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On a class of nonlocal obstacle type problems related to
the distributional Riesz fractional derivative

Catharine W. K. Lo and José Francisco Rodrigues

Abstract. In this work, we consider the nonlocal obstacle problem with a given obstacle ¥ in
a bounded Lipschitz domain € in R¥, such that Ky, ={ve Hy(Q) :v =y ae. inQ} # 0,
given by

ueky : (Lqu.v—u)>(Fv—u) VYveky,

for F in H™%(S2), the dual space of the fractional Sobolev space Hj(2), 0 < s < 1. The
nonlocal operator &£, : Hj(2) — H™*(Q) is defined with a measurable, bounded, strictly
positive singular kernel a(x, y) : R? x R¢ — [0, o0), by the bilinear form

(Lqu,v) =P.V. /];Rd ./Rd v(x)(W(x) —u(y)a(x,y)dydx = &4(u,v),

which is a (not necessarily symmetric) Dirichlet form, where i, v are the zero extensions
of u and v outside €2 respectively. Furthermore, we show that the fractional operator £ 4=
—D?%-AD® : Hj(Q) — H™%(Q2) defined with the distributional Riesz fractional D* and with
a measurable, bounded matrix A(x) corresponds to a nonlocal integral operator £, with a
well-defined integral singular kernel a = k4. The corresponding s-fractional obstacle problem
for £, 4 18 shown to converge as s /' 1 to the obstacle problem in H(} (2) with the operator
—D - AD given with the classical gradient D.

We mainly consider obstacle type problems involving the bilinear form &, with one or two
obstacles, as well as the N-membranes problem, thereby deriving several results, such as the
weak maximum principle, comparison properties, approximation by bounded penalization, and
also the Lewy—Stampacchia inequalities. This provides regularity of the solutions, including
a global estimate in L°°(£2), local Holder regularity of the solutions when a is symmetric,
and local regularity in fractional Sobolev spaces les'p () and in C1(Q) when £, = (—A)*

ocC

corresponds to fractional s-Laplacian obstacle type problems
u €K (Q): /Rd(z)su —f)-D*(v—u)dx >0 Vv eKS for f e [L*RD)]7.

These novel results are complemented with the extension of the Lewy—Stampacchia inequalities
to the order dual of HJ(£2) and some remarks on the associated s-capacity and the s-nonlocal
obstacle problem for a general £,,.
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1. Introduction

Fractional problems with obstacle type constraints were first considered by Silvestre
as part of his thesis in 2005 in [55], which was published in 2007 in [54]. Since then,
many obstacle type problems with various nonlocal operators have been considered,
extensively for the fractional Laplacian (such as in [13, 18,39,40,46]), as well as for
other nonlocal operators (see, for example, [1, 5, 12, 17,48, 50]), which are mainly
generalizations of the fractional Laplacian to nonlocal one-variable kernels K(y) sat-
isfying homogeneous and symmetry properties (see, in particular, [1, 12]).

Recently, in a series of two interesting papers [51, 52], Shieh and Spector have
considered a new class of fractional partial differential equations based on the distri-
butional Riesz fractional derivatives. These fractional operators satisfy basic physical
invariance requirements, as observed by Silhavy [53], who developed a fractional vec-
tor calculus for such operators. Instead of using the well-known fractional Laplacian,
their starting concept is the distributional Riesz fractional gradient of order s € (0, 1),
which will be called here the s-gradient D, for brevity: for u € L?(R%), p € (1, 00),
we set

8 .
i —ax;=a—)cj(11—s*u), 0<s<l1, j=1,...4d, (1.1)

where % is taken in the distributional sense, for every v € C® (R%),
J

(5= nerewr 32}

i
=—/ (Il_s*u)—vdx
R4 axj

with I denoting the Riesz potential of order s, 0 < s < 1,

d—s
(Is xu)(x) = res) /R u(y) dy. (1.2)

28T (3) Jre [x =yl

Conversely, by [51, Theorem 1.12], every u € C°(£2) can be expressed as

u= I *Z:R,as, (1.3)

where R; is the Riesz transform, which we recall, is given by

F(d—l—l)

RS0 = g m | -y, =1
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Thus, we can write the s-gradient (D®) and the s-divergence (D*-) for sufficiently
regular functions u and vectors ¢ ([15,51-53]) in integral form, respectively, by

/ zu(x +2) 0,2)dz
R

s P 3
D u(x) :=cq, lim o Tz Xe

e—>0

[ o) xoy

Rd |x — y[4Fs |x —y]

and
: Lp(x +
D*px) = e fim | %maz) dz
d(x) —d(y) X-y
: y

d,
P Jra |x —yldts |x -y

for the constant dsil
(gtst1
Cd,s = 2S7T_% ( 13s )»
r(z%)
where y.(x, z) is the characteristic function of the set {(x,z) : |z — x| > ¢} fore > 0.
As it was shown in [51] and [53], D?® has nice properties for u € C° (Rd), namely it

coincides with the fractional Laplacian as follows:
(=A)’u = —D* - D¥u,

where, for0 < s < 1,

. s 2 . u(x)—u(y)

(=A)’u(x) = cd,ssh_l;l})/l;d |x_y|d+2s xe(x.y)dy
_ L, [ M e S,
— T ptds Rd |y|d+2s Y.

Observe that for the s-gradient (D*) and the s-divergence (D*-) we need to con-
sider the Cauchy principal value (P.V.) in the first expressions, but not in the second
ones. This is because for the second expressions, we can estimate the integrand, as
in [15], by separating the integrals into the parts {|y — x| < 1} and {|y — x| > 1}. Then
the first integral can be controlled by wy Lip(u) fol r—* dr, while the second integral
can be controlled by 2wg ||| ;0o ra) f1+°° r~1+9) dr, where Lip(u) is the Lipschitz
constant for the function u and w, is the spherical measure w; = f{‘ x|=1} do. There-
fore, the second expressions are well defined for all Lipschitz functions u with com-
pact support, in particular for u € C®(R%).

Similarly, the fractional Laplacian for smooth u, by [23, Lemma 3.2], has two rep-
resentations, with the second one being Lebesgue integrable by using a second order
Taylor expansion. As a matter of fact, the s-divergence, s-gradient and s-Laplacian
are linear operators from C * functions with compact support into C *° functions that
are rapidly decreasing at oo and are in L?(R%) for any p € [I, oc].
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Observe that for u, v € C2(R%), by using the duality between s-divergence and
s-gradient as in [15, Lemma 2.5], we have

2/ D*u- D*v 2/ v(—=A)u
R4
i u(x)
Cd |:/Rd *?lgr(l)/l‘w |d+2s ————5 Xe(x, y)dx dy
i ”(x) u(y)
! /Rd Sh_r’%/Rd y|d+2s T iagas Xe(x. y) dy dx

u(y) u(x)
- |:sh_r’%/1‘§d /I;d |d+2s ————-Xe(x, y)dx dy

i u(y)
+8123})/Rd /Rd |d+2 To s Xs(X. y)dx dJ’]
=2 (u(X)—u(y))(v(x)—v(y))
= Cd,S »/]Rd R4 |x — y|d+2S dx dya (14)

where we have used the above definitions together with the Lebesgue and Fubini
theorems.

In this work, we are concerned with the classical fractional Sobolev space Hj(£2)
in a bounded domain  C R¢ with Lipschitz boundary, for 0 < s < 1, defined as

H{(Q) := W"'"H& ’

with
leliZrs = el gy + 10°ul25 gy
where u is extended by 0 in R?\, so that this extension is also in H*(R?). By

the Sobolev—Poincaré inequality (see [51, Theorem 1.7] and Lemma 3.2), we may
consider the space H(€2) with the following equivalent norms, owing to (1.4),

2

d
||“||%15(Q) = ||Dsu||i2(Rd) S[ ]s R4
2
ks | )~ . s
2 Jra Jra |x —y|dt2s a .

On the other hand, since the Riesz kernel is an approximation to the identity as
1 — s — 0, the s-derivatives approach the classical derivatives as s — 1 in appropriate
spaces, as it was observed in Rodrigues—Santos [43], Comi—Stefani [16] and Bellido
et al. [8].

We can subsequently denote the dual space of Hy(€2) by H™*(R2) for0 < s < 1.
Then, by the Sobolev—Poincaré inequalities, we have the embeddings

HY(Q) = LY(Q), L*(Q) = H™*(Q) = (Hy(Q))
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for1§q§2*,wher62*—d and 2% = d+2 whens<§,and1fd—1 2* =¢q
for any finite g and 2% = ¢’ = 757 whens = 3 1 and 2* = co and 2% = 1 when s > 1.
We recall that those embeddings are compact for 1 < g < 2* (see for example, [21,
Theorem 4.54]). In the whole paper, we use 2* to indicate this number that depends
ond >land0 <s < 1.

We consider the closed convex set
v =1 eH;(Q):v>1yae inQ}
with a given obstacle ¥, such that Ky, 7# @, and the obstacle problem
ueky: (Lou,v—u)>(F,v—u) Vveky, (1.6)

for F in H™°(S2). Here, the nonlocal operator &£, : Hj(2) — H*(2) is a general-
ization of the fractional Laplacian for a measurable, bounded, strictly positive kernel
a:R% x R4 — [0, 0o) satisfying (2.2) and (2.2a), and is defined in the duality sense
foru,v € Hy(2), extended by zero outside £2:

e—>0

(Za.v) = lim / / 5@ — G())alx. y) xe(x. y) dy dx
R4
=P.V. /1;61 /]Rd v(x)(u(x) —u(y))a(x,y)dydx. (1.7)

Physically, the operator £, corresponds to the class of uniformly irreducible ran-
dom walks that admit a cycle decomposition with bounded range, bounded length of
cycles, and bounded jump rates [22].

To better characterize the properties of the operator £,, in Section 2, we show
that the bilinear form

&a(u,v) := (Lau,v) =P.V. /l;d /Rd v(x)(w(x) —u(y))a(x,y)dydx

is a (not necessarily symmetric) Dirichlet form over H(£2) x Hy(£2), where 1 and
v are the zero extensions of u and v outside €2 respectively. This provides us with
many known properties of Dirichlet forms that can be applied to the bilinear form &,,
including the truncation property and some regularity results [29,37]. As a corollary,
we obtain that &, is a closed, coercive, strictly T-monotone and regular Dirichlet form
in H(2). Furthermore, we use the results of the nonlocal vector calculus developed
by Du, Gunzburger, Lehoucq and coworkers in [20,24,25] and [31] to show that the
fractional operator £ 4 H{(Q) — H™*(R2), defined by

(Lau,v) = / A(x)D’u - D*vdx, Vu,ve Hy(Q), (1.8)
R4
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corresponds to a nonlocal integral operator £, with a (not necessarily symmetric)
singular kernel k4 (x, y) defined by (2.9). We were also motivated by the issues raised
by Shieh and Spector in [52], in particular their Open Problem 1.10, which by (1.4)
clearly holds when L4 = (—A)%. Discussing this issue with examples, we give a
counterexample in Example 2.9, showing how interesting is [52, Open Problem 1.10]
for general strictly elliptic and bounded matrices A. Then, we conjecture in the Open
Problem that the kernel k4 corresponding to £ 4 has the required property if and only
it £ 4 1s approximately a constant multiple of the fractional Laplacian, up to small
bounded perturbations.

In Section 3, we make use of the comparison property to consider obstacle type
problems involving the bilinear form &,, thereby considering the nonlocal obstacle
problem for which we derive results similar to the classical case in H{(€2) as in
[35,42,56], such as the weak maximum principle and comparison properties. Making
use of convergence properties of the fractional derivatives when s ' 1 to the classical
derivatives, as already observed in [8,43] and [16], we show that the solution of the
fractional obstacle problem for fA converges to the solution of the classical case
corresponding to s = 1.

By considering the approximation of the obstacle problem by semilinear problems
using a bounded penalization, in Section 4, we give a direct proof of the Lewy—
Stampacchia inequalities for the obstacle type problems. Here we consider the non-
homogeneous data F = f € L2 (Q) not only for the one obstacle problem but also for
the two obstacles problem and for the N-membranes problem in the nonlocal frame-
work, extending the results of [50]. In particular, we extend the estimates in energy
of the difference between the approximating solutions and the solutions of the one
and the two obstacle problems, which may be useful for numerical applications such
as in [10] or [41]. More important is the use of the Lewy—Stampacchia inequalities
that, upon restricting a to the symmetric case, allows the application of the results
of [26] to obtain locally the Holder regularity of the solutions to those three nonlocal
obstacle type problems. Such regularity results are weaker than those obtained from
the fractional Laplacian (such as in [47]) or other commonly considered nonlocal ker-
nels [27], since a is in general not a constant multiple of |x — y |_d ~25_In this special
case, when £, = (—A)?, the one obstacle problem can be written for f € [L?(R%)]¢

u € Ky () : /(Dsu—f)-Ds(v—u)dsz Yo € K3, (),
R4

as well as for the corresponding inequalities for the two obstacles and the N-mem-
branes problems. We are then able to use the results of [9] together with the Lewy—
Stampacchia inequalities to obtain locally regular solutions in the fractional Sobolev
space ngj’p(Q) for p > 2* and also in C1(Q2) fors > 1/2and p > d/(2s — 1) when
DS . f e LP(RY).
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In Section 5, we further consider some properties related to the fractional s-
capacity extending some classical results of Stampacchia [56]. We characterize the
order dual of H(£2) as the dual space of LéY (R2), i.e., the space of quasi-continuous
functions with respect to the s-capacity which are in absolute value quasi-everywhere
dominated by H(£2) functions, extending results of [6]. That dual space corresponds
then to the elements of H ~5(2) that are also bounded measures, i.e., (LZCS Q) =
H75(Q2) N M(R2). Therefore, using the strict T-monotonicity of £,, we state the
Lewy—-Stampacchia inequalities in this dual space. This section ends with some new
remarks on the relations of the &, obstacle problem and the s-capacity.

2. The anisotropic non-symmetric nonlocal bilinear form

2.1. The nonlocal bilinear form as a coercive Dirichlet form
Our first main result is to show that the nonlocal bilinear form together with its
domain, (&4, H(2)), defined as
Ea(u,v) = P.V./ / v(x)((x) —u(y))a(x,y)dydx, 2.1
R4 JR4

where 1, U are the zero extensions of u, v € Hj(2) to Q¢ and a : R x R4 —
[0,00),d > 1 is a not necessarily symmetric kernel satisfying

a*cﬁ,,s <a(x,y)|x —y|9+? < a*cfi’s Vx,yeRY x £y 2.2)

and ' ,
sup / [a™(x, )]
xerd J{avm(x,y)£0p a¥™(x, y)

for some ay,a™ > 0and Z > 1, where

dy <7 < o0 (2.2a)

. 1 anti 1
a*M(x,y) = Slatx.y) +aly. )] and @™(x,y) = Jlax, y) —aly, »)]

are the symmetric and anti-symmetric parts of a(x, y) respectively, is in fact a regu-
lar (not necessarily symmetric) Dirichlet form. This will also imply that the nonlocal
bilinear form is also strictly T-monotone and will give us many properties, includ-
ing Harnack’s inequality (see for example [11]), Holder regularity of solutions of
equations involving this bilinear form (see for instance [32—34]), and other results in
stochastic processes (as given in [29]).

We will begin with a remark on the symmetric case.
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Proposition 2.1. For givenu,v € H3(2) and a : R4 x R — [0, 00) symmetric, we
have

//5(x)(ﬁ(x)—ﬁ(y))a(x,)’))(a(x,y)dydx
R4 JRA
1 ~ ~ ~ ~
= 5 /Rd ‘[I;d (U(x) —u(y))(v(x) — U(y))a(x,y)xs(x’y) dy dx (23)

assuming that the integrands are summable for each fixed € > 0, where we have set
xe(x, y) as the characteristic function of the set {|x — y| > &} for e > 0.

Proof. We first show the result for u, v € C°(£2), and extend it by density to u, v €
H§(S2). The integral term

J = f / B (@ (x) — @ (y)alx, y)xe(x, y) dy dx
R4 JR4

can also be written in the form, using the symmetry of a,

/= /Rd /Rd S @(y) —i(x))alx. y)xs(x, y) dx dy.

Then, by Fubini’s theorem,

J=_ / / S (@(x) — A()a(x. y)xe(x. y) dy dx.
R4 JRA

Taking the sum of this and the first equation above, we obtain the result

ZJ:[ / (0Cx) —o(y) @ (x) —u(y)alx, y)xe(x, y) dy dx. -
R4 JR4

Remark 2.2. The bilinear form (2.1) in the symmetric case with assumption (2.2) is
a coercive and well-defined quadratic form for u € H*(R?). Indeed, we have

: ()~ u(y)?
e fo Joo e e

<tim [ [ 00 —uG)ace npete ) drdy
: () — ()7
Jeo e

< lima*cy X — yjdtas Xs(x,y)dxdy = a*cdz,s[u]iRd'

e—0

Now, we have our first main theorem on the anisotropic non-symmetric nonlocal
bilinear form.

Theorem 2.3. The bilinear form (84, H{(2)) with a(x, y) satisfying (2.2) and (2.2a)
is a closed, regular Dirichlet form, which is also bounded and coercive.
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Proof. The bilinear form &, : Hy (2) x Hy(£2) — R is bounded in the non-symmetric
case

Eatu) = [ [ 5000 =100 @5 9) +a )2t ) dy

— 1 ~ _5 ~ Iy sym
=5 L, L6 = 500w ~at)a ) dy dx

[ B0 — a0 et ) dy d

R4 JRA
<50 [ [ 1960 = 50llae) = il = 172 dy dx
~ ~ o~ sym %
[ i - aone e )

: _1
~a™™ (e, )@ (x, )72 xe(x, y) dy dx

[9(x) =3()I? 1/2
<a (2 dS/Rd/I‘Qd I — yjdtas dxdy)
| (x) — i (y)|? 1/2
(2 “ds /Rd /Rd |X—y|d+2s dy dx)
1/2
i (5/4 /d i (x) = a(y)|2a¥™(x, y) dy dx)

anti 2 1/2
(2, [ o ettt ey v ax )

< a*||D°ullp2a)| DVl L2Ra)

lii(x) — ii(y)[? 1/2
(—a cds/Rd/l;d Xy |d+2s dy dx

- 2 |adnt1(x,y)|2 1/2
. (2/Rd |0(x)] [/l;d MXS(X,)/) dy] dx)

< a*||D°ullp2wa)| DVl L2Ra)

1/2
+ (a*)%||Dsu||L2(Rd) (2/ |T)(x)|2Z dx)
R4

< a*||D°ullp2a) | DVl L2Ra)

1/2
+ (2a*Z)5||Dsu||L2(Rd)(/ [v(x)|? dx)
Q

1
< a*||D*ullp2wa) I D* V] 2ray + (247 Z)2 || D ullL2wa) V] L2(0)
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by the Cauchy—Schwarz inequality, following the ideas of [49], and coercive

1

jascha [ [ @0 =a()2le -y dy
© IR JRE

Ea(u,u) 5

A%

2 2
= a*”Ds”“Lz(Rd) = a*”””Hg(Q)

by making use of an argument similar to Proposition 2.1.

It is well known that H{(£2) is complete with respect to its norm, as in (1.5),
therefore &, is closed. Furthermore, it can be shown that (&, Hy (£2)) is regular, i.e.,
H§(2) N Ce(2) is dense in H(£2) in the H§(£2)-norm, and dense in C.(£2) with
uniform norm. The first density result follows from the density of compactly suppor-
ted smooth functions in the space H{(£2). The second density result follows since
C°(R2) C H§(2) and C°(2) is dense in C¢(£2) with uniform norm, by considering
the mollification of any C,(2) function.

Next, recall that a coercive closed (not necessarily symmetric) bilinear form & on
L?(R2) is a Dirichlet form ([37, Proposition I.4.7 and equation (4.7), pages 34-35]) if
and only if the following property holds: For each & > 0, there exists a real function
¢:(t), t € R, such that

¢:(t) =t, Vtel0,1] —e<¢:(t) <1+eg, vVt € R, 2.4)
0<pe(t')—pe(t) <t'—t, whenevert <1’,
liminf & (¢, (1), u — ¢ (1)) = 0,

Hs Q R HS Q , e—>0 2.5
ue Hy(Q) = ¢s(u) € Hy(RQ) linl)i(r)lfg(u—%(”)’%(u)) > 0. @)

A classic example of ¢, is the mollification of a cut-off function (see [29, Exam-
ple 1.2.1]). Specifically, consider a mollifier such as

N
) ye 1-Ix>  for |x| <1,
J(x) = _
otherwise,

where y is a positive constant such that

/ jx)dx = 1.
lx|<1

Set js(x) = 8§72 (67 x) for § > 0. For any & > 0, consider the function V() =
((—e) Vi) A(1 4+ &) on R and set ¢.(¢) = jg * W¥(t) for 0 < § < e. Then our choice
of ¢, satisfies (2.4). Furthermore, it satisfies ¢.(¢) = 1 + ¢ for ¢t € [1 + 2¢, 00) and
¢e(t) = —e fort € (—oo, —2¢], and |¢(¢)| < |t]| with ¢ () > 0.

Moreover, ¢.(¢) is infinitely differentiable, so for any u € C°(2), ¢(u)
€ C°(R2). Since C°(2) is dense in Hy(£2), we can extend by density any results
obtained, thereby obtaining ¢¢(u) € Hy(£2) for all u € Hg(2).
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With this ¢, recalling that @ > 0 (as in [37, Section I1.2 (d)]), by Fatou’s lemma,
lim inf €4 (e (1), 1 — s (1)
= by [ [ timin 00 — S Bo) — beu i aC y) dy dx
R4 JRdA e—>0

=PV [ [ it G — GO . ) dy dx
(since ¢e (u)[u — Ppe(u)] > 0)
> P.V. /R . /R , liminf { = [(x) = e ODI(=8) X tuwy<o0p + OXfo<u(ry=1)

+ (—=e)(—=1 - 8)X{u(x)>1}}a(xa y)dy dx
=0

since ¥ — ¢ (u) <Oforu <0,¢.(¢t) =t fort €[0,1],andu —ps(u) >u—1—e> —¢
for u > 1 respectively. Similarly, taking lim inf;_,¢ in

Eq(u — ¢e(u), Pe (1))
_PV. /Rd /Rd B ) {[u(x) — e ()]

— [u(y) — pu(y)l}a(x, y) dx dy,
we conclude that &, is a Dirichlet form. [ ]

From this theorem, we obtain that &, possesses the property of unit contraction.
Indeed, by [37, Proposition 4.3 and Theorem 4.4], we have the following corollary.
Corollary 2.4. For the regular Dirichlet form &, the following properties hold:

(a) the unit contraction acts on &, i.e., v := (0V u) A 1 satisfies §,(v, v) <
8:1 (u, u){

(b) the normal contraction acts on &, i.e., suppose v satisfies
(x) —v(y)| < [u(x) —u(y)l, x,y €R?
()| < u(x)]. xR,
thenv € H{(R2) and E4(v,v) < E4(u, u).

This result in fact follows from the fact that &, is a Dirichlet form, and holds even
if it is not regular.

Since &, is a regular Dirichlet form, it is possible to consider truncations, so we
can introduce the positive and negative parts of v

vF=vv0 and v"=—-vVv0=—(vAO0),
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and we have the Jordan decomposition of v given by
v=v"—v" and p|=vV(-v)=vT+v”
and the useful identities

uvv=u+@—-u) =v+@u—-v)",

urnv=u—u—-v)t=v—@w-ut.

It is well known that such operations are closed in H(£2) for0 < s < 1.

2.2. The strict T-monotonicity of &,

Since the assumptions on the kernel a imply, in particular, that it is non-negative, we
can easily prove the following important property.

Theorem 2.5. &, is also strictly T-monotone in the following sense: £, : Hj(2) —
H™5(Q) defined by
(Lau,v) = Ea(u,v), (2.6)

satisfies
(Lav,vT) >0 Vv e H(Q) such that vt # 0.

Proof. £, is strictly T-monotone because
(v, vh) = P.V./ / T ()0 (x) — 7 (»))a(x, y)dx dy
R4 JRA
= —P.V./ / 7t (x)0~(y)a(x, y)dx dy
R4 JRY
f 07

since vt (x)v™(x) = 0as vt and v~ cannot both be nonzero at the same point x, and
v+, v™,a > 0. Therefore, since a(x, y)|x — y|¢ 25 > axcs witha, >0,

(xav’ U+) = 8a(va v+)
=&,(vt . vT) =&, (07, vT)

Za*/ |st+|2
R4

which is strictly greater than 0 if vt # 0. |
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2.3. The fractional bilinear form as a nonlocal bilinear form
In this section, we consider the linear operator £ 4 defined with the fractional derivat-
ives D’ by the continuous fractional bilinear form

(Lgu,v) = / A(x)D’u - D*vdx, VYu,ve Hy(Q) (1.8)
R4

for a matrix A with bounded and measurable coefficients. The integral in (1.8) is
well defined and we are going to show that this bilinear form can be rewritten with a
measurable kernel k4 : R x R4, d > 1, as

Er, (u,v) :==P.V. /]Rd /Rd v(x)(U(x) —u(y))ka(x,y)dydx, 2.7

where 1, ¥ are the zero extensions of u, v € C>°(R2) to Q€.

Theorem 2.6. Given a matrix A : R — R¥*4 with bounded and measurable coef-
ficients, there exists a kernel k4 (x, y) independent of u, v satisfying

/ A(x)D’u(x) - D*v(x)dx = P.V./ / v(x)(m(x) —u(y)ka(x,y)dy dx
R4 R4 JR4

2.8)
forallu,v € CCOO(]Rd), where k4(x,y) is given by

9 y—z z—x
ka(x,y) = cg P.V. /l‘%d A(Z)|y T e . P dz forx#y. (29)

Proof. Expanding the fractional bilinear form, we have, setting for simplicity fRd

as [,
/A(Z)Dsu(z) -D%v(z)dz

G [ 40| [ —uen 22

| feeo-werp e

//f lim [A(Z)(M(J’)—u(z))%

£,8,n—

() - v(z))H—Xjﬁf e y)} dx dy d
o, Jim | [[] 4600 —uen S0

(x —2)xe(x.2)

“(v(x) —v(2)) 7 x|dtst Xn(x.y)dxdydz,
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where y,(x, y) is the characteristic function on the set {|x — y| > n} and similarly
defined for y, and ys. The limit can be exchanged with the integral by the Fubini and
Lebesgue theorems because the integrand is Lebesgue integrable. Therefore,

/A(Z)Dsu(z) - D*v(z) dz
= Cﬁ,s hm /// A w(y) —u(2)) (|y z)f;sii:)

u(x )M p(x,y)dxdyd:z

| |d+s+1
- i [ aeywo) - ))(| )f;‘sffj)
.v(z)%xn(x,y)dxdydz
=2, im [ 4@ - ue) S =200
v(x)M 26, y) dx dy dz

| |d+s+1

- i [ 4@ ) —uen T2

Iy _Z|d+s+l

U(Z)|:/ (_Z)|—X;$;f))(,,(&y) dx:| dydz

n—0 |z
(r—2)xs(y.2)
=cg, Jim ///A(z)(u(y)—u(z))| |d8+s+1 An(x, )

(o B Del2)

i dx dy dz, (2.10)

using the fact that [ % dx = 0 for all &£ > 0. Note that we can exchange

the limit in n with the integrals because the functions are Lebesgue integrable as
|x —y| — 0.
Adding and subtracting u(x), as u,v € C® (R?), we have

/A(Z)DSM(Z) -D%v(z)dz

=g Jim f// A@)[(y) —ux) + (u(x) - u@ﬂw

| |d+S+l
U(x)ﬂj)l%xn(x,y)dxdydz
=i Jim I A —uen S0 0
() D) ) v dy dz

|Z _x|d+s+1
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+Cds hm /A(z)|:/ O- Z)fifgjﬂz)

[ [~ u(z))v(x)ﬁ% (G dx]|ay | az

2 hm ///A(z)(u(y)—u(X))(| )|)25+(sy+,12)

00 T D vy ddy
—|—cd hm /dzA(z)[/d —(y Z)fff_gﬂz)

. |:/ lim (u(x) — u(z))v(x)m%xn(x, y) dx:|:|

= i Jim //f A u(y) — u(ey L2100 2) Z)ﬁi&fsyif)

68,1~ |y

x _Z)Xg(x’z))(n(x,y)dx dydz, (2.11)

()C) |Z _ x|d+s+1

where we make use of the fact that | % - f(z)dy = 0 for all § > 0 for
y—z|d+s
any finite function f(z). Once again, the limit in 7 can be interchanged with triple

O=2)x5(r,2)

integrals, because the factor PR e is integrable for § > 0. Also, the function

7@ =t [ o)~ w00 y)v(x)ﬂ%d

is a finite function of z, because the integrand has a singularity only at x = z and
we have introduced the characteristic function y.(x, z). Furthermore, the Lipschitz
continuity of ¥ guarantees that the singularity is removable, since we have the factor
u(x) —u(z). This is also the reason why we used the first expression for the expansion
of D¥u, rather than the second one, which will only give us a factor of u(x) when we
add and subtract u(x). Therefore, we can take the limit 7 — 0, so that it is just a
function of z.

Next, we apply Fubini’s theorem, since the integrand is Lebesgue integrable for
fixed ¢, 8, n > 0. Therefore,

/ A(z)D*u(z) - D*v(z) dz

=iy Jim | [If A0w) —uen E=200:0

£,6,n—>
v(x)( X —2)xs(x,2)

7 x|dror An(x,y)dzdydx.
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Finally, regarding this limit as a double limit, in 7 and separately in € and §, which
exists, we can consider the iterated limit in the following form:

/ A(z)D*u(z) - D°v(z) dz

:ﬁgjfwuo—u@»wm

O—@m@J)@—ﬂhW@d4

2 .
ez lim | A(z .
[ 45 550 (2) ly — z|d+s+1 |z — x|d+s+1

“xp(x,y)dydx

where we may interpret the term in the parentheses as the Cauchy principal value
about the singularities z = x and z = y, i.e., as a function in x, y defined for x # y
by
5 y—z zZ—X
ka(x,y) =cz P.V. / A(z) =z . T E dz. 2.9)
]

Remark 2.7. Note that in general, k4 is neither translation nor rotation invariant,
unlike the case for the fractional Laplacian. In particular, k4 may not have the form
j(x — y)|x — y|~¢725. Therefore, the kernel k4 may have relevance for non-homo-
geneous, non-isotropic and nonlocal problems. Even in the case for A being the
constant coefficient matrix when k4 is translation invariant, it may not be rotation
invariant, unless if A is a constant multiple of the identity matrix.

Remark 2.8. Suppose that the matrix A4 is given by «l for a strictly positive finite
constant o and the identity matrix I. Then, by (1.4) and Proposition 2.1, L1 defined
by (1.8) can also be defined by a symmetric bilinear form as in (2.8) with a kernel o
given by

acj’s

R P

which is, up to a constant, the kernel of the fractional Laplacian and satisfies (2.2)
and (2.2a).

However, we observe that this representation may not be unique, and k,y may not
be equal to ey ([x —y | =425 Indeed, consider an unbounded nonzero L2-integrable

function A(x) : RY — R which integrates to 0 over R¢ and has support outside 2.
Let a(x, y) be a kernel satisfying (2.2) and (2.2a) and define

a(x,y) =a(x,y) + h(x)h(y).

which is possible since the kernel is defined over all (R? x R)\{x = y} and the
integrability of 4 means that £; is well defined. Since [ h = 0 by the construction of
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h and, for any u, v € C2(R), [ ith = 0 since they have disjoint supports, we have
() =2V, [ [ 5000) = A0 ) + hh() dy d
=P.V. [l;d /Rd v(x)(i(x) —u(y)a(x,y)dy dx
+P.V. /Rd /Rd w(x)v(x)h(x)h(y)dy dx
—P.V. A@d /]Rd u(y)v(x)h(x)h(y)dy dx
=P.V. /l;d /]Rd v(x)(i(x) —u(y)a(x,y)dy dx
+P.V. /Rd ft(x)f)(x)h(x)[/Rd h(y)dy} dx
—P.V. A@d f)(x)h(x)|:/Rd u(y)h(y) dyi| dx
=P.V. /I.Kd /]Rd v(x)((x) —u(y)a(x,y)dy dx = (£qu,v).

This example gives a class of non-uniqueness for the representation of the kernel.
There may be more similar classes, and it will be interesting to know a characteriza-
tion for the equivalent class of kernels. Furthermore, even if the kernel a satisfies the
compatibility condition (2.2) and (2.2a), since 4 may change sign and may be unboun-
ded, our construction of the kernel @ may not satisfy the compatibility condition (2.2),
nor the weaker compatibility conditions

{ acqs Sa@ ey satGy oyl

a(x,y) < Mcj |x =y~ [x =y > 1,
for some a4, a™, M,s’ > 0, as given in [52, equation (1.11)].

However, (2.2) is not satisfied for the kernel k4 for a general matrix A. Indeed, we
can construct a numerical counterexample as follows.

Example 2.9. In d = 1, suppose s = 0.8, and consider the matrix A = «(x) where
a(x) =0.01 4+ 50 H (x) for the smooth approximation H of the characteristic function
of the interval [1, 1.5], such that H(x) = 1 in [1, 1.5] and less than 0.0001 outside
[0.9,1.6]. Then

05—z z40.5

k4(—0.5,0.5) = 0.01¢?, .P.V. d
A( ) cl,0.8 /]R |05 _ Z|2.8 |Z + 0‘5|2.8 z

05—z z+0.5
50c2,.P.V. | H dz.
+50¢7 0.8 /R (Z)|O.5—z|2-8 Iz +0.5]28 z
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Figure 1. Created in Wolfram Mathematica

Observe that the function

05—z z+0.5

K —0.5,0.5,z2) :=
108( ) 0.5 —z[28 |z + 0.528

174

has the shape of Figure 1, is integrable but not absolutely integrable, and is strictly
increasing and strictly negative in the interval [0.9, 1.6] with values (computed in

Wolfram Alpha)

K1,08(—0.5,0.5,0.9) = —2.839, K1,05(—0.5,0.5,1.5) = —0.287,

/ Kl’o.g(—O.S,O.S,Z) dz ~ 30 < 100.
R

Then, computing (2.9) for

05—z z+4+0.5
k4(=0.5,0.5) = 0.01¢? P.V./ d
al ) “Lost Y f10.5—z[28 1z + 0.528 °°

05—z z+0.5

+ 50c7 4 gP.V. /R H(z)

05—z

d
05— 228 |z + 0528 “°

1.5
< 0.01¢7 5 5(100) + 50c7 o sP.V. /1
05—z

0.5—z|28 |z + 0.5]28

+ 50(0.0001)c7 4 gP.V. /

R\[0.9,1.6] [0.5—z|?8 |z 4 0.5]2-8
05—z z4+0.5

1.5
= Cio.s + 50012,0.8})-\/-/1

05—z z4+0.5

d
05— 2128 |z + 0.528 4%

0.005¢2, [ P.V.
* 61’0-8( /R|0.5—Z|2-8 Iz + 0.5]28

1.6
0.5— 0.5
—P.V./ N dz
0.9 |05 — Z|2‘8 |Z + 0.5|2'8

dz
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1.5
< cfog+ 50ct o gP.V. /1 Kk1,08(—0.5,0.5,1.5)dz

+0.005ci0_8(1>.v. / K1,08(—0.5,0.5,2)dz
R

9
< C%,o.s + 500%,0.8(—0-28)(0-5)

+ 0.005¢7 .5 (100 — (—2.84)(1.6 — 0.9))

= —5.49¢7 45 <0

1.6
—PV/ Kl’o'g(—0.5,0.5,0.9) dZ)
0

which contradicts (2.2). Compare with [52, Open Problem 1.10]. ]

Theorem 2.6 and the last two remarks were inspired by [52, Open Problem 1.10],
which asked if, given a symmetric matrix A satisfying (2.13), it is possible to find a
kernel k4 satisfying (2.12) such that (2.8) holds. Complementing this open problem,
we propose the following conjecture (see also [19, Remark 3.1]):

Open Problem. Suppose A : R? — R4*4 s g bounded, measurable and strictly
elliptic matrix such that

aiz|> < A(X)z-z and A(x)z-z* < a*|z||z*| (2.13)

for some ay,a* > 0 for all x € R% and all z,z* € R?. Let k4 be a corresponding
kernel which is continuous outside the diagonal x = y and satisfies

/ A(x)D%u(x) - Dv(x)dx
]Rd
—PV. [R ) /R V@)~ u()kalx, y) dy d

forallu,v € C° (R%). Then, there exists an equivalent kernel k4 satisfying
ancyy <ka(x.y)lx —y|"" <a*cj, Vx.yeRY x#y

for some ax,a* > 0 if and only if A is a bounded small perturbation &(x) of the
identity matrix (up to a positive constant @), i.e., A = (o + &(x))I for some strictly
positive finite constant o 3> sup,, |&(x)|.
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3. The nonlocal and the fractional obstacle problem
We start by considering the linear form for F € H~°(2) defined by

(F,v):/gf#v+/Rdf-st

forv e HJ(Q), f = (fi..... fa) € [L2(R)]? and fy € L¥(Q) where 2# = 24

when s < £, and if d = 1,2 = ¢ for any finite ¢ > 1 when s = 1 and 2* = 1 when

s > % By the Riesz representation theorem, we have
¢ € HH(RQ) : / D¢ -D°v = (=D -D*¢p,v) = (F,v), Yve Hj(Q).
R4

Therefore, F € H™5(Q2) may be given by F = —D* - D¢ = —D* . g for some
g =(g1.....84) € [L2(R?)]? and, by the Sobolev—Poincaré inequality, it satisfies
Igliz2®aye = 1Flla-s@) < Csll fellp2# @) + I f liz2®aye-

In order for
F~fy—Df

to lie in the positive cone of H ~°(2), it is enough for fu to be non-negative almost
everywhere in Q and D - f < 0 in the distributional sense in R4,
We next recall the following useful inequalities.

Lemma 3.1 (Sobolev—Poincaré inequality, [51, Theorem 1.8]). Let s € (0, 1) such
that s < % and o > 0. Then there exists a constant Cs = C(d, s) > 0 such that

lullz2* @) < Csl|Dull2wa)

forallu € Hy(2), where 2* = dz_“;s > 0.

Lemma 3.2 (Fractional Poincaré inequality, [8, Theorem 2.9]). Let s € (0, 1). Then
there exists a constant Cp = C(d, )/s > 0 such that

lull2() < CrIID ullL2®a)

forallu € Hy(2).

3.1. The nonlocal obstacle problem and its properties

As a consequence of the properties of the bilinear form &, defined by (2.1) in H(2)
for 0 < s < 1, we can derive classical properties of the fractional obstacle problems,
following most of the approach of [42, Section 4:5].
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Theorem 3.3 (Obstacle Problem). Ler @ C R? be an open bounded domain with
Lipschitz boundary, fu € Lz#(Q), f e [L2RD)4, and a : R? x R? — [0, 00) be
strictly elliptic, bounded and measurable satisfying (2.2) and (2.2a). Then, for every
Sfunction r, measurable in 2, and admissible in the sense that the closed convex set

v =1t e H§(Q):v>yae inQ}#0,

there exists a unique u € Kf// such that
E,(u,v—u)> | falv—u)+ f-Di(v—u) YvekKy. 3.1
Q R4

Moreover, suppose F, F are given as in the beginning of this section for two
different obstacle problems defined in (3.1), then the solution map F + u is Lipschitz
continuous, i.e.,

i 1 . .
llu —llgg@) < Z(Csﬂf# — fillpor @y + ILf = flli2@aye)-

Proof. This is just a direct application of the Stampacchia theorem, since the bilinear
form &, : H§(2) x H§(§2) — R is bounded and coercive by Theorem 2.3.

For the continuous dependence on data, if u, 1 are the solutions corresponding
to different data F and F for the obstacle problem respectively, we set v = # in the
inequality for u and v = u in the inequality for 1, and take the difference to obtain

Sotu—tu-)= [ (= M-+ [ (5= F)- D).
Q R

By the fractional Sobolev inequality and the Cauchy—Schwarz inequality, we have
@l D (4 — )25 gy

S Sa(“ _iz7u _ﬁ)

< [ = o=+ [ (f = F)e Do)

Q R4

< fs = Sollpor o llu =l 2= @) + I1Lf = Flliz2@aye 1D — @) 2 @aye

< (Csll fi = fellor @y + ILf = Fllze@aye) IID* (u — @) 12 @aypa
where Cy is the Sobolev constant of Lemma 3.1. [ ]

Furthermore, we have the following properties of the solution as in the clas-
sical case, making use of the strict T-monotonicity of &, and the fractional Poincaré
inequality. See for example, [35, Chapter [V] or [42, Section 4:5-6], where the proofs
can be transferred to the nonlocal case almost in the same manner.
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Proposition 3.4. (i) (Comparison principle). Suppose u is the solution of the
variational inequality (3.1) with data F and convex set K, and 1 be the

solution with data F and convex set K‘;}. Ify > 1/} and F > ﬁ thenu > 1
a.e. in S2.

(i) (Weak maximum principle). In the obstacle problem (3.1), one has

u>0aeinQ, if F>0;
u<0Vvsupyae inQ, if F <0.
Q

(iii) (Complementary problem). When y € Hj(2), the variational problem (3.1)
is equivalent to the nonlinear complementary problem

u>vy, Lu—F>0 and (Lu— F,u—y)=0. (3.2)

@iv) (Comparison of supersolutions).

(a) Ifu is the solution to the variational inequality (3.1) and w is any super-
solution, then u < w;

(b) if v and w are two supersolutions to the variational inequality (3.1),
then v A w is also a supersolution,

where a supersolution is an element w € H{(S2) satisfying w > ¢ and
Eow — F > 0in the sense of order dual.

(v) The solution u of the obstacle problem (3.1) is the unique function in Hy (S2),
such that,

u =min{fw € Hy(Q) : Law — F > 0,w > ¢ in Q}.
(vi) (L®° estimates). The following estimate holds:
e — il ooy < 1Y = Vllzoo(e-

Similarly, as in [42, Theorem 6.1 of Chapter 4], we can prove the following addi-
tional result for the Dirichlet form &, with A > 0.

Proposition 3.5. All the results in Proposition 3.4 hold for &, when A > 0, where
& (u,v) =8¢,(u,v)+l/ uv, u,v € HJ(Q). (3.3)
Q
Moreover, in this case, when f = 0, the following maximum principle holds a.e. in Q.:

OAigf(%) <u SOVSgpw\/sgp(%).
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Remark 3.6. If @ = R9 and since the kernel a is defined in the whole R, the
domain of &, D(&y), is instead given by H*(R?), and the Dirichlet form &, is
coercive for A > 0.

3.2. Convergence of the fractional s-obstacle problem ass /' 1
We start with a continuous dependence property of the Riesz derivatives as s varies.

Lemma 3.7. Foru € HOS/(Q), DSu is continuous in [L2(R¥)]¢ as s varies in [0, 5']
for0 <o < s’ < 1. As a consequence, we have the following estimate: foro < s <1,

ID%ull2ray < collD*ut]|2ra). (3.4)
forany u € Hy(S2), where the constant ¢y is independent of s.

Proof. Consider first u € C°(£2). Recall that the Fourier transform of D%u is given,
by [51, Theorem 1.4],
D = (2m)'iglg| ™"+ a,

where # is the Fourier transform of u extended by 0 outside Q2. Since u €
H{ (), the mapping s+>—(27)%i£|€[7' 754 is continuous in [L2(R9)]? as s
varies in [0, s’]. Therefore, conducting the inverse Fourier transform, we have
limg—, | D*u — D'ul|;2gay = 0 for t € [0, 5] for u € C°(R). Extending this by
density to all u € Hos/(Q), we have the continuity result on s. Finally, the estimate
(3.4) follows similarly to [8, Proposition 2.7] using Lemma 3.2. ]

As it could be expected, we have a continuous transition from the fractional
obstacle problem to the classical local obstacle problem as s 1 in the following
sense. We now consider the obstacle problem:

Theorem 3.8. Suppose  is such that K, := {v € Hy(Q) 1 v > Y ae.in Q} # 0.
Let u’ € Kfp for0 < o <s < 1 be the solution to the fractional obstacle problem, i.e.,

/ ADu* - DS(v —u®) = (F,v—u®) VYveK?,
R4
where A : R? — R4*4 is q bounded, measurable and strictly elliptic matrix satisfying

aiz> < A(X)z-z and A(x)z-z* <a*|z||z¥|, (2.13)

and F € H™°(82). Then, there exists a unique solution u®* € H{(S2). Furthermore, the
sequence (u°)s converges strongly tou in H (2) as s /' 1 for any fixed 0 < o < 1,
where u € K}p solves uniquely the obstacle problem for s = 1, i.e.,

/ADu-D(v—u)z(F,v—u) VUEK}#.
Q
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Proof. The existence of a solution follows from a direct application of the Stampac-
chia theorem, since the bilinear form

(Lau,v) = / AD®u - D%v
R4

is bounded
(Lau,v) < a*ullggy@lvlmye Yu.ve Hy(R)

and coercive
3 2 2
(Eate,u) = aul| DulZs gy = allys o,

For uniqueness, if u, 1 are the solutions corresponding to the same data F for the
obstacle problem, we set v = # in the inequality for ¥ and v = u in the inequality
for #, and take the difference to obtain

ax|| D’ (u —ﬁ)”iz(Rd) < /]Rd AD’(u — 1) - D*(u — 1)

ff(f#—ﬁ)<u—ﬁ)+f (f = f)-D*u—) =0,
Q R4

sou =1u.

Next, we want to show the convergence of the fractional obstacle problem to
the classical one. We first prove an a priori estimate for D*u®. For v! € K:I// =
Mo <s<1 Kfp, by the Cauchy—Schwarz inequality and the Sobolev inequality,

S.,5(2 S, 8.8
@D sy < [ ADW - Do

</ ADu® - DSv! — (F v! —u¥)
R4

a*? 1

€ 2 12 1
= 2 ”DSuS”Lz(Rd) + 2e ”st ||L2(]Rd) - (F,U )

1 > € 5
oI By sy + S0
2
< D e + D s — (Fu0Y)
=73 ey T L2®)

Cg 2 ax S..502
+ Z“F”Hﬂr(g) + T”D u ”LZ(]Rd)

ax
2a%?

as a consequence of (3.4) for the dual norms |[|-|| g—s(q). Therefore, we have

by taking € = and €' = “7* and cg may be chosen independent of s for 0 < s <1,

1D°w |2y < C.

where the constant C = C(0, ax,a™) > 0 is independent of s > o.
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Also by (3.4), foro < s < 1, we have
I DU |l o ey < coll D*ullL2gay < C. (3.5)
for some constant C independent of s, 0 < s < 1, and we may take a sequence

DSu* TS ¢ in [L2(R9)]4-weak

for some {. By compactness, since u* is also uniformly bounded in H{ (£2), there
exists a subsequence and a limit u € L?() such that

u® — u  strongly in L?(R2).

s/'1
Now, by Lemma 3.7, for all ® € [C2°(2)]¢, denoting by ® the zero extension of
® outside €2,
D*-®—>D-® in[L*R%)?,
therefore
/ Dsus-CT):—/ @ (D*-®) — — | @W(D-d).
R4 R4 s /1 R4

But by the a priori estimate on D*u?,

[, D8] <l
R4
which implies that
‘[ ﬁ(D'§>)‘ < Cl®lz2@ye-
R4

This means that Dii € [L2(R%)]¢, and since  has a Lipschitz boundary, Du = Dii,
so Du € [L?(R2)]%. Together with the first inequality in (3.4) which implies that u €
K¢, for any o < 1, we have u € K}p.

Furthermore, by Lemma 3.7, DSu — Du strongly in [L2(R9)]? ass ' 1, so
/ DS(uS_u).ZIB:_/ W —u)(D* - ®) — 0,
R4 R4

therefore
¢ = lim D*u* = Du.
s/1
Finally, it remains to show that u satisfies the obstacle problem for s = 1. For any
v e K}# - Kfp, since Du® are uniformly bounded, we have, up to a subsequence and

using the lower-semicontinuity of Agy, = %(A + A7),
/ ADu - Dv =/ ADu - Dv
Q R4

= lim ADSu’ - DSv
s/'1 Jrd
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> lim(F,v —u®) —I—liminf[ AD*u® - D%u?®
s/1 s /1 R4

=(F,v—u)+ liminf/ AsymD*u’ - D3u’
s/1 Jrd

Z(F,v_u>+/dAsymm.m
R

=(F,v—u)+/ ADu - Du
Q

since DSu® — Du weakly in [L2(R9)]? and D*v — Dv strongly in [L2(R?)]4. The
conclusion follows by the compactness of the inclusion of H (£2) in Hy '(Q) when
o >0, [

Remark 3.9. The case with A = I corresponds to the obstacle problem for the frac-
tional Laplacian and was first considered by Silvestre in [55]. Indeed, from (1.4),
since

o s Cds u(x) — u(y)((x) — v(y))
/RdDu-Dv_ 2/Rd » PperEr dx dy,

also holds for u, v € H(£2), Theorem 3.8 gives the convergence of the solution u* to
the nonlocal obstacle problem (3.1), which is equivalent, up to a constant, to

userp: /RstuS-Ds(v—us)z(F,v—us) Vverp
towards the solution u of the classical problem
ueKll/,: /QDu~D(v—u)2(F,v—u) VveK}p.

Remark 3.10. A similar convergence result as s 1 remains open for the general
nonlocal operator £,.

4. Lewy-Stampacchia inequalities and local regularity

In this section, we take f = fs and f = 0. We give a direct proof of the Lewy-
Stampacchia inequalities. This will closely follow the approach of [42, Section 5:3.3]
or [35, Chapter IV]. The Lewy—Stampacchia inequalities will allow us to apply the re-
sults of [26,28] to obtain local Holder regularity of the solutions when a is symmetric,
and additional regularity on fractional Sobolev spaces when £, = (—A)* using [9].
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4.1. Bounded penalization of the obstacle problem in Hj(£2)

Assume now that the obstacle ¥ € H*(R?), so that we may define £,¥ € H 5 (RQ)
by (1.7) for any test function v € H(£2), and ¥ is such that the convex set Ky, 7# 0.
Consider the approximation to the obstacle problem, where the penalization is based
on any nondecreasing Lipschitz function 6 : R — [0, 1] such that

0eC®"[R), 60/>0, 6(+o0)=1 and 6(¢t) =0fort <O0;
ACy > 0:[1—0()]t < Cy, t>0.

Then, for any ¢ > 0, consider the family of functions 6,(¢) = 9(%), t € R, which
converges as ¢ — 0 to the multi-valued Heaviside graph. Examples of such sequences
of functions include 6(¢) = ¢/(1 + t), 8(¢t) = (2/m) arctan ¢, or any nondecreasing
Lipschitz function 0 < 6 < 1 such that 6(¢) = 1 for¢ > ¢, > 0.

Assume that

£ (&Eay — )T e L¥(Q). 4.1)
For ¢ € L' (Q) such that

> (Lay _f)+ a.e.in 2,

consider now the one parameter family of approximating semilinear problems in vari-
ational form

ue e Hy@): Ealinn) + [ 0=y = [ (f +00 voe Hi@)

(3.1¢)
Arguing as in the proof of [42, Theorem 5:3.1], we have the following theorem.

Theorem 4.1. The unique solution u. of the semilinear boundary value problem
(3.1,) is such that u, € Kf/, for each € > 0, and it defines a monotone decreasing
sequence, converging as € — 0 to the solution u of the obstacle problem (3.1) with
the error estimate

e — el @) =< €(Co/an)lIEllL1 (- 42)

Remark 4.2. (i) We can formally interpret the variational equation (3.1,) as cor-
responding to the following semilinear boundary value problem:

Lare + C0:(ue — ) = f +¢inQ, uz =0onR4\Q.

(i) One can also consider the translated penalization, given by
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for t € R and ¢ > 0, to approach the solution of the obstacle problem from
below using monotonicity. Then we have that the unique solution u, of the
penalized problem

iy € HY(Q) sa(ag,v>+fgzég(ag—wv=f9<f+z>v Vo e HY(Q)

(3.17)
defines a monotone increasing sequence converging to the solution u of the
obstacle problem (3.1) weakly in H{(£2).

For special choices of the function 8, we can estimate the uniform conver-
gence for the approximations of u by penalization. Suppose that, in addition
to the conditions on 9,

0(t)y =1 fort>1,

then the approximating solution u, of (3.1,) verifies, for each ¢ > 0,
U — & <u <u, ae.inQ.

If, additionally, 6 verifies
r<6@)<1 ifo<r<l,

the approximating solution . yields

Us <u<u, and 0<u,—u,<e ae.in Q.

From this theorem, we can derive the Lewy—Stampacchia inequality.

Theorem 4.3 (Lewy—Stampacchia inequality). Under the assumptions (4.1), the so-
lution u of the obstacle problem satisfies

f<Eu<fvELy aeinQ.

In particular, £,u € Lz#(SZ).

Proof. Choosing { = (£4,¥ — f)T in (3.1,), and making use of the property of
that 0 < 1 — 6, < 1, then for any ¢ > 0 and any v € H(2), v > 0, we have

/xau8v=/ [f+(iaw—f)+(l—98)]v§/ [f + (La¥ — ) v
Q Q Q

from the variational form, and on the other hand

Lawe = f+8—800 = [+l —06) = f
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holds a.e. in 2. Together, these give

/vaE/QJiausvS/Q[er(iaw—f)*]v =/Q[fv(ziaw)]v.

Letting ¢ — 0, this holds for u. Since v is arbitrary, we have the result. ]

Remark 4.4. The Lewy—Stampacchia inequalities for nonlocal obstacle problems
have been first obtained in [50] for a class of symmetric integrodifferential operat-
ors £x, with even kernels K, which are also strictly T-monotone and include the
fractional Laplacian, and with f and £x ¥ € L°(R2).

4.2. Multiple obstacles problem

4.2.1. Two obstacles problem. We next consider the two obstacles problem with a
Dirichlet boundary condition in a bounded domain  C R¢ with Lipschitz boundary,
which consists of finding u € Kf/,, 0 such that

Eq(u,v—u) z[ flo—u), Vveky,, 4.3)
Q

where f € Lz#(Q) and
Yo =W EHS Q) ¥ <v<gae inQ} (4.4)

Assume that ¢ and i are measurable and admissible obstacles in €2 such that
Ky # 9. Wheng, ¥ € H* (R?), a sufficient condition for these two assumptions to
hold is to assume ¢ > ¢ a.e.in Q and ¢ > 0 > ¢ a.e. in QF.

Theorem 4.5. The two obstacles problem has a unique solution. Moreover, if u =
u(fio, ) andi =u(f,p, 1}) are solutions in Ky,  and in Kf& 5 respectively, of the

two obstacles problem, then

f = ]?,(/’ >0, = 1@ implies u>1u a.e inQ.
In addition, if f = f , we have the L°° estimate

e — il ooy < ¥ = Vllzoo@) + o — Pl

Proof. The existence and uniqueness follow, as in the previous sections, from the
monotonicity, coercivity, continuity and boundedness of the operator &£, and the
Stampacchia theorem. The comparison property follows also as previous by the T-
monotonicity of &£,.

The L° estimate follows as well, as in the classical one obstacle problem. [

Corresponding to the two obstacles problem, we also have the Lewy—Stampacchia
inequality.
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Theorem 4.6. The solution u of the two obstacles problem, for [, £,¢, Lo €
L (Q) such that ¢, € H*(R?) are compatible and £,¢. Lo are given by (1.7),
satisfies

fALap <Lau<fVvELyYy aein, 4.5)

and therefore £ ,u € L? (2).

Proof. The proof is similar to that of the classical case s = 1, now for two obstacles.
Consider the penalized problem given by

ve € HY(Q): (Latte.v) + /Q €465 (ts — v — /Q £05 (9 — e)v

=/Q(f+§w—§<p)v Vo € HY(Q)

for
§¢ > (Lay — f)+v Cga > (La—f),

with 0,(t) = 1 for t > e. Then, there is a unique solution u, € H{(2) such that
Y < ue, < ¢ + ¢ for each ¢ > 0. Indeed, we obtain the existence and uniqueness of
the solution by the Stampacchia theorem as before. To show that ¢ <u, < ¢ + ¢, we
have

(Lathov) < (Lol — )T + fiv) < /Q(zw L) Ve HiQ).v =0,

and

(La9.0) = (Lap = 1) + f0) = (f = (Lap — £)".0)
= [(F=tr voe @00
Q

Taking v = (¥ — us)T € H§ () and using the strict T-monotonicity of £,, we have

ax|| (¥ _us)+||%16'(9)
<&, (¢, (Y — u8)+) — &4 (ug, (Y — ”8)+)
< / f + L)W —u)* —/ (F + ol — Ouluts — 9]
Q Q
- é‘w[l - 96(‘# - us)]}(w - Ms)+
- [ £ 05t — V)W — ue)t — / (ol = 0up — ua) YW — o)™
Q Q
<0
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because the first term is non-positive, while the factors in the second term are all non-
negative. Therefore, u, > . Similarly, taking v = (u, — ¢ — )" € HJ(Q2) gives

ax|(us — ¢ _3)+||12qg(9)
= ax||D*(us — ¢ — 8)+”22(Rd)
<&((Us—@—8)" (U —p—2)")
<8(ue—p—e:—9—e")
< Ea(ue— ¢, (ue —p—e)™")
= [8a(te, (e — 9 —€)T) — Ea(p. (ue —p — &) 7)]

< /Q (F + 8yl = ot — )] — Gpl1 — Be( — ue)}ate — @ — £)*
—f (f — ) ue— g — o)t
Q
- / (ol = Oulute — )Y (te — 9 — )" + / [£00e(6 — 1) (s — g — )"
Q Q
- /sz[l Bt — ) (e — g — o)t

< /Q ¢yl = Bt — V) te — ¥ — &) since p = ¥
=0.
Therefore, u, < ¢ + €.

Now, we can show that u, — u, so ¥ < u, < ¢ + & converges to ¥ < u < ¢.
Take v = w — u, in the penalized problem above for arbitrary w € Ky, , then

B tte w — 11g) = /Q Fw—us) + /Q £l — Oa(ate — ¥)(w — )

_/Qé‘w[l — Os(@ — ug)|[(w — uy)

z[ f(w—us)+/ Eull — Bulits — VIV — ue)
Q Q
- /Q Lol — e — u))(g — up)

=/ f(w—us)—c“/ £l — .t — V)]
Q Q
—s/ﬂéw[l—es(so—us)]g"_“s

&

sz(w—ua)—ecefg(szw).

Ug — Y

&
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Now, taking w = u € Kf/, o We obtain

8a(u87u_us)Z/S;f(u_ua)_gce/g(é‘w-i';lﬂ)’

but taking v = u, € Ky, in the original obstacle problem (3.1), we have

Eutun =)= [ flus =),
Taking the difference of these two equations, by the linearity of &,, we have
€tz =00, =) =2y [ Gy + 8
Using the ellipticity of a, we have
£Co fg (o + Cp) = Balite — 1 1ts — 1) = @l D>ty — )2 agger

2
= axllue — “”HS(Q)-

Therefore, uy — u in H§(R2).

Choosing ¢y = (£,¢¥ — f)1 and ¢, = (£4¢ — f)~, and making use of the
property of 6 that 0 < 1 — 6, < I, then for any ¢ > 0 and any v € HJ(2), v > 0, we
have

[ (Latte)v = [ [f 4 (Lat — /)1 = 0,) — (Lag — )~ (1 6]
Q Q
§/Q[f+(§ﬁaw—f)+]v
and
/ (Latte)v = / [f + (La¥ — £)F(1 = 6) — (Lag — £)~(1— 6)]v
Q Q
> / [f = (Lap— £) .
Q
Therefore,
f [/ A (Lap)]o = [ [f — (Lap— )0
Q Q
< / (Latte)v < [ f + (La — /)]0 = [ I v (Zav)]u.
Q Q Q

Letting ¢ — 0, this holds for u. Since v is arbitrary, we conclude (4.5). ]
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4.2.2. N-membranes problem. We consider now the N -membranes problem which
consists of: Find u = (u1,us, ..., uy) € Kj satisfying

N N
Zga(uhvi_ui)ZZ/ fl(vl_ul)v V(vl,...,UN)GK;‘v, (46)
i=1 i=17%
where K is the convex subset of [H (Q2)]V defined by
Ny ={(1,...,vn) € [HS(SZ)]N tvp > > vy ae. in Q} 4.7

and f%,..., fN e L (£2). As in the previous sections, the existence and uniqueness
follows easily. Furthermore, the following Lewy—Stampacchia type inequality also
holds.

Theorem 4.7. The solution u = (Uy,...,uy) of the N-membranes problem satisfies
a.e. in

FYALquy < flveeov £V,
YA FP<Laur < f2vev N,

fl/\"'/\fN_l fxauN—l SfN_lvav
fracen ¥ <Eauy < fV,

and £qu € [L¥(Q)V.

Proof. Choosing (v,uz,...,uy) € Ky, withv € K;z, we see that u; € Kiz solves
(3.1) with f = f! and by Theorem 4.3

fl<&ou; < f1v&u, ae. inQ.

Analogously, u; € K; . .| solves the two obstacles problem with f = f 7,

Jj =2,3,..., N — 1, and satisfies, by (4.5),
fj ANLquj—1 < Lquj < fj V&aujy1  ae.in Q.

Finally, uy solves the one obstacle problem with an upper obstacle ¢ = uy_;, and
so by the symmetric Lewy—Stampacchia estimates given in Theorem 4.3, we have

fN/\:CauN_l < Liuy < fN a.e. in Q.

The proof concludes by simple iteration (see [44, Theorem 5.1]). ]
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Remark 4.8. The solution can also be approximated by the bounded penalization
given in [7] by

ue € Hg(R2) : (Lquj, vi) +/Q§i95(u’{° — Ui y1)Vi —/Qéi—ﬁa(uf_l — Uj)vi

:/Q(f" FG— G0 Y€ HY(Q)

for

1 LRI i
Zozmax{w:i =1,...,N},
l

G=ilo—(f'+---4+ fH fori=1,....N

with 0,(¢) = 1 fort > ¢ and uj; = +o0, uf\,+1 = —00.
As in [7], we then have the strong convergence of u® — u in [H (Q)]V, thereby
giving the Lewy—Stampacchia inequalities in Theorem 4.7.

4.3. Local regularity of solutions

We make use of the Lewy—Stampacchia inequalities to show local regularity for the
three types of nonlocal obstacle problems, but first it is useful to obtain the global
boundedness of the solutions.

Lets € (0, 1). Suppose that

(@ f.La¥ € LP(2) for some p > 2is for the one obstacle problem,
b) fAEspand f v E,¢ arein LP(2) for some p > % for the two obstacles

problem, or
() fieLP(Q)fori=1,...,N forsome p > % for the N-membranes prob-
lem.

Theorem 4.9. Let u denote the solutions of the one obstacle problem (3.1), or the
two obstacles problem (4.3), oru = u; fori = 1,..., N of the N-membranes prob-
lem (4.6), respectively, under the assumptions (a), (b) or (c) above. Then g = L£,u €
L?(2), with p > zd_s and there exists a constant C, depending only on ax, a*, d, <,
”u”Hg(Q), lgllr @) and s, such that

[ullzoo@) = C.

Proof. Assume that ® : R — R is a Lipschitz convex function such that ®(0) = 0,
then if u € H{(2), we have, by repeating the proof of [36, Proposition 4],

Ea(®(u),v) < E4(u,v®' (u)) forv>0,v € Hy(2), weakly in Q.

We can then repeat the proof of [36, Theorem 13] using the Moser technique to obtain
the theorem. |
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Observe that in general our kernel does not satisfy the usual regularity of the kernel
of the fractional Laplacian [45,47] or other commonly considered fractional kernels
[12,27], since in general it does not satisfy the “symmetry” condition a(x, y) =
a(x,—y) unless a is a constant multiple of the kernel of the fractional Laplacian.
However, it will still be possible to obtain local Holder regularity on the solution with
the properties of our kernel, if we assume it is symmetric, i.e., if it satisfies

a(x,y) =a(y,x). 4.8)

Then, we can make use of the symmetric form as given in (2.3), and apply the results
of [36].

By the Lewy—Stampacchia inequalities, as long as the upper and lower bounds
are in L?(2) for some p > zd—s, we can make use of the Dirichlet form nature of the
bilinear form, and obtain Holder regularity on the solutions on balls independently
of the boundary conditions and of the regularity of dS2. Then, by [26, Theorem 1.6],
since the bilinear form satisfies (2.2) and (2.4)—(2.5), in the symmetric case, we have
the weak Harnack inequality. Furthermore, as in the classical de Giorgi—-Nash—Moser
theory, the weak Harnack inequality implies a decay of oscillation-result and local
Holder regularity estimates for weak solutions.

Theorem 4.10 (Weak Harnack inequality). Let u denote the solutions of the one
obstacle problem (3.1), or the two obstacles problem (4.3), oru = u; fori =1,...,N
of the N -membranes problem (4.6), respectively, under the assumptions (a), (b) or (c)
above. Suppose the unit ball about the origin By is a subset of 2, and a is symmetric.
Then,

1

D
inf u > c(f u(x)?o dx) °_ sup / U (z)dux(dz)
Bi/a By x€Bis/16 JRY\B)

- ”:Ca””Lp(BlS/lﬁ)’

for dux(dz) a measure depending on a as defined in [26,34], and the positive con-
stants pg € (0, 1) and ¢ depend onlyon d,s,ax,a*.

Theorem 4.11 (Holder regularity). Let u denote the solutions of the one obstacle
problem (3.1), or the two obstacles problem (4.3), or u = u; fori =1,..., N of
the N-membranes problem (4.6), respectively, under the assumptions (a), (b) or (c)
above. Suppose B, CC Q is a ball of radius p and a is symmetric. Then, there exists
cp>0and B € (0, 1), independent of u, such that the following Holder estimate holds
for almost every x,y € By»:

u(x) —u()| < cplx — y1P (lulloo@) + | LattllLr))-
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Proof. Since the Lewy—Stampacchia inequalities in Theorems 4.3, 4.6 and 4.7 hold
a.e. in B, C € for £,u for the one obstacle, the two obstacles problem and the N -

membranes problem respectively, and £,u = g in B,, therefore g lies in L?(£2) for
d

P > 5, and we have the result making use of Theorem 4.10 following the classical
approach. |
Remark 4.12. (i)  The local Holder continuity of the solutions of a two mem-

branes problem was obtained for different operators with translation invari-
ant kernels in [12], as well as the local C!-¥ regularity in the case of the
fractional Laplacian as in the case of the regular obstacles of [54].

@i1)) The results in Theorems 4.10 and 4.11 can be generalized to an arbitrary
family of measures satisfying (2.2) and (2.4)—(2.5), as given in [14].

(iii) Since the L*° bound also works in the non-symmetric case, we conjecture
that the weak Harnack inequality and the Holder continuity are also true
without the symmetry assumption, but this is an open problem.

In the case where a corresponds to the kernel of the fractional Laplacian,
£q, = (—A)*, we can use [51, Corollary 1.15] and apply local elliptic regularity of
weak solutions in fractional Sobolev spaces WP associated to Dirichlet fractional
Laplacian problems as in [9, Theorem 1.4].

Theorem 4.13. Let u denote the solutions of the one obstacle problem (3.1) for f €
L% (Q) in the form

u e Ky (Q): /]Rstu-Ds(v—M)dXZ/Qf(U—“) Vv e Ky,

or the corresponding two obstacles problem (4.3), or u = u; fori =1,..., N of
the corresponding N -membranes problem (4.6), respectively, under the assumptions
(a), (b) or (c) above, with 2* < p <ooand 0 <s < 1. Then, (—A)*u € Lf;c(Q)
and u € W2SP(Q). In particular, u € C'(Q) if s > 1/2 and p > d/(2s — 1), by

[4, Theorem 7.57 (c)].

This theorem, which seems new, is an extension to nonlocal obstacle type prob-
lems of the well-known ngc’p (£2) regularity of solutions of the classical local obstacle

problem corresponding to s = 1.

5. The s-capacity and Lewy-Stampacchia inequalities in H 5 ()

In this section, we extend the results on the Lewy—Stampacchia inequalities obtained
in the previous section to data in the dual space H ~5(£2). We first characterize the
order dual of H(£2), which is related to the theory of the s-capacity. This follows
much of the results in the classical obstacle problem [2,42,56]. In [3] and [29] the
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more general capacities are considered for general bilinear forms. Recently, the frac-
tional capacity for the Neumann problem was considered in [57]. In order to extend
the results in Theorems 4.3, 4.6 and 4.7 to data in H ~*(£2), we may apply the general
results of [38] for the one obstacle problem and [44] for two obstacles.

5.1. A characterization of the order dual H_* () of H;(f2)

Associated with any Dirichlet form, there is a Choquet capacity. We denote by C; the
capacity associated to the norm of Hj(€2). For any compact set K C €2, it is defined
by
Cs(K) = inf{||u||§,g(m tu € Hy(Q).u > lae. in K}.
For an arbitrary open set G C €2,
Cs(G) = sup {CS(K) : K is a compact set in G}.

A function u € H(2) is said to be quasi-continuous if for every ¢ > 0, there
exists an open set G C 2 such that Cs(G) < ¢ and u|g\¢ is continuous. A property
is said to hold quasi-everywhere (q.e.) if it holds except for a set of capacity zero.

It is well known (by [3] Proposition 6.1.2, page 156, or [29] Theorem 2.1.3,
page 71) that for every u € Hy(£2), there exists a unique (up to a set of capacity 0)
quasi-continuous function u# : £ — R such that # = u a.e. on 2. Therefore, we have
the following theorem (see also [57, Theorem 3.7]).

Theorem 5.1. For every function u € H{(S2), there exists a unique (up to q.e. equi-
valence) u : 2 — R quasi-continuous function such that u = u a.e. in Q2.

Thus, it makes sense to identify a function u € Hy(£2) with the class of quasi-
continuous functions that are equivalent quasi-everywhere. Denote the space of such
equivalent classes by Q(£2). Then, for every element u € Hy(£2), there is an associ-
ated u € Q4(2).

Define the space L (2) by

Lg () ={¢ € Qs() : Iu € HJ(RQ) : i > |¢] qe. in Q}

and

R, (¢) = inf{{lullgg @) - u € Hy(Q).u = |¢] g.e.},
which is a norm that makes LZCS (£2) a Banach space (see [6, Proposition 1.2]). We
want to show that the dual space of LZCS (£2) can be identified with the order dual of
H§(2),ie.,

[LE, () = H (@) NM(Q) = HZ*(Q) = [H ()] — [H*(@)]",

where M () is the set of bounded measures in 2. Then we have the following result
by Theorem 5.1 (corresponding to the classical case in [6, Proposition 1.7]).
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Proposition 5.2. The injection of H3(Q) N Cc(Q) <> L () is dense.

Proof. This simply follows from Theorem 5.1, since u > 0 a.e. on €2 implies u > 0
g.e. on 2. ]

For K C €, recall that one says that u > 0 on K (or u > 0 on K in the sense of
H§(2)) if there exists a sequence of Lipschitz functions uy — u in HJ(2) such that
ur >0on K.

Let K C 2 be any compact subset. Define the nonempty closed convex set of
H;(S2) by

x ={ve Hj(Q):v>1onK}.
Consider the following variational inequality
uekKyg: 8w v—u)>0VveKyg. 5.1

This variational inequality has clearly a unique solution and consequently we can also
extend to the s-fractional framework the following theorem which is due to Stampac-
chia [56] in the case s = 1.

Theorem 5.3 (Radon measure for the bilinear form &,). For any compact K C 2,
the unique solution u of (5.1), which is called the (s, a)-capacitary potential of K, is
such that

u = 1 on K (in the sense of Hy(2)),
w = ELqu > 0 with supp(n) C K.

Moreover, for the non-negative Radon measure [, one has

CHK) = Eatit) = [ du = (&)
and this number is called the (s, a)-capacity of K with respect to E4(-, ) (or to the
operator £4).

Proof. The proof follows a similar approach as the classical case ([56, Theorem 3.9]
or [42, Theorem 8.1]). Takingv =u Al =u—(u—1)" € K% in (5.1), one has

a*”(” - 1)+”%-18(Q) = 8a(u - 1’ (Ll - 1)+) = ga(“v (u - 1)+) = 0

since the s-gradient of a constant is zero. Hence u < 1in Q. Butu € K%, sou > 1
on K. Therefore, the first result ¥ = 1 on K follows.

For the second result, set v = u + ¢ € K% in (5.1) with an arbitrary ¢ € D(£2),
¢ > 0. Then, by the Riesz—Schwartz theorem (see for instance [3, Theorem 1.1.3]),
there exists a non-negative Radon measure p on €2 such that

(Latt, p) = Ealitog) = /Q odu. Vo DQ).
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Moreover, for x € 2\ K, there is a neighbourhood O C Q\ K of x so thatu + ¢ € K}
for any ¢ € D(0). Therefore,

E,(u,9) =0, VYo e D(Q\K)

which means u = £,u = 0 in Q\ K. Therefore, supp(u) C K and the third result
follows immediately. |

We observe that when a corresponds to the kernel of the fractional Laplacian,
the (s, @)-capacity corresponds to the s-capacity and the s-capacitary potential of a
compact set K is the solution of the obstacle problem (5.1) when the bilinear form is
the inner product in H§(£2) and we have a simple comparison of the capacities in the
following proposition.

Proposition 5.4. For any compact subset E C <,

a*2

axCs(E) = CH(E) =

Cs(E).

Ay

Proof. Let u be the (s, a)-capacitary potential of £, and # be the s-capacitary poten-
tial of E. Since # > 1 on E, we can choose v = u € K% in (5.1) to get

CHE) = Eau,u) < Eq(u,u)

} }
o) ([ )
R4 R4

a a*?

<= |Dsm2+-——1/ |D%u|?
2 R4 2a RrRA

*2

1 a
—8,(u,
) a(u,u) + 2a,

IA

Cs(E)

*2

= LCHE + )
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by the Cauchy—Schwarz inequality and the coercivity of a. Similarly, we can choose
v = u € K% for (5.1) with a being the identity for Cs(E) to get, using the coercivity
of a,

Cs(E) = Ea(u,u) < Eq(ut, u)

(Lrae) (o)

1 1
-/ wmﬁ+-/|DmF
2 R4 2 R4

IA

IA
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1 1
ZCAE) + —
5Cs( )+2a*

1 1
= —Cs(E
F G B) + 5

IA

Ea(u,u)

CIE). n

Using this definition of the Radon measure, we recall that two quasi-continuous
functions which are equal (or, <) p-a.e. on an open subset of R4 are also equal (or, <)
g.e. on that set (see [29, Lemma 2.1.4]).

Recall that a Radon measure w is said to be of finite energy relatively to Hy (£2) if
its restriction to HJ(€2) N C¢(£2) is continuous for the topology of H{(£2), by means
of

(i, v) = /sz vdp, Yve Hg(2) N Ce(R2).

Such a finite energy measure can in fact be defined for any Dirichlet form & (see
[29, Section 2.2 and Example 2.2.1, pages 87-91]). We denote by ET(H(2)) the
cone of positive finite energy measures relative to Hg (£2). Then p is of finite energy
if and only if there exists w, € H*(£2) such that

(wy,v) = /Q vdp Vv e Hj(R2) N Ce (),

and E*(HJ(S2)) can be identified with [H ~(2)]™, the positive cone of H *(Q2) =
[H§(2)], by the mapping u > w,,. Moreover, whenever u € E1(H$(S2)), the map-
ping u € H3(2) > 1 is continuous from HJ (2) in L' (i) and whenever u € H§ (),
Jo #dp = (w,, v). Note that in the particular case of the space H(2), the mapping
u € H§(Q) — u € L'(n) is compact; this follows from the fact that g |ii,| dp =
(wy, lun]) and that if u, — 0in Hy(2) then |u,| — 0in H(L2).

Extending these results to L%S (£2), we have the following result.

Proposition 5.5. Let u € E1(HS(2)). Then L%S () C L' (u) and this inclusion is
continuous.

Proof. Letu € LZCS (€2). There exists v € H(§2) such that v > |u| a.e., and therefore
u-q.e. Since v € LY (), u € L'(p).

Let (u,) be a sequence in chY (2) such that Rc,(u,) — 0. Then there exists
(vn) € Hy(2) such that v,, > |u,| q.e., and therefore p-q.e., and ||v, ||H8(Q) — 0. As
a result,

[t = [ 5= i vn) = Vwl=sc@lonlgear —

Therefore, u, — 0in L'(1). ]

Having these results, we can now identify the dual space of LZCS (£2) with the order
dual of Hy(£2), as given in the following theorem.



Nonlocal Riesz fractional obstacle type problems 197

Theorem 5.6 (Characterization of the order dual). The dual of LZCS (R2) is the space of
finite energy measures ET(H$(2)) — ET(H(RQ)), that is identified with the order
dual H.*(2) of Hy (S2). More precisely, L € [L%:Y ()] if and only if there is a unique
p such as |u| € ET(H(R)) and L(p) = [q ¢ dy for all ¢ € L% (). In addition,
the norm of L in [LE ()] is such that | L|| = ||w | 5-s)- l

Proof. According to Proposition 5.2, C,(£2) is dense in LZCY (2) and moreover this
injection is continuous; therefore the dual of L2CY (Q)isa spabe of measures.

Let 1 be a Radon measure such that || € E+(Hg (R2)).Forany ¢ € L%S (RQ) (¢ is
then y integrable by Proposition 5.5), set L(¢) = [q ¢ dju. For any v € H{ such that
v > |¢| quasi-everywhere, so p-a.e., we have

L@ =| [ o] < [ 181d101 = 51l = w0.0) = lolla-si Ionlngcar

50 |L(@)| < llwiu/| Re, (§). Therefore L € [L% (@)] and L] < [[wyllz-sco.

Conversely, suppose L € [L%g (2)]'. Let K be a compact subset of 2 and ¢ €
D(2) such that ¢y > 1 in K. Whenever ¢ € Cs(K) such that ||¢]lec < 1, we have
¥ > |¢| in Q, therefore

L@ = IL]- Re, ().

We deduce that there exists a Radon measure p in € such that
vpeC@. L@)= [ pdn.

In addition, || € E*(H{) because, whenever u € H§(22) N Cc (),

[ waiu] < [ wldial

sup{L(¢) : ¢ € Cc(R).[$] < |ul}
< sup{|[L]l- Rc,(®) : || < |ul}
< ILII- Re,(u)

=LA Nl ag @

and also [[w,lz-s@) =< [IL]-
Finally, it follows, from the density of C.(2) in L%S (£2) and Proposition 5.5, that

Vol @. L@ = [ sdu. .
Q

5.2. Lewy-Stampacchia inequalities in H_*(2)

For completeness, we state the Lewy—Stampacchia inequalities in the dual space
H_*(Q2).
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Theorem 5.7. The unique solution u to the obstacle problem (3.1) with compatible
obstacle y € HS(R?) and F, £,¥ € HZ*(Q), satisfies

F<Lu<Fv&Ly in H’(Q). 5.2)

Proof. Because £, is strictly T-monotone, this is a direct consequence of the ab-
stract Lewy—Stampacchia inequality obtained by Mosco in [38] (see also [42, Theo-
rem 5:2.1]). ]

We next consider the generalizations to the two obstacles problem and to the N-
membranes problem.

Similarly, as a direct consequence of [44, Theorem 4.2], we may also state the
Lewy—Stampacchia inequality for the two obstacles problem.

Theorem 5.8. The solution u of the two obstacles problem
ueky,: & v—u)>(Fv-u) Yvek,
with Ky, given by (4.4) with data F € H_*(2) and £, Lap € H 7 (R2) satisfies
FALip <Lou<FVv£L£y in H*(Q). (5.3)

Then, applying the general Lewy—Stampacchia inequalities for the one obstacle
and for the two obstacles problem iteratively in the previous theorem as in the proof
of Theorem 4.7, we obtain:

Theorem 5.9. The solution u of the N -membranes problem

N N
ueky: Zga(ui,vi —u;) > Z(Fi,vi —u;) VY(vi,...,vn) €Ky
i=1

i=1
with K, given by (4.7) with data F = (F',....FN) for F' € H,%(Q) satisfies

F'ALqu; < F'v.--vFVN,
F'AF?<$%4u, <F*v.--vFV,

F'A-AnFN' < $uy_y < FN71V FVN,
F'A- AFN < $uy < FN
in H* ().
Remark 5.10. The application to Theorem 5.9 for the N -membranes problem is new.

Remark 5.11. In the symmetric case, the Lewy—Stampacchia inequalities also follow
from the general results of [30].
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5.3. The &, obstacle problem and the s-capacity

As a simple application of s-capacity, we consider the corresponding nonlocal obsta-
cle problem extending some results of [56] and [2] (see also [42]). In this section, we
start by the following comparison property for the (s, a)-capacity, the proof of which
is exactly as in [56, Theorem 3.10], which states that in the case when the kernel a is
symmetric the (s, a)-capacity is an increasing set function.

Proposition 5.12. For any compact subsets E1 C E5 C L,

M 2
citen = (1420 ) e

where M = sup %(Sa(u, v) — 84(v, u)) foru,v such that ||M||H(~)Y(Q) = ||v||H(~)Y(Q) =1

Theorem 5.13. Let v be an arbitrary function in LZCS (2). Suppose that the closed
convex set Kf/, is such that

_fp ={ve Hj(RQ): 0>y qe inQ} #0.
Then there is a unique solution to
uer/,: E.(u,v—u) >0, Vveks, (5.4)
which is non-negative and such that
||u||Hg(s2) = (a*/a*)”‘ﬂ—'—”ﬁq(g); (5.9

there is a unique measure i = L ,u > 0, concentrated on the coincidence set {u =V}

= {u = YT}, verifying

Sa(u,v)zf vdu, Yve Hy(R2), (5.6)
Q
and
a*2 n B 1/2
w(K) = | =75 I N2 @CH K] VK ccQ, (5.7)
as s

in particular, 1 does not charge on sets of capacity zero.

Proof. By the maximum principle of Proposition 3.4 (ii), taking v = u + u™, the
solution is non-negative. Hence, the variational inequality (5.4) is equivalent to solv-
ing the variational inequality with ]Kf/, replaced by Kfﬁ 4. Since Yy € chs (2), by
definition of LZCS (), Kfp + 7 @ and we can apply the Stampacchia theorem to obtain
a unique non-negative solution.
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Since &,(u, v —u) >0,

a*||u||§15(g) < &a(u,u) < Ea(u,v) <a™|ulagy@lvliag ).

we have
lullage < @ /) lvlmg@. VoK.
which, by the definition of the Lg (€2) norm of ¢, gives (5.5).
The existence of a Radon measure for (5.6) follows exactly as in Theorem 5.3.
Finally, recalling the definitions, it is sufficient to prove (5.7) for any compact subset
K C 2. But this follows from

1K) < [Q 5dp = Ea(u, ) < a*ull g 0l @
< (a*z/a*)lllﬂ+||L2Cs(g)||v||Hg(Q), Vv € K¥%.
Now, recall from Proposition 5.4 that we have

_ . 2
CE(K) = 0 Co(K) = il 0]

thereby obtaining (5.7). [
Corollary 5.14. If u and 1 are the solutions to (5.4) with non-negative compatible
obstacles W and @ in Lé\‘ (2) respectively, then

il _anl/2

where

. " 1/2
k=@ /a1l @ + 17122, @)

Proof. Since supp(i1) C {u = ¥} and supp(t) C {it = ¥/} (where u = £,u and
i = £41), for an arbitrary v € Klsw—lffl’ we have
A2
axllu u”Hg(Q)
< 8a(u _ii?u_ﬁ)

=&,(u,u—u)—8&,(t,u—1u)

:/(u—ﬁ)d,u—/(u—ﬁ)dﬂ by setting v = u — # for u, ft in (5.6)
Q Q

= [ —iau- [ w-iraz

< [ =+ i
Q

- A . _s
5/;Zvd(u+,u) smceveKW_]/}|
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=/ 17d,u+/ vdp
Q Q
= &,(u,v) + &,(1, v)

< a*[lullag@ + lillag@]lvlia @

a*Z R
Z[”w”LZCs(Q) + ||W||L%S(Q)]”U”Hg(52) by (5.5)
a*Z R R
Z[”W”[}CS(Q) + ||W||L26S(Q)]||W - w”L%,S(Q)

IA

IA

since v is arbitrary in Klsw—lffl’ by the definition of the norm of |y — 1ﬁ| in Lés (). =

Remark 5.15. Further properties on the s-capacity and the regularity of the solution
to the s-obstacle problem are an interesting topic to be developed. For instance, as in
the classical local case s = 1 [2], it would be interesting to show that 1 is compatible,
i.e., KY, # @, if and only if

/°° Co({ly| > 1)de* < oo
0
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