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1 Introduction
It is well-known that formal derivatives provide useful techniques, not only in analysis
but in various other domains of mathematics such as algebra of polynomials. The aim of
this note is to present a simple technique, based mainly on the use of formal derivatives,
that provides simple results with amazing proofs on irreducibility properties for some
classes of polynomials with integer coefficients. Although derivatives can be replaced
by algebraic calculations, their use gives more elegance and sometimes, significance, in
proofs.

2 Main results
By Z[X] we shall denote, as usual, the ring of polynomials with integer coefficients in
the variable X . For f ∈ Z[X], deg f will stand for the degree of f . A polynomial f
with deg f = n, is called monic, if the coefficient of Xn is 1. Recall also that f ∈ Z[X]
is called irreducible (over Z) if it cannot be written as the product of two polynomials

.

Die Untersuchung von Polynomen, welche über dem Ring der ganzen Zahlen irreduzi-
bel sind, hat eine lange Geschichte. Zum Beispiel führt die Frage nach der Irreduzibilität
quadratischer Polynome über den ganzen Zahlen auf das Studium quadratischer Irra-
tionalitäten, welches bereits in der Antike eine prominente Rolle spielte. Ein weiteres
Beispiel ist das Eisensteinsche Irreduzibilitätskriterium für Polynome über einem Inte-
gritätsbereich, das vielen Lesern bekannt sein dürfte. Im nachfolgenden Beitrag werden
mit Hilfe formaler Ableitungen auf elementare Weise einige Klassen irreduzibler Po-
lynome gefunden. Es wird zum Beispiel für ein Polynom f über den ganzen Zahlen
mit n verschiedenen ganzzahligen Nullstellen gezeigt, dass das Polynom f 2 + 1 einen
irreduziblen Faktor vom Grad grösser oder gleich n besitzt.
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in Z[X], each with positive degree. The multiplicity of an integer root a of f ∈ Z[X] is
the largest positive n such that (X − a)n divides f .

The first result we consider is the following:

Theorem 1 Suppose f ∈ Z[X] has n distinct integer roots, each of order at least two.
Then each of the polynomials f ± 1 has an irreducible factor of degree ≥ n.

Proof. Consider the case for f + 1. The other case will be similar. Suppose that f + 1 =
f1 f2 · · · fp is the decomposition in irreducible factors over Z, and let a1, a2, . . . , an ∈ Z

be the n distinct multiple roots (of order ≥ 2) of f . We thus have f1(ai) · · · fp(ai) = 1 for
all i = 1, 2, . . . , n. As fj(ai) ∈ Z for all i = 1, 2, . . . , n, j = 1, 2, . . . , p, the last relation
can be written

f1(ai) · · · f̌ k (ai) · · · fp(ai) = fk (ai), i = 1, 2, . . . , n, k = 1, 2, . . . , p, (1)

where the symbol ˇ stands for the fact that the respective factor is missing.

Taking derivatives in f +1 = f1 f2 · · · fp, the fact that x = ai , i = 1, 2, . . . , n are multiple
zeros of f , implies

n∑

k=1

f1(ai) · · · f ′k (ai) · · · fp(ai) = 0, i = 1, 2, . . . , n.

By (1), the last equality can be written

p∑

k=1

fk (ai) f ′k (ai) = 0 for all i = 1, 2, . . . , n. (2)

As f 2
k (aj) = 1 for all k = 1, 2, . . . , p, j = 1, 2, . . . , n, equation (2) simply says that the

polynomial
n∑

k=1

f 2
k − n

has a1, a2, . . . , an as roots of multiplicity at least two. As
p∑

k=1
f 2
k − n cannot be null, we

must have deg
p∑

k=1
f 2
k ≥ 2n, implying that one of the fk has degree at least n. �

A simple argument on the parity of n has as consequence the following:

Corollary Suppose that f ∈ Z[X] has n > 1 distinct integer roots. Then, the polynomial
f 2 + 1 has at least one irreducible factor of degree ≥ 2

[n+1
2

]
, where [ · ] represents the

integer part.

Proof. Look at the case when n is odd. As f 2 +1 has no real roots, the irreducible factors
must have even degree, that is, one of them must have degree ≥ n + 1. �

The idea used in the proof of Theorem 1 can be used to describe a class of irreducible
polynomials that extends Problem 123, Ch. VIII from [1].
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Theorem 2 Suppose that f ∈ Z[X] has n distinct multiple roots and deg f ≤ 3n− 1. If
f + 1 has no real roots, then it is irreducible. Moreover, if f is monic, the result remains
true for deg f = 3n.

Proof. We may assume without loss of generality that f(x) + 1 is positive for all real x.
Suppose that f +1 = pq, where p, q ∈ Z[X] are positive on R and non-constant. We have
p(ai) = q(ai) = 1, i = 1, 2, . . . , n; in particular deg p ≥ n, deg q ≥ n. Considering the
derivative, we infer p′(ai) + q′(ai) = 0, i = 1, 2, . . . , n. Thus p + q− 2 has a1, a2, . . . , an

as roots of multiplicity at least two, that is, it is the null polynomial, or one of the
polynomials p or q has degree ≥ 2n. In the first case we conclude f +1+q2 = 2p which
contradicts deg p < 2n. In the later case, as n ≤ deg p, deg q < 3n we conclude that one
of the factors must be a constant, a contradiction.

In the case when f is monic of degree 3n, then the degrees of p and q are, in some order,
n and 2n respectively. This would imply p + q − 2 = (X − a1)2(X − a2)2 · · · (X − an)2

and p = (X − a1)(X − a2) · · · (X − an). As f = (X − a1)2(X − a2)2 · · · (X − an)2s(X)
where s is a monic positive polynomial in Z[X], we conclude from the previous form
of p and q, that s is divisible by X − ai for i = 1, 2, . . . , n, a contradiction. �
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