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On the asymptotic behavior of solutions to a class of grand
canonical master equations

Sabine Bogli and Pierre-A. Vuillermot

Abstract. In this article, we investigate the long-time behavior of solutions to a class of infi-
nitely many master equations defined from transition rates that are suitable for the description
of a quantum system approaching thermodynamical equilibrium with a heat bath at fixed tem-
perature and a reservoir consisting of one species of particles characterized by a fixed chemical
potential. We do so by proving a result which pertains to the spectral resolution of the semigroup
generated by the equations, whose infinitesimal generator is realized as a trace-class self-adjoint
operator defined in a suitably weighted sequence space. This allows us to prove the existence
of global solutions which all stabilize toward the grand canonical equilibrium probability dis-
tribution as the time variable becomes large, some of them doing so exponentially rapidly but
not all. When we set the chemical potential equal to zero, the stability statements continue to
hold in the sense that all solutions converge toward the Gibbs probability distribution of the
canonical ensemble which characterizes the equilibrium of the given system with a heat bath at
fixed temperature.

1. Introduction and outline

It is well known that the grand canonical ensemble of statistical mechanics provides
a formalism suitable for the description of the properties of classical or quantum sys-
tems in thermodynamical equilibrium with a heat bath, a fixed temperature, and a
reservoir of possibly different species of particles, each of which being character-
ized by a chemical potential (see, e.g., [1] and [10] for definitions and applications
of the above notions in various concrete situations). From the microscopic proper-
ties of the systems it is then possible in principle to derive all their macroscopic
thermodynamical properties by means of the so-called grand canonical partition func-
tion, which depends on the temperature and on the chemical potentials we alluded to
above. In order to achieve that for systems that are not in thermodynamical equilib-
rium initially, an important link may be provided by the solutions to certain master
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equations. In the simplest setting of a system described by a Hamiltonian having a
discrete point spectrum, those solutions represent time-dependent probabilities which
determine the chance for jumps to occur between the various quantum states. They
also play a significant role in the stochastic approach to equilibrium and non equilib-
rium thermodynamics of chemical reactions (see, e.g., the theory and the applications
developed in [14, 15] and their numerous references, as well as in [16, Chapter V].
For the investigation of master equations in a different or more general context with
many important applications we also refer the reader to [3-7,9, 12, 13]).

It is precisely the long-time behavior of solutions to a class of various initial-
value problems for infinitely many master equations which is the main theme of this
article. The class in question is associated with sequences of real numbers (A,,) and
of non-negative integers (N,,) indexed by m € N*, where the former may be inter-
preted for instance as the point spectrum of some Hamiltonian and the latter as the
sequence of number of particles of a single species in the corresponding quantum
states. More specifically, we organize the remaining part of this article in the fol-
lowing way: in Section 2 we define the relevant initial value problems in which the
transition rates depending on (A,) and (N,,) are chosen in such a way that the so-
called detailed balance conditions of statistical mechanics hold with respect to the
grand canonical equilibrium probability distribution. We then interpret the master
equations as a dynamical system defined on a suitable infinite-dimensional weighted
sequence space, which allows us to realize the infinitesimal generator of the system as
a trace-class self-adjoint operator whose spectral properties we investigate in detail.
This eventually leads us to the spectral resolution of the corresponding semigroup
whose consequences we analyze in Section 3, where we show that the system of
master equations we consider possesses global solutions which all stabilize toward
the grand canonical equilibrium probability distribution as the time variable becomes
large, some of them doing so exponentially rapidly but not all. In the important par-
ticular case where the chemical potential is set equal to zero, the stability statements
remain true in the sense that all solutions converge toward the Gibbs equilibrium
probability distribution of the canonical ensemble, some of them again exponentially
rapidly. Finally, we also consider there a concrete example involving the quantum har-
monic oscillator which shows how the decrease properties of the Fourier coefficients
of the initial conditions can impact on the speed of convergence of the solutions, end-
ing up with power-law and even logarithmic rates of decay.

We conclude this introduction by noting that the mere idea of making the gen-
erator of a system of master equations a formally self-adjoint operator by using the
detailed balance conditions already appears as a set of remarks scattered in [16, Chap-
ter V] (see also, e.g., [11, Proposition 4.3 in Appendix 1]). As we shall see below, the
method of investigation we use in this article represents a systematic and rigorous
implementation of those remarks in a very specific context.
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2. On the spectral resolution of the semigroup generated by a class of
master equations

As outlined in the introduction, we start out with a sequence of real numbers (A,)
and of non-negative integers (N,,) indexed by m € N, such that the grand canonical
partition function satisfies

400
Op =) exp[—B(Am — jiNm)] < +00 e

m=1

for each B > 0 and every p € R, where § may be interpreted as the inverse tem-
perature and p as the chemical potential. By means of (1) we then define the grand
canonical equilibrium probabilities by

PB,um = ®f_},lu exp[—,B(Am - MNm)] 2)

for each m € N, and with every such m we associate the class of initial-value prob-
lems for master equations of the form

dpn(®) _
- = (rm,npn(f) _rn,mpm(f))y T E [0, +OO),
dt = (3)
pm(0) = py,
where (p;) stands for any sequence of initial-data satisfying
+o00
pmz0. Y pn=1 @)
m=1

In (3), the transition rates ry , > 0 from level n to level m are chosen in such a way
that the so-called detailed balance conditions

FmnPB,pn = TmPB,u,m (5)

are satisfied for each B > 0, every u € R and all m,n € NT. In this manner, the
PB,u,m Provide a time-independent solution to (3) when we choose py, = pg. ,,,m for
every m, in addition to the fact that they make the corresponding entropy production as
defined in [13] equal to zero (see also, e.g., [ 14, Section II A] for a thorough discussion
of this point). Therefore, they do provide genuine equilibrium probabilities indeed.
Furthermore, owing to (2) we may rewrite (5) as

Fm,n

= exp[—B(Am — An) + Bi(Nm — No)], (6)

n,m
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which is the starting point for the analysis of chemical reactions by means of stochas-
tic thermodynamics put forward in [15] (see, in particular, [15, Section III]). In par-
ticular, we may take

Pr

e = € xp[ 2 O = A0) + P20 = )] 0

where the prefactors stand for any choice of real coefficients satisfying the symme-
try condition ¢ymn = Chm for all m,n € N In what follows we investigate (3) as a
dynamical system on a suitable weighted sequence space with rates of the form (7),
which requires a specific and of course non unique choice of the ¢y, , to ensure that the
dynamical system in question be well defined. In fact, in order to keep our upcoming
computations as simple as possible, we shall settle for

Cmn = exp[—B(Am + An) — Bit(Nm + Ny, ®)

which will play the role of convergence factors in Proposition 1 below as we shall
soon explain. Thus, let us denote by l(% Wh the set of all complex sequences p := (pm)

satisfying
+o00

2 ——
P13 s, 7= D Whotm

m=1

Pml? < 400 )

where wg ;,m 1= exp[B(Am — UNp)], which becomes a complex separable Hilbert
space when endowed with the usual operations and the sesquilinear form

+o00
(p, q)Z,W,g,M = Z wﬁ,u,mpmqm (10)

m=1

defined with respect to the weight sequence wg ;, := (wg,,,m). Furthermore, let us
reformulate (3) as

dpn() _ N
4 ;am,npn(f), 7 € [0, +00), -
pm(0) = pp,
where
Amn = {_ZLO?,L(;&m Iem form =n, )
Tm,n for m # n.

Then the following preliminary result holds, which is interesting in its own right:

Proposition 1. For each p € lé’wﬁ.u, the expression

+o00
(AP)m =D @mnpn (13)
n=1
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2

defines a linear, self-adjoint trace-class operator A : 1 — Z(C,W,g B whose trace

C,wg.u
is given by

TrA = @2‘3,_“—@%_3“@%,_% < 0. (14)
Proof. We begin by showing that 4 is a bounded operator. Rewriting (13) as

+o00

_1 1
(Ap)m = D _(amnwy 2 (w7, pn)

n=1

and using the Cauchy—Schwarz inequality, we first obtain

+o00
2
\E:wﬁumE:wﬂMWmnl
m=1 n=1

Furthermore, using (12) we may write and estimate the right-hand side in (15) as
+o0 +o0
-1 2
D Whem D W ualamal
m=1 n=1
+o00 +o00
2 -1 .2
= Z (lam,ml + wﬂ,/L,m Z ﬂ W, nrm n)

m=1 n=1,n#m

+o00
Z ((Z 7o m)  Wpum ) wE,L,nrn%,n). (16)

m=1 n=1

s)

In addition, putting (8) into (7) gives

B

Fmn = eXP[—gc’/\m + MNm) - E(An + 3/LNn)]’ (17)

so that by taking (1) and the expression for wg ,, n into account we obtain

+o0 ,3
grn,m = ®%,_% eXp[—E(lm + 3MNm)]

and
Z wﬂ w,nlmon 02;3 — exp[ BBAm + MNm)]-

The substitution of these expressions into the last line of (16) and a straightforward
computation then lead to the estimate

2

Zwﬁ,u, Zwﬁun|amn| ®;3 3M ﬂ,_%'i‘@zﬂ M<+OO’ (18)

which proves that A is indeed a bounded operator.
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Next, we observe that the detailed balance conditions (5) may be rewritten as
am,nwﬂ,u,m = an,mwﬁ,p,,n

for all m, n € N*, which immediately implies the relation

(Ap, q)z’WB,u— = Z wﬂ,u,mam,npnqm = Z wﬁ,u,nan,manm = (p, AOI)z,wB,M
m,n=1 m,n=1
so that A is self-adjoint. Moreover, a simple argument based on the preceding relations
and relation (12) shows that A is negative semi-definite, that is,

(Ap,P)2wg, <O

for every p € lé e Therefore, in order to show that A is trace-class it is necessary
and sufficient to prove that there exists an orthonormal basis (fy,) in / é wg such that
’ S

+o00
D 1(Afm fn) 2., | < +00.

m=1

To this end, let us introduce the sequence of canonical vectors (ey) given by (em)n =
Omn forallm,n e N, and let us consider the sequence defined by f,, = w;’i’mem for
each m € N, From this and (10) it follows immediately that th? f., form an orthonor-
mal system in lé,wﬁ.u. Moreover, we have (fn, Q)2,w 4, = wé%mqm for every q €
lé wp > 80 thatif (f, @)2,ws , = 0 for each m then g = 0 and (fy,) is thus an orthonor-
mal basis. In addition, a direct computation leads to

1 1

(Afmafn)Z,WB!M = wé,u,nansmwﬂ,i,m (19)

forallm,n e Nt, and consequently

+o00 +00 +o0
TrA:= Z(Afm,fm)Z,Wﬁ,M Zamm —_Z Zrnm
m=1 m=1n=1,
n;ém
as a consequence of (12) and (19), which eventually leads to (14). ]

Remark. If we had chosen (7) for the rates with ¢, = 1 forall m,n € N7 instead
of (17), some of the series in the proof of Proposition 1 would have been divergent,
for instance the very last series on the right-hand side of (16). That is the reason why
we referred to (8) as convergence factors.
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In what follows we state and prove the main result of this section, in which we
investigate in detail the spectral properties of A. In this context, the sequence (by,)
given by

b =02 _ exp[—g(xm + 34N (20)

B

wR

plays an important role.

Theorem 1. Let A be the operator defined by (13). Then the spectrum of A, 6(A), is

a compact set with infinitely many real elements (v\) indexed by k € NT which are

all eigenvalues including v = 0, the latter being its unique accumulation point.
Assuming in addition that

Am+1 = Am > 3(Npm — Niyt1) (2D

for every m € N, the following two statements also hold:

(a) Each eigenvalue of A is simple and the corresponding eigenspace is spanned
by px = (Px,m) where
GXP[—g(%m + MNm)]

Pkm = Ve T bm .

Moreover, each such an eigenvalue is implicitly characterized by the relation

O exp[—BB3Am + (iNm)]
Z Vk + bm

=1 (22)

m=1

Furthermore, the set of normalized eigenvectors given by

. Px
O ‘= 73—
||pk||2,w[,_u

for every k € N constitutes an orthonormal basis of lé o
’ pyes

(b) Ifthe nonzero eigenvalues of A are ordered as v <vyy1 foreveryke{2,3,...},
then they are localized according to

v € (=by—1, —by) (23)

for every such k. In particular, all the nonzero elements of 6 (A) are negative
and furthermore, for every p € lé,Wﬁ.u we have the norm-convergent spectral

resolution
+o00

exp[td]p = Z(p, Ai)2.wg.,, €XP[TVi]dx (24)
k=1

of the semigroup exp[t Al e[o,+00) generated by A.
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2

Cawp and

Proof. From (2) it is straightforward to check that pg ,, := (pg,u,m) €/
that
Apg,u =0 (25)

as a consequence of (5), (12) and (13). Moreover, we infer from Proposition 1 that
A is a compact self-adjoint operator in lé,WB,u that does not have finite rank, which
implies in particular that its spectrum contains infinitely many real eigenvalues includ-
ing v = 0 according to (25), this value being its unique accumulation point.

As for the proof of statement (a), we first note that the eigenvalue equation

Ap = vp

is equivalent to having the relation

+oo +00
Zrm,npn = (Vk + Zrn,m)pm (26)
n=1 n=1

satisfied for all m, k € N, We then use (17) in (26) to get
P _
Cp, B, EXP _5(3Am + UNp) | = (v + bm) Pm 27)
where we took (20) into account and defined

+o00 ,3
Cp. B i= Zexp[—a(kn + 3;LNn)]pn. (28)
n=1

Now, for any p € lé,w;;,u we evidently have either ¢, g ,, 7 0 or ¢, g, = 0. In the first
case, (27) implies that (v + bm) pm # 0 for each m € N, so that we may solve for

Pm and get
Pk,m = Cpk,ﬂ,uﬁk,m (29)
where 5
. exp[—5 (3Am + 1Nm) ]
m = . 30
Pk, T b (30)

Moreover, with the py m given by (30) we claim that py := (Px,m) € lé o On the one
hand, this is clear if v = 0 for then (30) reduces to pg,,, up to a trivial inultiplicative
constant. On the other hand, if v # 0 we have

“+o00
> whgemlvic + bl P

m=1

+o0
= > exp[~2B(Am + pNm)] = Opp _y < +00 31)

m=1
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from (30) and (1), the latter also implying that limy,—, 4 o b, = 0. Therefore we have

lim |vg + bm| = [x] # 0
m—>+00
so that (31) implies
+o00
Z W4, u,m pAk,m 2 < +0o0
m=1

by asymptotic comparison, as desired. In this manner, the p, provide a set of eigen-
vectors of A associated with the vy, and we now prove that there are no others. Indeed,
in the second case we alluded to above where ¢, g, = 0, we have (v + by) pm = 0
for each m € N and therefore there exists an m* € N such that v, + b+ = 0 since
p = 0 is not an eigenvector. But the spectral condition (21) is equivalent to having
bm+1 < b for each m € N, so that the m* in question is unique. Consequently, we
necessarily have p,, = 0 for every m # m* and p.,» # 0, which implies the relation

B
Co.B. = exp[—g(lm* + 3MNm*)]Pm* # 0,

and thereby a contradiction. Finally, the characterization (22) of the eigenvalues is a
direct consequence of the substitution of (29) into (28). The preceding considerations
thus prove the first part of statement (a), while the second part follows immediately
from the fact that A is a compact self-adjoint operator.

Let us now prove statement (b) by first ordering the nonzero eigenvalues of A4 as
vk < vkt for every k € {2, 3,...}. To this end we consider the auxiliary function
a:(—00,0)\ {—bn,m € NT} defined by

+o00 _ 3Am -
I

m=1
and remark that this series is absolutely convergent by virtue of (1) and the fact that
bm — 0 as m — +4o00. Furthermore, it is easily verified that
lim a(v) = +o0, lim a(v) = —oo0,
VN\—by—1 v, /"—by
and that a’(v) < 0 for every v € (—by—1, —by), which implies the existence of a unique
Vi € (—bx—1, —by) satisfying a(v;) = 1. Therefore, from the characterization (22)
of the eigenvalues we necessarily have v} = vy for every k € {2, 3, ...}, thereby
proving the first part of statement (b). Finally, for every p € lé wg . Ve have the norm-
convergent expansion ’

+o0o
P = (P.G)2.ms,, bik
k=1
from the last part of statement (a), which implies (24) at once. ]

In the next section, we investigate some consequences of the preceding result.
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3. On the eigenspace associated with the zero eigenvalue of A as a
global attractor

Since v; = 0 is an accumulation point of o (A4), we might want to truncate expansion
(24) in order to get an exponential decay of some sort for the solutions to (3), or else
proceed more generally to obtain convergence statements without error bounds, or
more specifically with bounds that may be slower than exponential. We first make
the idea of truncation precise by writing \/E=1 E, (A) for the closed linear hull of
U=, Ey (A) in lé,wﬁ.u for any N € N, where E,, (4) stands for the eigenspace of
A associated with the eigenvalue vy. Then we have:

Theorem 2. Let A be the operator defined by (13), and let p* € lé W be any initial
condition satisfying (4). Then ’

+o0
(exp[tAlp*)m =0, > (exp[tAlp*)m =1 (32)
m=1
for every T € [0, +00).
Assuming moreover that (21) holds, and that the ordering vy < vy41 for every
k € {2,3,...} is still valid, then for each N € NT with N = 2 and p* € \/E=1 E, (A)
satisfying (4) we have the exponential decay estimate

Il exp[tAlp* — pg.ullzmg,, < expl=|vnlllIP*ll2.ws., (33)

for every T € [0, +00), where pg,,, is given by (2).

Proof. Relations (32) are an immediate consequence of some continuity arguments
and of the summation of (3) over m € NT.
As for the proof of (33), we start out from (24) to get

N
exp[zA]p* — (p*, Ell)z,w,g,ufll = Z(p*, CAIk)z,WH,M exp[tvi]Qx
k=2
since p* is orthogonal to gy in lé W for each k = N + 1, so that from Parseval’s
relation we obtain

> (34)

2.Wa. 1

| expleAlp* — (0. 412005, 01 13, , < expl=2l]llp"
for every T € [0, +00). It remains to show that

(P*,41)2.wp,, A1 = PBu- (35)
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From (2) and (9) we first have

+o00
1P sill3 s, = ©F2 D eXp[—B(Am — iNm)] = O,
m=1

1
as a consequence of (1), so that we may choose G; = @é P, as one of the unit
eigenvectors associated with v; = 0. Moreover, using (9) on the left-hand side of (34)

we eventually get

|(exp[rAlP )m — (P*. A1)2,wp ,, G,m

i .
< exp| =5 (hn — 1tNm) | XPE=T o0 19" 205,

for every m. Therefore, the summation of both sides of this expression over m € Nt
leads to

+o00

1- (p*’ al)Z,WB’M Z é\|1,m

m=1

<O, expl=tlnlllp* 2ans,,

where we have used (1) and the normalization condition in (32), so that letting T —
+o0 in the preceding relation necessarily gives

+
(p*. § o =1 36
p ,GI1)2,W,3.M Z qi,m = L. ( )

m=1

But from our choice of §; we have

+o00
Z al,m =0
m=1

™ =
=

5

+o00 1
Z PB.um = Op
m=1

and thereby
1
(0" D200 = O 2,

independently of p*. Consequently, we end up with
. NP
(P™.a1)2,wp,, 01 = Op Q1 = PBu.
as desired. ]

Remark. All the p* € \/E=1 E, (A) satisfying (4) provide a large supply of initial
data for which estimate (33) holds, which obviously grows with N. But this is at the
expense of having a smaller exponential rate of decay whenever N becomes large since
[un| > |vn+1]| and limys 00 exp[—T|un|] = 1.
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We can avoid the truncation method and yet obtain convergence results for the
solutions to (3) by modifying the basic argument, but that is at the expense of hav-
ing no error bounds in general unless we impose additional conditions regarding the
Fourier coefficients of the initial data, as in Corollary 2 below. We begin with the
crucial observation that (35) still holds for an arbitrary initial condition p* € lé,wB,M
satisfying (4). More precisely we have:

Lemma 1. Let p* € léwﬁ.u satisfy the second relation in (4). Then we have
(P*.G1)2,mp.,. 01 = PB.u-

Proof. From (2) and the definition of the weights wg_, n we have

+o0
(Ppu- 8)2.ws, = OFl D Gkm =0
m=1
for each k € {2, 3, ...} by virtue of the orthogonality of the eigenvectors of A4, so that

> Gkm =0 37)

for every such k. Furthermore, for p* € lé wg.. W€ have the norm-convergent series
) pyes

expansion
+o00

P* = (P™. 412,81 + D (P*. G)2.ms.,, G
k=2

and therefore

+o0 +o00

Z p:\ = (p*’ é\ll)Z,wlg,u Z é\Il,m =1

m=1 m=1
as a consequence of (37) and the second relation in (4). In this way, (36) holds again,
so that we may conclude as in the proof of Theorem 2. ]

Lemma | now allows us to get the following generalization of Theorem 2:

Theorem 3. Let A be the operator defined by (13), and let p* € lé W be any initial
condition satisfying (4). Assuming moreover that (21) holds, and that the ordering
Vx < Vkt1 for every k € {2,3, ...} is still valid, we have

. . _
tlirfoo | exp[tAlp™ — pg.ull2.wg, = O

Proof. From the preceding lemma and its proof we may write

+oo

P* =ppu+ Z(P*, AK)2,wg . Gk
k=2
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and therefore

+o00

B = 21" G2, [P expl2Tu] < +o0  (38)
k=2

| exp[tAlp* — pg,u

for every 7 € [0, +00], without truncation. Now, for every fixed k € {2, 3, ...} we have

. A 2 _
r_lg{loo |(P™, Gi)2,wg . |~ €xp[2T0] = 0

since vy, < 0, and moreover
A 2 A 2
[(P*, Qi) 2,wg.,. | eXp2T10] < (™, G)2.wg.,. |

for every k uniformly in t € [0, +00], with

< +00.

+oo

A 2 2
§ |(p*,Qk)2,vau| $ ||p* |2,WB'M
k=2

The result then follows from dominated convergence. ]

All the preceding results remain valid when w = 0, which corresponds to the
description of a quantum system in thermodynamical equilibrium with a heat bath at
inverse temperature § > 0, and to transition rates in (3) of the form

P = exp[—g(fikm + )Ln)] (39)

according to (17). Furthermore, in this case the components (30) of the eigenvectors

of A reduce to .
exp[—TAm]

Dkm = N (40)
where P
bn = Z3p exp[—akm]. 41)
In the preceding expression we have defined
400
Zg = 0go = Z exp[—BAm] < +o0
m=1

for every B > 0, which stands for the usual partition function of the canonical ensem-
ble. Eigenvectors (40) then constitute an orthonormal basis of / Z,WB where wg 1=
wg =0 = (Wg, u=0,m) = (exp[BAm]), and moreover, the grand canonical equilibrium
distribution pg ,, reduces to pg := pg,,—o Whose components are given by

Ppm=Zg" exp[—Pin| (42)

for every m € N1 In the next result we state two consequences of Theorems 2 and 3:



S. Bogli and P.-A. Vuillermot 282

Corollary 1. Let A be the operator defined by (13), with the an, given by (12)
and (39). Then A : lé’wﬁ > lé,wﬁ is a linear, self-adjoint trace-class operator whose

trace is given by
TrA = Zzﬂ —ZﬁZﬁ < 0.
2 2

Moreover, let us assume in addition that
Amt1 —Am >0 43)

for every m € N, and that the ordering vy < vy of the eigenvalues still holds for
every k € {2,3,...}. Then the following statements are valid:
(a) ForeachN € NT with N = 2 and p* € \/E=1 E, (A) satisfying (4) we have
the exponential decay estimate

lexplzAlp™ — pgll2.mg < exp[=T|vnl]lIP* [l2,ms

for every T € [0, 4-00), where pg is given by (42).

(b) Letp* € l(% wg be any initial condition satisfying (4). Then we have

. * =
IETOO | exp[tAlp* — pgll2.ws = 0.

Remark. The operator A of the preceding corollary may also be realized as a non nor-
mal and non dissipative trace-class operator in the usual unweighted Hilbert space lé
consisting of all square summable complex sequences. This approach was imple-
mented in [2], with the goal of putting the analysis of A into the perspective of the
spectral theory of linear non self-adjoint operators as developed in [8]. However, this
was at the expense of having to deal with a host of more complicated technical issues
while imposing a more restrictive condition on the spectral condition (43), namely,

/\m-i-l - lm >c exp[_ekm]

forevery m € N +, withbothe > 0,0 > 0 independent of m.

We complete this section by analyzing a concrete example which illustrates the
direct impact of the decrease properties of the initial data in (3) on the speed of con-
vergence of the corresponding solutions. The example involves the quantum harmonic
oscillator whose spectrum we rescaled and shifted by irrelevant constants, and shows
that even if the oscillator is initially steered away from thermodynamic equilibrium
due to its interaction with a heat bath at inverse temperature 8 > 0, it will eventually
return there at a rate which strongly depends on the decrease properties of the initial
conditions (4), a result that is complementary to those in [4, Section 3]. We assume
throughout that u = 0.
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Corollary 2. Let us consider the initial-value problem (3)—(4) where the transition
rates are given by (39) and A, = m € Nt. Moreover, let us assume that the ordering
Vk < V1 of the eigenvalues of the operator A still holds for every k € {2,3,...}.
Then the following statements are valid:

(a) Ifthe Fourier coefficients of p* € l<C wg along the orthonormal basis (Gx)eN+
of l(C wg satisfy
(P G2, |* < K expl[—5K] (44)

forevery k € {2,3,...} and some k,5 > 0, then we have

_3
H exp[rA]p* — P ”2,w§ < CBi,8T B (45)
or all sufficiently large T and for some cg s > 0 depending solely on B, «
Bk,
and é.

(b) Ifthe Fourier coefficients of p* € I
of 12 Cowg satisfy

Cowg along the orthonormal basis (Gx)eN+

(p*, Gi) 2wy |* < KK (46)

foreveryk € {2,3,...} and some k > 0, § > 1, then we have

lexp[zAlp* < cprs(nT)™ 7 (47)

for all sufficiently large T and for some cg s > 0 depending solely on 8, k
and §.
Proof. The starting point is the relation

+o00

|l explrAlP* —ppll3,, = D 1(P*. G)2,wsl” expl2ui
k=2

which is (38) with u = 0, where we assume that t > 0. Using (44) along with vy <
—by, the latter being a consequence of (23), we first obtain

lexplzAlp* — pgll3,,, <Kzexp[ 8k — 2t Z 35 exp [—gk]] (48)

by using (41). In order to extract an explicit dependence in t from the preceding
expression let us now consider the function f(.,7) : (0, +00) — R™ given by

f(x,1):= exp[—Sx — 2‘52% exp[—gx]]. (49)

We remark that f(., T) possesses a unique critical point at

%e(7) = In ("gf) (50)
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where ¢g = BZ 3p. Furthermore, we choose t sufficiently large so that the integer
part of (50) satisfies [xc(7)] = 3, with f(., T) monotone increasing for x € (0, x. (7))
and monotone decreasing for x € (x.(7), +00). For the right-hand side of (48) we then
obtain the estimate

+o00 [re ()11 +o00

Yo fko= > fko+ > fk+171)

k=2 k=2

k=[xc ()]-1

[Xc(f)]
< /2 Axf, 1) + f(X (D)), 7) + (e (@] + 1,7)

+o00
—|—/ dxf(x, 1)

xe (D]+1

+o00
< /2 dxf(.0) + fe@L D) + fe@] + 10, (1)

It is now easy to extract the desired dependence in t for each term in the preced-
ing expression. For the integral this follows from the change of variables x — y =
T exp[—%x], which leads to the estimate

/2+oo dx exp[—&x — 21’2% exp[—gx]

2 T exp[—A] 2 28
= E(/ a’yyzé‘s_1 exp[—2Z3ﬂy] T 7
0

2 +o00
< —(/ dyyzﬁ'fa_1 exp[—2Z3,3y] t_zfs
B \Jo

26N\ _2s

= cpal (5 )77 (52)
B

for some cg s > 0 depending only on B and §, where I" stands for Euler’s Gamma

function.

As for the second and third terms on the right-hand side of (51), we first note that
the direct substitution of (50) into (49) gives

Fxe(1).7) = CpgT P

where éﬂ,g > 0, and therefore we get

f(xe(@], 1) < 5&5{_%

since [x.(7)] < x.(7) and since f(., 7) is monotone increasing there. An identical
estimate holds for f([x.(t)] + 1, 7) since x.(t) < [x.(7)] + 1 with f(., T) monotone
decreasing there. The substitution of all the gathered information into (51) and the use
of (48) then lead to (45).
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The proof of (47) follows a similar pattern but is a little bit trickier. We start with

+oo
| exp[rA]p* — PB ||%’W‘S <k Z k=8 exp[—ZrZ% exp[—gk]] (53)
k=2
and
f(x, 1) :=x7¢ exp[—2tz% exp[—gx]]. (54)

It is easily seen that the possible critical points of (54) are solutions to the equation

B
exp[ix] . ﬂ
Y — 3 (55)

where cg is as in (50), and that the function on the left-hand side of (55) is convex,
possesses an absolute minimum at x* = % and is strictly increasing for x € (x*, +00).
Then for every sufficiently large t there exists a unique critical point x. (t) € (x*, +00)
of f(., 1), this function being monotone increasing for x € (x*, x. (7)) and monotone
decreasing for x € (x.(7), +00). Moreover, writing [x*] for the integral part of x*, we
may break up the right-hand side of (53) as

400
> fkD)
k=2

[x*1+2 [xc(r)]—1 +oo

= > fko+ Y fkD+ Y fk+1.7)
k=2 k=[x*]+3 k=[x (v)]-1
x*1+2 400

< Sk 7)+
2 /0 |

[x*]

s dxf(x, 1) + f([xe(D)]. 1) + f[xe () + 1], 7).
(56)

We now claim that the first term on the right-hand side of the preceding inequality
satisfies the exponential decay estimate

142

Z f(k,7) < cp,5expl—cgT] (57)

k=2

for some cg 5, cg > 0. Indeed we have

[x*]4+2 ,B
Z k° exp[—2tZﬁ exp[——k]]
2 2
k=2
B

<271+ 1) exp[—ZrZ% exp[—E([x*] + 2)]]

since 2 < k < [x*] 4 2, which is (57) with an obvious choice for cg s and cg as [x*]
depends only on 8.
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As for the integral we have

+o00 13
/ dxx~? exp [—ZIZﬁ exp [——x]]
[x*]+3 2 2

repl=5 G+ gy -8
=cps —(ln —) exp|—2Z 3y
b | (1 5) " expl-27yy]

following the same change of variables as in (52), for some cg s > 0. Therefore, inte-
grating by parts and using the fact that § > 1 to control the completely integrated term
we obtain, changing the value of cg s if necessary,

/;oo dx f(x, )

143

exp[— 4 (x*1+3)]

R T 1-6
= cpsexp[—cpt] +Cps / d y(ln —) exp[—2Z3py] (58)
0 y 2

for some cg, ¢g s > 0, thereby exhibiting the exponential decay of the first term on
the right-hand side. In order to extract the dependence in 7 of the second term, we
start with

zexp[— 5 (x*1+3)] I\ 1-8
/0 dy(ln ;) exp[—22¥y]
VT T\ 1-8
= /0 dy(ln ;) exp[—2Z¥y]

vexp[—5 (x*]+3)] 15
+/ dy(ln —) exp[—2Z:
N y

which leads to the estimate
VT N\ 1-8
/ dy(ln —) exp[—ZZﬁy]
0 y 2

+o0
<cs (/ dyexp[—2232ﬁy])(ln )18 = ¢ps(Int)t~? (59)
0

y].

N

for the first term on the right-hand side where cs, cg s > 0. As for the second term we
get

zexpl—4 ([x*1+3)] N 1-8
/ dy(ln —) exp[—2Z 3]
y

JT

Texp[~5 ((1+3)] 5

(/ ’ dy(ln E)1 ) exp[—ZZ 38 ﬁ]
NG y

exp[— 5 ([x*1+3)] —s
= (/ : dy(ln %)1 )t exp[—2Z 35 /7]

1
T

/N
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exp[— 4 ([*1+3)] s
< (/ ’ dy(ln l)1 )r exp[—ZZﬁ«/?]
0 2

y
= (T exp[—22¥ ﬁ] (60)

for some ¢g s > 0, the last improper integral being convergent. The combination of
(58)—(60) thus leads to

400
/ dxf(x,7) < Cﬁ’g(ln‘t)l_s 61)
[x*]+3

for some appropriate cg s > 0.
It remains to estimate the last two terms on the right-hand side of inequality (56).
We begin by observing that (54) implies

fxe(2),7) <x.%(2) (62)

for every t € (0, +00), while (55) and the fact that x. (t) > x* for t sufficiently large
lead to P
CgT CBT
CXP[EXC(‘L')] = xc(r)ﬂT > x*%.
Since x* = %, we may therefore change the value of cg if necessary and thus obtain
the lower bounds
(v) = 2 ncﬂT = 1lnr (63)
X = - Y = 5
‘ g8 B
for the critical point, where the second inequality follows from the fact that we may
take c‘gi > /7 for 7 sufficiently large since CTB > 0. From (62) and (63) we then get

f(xe(1),7) < cps(ng)™

for some suitably chosen cg s > 0, so that arguing as in the proof of statement (a) we
end up with
f(xe(®)]. 1) < cps(nr)™®

and with an identical bound for f([x.(7)] + 1, 7). The substitution of this information
along with (57) and (61) into (56) then leads (47). ]

Remark. Throughout this article we carried out our computations with transition
rates given by (7) and (8) mainly because of their important role in Stochastic Ther-
modynamics and Chemical Physics. However, there are plenty of other choices for
them that lead to similar results, as long as they satisfy the detailed balance condi-
tions (6).



S. Bogli and P.-A. Vuillermot 288

Acknowledgments. The authors would like to thank the referee for his or her sugges-
tions which helped improve the presentation of the paper. The second author extends

his thanks to the Fundacdo para a Ciéncia e a Tecnologia of the Portuguese Govern-
ment (FCT) for its financial support under grant PDTC/MAT-STA/0975/2014.

References

(1]

(2]

(3]

(4]

(5]

(6]

(7]

(8]

(91

(10]

(11]

(12]

(13]

[14]

[15]

[16]

R. Becker, Theory of Heat. Second Edition, Springer, New York (1967)

S. Bogli and P.-A. Vuillermot, A spectral theorem for the semigroup generated by a class
of infinitely many master equations. Acta Appl. Math. 178 (2022), article no. 4

Zbl 1481.35290 MR 4390318

H.-P. Breuer and F. Petruccione, The theory of open quantum systems. Oxford University
Press, New York, 2007 Zbl 1223.81001

E. B. Davies, The harmonic oscillator in a heat bath. Comm. Math. Phys. 33 (1973), 171-
186 MR 334755

E. B. Davies, Markovian master equations. Comm. Math. Phys. 39 (1974), 91-110

Zbl 0294.60080 MR 359633

E. B. Davies, Quantum theory of open systems. Academic Press, London-New York, 1976
Zbl 0388.46044 MR 0489429

R. J. Glauber, Time-dependent statistics of the Ising model. J. Mathematical Phys. 4
(1963), 294-307 Zbl 0145.24003 MR 148410

1. C. Gohberg and M. G. Krein, Introduction to the theory of linear nonselfadjoint oper-
ators in Hilbert Space. Transl. Math. Monogr., Vol. 18, American Mathematical Society,
Providence, RI, 1969 Zbl 0181.13503 MR 0246142

F. Haake, Statistical treatment of open systems by generalized master equations. In
Springer Tracts in Modern Physics, pp. 98-168, Ergebnisse der exakten Naturwis-
senschaften 66, Springer, Berlin, 1973

K. Huang, Statistical mechanics. Second edition, John Wiley & Sons, Inc., New York-
London, 1991

C. Kipnis and C. Landim, Scaling limits of interacting particle systems. Grundlehren
Math. Wiss. 320, Springer, Berlin, 1999 Zbl 0927.60002 MR 1707314

E. Mozgunov and D. Lidar, Completely positive master equation for arbitrary driving and
small level spacing. Quantum 4 (2020), 227-289

J. Schnakenberg, Network theory of microscopic and macroscopic behavior of master
equation systems. Rev. Modern Phys. 48 (1976), no. 4, 571-585 MR 0443796

T. Tomé and M. J. de Oliveira, Stochastic approach to equilibrium and nonequilibrium
thermodynamics. Phys. Rev. E (3) 91 (2015), no. 4, article no. 042140 MR 3470995

T. Tomé and M. J. de Oliveira, Stochastic thermodynamics and entropy production of
chemical reaction systems. J. Chem. Phys. 148 (2018), article no. 224104

N. G. van Kampen, Stochastic processes in physics and chemistry. Elsevier Science Pub-
lishers B. V., Amsterdam, 1992


https://doi.org/10.1007/978-3-642-49255-6
https://doi.org/10.1007/s10440-022-00478-x
https://doi.org/10.1007/s10440-022-00478-x
https://zbmath.org/?q=an:1481.35290
https://mathscinet.ams.org/mathscinet-getitem?mr=4390318
https://zbmath.org/?q=an:1223.81001
https://doi.org/10.1007/bf01667915
https://mathscinet.ams.org/mathscinet-getitem?mr=334755
https://doi.org/10.1007/bf01608389
https://zbmath.org/?q=an:0294.60080
https://mathscinet.ams.org/mathscinet-getitem?mr=359633
https://zbmath.org/?q=an:0388.46044
https://mathscinet.ams.org/mathscinet-getitem?mr=0489429
https://doi.org/10.1063/1.1703954
https://zbmath.org/?q=an:0145.24003
https://mathscinet.ams.org/mathscinet-getitem?mr=148410
https://doi.org/10.1090/mmono/018
https://doi.org/10.1090/mmono/018
https://zbmath.org/?q=an:0181.13503
https://mathscinet.ams.org/mathscinet-getitem?mr=0246142
https://doi.org/10.1007/978-3-662-40468-3_2
https://doi.org/10.1007/978-3-662-03752-2
https://zbmath.org/?q=an:0927.60002
https://mathscinet.ams.org/mathscinet-getitem?mr=1707314
https://doi.org/10.22331/q-2020-02-06-227
https://doi.org/10.22331/q-2020-02-06-227
https://doi.org/10.1103/RevModPhys.48.571
https://doi.org/10.1103/RevModPhys.48.571
https://mathscinet.ams.org/mathscinet-getitem?mr=0443796
https://doi.org/10.1103/PhysRevE.91.042140
https://doi.org/10.1103/PhysRevE.91.042140
https://mathscinet.ams.org/mathscinet-getitem?mr=3470995
https://doi.org/10.1063/1.5037045
https://doi.org/10.1063/1.5037045

On the asymptotic behavior of solutions to a class of grand canonical master equations 289

Received 2 August 2022; revised 7 April 2023.

Sabine Bogli
Department of Mathematical Sciences, Durham University, Durham DH1 3LE, United
Kingdom; sabine.boegli@durham.ac.uk

Pierre-A. Vuillermot

IECL, CNRS, Université de Lorraine, 54000 Nancy, France; and Grupo de Fisica Matematica,
GFMUL, Faculdade de Ciéncias, Universidade de Lisboa, 1749-016 Lisboa, Portugal;
pierre.vuillermot@univ-lorraine.fr


mailto:sabine.boegli@durham.ac.uk
mailto:pierre.vuillermot@univ-lorraine.fr

	1. Introduction and outline
	2. On the spectral resolution of the semigroup generated by a class of master equations
	3. On the eigenspace associated with the zero eigenvalue of A as a global attractor
	References

