,...,1),

—1() @ g
[ d0a® 1= d@ea®

D%d(x) = diag[

Since
e

1
lim [0 —d)x () =1.

d(x)—0 -
i=1
we can choose ¢ small such that for x € €5, (where §; is corresponding to ¢),

n—1

l—e <[]0 -d@m®) <1+e

i=1
For convenience, we set

n—1

n—1
M* = max ki (¥), m* = min ki (X%). 4.1
mas [T min [T @

Thus, we have

* n—1 e *
m <l—[ ki (X) - M

I+e ™ 1 1=dX)ki(x) ~ 1—¢’

X € Qgs.

Proof of Theorem 1.3. We first consider problem (1.1). In this case u = 0, we get
¢'(1)"19"(1) = —f((1)) and ' ()" " (t) = —p(1). (4.2)

For an arbitrary ¢ € (0, 1/2), let

£ = ki(l+ 2¢) ]n+l
LI 1 1 1 1 1 ’
m* G s YT 1
- ka(1 = 2¢) ]nil
5S¢ 1 1 1 1 1 ’
C MG T a7 T T
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where k1, k, are given in (b,). By Lemma 2.5 and Lemma 2.7 we know 0 < [y < 1,
0 < Jo < +o00. Combining this with the condition of Theorem 1.3, we have that 5?8
and § . are well defined.

From Lemma 2.6 and Lemma 2.7 and the definition of &, and §8 we see that

~ n+1
! [np(0)] ™ 1
m =

=0% p(t) fynp(e)hdT S0’
i [ DF@OIFT 1
ot T(®)0() Io

R U R
m- _ ST B =,
5 <n 1) [n+110+n+110J0+10] (I+e)=e¢

M* n \*r n 1 1 11
e ) g i
n+1 n+1Jo n+11yJy

+Ii0] —(1—¢) =—=.
Define
e = —p (& [odN]TT),  u, = —p(Elo@(x)]THT),  x € Q,,

where §, is sufficiently small such that

Mt N pp N 1 1 1 1 1
e e e T Tes TR S T ST TSR T
—(1+¢)>0,
Mt a1 I ! I i
G aamy ter ety Taey T icey)
—(1—-¢)<0

hold. Then, by (2.1) and (4.1), we have
det(D?u,) — b(x) f(—u,) — | Du,|?

_ n -1 n—1 _ n 2 5
= [&(n n 1>wn+1a)/¢/:| [_582(” n 1) wn+1a)/2¢//
o7

n_~_11 w//¢/]

n
n—+1

w%wlz(){)/ _ é‘g

= n
+é (n +1)2
= G

115z d(x)ic; (%)

i=1

— b(x) f(—u,) — | Du,|?
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_gg-n—i-l " m—1 //¢/n 1¢//
_[_ (’;Jr 1(3'2 1 ¢ 02 ]

ntlo'o  n+lgemigr oo Eoittg!

n—1 s ()_c)
Tl e~/ 1w

m = no o\
S T o) IAGTRLIES

n 1 1 1 1 1
Lo e et 1w d@e * i)
— b(x) f(~u,) — | Du, |

- | () [

n+1 n+1J(d(x))
1 1 1 1 (1 +e)|Dge|q}
+ + -+ ——F——1 43
n+11(-u,) J(d(x)) I(—us)] b(x) f(—u,)
Since
(1+¢&)[Du,|?
1im B ——
d@)—o+ b(x) f(—u,)
L (O G e 0 g
- d(x)IEO"‘ kzw/n—lw//¢n—l¢//
= lim §g+11+8( n )". L1 et
d(x)—0+ ky \n+ 1/  I(-u) J(d(x)) omt1-4¢m=1
=0,

we can choose smaller §, such that
det(D*u,) — b(x) f(—u,) — | Du,|? = 0,

which means u, is a subsolution to problem (1.1) in 25, .
On the other hand, we have

det(D?1,) — b(x) f(—its) — | Ditg|?
[ et [ et

n 7_”2_" 12 41
+§8(n+1)2w o g —§

n—1 K (f) ) .
§ 1 S R
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< M* n+1 n n 7
= Tl _8)§8 )/ (Fe)b )
n 1 1 1 1 ~
' [n T17d®) a1l Id@) 1(—%)] — b(x) f (=)

_ b(X)f(—ﬁg) M_* n+1 n n
S 1-e {kzgf (n+1>
n 1 1 1 1 1 |
. [n +1J(d(x)) + n+1—qlI(—i,) J(d(x)) + 1(_58)] —( —8)}
=<0,

i.e. U is a supersolution to problem (1.1) in Qs .
Let v(x) = —d(x). Then we can choose a sufficiently large constant My > 0 such
that
u+ Mov <u, onTls,.

Since
u=v=1u,=0 onod<,

and

det(D?(u + Myv)) > det(D?u) = b(x) f(—u) + |Dul?
> b(x) f(=(u + Mov)) + |D(u + Mov)|?,

then it follows from Lemma 2.4 that
u+ Mov <u, inQs,,

which implies

u - Mod(x)

= m in Qs, .
—$ (& [o(d(x)]7H) —$ (& [o(d(x)]7H)
Since d(x) — 0 (¢ — 0), by L’'Hospital’s rule we have

lim — =
d(x)—>0 _¢(58[w(d(x))]m) dx)—>0 _pt ¢’w’w‘ﬁ
— =&
therefore, we can obtain

lim inf u(x)

d()~0x€Q —¢ (£ [w(d(x))]THT)

where

E |: k2 :|n+1
1= 1 1 1 :
MG "% T oo + 1)

S
S



X. Zhang and S. Bai 126

Similarly, we can get

. u(x)
lim sup n_\ =
d(0)=0xeQ —¢(E2[w(d(x))]7+T)

where ]
1

— kl "
§2 = mr () [ s+ Ll 1] ‘
n+1 n+1 Jo n+1 1o Jo Iy
It follows that (1.18) holds.
Now, we consider problem (1.2). In this case, © = ¢, and we can get

@O (1) = —f(@(1), 'O (t) = —p(2). 44

Let

1
. |: kl(l + 28) ]n+l—q
& n—q \"—4d[ n—q 1 1 11 1 ’
m*(n—{-l—q) [n+1—q Jo + n+i—q Io Jo + E]

f |: k2(1 —28) i|n+1l—q
Se = - Z —q 1 1 11 1 ’
¢ M*(nilzq)n q[n-an—qJ_o T T 1_0]

where k1, k, are given in Theorem 1.3. From Lemma 2.6 and Lemma 2.7 and the
definition of § and § . we see that

S )10 R

m t - _1 - 7

=0 p(t) fal(n— @) px))yade o
[(n+1—q)F(s)]7 7 1

T 7 )a0s) =T

‘n+1—qm_*< n—4q )n[ n—q 1 ot l]_l
2 ki\n+1—gq n—|—1—qJ0+n+l—q10J0+Io (1+2)
= €&,
_ M* n— n n— 1 1 11 1
grri-a M q )[ q —+———+—]—(1—5)
=€ ko n+1—g n+1—qlJy n+1—gqlyJy Iy

= —¢.

Define

n—q

e = (£ [0 d()]TH7). u, = —p(Eclw(d(x)]7T7),
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combining with (2.1) and (4.2), we have
det(D*u,) — b(x) f(=u,)(1 + [ Du,|?)
B o] [ B( ey
th (n ‘: l_fq)zw%waw ~&; i; - q
ki (%)

11 1 — d(x)k; (%)

i=1

—1
wnF1=a a)”(p’]
n—1

—b(x) f(—u,)(1 + | Du,|?)

—q

— n
— SZ—H( n—gq q) wmw/n—lw//¢/n—l¢//

n+1-—
) L I W LN
n+l—qo'ow n+1_q§€w"-ﬁzq¢” "o ggw%(p”
H O k®
) —— b — 1+ |Du |4
[ =Gaem PO/ Crd+ 100l
m* cn+1— n—g n—q _
= kl(l—l—s)és q(n_|_1_q) S ﬂes)b(x)|Dﬂg|q
n+l—qJdx) n+1-—gl(-u,) Jdx) I(-u,)

—b(x) f(=u)(1 + [Du,|?)

1 m*- n—q \"4
_ _ q n+l—gq
=T +8b(X)f( u.)|Du,| {— A (—q)

k1 n+1-—
[ n—gq 1 4 1 1 1 L 1 ]
n+l—qJdx) n+1-ql(-u)Jdx) I(-u,)
-1 L+ +(1+8)]}
|Dug|?
> 0,

which means u, is a subsolution to problem (1.2) in 5, .
On the other hand, we have

det(D?i) — b(x) f(—ite)(1 + | Diig]?)

— _ —1 — 2 _
o e
n -9 n -9
n—dgq =2=ntq 5o, n—dg B /]
- - n+1—q — _ mn+tl—gq
+§8(n+1—q)2w @ §8n+1—qw ©¢
= ki (X)

1 1 — d(x)x: (X)

i=1

—b(x) f(=ue)
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< e () b e

T ky(1 —g)>e n+1—gq

[ n—gq 1 n 1 1 1 4 1 ]
n+1—qgJdx) n+1—ql(—uy) J(d(x)) I(—i)

—b(x) f(—us)

1 _ [ M* n—q \"4

= :b(x)f(—u8)|Dus|q{k—2§8+l q(m)

[ n—gq 1 4 1 1 1 4 1 ]_(1_8)}
n+1—qgJdx) n+1—ql(-uy) J(d(x)) I(—i)

<0,

i.e. U is a supersolution to problem (1.2) in Q3 .
The remaining proof is similar to that above. So we omit it here. The proof of
Theorem 1.3 is finished. ]

Proof of Corollary 1.1. We only prove (1.20). The proof of (1.21) is similar to that
of (1.20). So we omit it.
Since ¢ is the inverse of @, it follows from (1.10) that

$'(0) = [(n+ 1 — W F ()]

Then
() t[(n+ 1 — w) F(p()] R
lim = lim
t—~ot+ @(t) t—0 0
D(s) "
. () . D(s)D(s)
= lim —* =1— lim —=1_10
s=>0t S s—o0t  D2(s)

It follows from Proposition 2.2 that ¢ € NRVZ;_y,.
Combing this with Theorem 1.3 and Definition 2.1 we obtain

: u(x)
lim =
¥e@, P (w(d(x))) ]

d(x)—0
lim u(x) $[Eo(@(d(x))) 7]
Qo0 ® [£0(@(d(x)) 1] ¢[(w(d(x)))T]

_ ¢1-1o
=§& °,

where )

kR }+1
o

S = {(L)”[LL 111
n+1 n+1 Jo n+1 Jolo Iy
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