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Die Fourierentwicklung glatter, periodischer Funktionenflduden meisten Leserin
nen und Lesern bekannt sein. Das Studium komplexer, doppeltperiodischer Funktionen
fuhrt auf die elegante Theorie der Weierstrass'sdiefunktion. Deren Umkehrfunk
tionen geben Anlass zu den elliptischen Integralen, welche — historisch gesehep — am
Anfang der Entwicklung standen. Fagnano, Euler, Legendre und Gauss haben ywesent-
liche Beitrage dazu geleistet. Erst Abel und Jacotirien — unabhagig voneinander,
wie die Korrespondenz zwischen A.-M. Legendre und C.G.J. Jacobi belegt — die ellip-
tischen Funktionen ein. Der vorliegende Beitrag gibt zinsa einen Berblick iber die
Untersuchungen von Euler und Legendbeuelliptische bzw. lemniskatische Integra
und schliesst mit einer Verallgemeinerung der klassischen Formel von Leggadre.
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1 Introduction

During the first two decades of the 19th century, Legendre developed the theory of elliptic
integrals. His work [5] appeared in 1811 and his monumental treatise [6] in 1825. Shortly
after that, Abel published his work [1] on the inversion of elliptic integrals and on the
properties of the elliptic functions defined by this procedure. One of Legendre’s most
elegant formulae appears on [5] page 61. This is his famous relation:

! dx tol1- (k’)2x2 P
/ V(1 —x2)(1— k2x?) - / —x2
1 k2x2
\/ — x2 (k")2x?) 1—x2

/\/ —x2 — k2x?) /\/ —x2 — (k2R E'

The terms in (1.1) are the classical elliptic integrals that made their debut in the calcu-
lation of the length of the ellipse and the lemniscate. The reader is referred to [7] for
details on this topic and to [2] for the history of Legendre’s relation (1.1).

The lemniscatic integral ((1.3), below) appears in the calculation of the arclength of
the lemniscate of equatiofx? + 12)? = a?(x? — 1/%). Siegel [8] makes this example his
starting point in his book on abelian functions. The parametrization of the lemniscate

r2 4+ 74 r2 — 4

X = 5 and y= > (1.2)
with r = \/x2 + 12, yields the expression
Voodx
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for the total arclength. This lemniscatic integral was studied by Euler in [4] and is the
special cas& = /—1 of thedlliptic integral of the first kind
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later studied by Legendre in [6]. In this case (1.1) becomes
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In this paper we describe Euler’s method to prove (1.4) and establish a generalization
that deals with the elastic curve
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for which we prove that
Y

Rn X Ln - %,
whereR, = f,(1) is the so-callednain radius, andL, is the length of the curve from
x =0 tox = 1. The special case = 2 yields Euler’s result.

Section 2 recalls a standard proof of (1.1) based on the fact that the Legendre integrals
satisfy a differential equation. Section 3 describes Euler’s original proof, its generalization
and discusses the issue of convergence, a fact that Euler was happy to ignore. Although
Euler did not explicitly address the issue of convergence in [3], his familiarity with
Stirling’s formula dates from at least 1736.

2 Legendre's proof

The first proof of Legendre’s relation (1.1) is based on a differential equation satisfied
by the elliptic integrals

! dx b1 k2x2
K(k):/o N o and E(k):/o Uﬁdx.

Among the many identities satisfied by these functions we employ an expression for
their derivatives.

Proposition 2.1 The functions K (k) and E (k) satisfy

20K _

l _ (12
k(k)dk_E (k")°K 21
dE E_K ’
kﬁ =E — K,
where k' = /1 — k2 is the conjugate modulus.
Proof. This follows directly from the definitions. O

Proposition 2.2 Let K'(k) = K(k') and E’(k) = E(k’). Then the function KE’ +
EK’ — KK’ is constant.

Proof. Employ Proposition 2.1 to check that the derivative is identically O. O

Legendre then evaluates the constant at the modaul:u% v/'2 —+/3 and its complement

k' = %\/2+ V3. In this paper we complete Legendre’s proof by using the modulus
k = +/—1. This is explained in the next section.
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3 Euler’sdirect proof

In [3] Euler developed his theory of infinite products and used it in [4] to prove the

relation
Y

1
/0 \/_—x4 A — x4 dx = Z (31)

In this paper we generalize Euler’s method and prove the following result.

Theorem 3.1 The generalized elastic curve

X tn
satisfies
s
Ry x Ly, = Eu

Ry, is the main radius, the value f£,(1), and L,, is the length of the curve from x = 0 to
x =1

Proof. We have

1 n 1 dt
R, = ——=dt and L, = 3
n /0 */1—t2” n A 1—t2"

Integrate the relation

ktk=tdt — (k +n)t? k=14t
Vi

d (Vi) =
from 0 to 1 to produce the recursive formula

k_|_n t2n+k 1

/ ¢——t2n E o vism
The valuek = n + 1 in (3.3) yields

2n+1 t3”
R, = 3.4
n+1/0 Vvi1-— (34)

(3.3)

Then the valugc = 3n + 1 produces

/1 At 1/
o V1—t2n 3n+1 V1 _t2n
so (3.4) produces

2n+1 4dn+1

R, = dt
"on+1 ><3n+1/0 V1— 2
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Iterating (3.3) we obtain, after: steps,

m 1
2i 1 t(2m+l)
H _agnt + - (3.5)
ple] (2j —n \/W
The next step is to justify the passage to the limit in (3.5pas> oo, with n fixed.
Observe that the left hand sideimglependent of m, so it remaink,, afterm — oco. The
difficulty in passing to the limit is that the product in (3.5) diverges. The general term
p; satisfies
1—pi— —n
PI= 2 —Dn+1

and the divergence of the product follows from that of the harmonic series. The diver-
gence is cured by introducing scaling factors both in the integral and the product. The
proof is omitted in Eulerian fashion.

Proposition 3.2 The functions

1 /l t(2m+1)n m 2]1’1+1

dt 2 1) —_—
2m+1 Jy V1 —t2n and  (2m +1) le_[ (2j —1n+1

have non-zero limits as m — oo.
Therefore from (3.5) we obtain
R, = lim ﬁ(jn + 1)V /1 o
moe o V1t
where we have employed

m 2m

2in+1 . _
H 2]11n+1 LG+
j= j=1

in order to simplify the notation. A similar argument shows that

1 t2mn

B 2j—1mn+1
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The final step is to introduce the auxiliary quantities

1 t 1 1 th 1
A, .:/0 ﬁdt and B, = m
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We now show that the quotiert, /A, can be evaluated explicitly and that the value
of A, is elementary. This produces an expressionifarA similar statement holds for
R, /B, andB,,.

Observe first that

1 n—1 1
t 1 dx T
A, = 4dt:—/ _— 3.7
/o\/ltZ” nJo Vi—x2 2n (37)

and similarly B, = 1/n. Now consider the recursion (3.3) for odd multiplesroto
produce

) -y 1 t(2m+1)n—1
An = ml[}noo ]1_[1(]11) X A W d (38)
and similarly the even multiples of yield
2m+1 ) 1 2(m+1)n—1
1 +1 t
B, == lim in)—V’ / —dt
o=l 11 () [ e

in the exact manner as the derivation of (3.5). Therefore using (3.6) and (3.8), and
passing to the limit ag: — oo so that the integrals disappear, we obtain

=TI [+ 00" s Gy
j=1
so (3.7) yields

SN, )

Similarly, usingB,, = 1/n,

,:18

R, = [(]” + 1)( 2 (]'”)(_1)]} .

1

-
Il

The formulaR, x L, = w/2n follows directly from here. O

4 Conclusions

In this paper we have established that the main radliyf the generalized elastic
curve (3.2) and the length, of this curve satisfyR, x L,, = w/2n. The casen = 2
corresponds to the classical Legendre’s formula for elliptic integrals.



162 Elem. Math55 (2000)

References
[1]  Abel, N.: Recherches sur les fonctions elliptiques. Crelle Journall, 1827.

[2] Duren, P.:The Legendre relation for elliptic integrals in Paul Halmos, Celebrating 50 years of Mathe-
matics. Editors John H. Ewing and F. W. Gehring, 305-315. Springer-Verlag, 1991.

[3] Euler, L.: Animadversiones in Rectificationem Ellipsis. Comment 154 Enestroemianus Index, opuscula
varii argumenti.2, 1750, 121-166.

[4] Euler, L.: Demirisproprietatibus curvae elasticae sub aequationey = [

xx

o dx contentae. Comment
X

605 Enestroemianus Index. Acta academiae scientiarium Petrop. 1782: Il (1786) 34—-61. Reprinted in
Opera Omnia, ser. 1,21, 91-118.

[5] Legendre, A.M.:Exercises de calcul integral sur diverses ordres de transcendentes. Paris. 1811.
[6] Legendre, A.M.:Traité des fonctions elliptiques et des integrales Euleriennes. Paris. 1825.

[71  McKean, H.; Moll, V.: Elliptic Curves: Function Theory, Geometry, Arithmetic. Cambridge University
Press, 1997.

[8] Siegel, C. L.:Topics in Complex Function Theory |, Elliptic Functions and Uniformization. Wiley-
Interscience, 1969.

[9] Struik, D.J. (Ed.):A Source Book in Mathematics, 1200-1800. Harvard University Press, Cambridge,
Massachusetts, 1969.

Victor H. Moll Pamela A. Neill

Department of Mathematics Department of Mathematics
Tulane University Delgado Community College
New Orleans, LA 70118, USA New Orleans, LA 70119, USA
e-mail: vhm@math. tulane. edu e-mail: pneill@pop3.dcc.edu
Judith L. Nowalsky Leonardo Solanilla

Department of Mathematics Instituto de Fisica y Matematicas
Tulane University Universidad Michoacana

New Orleans, LA 70118, USA Edificio C3, Ciudad Universitaria

e-mail: judithn@math.tulane.edu Morelia CP 58040, Michoacan, Mexico



