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Theoretical analysis of a discrete population balance model
with sum kernel

Sonali Kaushik, Rajesh Kumar, and Fernando P. da Costa

Abstract. The Oort—Hulst-Safronov equation is a relevant population balance model. Its dis-
crete form, developed by Pavel Dubovski, is the main focus of our analysis. The existence
and density conservation are established for non-negative symmetric coagulation rates satisfy-
ing V; ; <i 4+ j, Vi, j € N. Differentiability of the solutions is investigated for kernels with
Vi.j <i%+ j* where 0 < o < 1 with initial conditions with bounded (1 + o)-th moments.
The article ends with a uniqueness result under an additional assumption on the coagulation
kernel and the boundedness of the second moment.

1. Introduction

The coagulation is defined as the process when clusters of mass i and j (i and j-mers)
merge together to generate a (i + j)-mer. Coagulation processes have a plethora of
real-world applications, including the collision of asteroids [15], red blood cell aggre-
gation [14], helium bubble formation in nuclear materials [5], colloidal chemistry [1],
formation of Saturn’s rings [6], among many others.

This paper discusses a discrete model, i.e., a model for which the properties of
the particles, namely size, are described by a discrete variable i € N, known as the
Safronov—-Dubovski (S-D) coagulation equation [8]. The equation seems to have been
first proposed by Dubovski [10, 11] in 1999, long after the introduction of the contin-
uous version, called the Oort—Hulst—Safronov (OHS) equation [13, 16], in the context
of coagulation of particles in the celestial phenomena.

The S-D model is defined for ¢ € [0, co0) as

dyi — . L
L) Y LR OB ALY DA
ji=1 =1
=Y ViV (1), i €N, (1.1)
j=i
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where the first sum on the right-hand side is defined to be identically zero wheni = 1.
The focus of our study is on the basic properties (existence, uniqueness, density con-
servation, differentiability) of solutions ¥; (¢) to the initial value problems defined by
this system with initial conditions

¥i(0) = Yo; = 0. (1.2)

From a physical point of view, the equations in system (1.1) are the rate equa-
tions describing the time-dependent behavior of the concentrations of clusters of sizes
(or masses) i, (i-clusters, for short) in a system of particles whose dynamics can be
described as follows: (a) particles of size i > 2 are produced when a (i — 1)-cluster
is struck by a particle of size j < i — 1: the result of this collision is that the smaller
Jj -cluster is pulverized into j particles of size 1, each of which attaches itself to differ-
ent particles of size i — 1 to form particles of size i; this is described mathematically
by the first expression in the right part of (1.1)

i—1
Vi1 (1) Y jVier,j¥y (0);
j=1
(b) particles of size i are destroyed either by being impacted by smaller clusters and
thus growing to clusters of size i + 1, by the mechanism just described, resulting in
the second term on the right-hand side of (1.1)
i
—Yi(0) > Vi i (0),
j=1
or by being themselves the smaller clusters in a collision with a larger j-cluster, in
this case it is the i -cluster which is pulverized into a number i of 1-clusters which will

then attach to j-clusters to produce (j + 1)-clusters, which results in the last term in
the right-hand side of (1.1)

oo
— S Vi i O (1),
J=1
The parameters V; ; for i # j, called the coagulation kernel, are the rate constants
for the reaction between clusters of sizes i and j, and are assumed to be time-
independent, non-negative, and symmetric, i.e., V; ; = V; ;. As discussed in [10], the
rate V;; is equal to half of the collision’s rate for the particles of size i.
An extremely useful tool in the mathematical study of coagulation problems is the
moments of the solutions. The r-th moment of a solution ¥ = (;) of (1.1) is defined
by

1) = pr() =D i) (1.3)

i=1
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Putting » = 0 gives the zeroth moment, denoted as po(-), which has the physical
interpretation of the total number of particles per unit volume. Taking r = 1 in (1.3)
we get the first moment, 11 (-), which can be physically interpreted as (proportional to)
the mass of the system per unit volume. We expect the mass to be a conserved quantity,
i.e., w1(t) = p1(0), for kernels with slowly increasing rate of coagulation. Though
the physical relevance of the second moment has not been much discussed in the
literature, it can be interpreted as the energy dissipated in the process [9]. In some
cases, it is convenient to consider moments (1.3) with weight sequences other than i”.
In those cases, like in Section 4, where a more general sequence g = (g;) is needed,
we denote, when required, the corresponding moment by /..

In [11], Dubovski derived this model and calculated the propagation of the coag-
ulation front. The author discovered the connection between the violation of mass
conservation law and the value of coagulation front escaping to infinity. Bagland [2]
established that the solution for the S-D model, when

. Vi .
lim —= =0, i,j=1,v%€Ly,

Jj—oo ]

exists for ¢ € [0, co0). Davidson [8], in 2014, presented a global existence theorem,
mass conservation result, and uniqueness theorem for three types of kernels, namely

JVij <M, for j <1i;
Vi,j < Cvhihj, with ]% -0 as [ — oo;
and
Vi < Cy, Vi, j, for some Cy > 0.

Mass is proven to be conserved for V; ; < Cyi 1/2 j 1/2 and the solution is shown to
be unique in the third case, i.e., the bounded kernel is considered. In general, for
large classes of kernels such as the product kernel, mass is not a conserved quantity,
see [10] for the continuous OHS equation. This phenomenon is a consequence of a
part of the mass of the cluster distribution (/;) being transported into larger and larger
values of i, and a part of it being lost, in finite time, to the limit i — oo, physically
interpreted as an infinite size cluster, or gel, in a process called gelation. One can find
results on gelation for coagulation-type models in, for instance, [4, Chapter 9] and [7].

In this paper, we study the existence of mass conserving solutions to the initial
value problem (1.1)—(1.2) with rate kernels satistying V; ; < ¢ x (i + j), Vi, j € N,
for some positive constant ¢, and initial condition with finite mass. Actually, by divid-
ing the equations by ¢ and redefining V; ; and the time scale ¢, we can consider ¢ = 1.
This will be done hereinafter in order to turn the expressions a little bit simpler. To
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establish the regularity of the solutions we need to consider a balance between the
class of kernels satisfying the growth condition V; ; <i% + j¢%, for « € [0, 1] and
all i, j € N, and the initial condition with some finite higher moment. The unique-
ness result is also established for restrictive classes of kernels, namely those that in
addition to satisfying V; ; < i + j, also satisfy V; ; < Cy min{i", j"},0 < n < 2,
Vi, j € N, for some Cy > 0. The boundedness of a higher moment in finite time
plays a significant role in proving uniqueness. Let us now define some basic notation
and notions that are needed throughout.
The set of finite mass sequences is defined by

X ={z=(z) : |z]| < 00}, (1.4)
with
o0
Izl ==Y klzxl. (1.5)
k=1
It is clear that (X, || - ||) is a Banach space. In our analysis, we will mainly consider
its non-negative cone
XT={y =) eX:yi=0} (1.6)

Definition 1.1. The solution {» = (y;) of the initial value problem (1.1)—(1.2) on
[0,T), where 0 < T < 00, is a function v : [0, T) — X T with the following properties:

(a) v is continuous, for every i.
(b) fot > 21 Vijwj(s)ds < oo foreveryiandall0 <7 < T.
(¢) Foralli andt € [0, T) the mild (integrated) version of (1.1)—(1.2) holds,

; i-1 i
Vi () = Vo +/0 (Va3 Va5 = 3 3 VsV
j=1 Jj=1

— i 3 ViV )(s)ds. (1.7)

j=i
where the first sum on the right-hand side is defined to be zero if i = 1.

The article is organized in six sections. The second section discusses the prelim-
inary results required to establish the main results of the work. Section 3 deals with
the existence of solutions and its corollary. Further, in Section 4, density conservation
is shown for all the solutions of the given equation and the regularity result is proved
in Section 5. Finally, the statement and proof of the uniqueness theorem are part of
Section 6.
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2. A finite-dimensional truncation

Our general approach in this paper consists in considering a finite n-dimensional trun-
cation of (1.1) and, after obtaining appropriate a priori estimates for its solutions,
passing to the limit 7 — oo and getting corresponding results for (1.1).

In this section, we introduce a truncated system of the S-D model and study some
useful results about the moments of its solutions. The finite n-dimensional truncated
system for the equation (1.1) that we shall consider corresponds to assuming that no
particles with size larger than n can exist initially or be formed by the dynamics. Thus,
for the phase variable ¥ = (Y1, Y2, ..., ¥,) the system is

dr:
d‘i’ = W (y), forl <i <n, .1
where
n—1
W) = —Viayi — v Y Viv (2.2)
j=1
i—1 i n—1
W) =i Y ViV = Vi D Vi — Vi O Vi
=1 =1 j=i 2.3)
for2<i<n-—1,
n—1
W) o= Y1 Y Va1,V (2.4)
j=1
From what was stated above the initial conditions of interest are
vi(0) =y =0, forl <i <n. (2.5)

It can be observed here that we have truncated the last sum up to n — 1, not n. This
was done to make sure that the truncation conserves mass, which will be beneficial in
proving the existence result. The fact that solutions to (2.1)—(2.5) exist and are unique
is an obvious consequence of the Picard—-Lindelof theorem, because the right-hand
side of (2.1) is a polynomial vector field. That the solutions with non-negative ini-
tial data are also non-negative for later times is a result that can also be established
by the standard technique of adding a positive ¢ to the right-hand side of all equa-
tions in (2.1), proving that the positive cone R” T is invariant for the resulting system,
and using the uniform convergence in compact time intervals of its solutions ¥¢ to
solutions ¥ of (2.1) as ¢ — 0 (see, e.g., [12, Theorem III-4-5]).

As was already pointed out in the introduction in the analysis of coagulation-type
systems estimates about the time evolution of moments of solutions are of paramount
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importance. In particular, the establishment of uniform in » estimates of the n-trun-
cated system will provide the necessary control to pass to the limit as » — oo and
to draw conclusions about the solutions to the full, infinite-dimensional, coagulation
system. In a way analogous to the r-th moments defined in (1.3), we consider the
quantities

n
wa () =Y gii(t). (2.6)
i=1
The following result on the evolution of p will be relevant for the argument in the
proof of the existence theorem in the next section.

Lemma 2.1. Let ¥ = (Vi)ie(1,...ny be a solution of (2.1)—(2.5) defined in an open
interval I containing 0. Let g = (g;) be a real sequence. Then

n—1n-—1

ZZ(’&H —igi —&)Vijviv;. (2.7)

i=1j=i

d,ug

Proof. By (2.2)—(2.4) we can write

d,ug

Zg, vl ()

i=1

n—1
- (_glVl,ll/flz —gv ) Vl,f%)
j=1

n—1 i—1 i n—1
D (Vi Yo Vi =V Y Vil — i Y Vi vy)
i=2 i=1

j=1 j=i
n—1

+ &n¥n—1 Z jVn—l,jo'
j=1

Rewriting the right-hand side by collecting together the first and fourth terms, the
second and fifth terms, and the third and sixth we obtain

d,U« n—1 i n—1n—1
g ZZ(&—H g,)]V,]I/fll//j Zzgivi,jl//t'Wj,
i=1j=1 i=1j=i

and now altering the order of variables in the first equation and using the symmetry
of the rate coefficients, V;; = V; ;, we finally conclude (2.7). [ ]

For g = (i?) itis clear from (2.7) that, for all ¢ € I,

d//vo (t)

0 (2.8)
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and thus g (r) < ug(0), forallt € I N {t = 0}. This a priori bound implies that non-
negative solutions of the truncated systems (2.1)—(2.4) are globally defined forward
in time, i.e., I D [0, 400). We also immediately conclude that, for all # > 0,

dui(t) _
dt ’

which means that solutions to the truncated system conserve mass. For further refer-

2.9)

ence, this is stated in the next lemma.

Lemma 2.2. Solutions to Cauchy problems for the truncated systems (2.1)—(2.4) are
globally defined forward in time and conserve mass, i.e., satisfy

wi() = p't(0), vVt = 0. (2.10)

For the existence proof let us consider v}, (¢) defined as in [3] by

n

(1) ==Y iyl @), (2.11)
i=m
where " = (Y{,..., ¥, ) is a solution of the n-dimensional truncated system (2.1)—

(2.4). From these expressions we immediately obtain

dvt n—1 i
V;;n[(t) — (ZZJV,J‘/fz Vi +my, 12:]Vm L]

i=mj=1

n—1n-1

=2 i) o. (2.12)

i=m j=i

Assume now 2m < n and consider the function «J}, (-) defined by

2m n
Ky (0) =Y iyl +2m Y Yl (2.13)
i=m i=2m+1
where, again, ¥ = (Y¥,..., v, is a solution of the n-dimensional truncated system.

Then, after a few algebraic manipulations, we get

dK (Z) Z iy} +2m Z i

i=2m+1
2m—1
= myp_ l(z)Zij YO+ > vt (I)ZJVzﬂ/f, (1)
Jj=1 i=m j=1
2m n—1 n—1 n-—1

=Y D IOV =2m Y S Vit Oyre). (2.14)

i=m j=i i=2m+1j=i
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Finally, so that we can take n — oo (or, eventually, only on a subsequence ny — 00),
we make use of the following lemma.

Lemma 2.3. Take o = (Yo;) € X1 and, for eachn € N, consider ¥ € X defined
by ¥§ = (Yo1. Vo2, ....%on,0,0,...) and let it be identified with the point of R"
obtained by discarding the j-th components, for j > n. Let ¥"* be the solution of the
n-dimensional truncated system (2.1)—~(2.4) when V; ; < i + j with initial condition
Y (0) = Y such that (2.10) holds, then Y™ is relatively compact in C([0, T).

Proof. Using the truncated system (2.2)—(2.4) and the mass conservation of this sys-
tem, (2.10), it can be shown that there exists a constant C > 0 such that, for all
n=i1i=>1,

W”( ) ~
sup (wl () + ‘ D < Cuq(0)2
=0
Thus, the Ascoli—Arzela theorem gives the intended result. [

Now, we have gathered all the required information to proceed with the existence
results.

3. Existence result for the Cauchy problem

We can now prove the first main result of the paper: the existence of solutions to the
Cauchy problem (1.1)—(1.2).

Theorem 3.1. Let, V; ; be non-negative, symmetric, and satisfy V; ; <i + j, for all
i,],andlet o= (Yo;) € XT. Then there exists a non-negative solution of (1.1)—(1.2)
defined in [0, 00).

Proof. Let n be an arbitrarily fixed positive integer and let v/; be defined as in the
statement of Lemma 2.3. As we stated above, following (2.5), the initial value problem
(2.1)=(2.5) has a unique solution, ¥" = (¥ )1<i<n, Which is globally defined, non-
negative and, by Lemma 2.2, density conserving. By defining v//' (1) = 0 wheni > n
we can consider ¥"(¢) as an element of X T, for all ¢, and thus

(o) n n n o0

Iyl =iyl =Y iyl o) =D ive =D ivei < Y ivoi = Il

i=1 i=1 i=1 i=1 i=1
3.1

By Lemma 2.3 and (2.10) for each i, there exists a subsequence of {” (not relabeled)
and a function ¥; : [0, c0) — R of bounded variation on each subset of [0, co0), such
that ¥ (r) converges to V;(¢) as n approaches oo, for every 1 € R*. Thus for all
=0,

Yi(r)=20  and [y (@] < [[¥oll- (3.2)
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Our goal is to prove that this limit function v is a mild solution of the initial value
problem (1.1)—(1.2), i.e., fulfills the conditions in Definition 1.1. This will be done
by passing to the limit # — oo in the integrated version of the truncated problem
(2.1)—~(2.5), namely

: i-1
WO = Yo+ [ (W46 X Vi 97 )
j=1

i n—1
— Y)Y Vi V) = Vi) Y Vi ¥y () ds. (3.3)
=1 j=i

j=

To do this, and also to satisfy condition (b) in Definition 1.1, we need to prove that,
for every fixedi € N, T = 0, and € > 0, there exists m and Ny, with Ny > m = i,
such that, for all n > Ny,

T
/ vo (1)dt < e, (3.4)
0
where v}, was defined in (2.11). This can be achieved by integrating (2.12) in [0, ¢]
and using (2.14) to yield

,;nli

V(0 = v, (0>+/ SO Vi U S) + myh IZJVm LV
i=mj=1 j

n—1n—1

DI ACVACIE

i=mj=i

vy (0) + &) () — Ky, (0)

[ (wz,,,(s)ZJVm,wj O T Y ewe

i=2m+1j=1

n—1 n-—1

Yo D ViU OV

i=2m+1 j=i
n—1 n-—1

F2m Y Y Vi OV s))ds.

2m+1 j=i

Some algebraic manipulations of the second double sum above provide

n—1 i n—1 2m
Yo VeI = Y Y Vi v )Yis)
i=2m+1j=1 i=2m+1j=1

n—1 n-—1

+ D D VY)Y ().

i=2m+1j=i
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Substituting this into the above expression for v}, (¢) gives

n—1 2m

VI (£) = v (0) + K2 (6) — K (0) +/ (X S ivvt ey
i=2mj=1

n—1 n-—1

+2m Y D Vi)Y s))ds

i=2m+1j=i
3.5

By (3.1), (3.2), and the pointwise convergence of ¥ to ¥; we conclude that

Vi €[0,T],Ve > 0,¥p > ol 3N vn, 0 > Ny =

o0 p—1 o0
Y WO =i =Y WO =@+ D @) — v o))

i=1 i=1 i=p

<5 —II%II <e,

which enables us to take n — oo in the definition of «J;, (¥) in (2.13) and yields

o0

K« (z)—>2nm(z)+zm Z Vi) = km(0) < ) i¥i(0),  (3.6)

i=2m+1 i=m

and so limg; o0 ki (t) = 0 and |k, (2)| < ||Yol, for all ¢ € [0, T]. Therefore, for
every ¢ > 0, there exist M, Ny with Ny > M, such that, for all m > M, n > Ny
andn = 2m + 1, we have

k() < e (3.7)

and
K (0) < Le. (3.8)

By (3.7) and (3.8) and using the assumption V; ; < i + j, we can estimate the
right-hand side of (3.5) as follows (redefining)

n—1 2m
v (t><s+/ SO+ D)
i=2m 1
& n—1 n—1
+2m Y D+ DY)V s))ds
i=2m4+1 j=i
n—1 2m

/( ZZW, ()Y (s) +4m Z le/fl )y (s))

i=2mj=1 i=2m+1 j=i
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ss+/0 Y v © Y v +4 3 O Y jvpe)ds
j=1 i=m

i=m Jj=i
< e+ 6ol /()t vy ($)ds.
Hence, thanks to Gronwall’s lemma, we get, for all # € [0, T'],
vy (1) < kqe (3.9

where k1 = eS1volT \which implies that for all ¢ > 0, there exist M, Ny with No > M,
such that, forallm > M,n > Noandn = 2m + 1,

t
/ vi(s)ds < ek T, forallz € [0, T]. (3.10)
0

Since, ¥ (t) is pointwise convergent to v;(¢), the above expression entails that, for
all € > 0, there exists M such that, for all m > M, we have

o0

/TZiwi(t)dt <e.
0

1=m

Hence, when V; ; <i + j,foralli =1,
T ©©
/ > Vi (0t < oo, (3.11)
(O

thus establishing (b) in Definition 1.1.
Now, for every fixed i, take n > i sufficiently large and, for any £ such that i <
{ < n—1, write (3.3) as

‘ i—1
O =10 (W6 X Ve 90
j=1

i l
— YO D Vi V) = Ue) D ViU (s) )ds

j=1 Jj=i
t n—1
— e [ 3 Vs
0 j=t+1

t
<2llyol [0 v (5)ds.

Thus, from (3.10), for all & > 0, there exists M such that, for all £ + 1 > M and
all n sufficiently large, the right-hand side can be bounded above by 2¢||vo ||k T .
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Considering that each sum on the left-hand side has a fixed and finite number of
terms, that w;’ () — ¥ (s) pointwise as n — oo, and each of the three terms inside
the integral is bounded by 2||v/]||?, we can use the dominated convergence theorem
and take n — oo to conclude that, for every ¢ > 0, there exists M such that, for all
{ = M, we have

: i—1
- - [ (¥ims) o im0

—mem,w](s) wl(s)zv,,w,(s))

Jj= J=i

< 2el|Yollk1 T

Hence, by the arbitrariness of &, we can let £ — oo and conclude that ¥ = (v;) satisfy
(1.7), which completes the proof. |

Next we establish that the subsequence /"% of solutions of the truncated system
which converges to the solution i of (1.1)—(1.2) actually does so in the strong topol-
ogy of X, uniformly for # in compact subsets of [0, c0).

Corollary 3.2. Let "% be the pointwise convergent subsequence of solutions to
(2.3)—(2.5). Then, ¥ — v in X uniformly on compact subsets of [0, c0).

Proof. We prove that wi" k(t) — i (¢) for each i, uniformly on the compact subsets
of [0, 00). To simplify notation, denote ny simply by #n. Let

m—1

En () = e~ (11O = 20190 + @m + 2 0)?). (3.12)

i=1

Now, differentiating (3.12) gives

805035

dt dt dt
m—1
(0 = Y i + @m 2l 072)  (13)
i=1
where
m—2 i m—1n—1
o lez OEDID WA ATED IO II A
i=1j =1 i=1j=i
m—1
—(m =Dy D JVmr V] (3.14)

Jj=1
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Using the above expression, Lemma 2.2 and V; ; < i + j in (3.13), one can obtain

m—1n—1
Eml) < (Y3 g+ Dl

i=1j=i
m—1
+n = D)Wy Y JOm =1+ )y = Cm + 2 (0)?).
j=1
Some simplifications guarantee that
d&p ) _
<0, =zm,t€l0,T].
T nzm,tel0,T]

Hence, £/ (1) — £, (¢), uniformly for # on compact subsets of [0, T), where

m—1

En(0) = ¢ (1O = Y ivi () + @m + )i (0).

i=1

Let, K C [0, 00) be compact and #,, — ¢ in K, then

Tim [y @)l = lim iyl ) = iy = [y O]
i=1

i=1

which ensures that ||[y¥"| — ||¥], in C(K, X). ]

4. All solutions conserve density

In this section, we prove that, under the assumption on the rate coefficients we have
been using, all solutions of (1.1)—(1.2) conserve density.

Let ¥ = (¥;) € X be a solution of (1.7) in [0, T']. Multiplying each equation
in (1.7) by g; and adding from i = 1 to n, we have, after some algebraic manipula-
tions, for all ¢ € [0, T'],

Zm(r) Zg,wo,— / S i — g — £)Vis i ()5 (5)ds

1—1] i

/ Z Z giVi,jvi($)¥;(s)ds

j=li=n+1

_/0 gn-i—l‘pn(s)ZjVn,j‘/fj(s)ds- 4.1
j=1
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We start by observing that, taking g; = 7 in (4.1), we conclude that

n n

Ziwi(t) < Zi%i < [[¥oll.

i=1 i=1

and, as this inequality is valid for all n, we can take the limit as » — oo and conclude
the a priori bound ||y (¢)|| < ||[voll.

We now use (4.1) to prove that, under the assumed conditions on V; ;, all solutions
conserve density.

Theorem 4.1. Let V; j <i + j foralli and j. Let y = (Y;) € X be a solution of
the Safronov—Dubovski equation (1.7). Then the total density of ¥ is constant.

Proof. Let A € N be fixed, and consider the sequence (glf“)i € £ defined by
g = min{i, A}. (4.2)
Then

ng _ng_gAz —A, on{(i,j):A<i<j<n},
R 0, on{(i,j):1<i<A—landi </ <n),

and (4.1) becomes, forn > A,

D &)= gV (4.3)
i=1 i=1
t noJ
—— [ AY Y Vv 6)ds (44)
0 i—Ai=4a
t A o0 n o0
S ROID I ACIACEY I S SR ACIAC)
0 “ictli=n+1 j=A+1i=n+1
t ) (4.5)
~ [ A0 X oy 01ds, “.6)
j=1

We first estimate the term in (4.4)

n j n J n J
AZZV"J%% sAij Ziwi +AZJ'%Z%
Jj=Ai=A j=A i=A j=A i=A
n J n J
=AY i Y AN W Y i
=4

i=A j=A i=A
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<ZZJ¢J Zil/fi

i=A

<22w,2zwi. @7

i=A

Thus, ¥ € Xt implies that (4.7) converges to zero as A — oo. Furthermore, since
(4.7) is bounded above by 2||¥||?, the dominated convergence theorem implies that,
for all ¢ > O there exists Ao such that, for all n > A = A, the absolute value of (4.4)
is smaller than £.

Consider now (4.5). For the first double sum, observe that forn > A,

A 00 A fo'e
> Z VWil <YV Y zw1+21 v Z Vi
j=li=n j=1 i=n+1 i=n+1
< vl Y zwl+21 Vi—— Z i
i=n+1 i=n+1
<lvoll D ivi+ AHZM > ivi
i=n+1 i=n+1
< vl Y ivi+ Vol Z i
i=n+1 i=n+1
<2lyoll D iy 4.8)
i=n+1

For the second double sum in (4.5) we have a similar estimate,

AN ST Vi <A DY u Y i+ A Y Y Y v

j=A+1i=n+1 j=A+1  i=n+1 j=A+1 i=n+1
A n o0
< Jvi Y i
A+1 j—A+1 i=n+1
(e, 0)
+4 Z JVi—— i
J=A+1 i=n+1
A o0
< [l Z ivi ol 3 ivi
i=n+1 i=n+1
o0
<2llvoll > ivi. 4.9)

i=n+1
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Thus, by (4.8) and (4.9) we conclude that the integrand function in (4.5) is bounded
by 4|%0||? and converges pointwise to zero as n — 0o, for each fixed A. Hence, again
by the dominated convergence theorem we conclude that, as previously, for all ¢ > 0,
there exists Ag such that, for all n > Ag, the absolute value of the integral (4.5) is
smaller than £.

Finally, let us consider (4.6)

AV Y VeV S AV Y j(n+ )Y
j=1 7=1
< 2Anyn Y ju;
j=1
< 2|y || Anpn. (4.10)

Clearly, for each fixed A4, (4.10) converges to zero as n — oo and it is bounded above
by A||¥o||?, and so the dominated convergence theorem implies that, for every & > 0,
there exists A9 = Ag(e) such that, for any fixed A > Ay, there exists ng = no(e, A)
such that, for all n > ngy Vv A, the absolute value of (4.6) is smaller than %

To estimate (4.3) observe that, for every n > A, we can write

n n A A
D et = g = D ivi() =Y ivei
i=1 i=1 i=1 i=1
=AY 0= Y v,
i=A+1 i=A+1
and thus,
A A 00 00
Y = iver| < Y. i)+ Y. i
i=1 i=1 i=A+1 i=A+1
+ D) g0 =D gl voil- (4.11)
i=1

i=1

Now, for every & > 0 there exists Ay such that, for all A > Ay, each of the first

two sums on the right-hand side of (4.11) can be made smaller than %, and since

the estimates of (4.4)—(4.6) obtained previously allow us to have the last term on the
right-hand side of (4.11) smaller than gg, we conclude that

A A

Y i) =) ivo

i=1 i=1

Ve > 0,34y : VA, A > Ay = < g,

which proves the result. |
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5. Differentiability

This section is devoted to proving that the solution of the S-D model is first-order
differentiable if the rate coefficients satisfy V; ; <i® + j© for o € [0, 1]. This requires
the boundedness of (« 4+ 1)-moments of the solutions and an invariance result, which
are proved below in Lemma 5.1 and Theorem 5.2, respectively.

Lemma 5.1. Let the non-negative kernel V;_; satisfy V; j <i% 4+ j%, foralli, j =1,
and for some fixed 0 < a < 1. Forany T € (0, 00), let Y be a solution to (1.1)—(1.2)
in [0, T] with initial condition yrg € X t. If the (a + 1)-moment of Vo, pt1+o(Vo), is
bounded, then the (a + 1)-moment of ¥ (t) is also bounded for all t € [0, T].

Proof. Let ¥ = (y;) be a solution of (1.1)—(1.2) in [0, T'] with initial condition V.

1+a

Multiplying each equation (1.7) by i and adding from i = 1 to n, we have, for all

t €[0,T],

n r X
> ity () +/0 DO VY ()Y (s)ds
i=1

i=1j=i

+ /0 DY () Va0 5)ds

j=1

n t noi
=) ity +/0 DO (G + DI = i)V v ()Y (s)ds.,
i=1

i=1j=1

5.1)

and, due to non-negativity of solutions, this implies that

n n
ity < ity
i=1

i=1

+/0 ZZ(j(i+1)1+°‘—ji1+“)v,-,,¢,~(s)w,-(s)ds. (5.2)

i=1j=1
Since @ € [0,1] and i = 1 we have

14+ o)

(l + 1)l+oz _il-i-ot < (1 +Ol)iu 4 5

and so

1
JG+ DT =it <+ )ji*® + 1+ o) % + (J;—:X)aji“
4 (1 +0‘)0‘j1+a

2! '
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from where, using Y 7_, i ;i (s) < [|¥o], we obtain

SOS (G D= ) V()Y (5)

i=1j=1

1 1 -
< S+ aalyol® + S0+ )@ +0)lvol Y i Vi)

i=1
n
< ol + Sllwoll Y iy (s)
i=1

which, upon substitution in (5.2), gives

D i) < )i o + llolPT +/

0

SIvoll Y ity (s)ds.
i=1

i=1 i=1

Hence, by Gronwall’s lemma, we conclude that for all € [0, 7] and n = 1,

n n
Dty < (X i o + Tl 21Vl
i=1

i=1

< (B14a(Wo) + Tl ?)e> Mol (5.3)

where the inequality (5.3) is due to the assumption about the boundedness of the
(1 + o)-moment of the initial condition V. Since the right-hand side (5.3) does not
depend on n we conclude that the same is valid in the limit » — oo, which proves the
result. |

An important result regarding the evaluation of the higher moments of the solution
is analyzed next.

Theorem 5.2. Assume (g;) be a real-valued non-negative sequence such that g; =
O(@i*tY). Let ¥ be a solution of (1.1) when V;; <i% + j% o € [0, 1] under the
assumption that jLy+1(Wo) is bounded on some interval [0, T), for 0 < T < oo. Let
0<1t; <ty <T. Ifthe following hypotheses hold

12 o i
D0 Jgivr — g)Vi ¥ ($)vi(s)ds < oo, (H1)

nj=1j=1

t2 o0 i
/t S3 g Vi Y)Y ()ds < oo ()

i=1j=1
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then, for every m € N,

oo 0o tp 0 i
Y givi() = Y givi(tn) =/ D> Gigivr — jgi — g)Vi i)y (s)ds
i=m i=m U j=mj=1

oo m—1

%)
- [ 33 Vi v ()v ()ds

1 j=m j=1

1 m—1
+ 5m22/ gmYm—1(5) Z JVm—1,j¥;(s)ds
t =

5.4

where §p = 1 if P holds, and is equal to zero otherwise.

Proof. Take positive integers m < n. Multiplying each equation in (1.7) by g; and
summing over i from m to n, we obtain

Yo givi() = Y givi(nn)

12 n i
— [ Y YU - g - gVt 0ds (59
I j=mj=1

n m—1

%)
IR D 3D A ACTAOIE (5.6)
noj=m j=1
t2 m—1
8z [ gmln1(6) 3 Voo 95 s 5.7)
151 j=1
t2 n o0
~[CX Y avneweds (5.8)
N j=mj=nt1
123 n
[ ) Y Vs 51, (5.9)
31 j=1

We need to prove that, as n — oo, the integrals in (5.8) and (5.9) converge to zero, and
the other integrals converge to the corresponding ones on the right-hand side of (5.4).

Using (H2) by interchanging the order of summation and replacing i for j and
then following (a) in Definition 1.1, one can obtain

5]

n o0
dim [y gV vi)Ys(s)ds = 0 (5.10)
Noj—mj=n+1
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which proves the convergence of (5.8) to zero. Putting g; = 1 in (5.5)—(5.9) and
using (H2), the terms (5.8) and (5.9) tend to zero as n — oco. Therefore,

IRACEDIAOEY BB WS MUACIACLE
i=m i=m N j=mj=1

t, o0 m—1

Fomza [ YD ViV (s)ds

N j=mj=1
tr m—1

8z [ Vmr) Y Ve ¥y ). S11)
131 j=1

For p = 1,2, consider,

lgns1l D Vi) SCi+ DT D" yil,) <C D0 i)

i=n+1 i=n+1 i=n+1
for some C € Rt, and thus Lemma 5.1 guarantees that
o0
Jim (gl Y vilty) = 0. (5.12)
i=n+1

Replacing m by n + 1 in (5.11), multiplying both sides by g, +1, letting n — oo, and
using (H2) together with (5.12) confirms that

15 n
/ gn—i-l\//n(s)ZjVn,jl//j(s)ds — 0. (5.13)
t

1 j=1

By Definition 1.1, the boundedness of v;(¢), (H1) and (H2), we conclude that,
asn — oo,

/, NS it — Jgi — g)Vi i () (5)ds

I i=mj=1
t, i
—>/ DD (g1 —Jgi — g)ViVi(®Yi(s)ds  (5.14)
N oj=mj=1
and
t, n m—1 ty o0 m—1
)ID IR ACTACTEY D) BN ACI AT
noj=mj=1 noj=mj=1

Thus, using Definition 1.1 together with equations (5.10), (5.13)—(5.15) and the
bounded convergence theorem, the result follows. [
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Finally, the following proposition is discussed which is essential in showing that
the solution of the S-D model is first-order differentiable.

Proposition 5.3. Let {V; ;}i jen be non-negative and V; ; < i% + j% 0 <a < 1.
Let = (;) be a solution on some interval [0, T), where 0 < T < 00, of the equa-
tion (1.1) with initial condition foy and having bounded pq+1(Yo). Then, the series
Zj’=1 JVi,j¥i () yi(t) and Z;’;l Vi,j¥i()¥i(t) are absolutely continuous on the
compact sub-intervals of [0, T).

Proof. Let (g;) satisfy the conditions in the statement of Theorem 5.2. For (H1) to
hold, proving the boundedness of the series Y ;o , ijl J(&iv1 = g)Vi i)
is enough. Using the fact that g;+; — g; = O(i%), we have the following:

SO Jgivr = Vi iy < > CjiVi iy

i=1j=1 i=1j=1

o0 1
<Y Y G+ VY
i=1j=1
o0 1
<Y Y oGttt + i iy,
i=1j=1
for C being some positive constant. Hence, by Lemma 5.1 and Section 4, one can
obtain )
o0 1
0 Jgivr — 8)Vijviv < 2CNut1j11(0). (5.16)
i=1j=1
Thus, (H1) holds true. Further, to establish relation (H2), consider the expression

Zzg] ’]wl(s)w](s) ZZC 20t+1+l0t a-l—l]wlw]

i=1j=1 i=1j=1
< 2CNgy1141(0)

which is finite by Lemma 5.1. Therefore, all the hypotheses of Theorem 5.2 are
satisfied for any ¢, #; € [0, T'). Hence, considering m = 1 for ¢ € [0, T'), equation
(5.4) implies the uniform convergence of the series Zlool giVi(t). Since the series
Z-_l JVi,j¥;(t) is bounded by this series, as jVi; = O(i**!) when j < i, we
conclude the uniform convergence of Z =1 JVi,j¥;(t). Further, the boundedness
of ¥ (¢) ensures the absolute continuity of Z,,=1 JVi,j v ()i (t). Also, the series
> 7= Vi,j¥; (1) is bounded by Y72, g (¢), which yields its uniform convergence.
Finally, the boundedness of ; () gives the desired result. |

Definition 1.1 (a), hypotheses (H1)—(H2) of Theorem 5.2, and Proposition 5.3
ensure that the solution f is differentiable in the classical sense in [0, T').
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6. Uniqueness

In this section, we discuss the uniqueness of solutions for the S-D model for a more
restrictive class of kernels. It should be mentioned here that just with the assumption
Vi ; <i+ j we were unable to prove a uniqueness result, and so a further assumption
on the kernel was imposed.

Theorem 6.1. Let the kernel V; j be non-negative, symmetric, and satisfying the
bounds Vi j <i + j and V; ; < Cy min{i", j"}, with 0 < n <2, foralli,j € N
and some constant Cy > 0. If the assumptions of Lemma 5 l hold, then the initial
value problem (1.1)—(1.2) has a unique solution in X *.

Proof. We shall use an approach that revolves around defining a function (say u(¢))
that is the difference between two solutions of the equation (1.1) (let v; and p;), both
satisfying the initial condition (1.2). Furthermore, it makes use of the properties of the
signum function such as

df(t) ale@)|
(PL) sgn(C(1) =5~ = 7>
(P2) sgn(a) sgn(b) = sgn(ab) and |a| = a x sgn(a) for any real numbers a, b.

Let u; := ¥; — p;. Our goal here is to obtain a differential inequality for the
evolution of

u(t) =Y i) =) [¥i(@0) — pi (1)) (6.1)
i=1 i=1

and to use Gronwall’s lemma to conclude that u(¢) stays identically zero if its initial
value is zero, thus proving uniqueness.
Using the expression of the equation (1.1), we obtain

d
Z(f) (vi- I(Z)Zm LY () - m(z)Zjv,Jw,(t) ZVu%@%@)

j=1 j=i
— (i1 (0) Z JVier,j 0 (0) = pi (1) Z JViipsi(0) - Z Vispi©)p; (1)),
j=1 j=1 j=i

Multiplying both sides by sgn(u; (¢)), using (P1), then integrating both sides between
t = 0 and an arbitrary ¢ > 0, using u; (0) = 0, and then summing over i from 1 to co
yields

i—1

u(r) = f 5 senus () (31521 l(s)Zm V()

i=1

O Va0 - 3 Ve, ())ds

J=1 J=i
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¢ oo i—1
_/0 ngn(ui(s))(s,»;zpi_l(s)ZjVi-l,jpj(s)
i=1 1

j=
= 0i(5) Y JViiPi(6) = D Vi pi()p; (s) ) ds.
Jj=1 J=i

Replacing i — 1 by i’, then changing notation i’ to i in the first and fourth sums, and
finally using ¥; ¥ — pip; = Yiu; + pju;, we get

oy = [ (X (sentus) Y2 920+ oy

i=1 Jj=1

i
—sgn(u;) Y jVij (Wi + pjuy)
ji=1

o0
—sgn(u;) Y Vi j(Yiu; + Pjui)))(s)ds-
j=i
Using (P2), one can obtain the following estimate:

t oo i oo i
u(t) < /0 (ZZ}'V,-,J-(IWI% +luilo) =Y D Vi (sen(uiu; vi + |uilp))

i=1j=1 i=1j=1
o0 o0

= 0 3 Vi (senGu)u; i + luily) ) ()ds,
i=1j=i

and canceling the second terms in the first two double sums on the right-hand side,
discarding the last term in the third double sum, and noting that —sgn(u;)u; < |uj|,
we get the estimate

t oo i oo 00
w0 <[220 Voot + 33 Vil v ) ).
0 " i=1j=1 i=1j=i
Finally, using the bounds of V; ;, we can write
t oo i oo 00
u(r) < /0 (2303256 + Dluslyi + 33 Cvihus v ) ()ds.
i=1j=1 i=1j=i

Applying Lemma 5.1 with « = 1, leads to

u(t) < /0 (4iz + Cy pa)u(s)ds.
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where 1, is a bound on the second moment of ¥ and p. The application of Gronwall’s
lemma enables us to conclude that u(z) = 0, which implies that ¥; (1) = p; (¢), VO <
t < T.Since T is arbitrary, we conclude the uniqueness of the solution to the initial
value problem (1.1)—(1.2). [ ]
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