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Short note On the sums of Fibonacci and Lucas
sequences or the art of cancelling 1 − x

-Dura Paunić

Let {Fn : n ∈ N0} = {0, 1, 1, 2, 3, 5, . . .}, and {Ln : n ∈ N0} = {2, 1, 3, 4, 7, 11, . . .},
be sequences of Fibonacci, and Lucas numbers. Their generating functions are

F(x) = x

1 − x − x2
=

∞∑

n=0

Fnxn, and L(x) = 2 − x

1 − x − x2
=

∞∑

n=0

Lnxn.

Recently, Sury [3], and Marques [2] established the Fibonacci–Lucas relations

n∑

k=0

2k Lk = 2n+1Fn+1, and
n∑

k=0

3k Lk +
n+1∑

k=0

3k−1Fk = 3n+1Fn+1.

The first identity was elegantly proved by Kwong [1].

These two identities can be generalized easily using generating functions.

Let G(x) = g0 + g1x + g2x2 + · · · + gnxn + · · · , be any generating function. It follows
that the coefficient of xn is

a) mngn, for G(mx), b) gn−1 for xG(x), n > 0,

c) gn+1 for
G(x)

x
, n � 0, d)

n∑

k=0

gk, for
G(x)

1 − x
=

∞∑

j=0

g j x
j ×

∞∑

k=0

xk .

Then for m > 0,
n∑

k=0
mk Lk + (m − 2)

n+1∑
k=0

mk−1Fk, is the coefficient of xn in

L(mx)

1 − x
+ (m − 2)F(mx)

mx(1 − x)

= 2 − mx

(1 − x)(1 − (mx) − (mx)2)
+ (m − 2)mx

mx(1 − x)(1 − (mx) − (mx)2)

= m

1 − (mx) − (mx)2
= F(mx)

x
.
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So, for nonnegative integer n, and real m > 0, the identity

n∑

k=0

mk Lk + (m − 2)

n+1∑

k=0

mk−1Fk = mn+1Fn+1

holds.
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