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Throughout this paper a and b will denote positive real numbers. The k-th power mean
Pk = Pk(a, b) (with equal weights) of a and b is defined by

Pk =





(
ak+bk

2

)1/k
if k �= 0,

√
ab if k = 0.

The most well-known power means are the arithmetic, the geometric and the harmonic
mean given by the formulae

A = a + b

2
, G = √

ab , H = 2ab

a + b
,

respectively. For more detailed information on power means, see e.g. the books [3] and [7].

.

Das k-te Potenzmittel Pk(a, b) zweier positiver reeller Zahlen a, b ist für k �= 0 durch
(
(ak + bk)/2

)1/k bzw. im Fall k = 0 durch
√

ab gegeben. In der vorliegenden Arbeit
gehen die beiden Autoren der Frage nach, für welche Paare (a, b) natürlicher Zah-
len das Mittel Pk(a, b) ebenfalls ganzzahlig ist. Unter Verwendung eines Ergebnisses
von H. Darmon und L. Merel aus dem Jahr 1997, das seinerseits auf dem Beweis der
Fermat-Vermutung durch A. Wiles beruht, beweisen sie, dass für |k| > 2 keine solchen
Zahlenpaare (a, b) existieren können. In den verbleibenden Fällen k = 0,±1,±2 ge-
ben die Autoren eine vollständige Klassifikation der möglichen Zahlenpaare (a, b) mit
der gewünschten Eigenschaft.
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In this paper we consider the problem of determining integers a and b such that the cor-
responding power mean Pk becomes integer valued. For integer values of k satisfying
|k| ≥ 3 the answer follows easily by the following variant of Fermat’s Last Theorem. We
recall that a solution (x, y, z), where gcd(x, y, z) = 1, is called trivial if xyz = 0 or ±1,
and is called non-trivial otherwise.

Theorem 1. The equation xn + yn = 2zn has no non-trivial solution for integer values of
n ≥ 3.

This result was conjectured and even proved for 2 < n < 31 by Denés [6] in 1952.
Motivated by Wiles’ famous breakthrough in the early 90’s, which led to the proof of
Fermat’s Last Theorem, Ribet [10] proved the theorem when n is divisible by a prime
which is congruent to 1 mod 4. By retracing the steps in Ribet’s argument, Darmon and
Merel [4] were able to give the final proof of the theorem in 1997.

Thanks to this theorem we can easily verify the following result:

Corollary 2. If a �= b are integers and k is an integer satisfying |k| ≥ 3, then Pk is not an
integer.

Proof. The case k ≥ 3 follows directly from Theorem 1 by putting n = k, x = a, y = b
and z = Pk . For k ≤ −3 we put n = −k. Hence, by rearranging, we obtain that

an + bn = 2

(
ab

Pk

)n

. (1)

Therefore, if Pk is an integer, so is ab/Pk . But this contradicts Theorem 1 for x = a,
y = b and z = ab/Pk. Hence, the proof is complete. �

It is certainly easy to find all integers making the arithmetic mean or the geometric mean
integer valued. Concerning the harmonic mean we are going to prove the following result:

Theorem 3. The integers a and b making the harmonic mean integer valued are precisely
those of the form

a = t p(p + q), b = tq(p + q) (2)

(in this case H = 2t pq) and the form

a = t (2 p + 1)(p + q + 1), b = t (2q + 1)(p + q + 1) (3)

(in this case H = t (2 p + 1)(2q + 1)), where p, q and t are positive integers.

Proof. The fact that H is an integer when a and b are of the forms (2) and (3) is seen
directly by inspection. It remains to prove that H is an integer only if a and b are of these
forms. Assume that H is an integer and let r and s be the integers given by

r = 2a − H, s = 2b − H. (4)

From the identity H = 2ab/(a + b) we obtain the simple relation

H 2 = rs. (5)
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Next we put r = wr1, s = ws1, where w = gcd(r, s) (such that gcd(r1, s1) = 1). By (5)
we see that r1s1 is a perfect square, and since r1 and s1 do not have any prime factors in
common, r1 and s1 have to be perfect squares, i.e. of the forms r1 = k2, s1 = l2. Thus, by
(4) and (5) we find that

2a = kw(k + l), 2b = lw(k + l). (6)

Investigating the only two possible combinations

1. (k, l) = (2 p + 1, 2q + 1) and w = t ,

2. (k, l) = (p, q) and w = 2t ,

where p, q and t are integers, we arrive at the two possible representations (2) and (3).
This completes the proof. �

Remark 4. Let t = 1 and put p = 1 and p = 0 in (2) and (3), respectively. Then the
above result shows that

H =
{

2q if a = 1 + q, b = q (1 + q) ,

2q + 1 if a = 1 + q, b = (2q + 1) (1 + q) .

This formula shows that H takes all possible integer values, and that all these values,
except H = 1 and H = 2, may be attained in a nontrivial manner, that is such that a �= b.

Corollary 5. The integers a and b making the harmonic mean, arithmetic mean and the
geometric mean integer valued are precisely those of the form

a = 2tα2(α2 + β2), b = 2tβ2(α2 + β2),

and the form

a = t (2α + 1)2(2α + 2α2 + 2β + 2β2 + 1),

b = t (2β + 1)2(2α + 2α2 + 2β + 2β2 + 1),

where α, β and t are positive integers.

Proof. By Theorem 3, (a, b) must belong to the class (2) or (3). By inspection, the latter
is directly seen to generate integer values of A. But (2) gives integer values of A only if
both p and q are odd (for which (2) may be written in the form (3)) or both even, or t is
even. In any case, if both H and A are integers, we end up with the form

a = 2t p(p + q), b = 2tq(p + q), (7)

and the form

a = t (2 p + 1)(p + q + 1), b = t (2q + 1)(p + q + 1). (8)

Using that the product G2 = ab is a perfect square if and only if the integers a and b are
of the form a = τr2

1 , b = τr2
2 , we finally end up with the above representation. This

completes the proof. �
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Concerning the remaining two power means for which k is an integer we have the follow-
ing result:

Theorem 6. Let t ≥ 0 be integer valued and let x1 and y1 denote integers of the form

x1 = |p2 − 2 pq − q2|, y1 = |p2 + 2 pq − q2|,
for some integers p and q. The integers a and b making P2 integer valued are precisely
those of the form

a = tx1, b = ty1 (9)

(in this case P2 = t (p2 + q2)). The integers a and b making P−2 integer valued are
precisely those of the form

a = t (p2 + q2)x1, b = t (p2 + q2)y1 (10)

(in this case P−2 = tx1 y1). Moreover, the integers a and b making all the power means
P−2, H , A and P2 integer valued are precisely those of the form

a = t (p2 + q2)x1
x1 + y1

2
, (11)

b = t (p2 + q2)y1
x1 + y1

2
. (12)

In the representations above it is enough to use numbers p, q which are coprime and have
opposite parity (one odd, the other even).

Proof. If y2, z2, x2 is a primitive 3-element arithmetic progression of squares, that is
gcd(y2, z2, x2) = 1 and z2 − y2 = x2 − z2, i.e.

x2 + y2 = 2z2, (13)

then it is always possible to find two numbers p, q of opposite parity (one odd, the other
even) and coprime such that

x2 = (p2 − 2 pq − q2)2, y2 = (p2 + 2 pq − q2)2, z2 = (p2 + q2)2, (14)

(see e.g. [5, pp. 437–438]). Conversely, by inspection we see that x2 + y2 = 2z2 for
all squares of the form (14) and for any integers p, q . Thus, (9) follows by noting that
a2 + b2 = 2P2

2 .

In the rest of the proof we assume that P−2 is an integer. Since

a2 + b2 = 2

(
ab

P−2

)2

,

we see that ab/P−2 is an integer. Hence, x = a, y = b and z = ab/P−2 satisfy (13).
Putting x = dx1, y = dy1 and z = dz1, where x1,y1, z1 are positive integers and d =
gcd(x, y, z) (note that by (13) we also have that d = gcd(x, z) = gcd(y, z)), we obtain that
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dx1y1 = P−2z1, and since gcd(x1y1, z1) = 1, this shows that d = tz1 for some integer t .
Using that x1, y1, z1 can be parametrized as in (14), i.e.

x1 = |p2 − 2 pq − q2|, y1 = |p2 + 2 pq − q2|, z1 = p2 + q2, (15)

we finally obtain the representation (10) (by inspection we also see that (10) makes P−2
integer valued for any integers p, q). Since

(a, b) = d(x1, y1) = tz1(x1, y1) (16)

also satisfies (9), we know that P2 also is an integer. It is easy to see that x1, y1 and z1 are
odd numbers. Hence, A = d(x1 + y1)/2 is also an integer. If, in addition, H is an integer,
then

a = T (2P + 1)(P + Q + 1), b = T (2Q + 1)(P + Q + 1), (17)

for some integers T , P and Q by (3). Moreover, according to the proof of Theorem 3 we
can combine these integers in such a way that 2P +1 and 2Q +1 become relatively prime,
i.e. such that

x1 = |p2 − 2 pq − q2| = 2P + 1, y1 = |p2 + 2 pq − q2| = 2Q + 1 (18)

(note that (2) is of the same form as (17) due to the fact that both x1 and y1 are odd
numbers). Thus,

P + Q + 1 = x1 + y1

2
.

Hence, by (17) we obtain that

a = T x1
x1 + y1

2
, b = T y1

x1 + y1

2
,

so according to (16),

T
x1 + y1

2
= t (p2 + q2). (19)

Since p and q are coprime, so are u = (x1 + y1)/2 and v = p2 + q2. To see this, first
observe that according to (18) u takes either the forms u = ±(p2 − q2) or u = 2 pq . By
adding and subtracting u = ±(p2 − q2) = kr and v = ks, we obtain that 2 p2 = k(s ± r),
2q2 = k(s ∓ r), which shows that k = 1 or 2, since p2 and q2 are coprime. But the latter
possibility is excluded since z1 = v = ks is odd.

ks + kr = p2 + q2 ± 2 pq = (p ± q)2,

ks − kr = p2 + q2 ∓ 2 pq = (p ∓ q)2.

Similarly, by adding and subtracting u = 2 pq = kr and v = ks, we obtain that k(s +r) =
(p + q)2 and k(s − r) = (p − q)2, which give the solutions 2 p = √

k(
√

s + r ±√
s − r),

2q = √
k(

√
s + r ∓ √

s − r), i.e. 4 p2 = k(
√

s + r ± √
s − r)2, 4q2 = k(

√
s + r ∓√

s − r)2, and, as above, we conclude that k = 1. Since (x1 + y1)/2 and p2 + q2 are
coprime, (12) gives that T = τ (p2 + q2) for some integer τ , and (11) and (12) follows.
Moreover, by inspection we also see that this representation yields integer values of these
four means for any integers p, q. This completes the proof. �
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Remark 7. By Corollary 5 and Theorem 6 we have a representation of all pairs (a, b)

making H , G, A and P−2, H , A and P2 integer valued, respectively. It is therefore natural
to ask the question: What integers a �= b make all of the power means P−2, H , G, A and
P2 integer valued? The answer is: None! In fact, there are no integers a �= b making both
G and P2 (or P−2) integer valued. Indeed, if a �= b is of the form (9) then a2 + b2 = 2w2,
where w = P2. Without loss of generality we may assume that gcd(a, b) = 1. If G also is
an integer, then a and b have to be perfect squares a = u2 and b = v2. Hence,

u4 + v4 = 2w2. (20)

But this equation has no nontrivial integer solution.

Remark 8. The fact that (20) has no nontrivial integer solution has been known for
centuries (see [5] and [9]). Concerning the solvability of the more general equation
u p + v p = 2w2 it was recently proved in [8] that there are no nontrivial integer solu-
tion such that gcd(u, v,w) = 1 if p ≥ 7 is a prime number. In the cases p = 2 and p = 3
there are infinitely many solutions. For both cases we are in the so called ”spherical case”
of the generalized Fermat equation Ax p+Byq = Czr , i.e. when 1/p+1/q+1/r > 1 (see
[1]). The case p = 5 was treated in [2] where it was shown that (3,−1, 11), (−1, 3, 11)

are the only nontrivial solutions such that gcd(u, v,w) = 1.

Remark 9. In this paper we are mainly interested in cases when the order k of the power
mean Pk itself is an integer. However, an interesting problem is to find all real values of
k making Pk = Pk(a, b) integer valued for some integers a �= b. Even though we do not
have the solution to this problem, it is easy to see that the number of such values is infinite,
in contrast to the case when k is integer valued. Indeed, let m be a positive integer. Then,
for any odd numbers a and b we have that

(am)1/m + (bm)1/m = 2(cm)1/m,

where 2c = a + b. Hence, P1/m(am, bm) = cm . Similarly, by putting a = p(p + q),
b = q(p + q), where p and q are any positive integers, we obtain that

(am)1/m + (bm)1/m = 2

(
ambm

rm

)1/m

,

where r = 2 pq . Accordingly, by (1), we obtain that P−1/m(am, bm) = rm .
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