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The classical Arithmetic mean-Geometric mean inequality, or briefly the AGM inequality,
states that for any nonnegative real numbers x, x,, ..., Xx;, we have

X1+x2+---+xy
Wxi1xXy .. X < ” , (1)
and equality occurs if and only if x; = x, = - - - = x,,. There are several interesting proofs
of the AGM inequality, see e.g. [1]-[4]. In this note, using the binomial expansion, we get
a recursive relation between the successive differences of the arithmetic and geometric
means, and then using it, we prove and sharpen the AGM inequality. All we need is the

following lemma, in which

X1+x2+--+Xx
A, =112 Y and G, = /X1x2... %,
n
are the standard notations for the arithmetic and the geometric means of n given non-

negative numbers x|, Xy, ..., X,, respectively.

Ungleichungen spielen in der Mathematik bekanntlich eine wichtige Rolle. Die Un-
gleichung zwischen dem arithmetischen und geometrischen Mittel ist dabei von beson-
derem Interesse, da sie zu einer Vielzahl von weiteren Ungleichungen Anlass gibt. Es
gibt mehrere interessante Beweise fiir diese Ungleichung; z.B. finden sich dazu iiber
flinfzig Beweise mit historischen Kommentaren im Buch ,Means and their inequali-
ties” von P.S. Bullen, D.S. Mitrinovi¢ und P.M. Vasi¢. In der vorliegenden Arbeit wird
mit Hilfe des binomischen Lehrsatzes eine rekursive Beziehung zwischen den suk-
zessiven Differenzen von arithmetischem und geometrischem Mittel gegeben. Mittels
vollstandiger Induktion ergibt sich damit ein einfacher und eleganter Beweis fiir die
Ungleichung zwischen dem arithmetischen und geometrischen Mittel.
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Lemma. With the above notations,

n

Ay — Gy = %Z (Z)A_: (xl/” _ A}/_”l) </ (A,fl1 - G,:ill) )

k=2

Proof. By the binomial expansion, we have

n n—k k
Xy = (x;/” — A Al ) = <Z>A”—1 (x,‘/” — A:,/fl)
k=0

So,

n

n= DA £ 30 o L (1) 45 ‘
R R L
k=2
and therefore,
A *Gn *A 7Gn lxl/n
=A, - Anhxil/n + x111/n (Anil - Gnn—l)

1 n n n;k 1 1/n k 1/ n;l n’_—ll
= E Z k An—l (xn - An—l) +x, (An—l - Gn—l) :
k=2

Proof of the AGM inequality. Whithout loss of generality, we may suppose that x| < x, <
- < x,,. So, by the fact that x,, > A, _; and the induction hypothesis A, | > G,_1,
we conclude that

n

Ay~ Gy > %Z (Z)A;kl (st _A:Lnl)k o

k=2

and the AGM inequality is obtained.
For the case of equality in (1), it is evident from (2) that A, = G, if and only if

x, = A,—1 and A,_; = G,_1, which by the induction hypothesis is equivalent to
X| =Xy =" = Xy.
Remark

(i) We can write

(02, ) Salot < a6 S Lo

and so by (2),

1 o (/1) 1=k k
An=Go= 1 3 (AT (= a%) Gl (A = G @)



Elem. Math. 58 (2003) 117

(i)

where
ZH—ZAI/W G%H
— —1 —1 :
C % it Gy 7"é An_1,
j— — n
n—1= leo A" G
0 if Gn—l :An—l,

which is a recursive relation between successive differences of the arithmetic and
the geometric means.

n—1
n

Using the mean value theorem for the function f(x) = x over the interval
[Gn—1,An—1], there exists an &,_; with G,—; <&, < A,_1, such that

no( 45 et n—1
5;1/71 (Anil - Gn11> = n (Anfl - Gn71)~ (5)

Therefore, if x, > A,_1, we have x, > £,_1, and so by (2) and (5),

1 o (1) 2=k kon—1
_ > - § 0 In _ pl/n _
An=Gu 2 = <k)A"1 (x" A"*l) + n (Ant = Gur), - (6)

which is a sharpening of Rado’s inequality [2] for equal weights:
n—1
n

An_GnZ

(Anfl _Gn71)~

By a similar argument, if x, < G,_;, we see that the inequality in (6) reverses,
and so, we obtain a converse of Rado’s inequality.

i) 0 < x; <x, <--- < xy, then considering (6) for m instead of 7, and then
summing up (6) for m =2, ...,n, we have
n
n(A, —Gy) = Z[m(Am —Gm) — (m—1)(An—1 — Gu-1)]
=2
R . (7
i 1
> 30> (A (s - )
m=2 k=2
which is a refinement of the AGM inequality. Similarly, if x; > x, > --- > x,, > 0,
we see that the inequality in (7) reverses, and we get a converse of the AGM
inequality.
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