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Short note The Milne-Thomson formula for the
harmonic conjugate and its associated
holomorphic function

Raymond Mortini

Abstract. In this note, we justify the formula by Milne-Thomson giving a direct
determination of the holomorphic function from its real part on disks.

The goal of this note is to justify a very nice formula given by Milne-Thomson in [3] (see
also [4, p. 132], [1, p. 21], [2] and [6, p. 144] e.g.) on the construction of the holomorphic
function (modulo a purely imaginary additive constant) whose real part is a given harmonic
function in an open disk. This formula, given in item (3) below (and always appreciated
by my students), was just stated in these books/papers, but without an explanation of how
to interpret u. z

2
;�i z

2
/ in case u.x; y/ is harmonic in the real variables x; y. Here we

close this gap, hoping that this formula finally finds its way into the curriculum of every
introductory course in complex analysis.

Proposition 1. Let D be the disk ¹� 2 C W j�j < rº or D D C. Suppose that uWD! R is
harmonic, and for � D x C iy 2 D with x; y 2 R, let QD WD ¹.x; y/ 2 R2 W x C iy 2 Dº

and Qu.x; y/ WD u.x C iy/. The following assertions hold.

(1) There is f 2 H.D/ with Ref D u.

(2) Qu.x; y/ can be extended to a function

U W

´
B ! C;

.z; w/ 7! U.z;w/

holomorphic in a neighborhood B of the origin in C2 containing QD (when QD is
viewed as a subset of C2). The extension is understood in the sense that U.x;y/D
Qu.x; y/ for .x; y/ 2 QD \ B D QD. In case r <1, B contains rp

2
B2, where B2 is

the unit ball in C2, and B D C2 if D D C.

(3) f .z/C f .0/ D 2U. z
2
;�i z

2
/ for z 2 D.

In other words, we may formally replace the real arguments x;y of u by z
2
;�i z

2
to directly

obtain f (modulo a constant).
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Proof. (1) This is well known (see e.g. [5, Theorem 12.42]). The idea is that the C 1-
function h WD ux � iuy satisfies the Cauchy–Riemann equations due to uxx C uyy D 0.
Hence h is holomorphic and admits a primitive f .z/ WD

R z

0
h.�/d�, say f D aC ib. Now

h D f 0 D fx D ax C ibx D ax � iay :

Consequently, ux D ax and uy D ay . We conclude that u.x; y/ D a.x; y/C r , r 2 R.
Now we define v by v WD b.

(2) Let f 2H.D/ satisfy Ref D u inD. In particular, f .z/ D
P1

nD0 anz
n for some

an 2 C, the series converging locally uniformly. Thus, for .x; y/ 2 QD,

2 Qu.x; y/ D

1X
nD0

an.x C iy/
n
C

1X
nD0

an.x � iy/
n:

Now, for .z; w/ 2 C2, put

2U.z; w/ WD

1X
nD0

an.z C iw/
n
C

1X
nD0

an.z � iw/
n:

These series converge absolutely for those .z;w/ 2C2 satisfying jz˙ iwj< r (if r <1/,
or in C2 if D D C, to the function

F.z;w/ WD f .z C iw/C f .z C iw/:

Hence U is holomorphic in

B WD ¹.z; w/ 2 C2
W jz ˙ iwj < rº:

Note that if
p
jzj2 C jwj2 < rp

2
, then by Cauchy–Schwarz,

jz ˙ iwj � jzj C jwj �
p
2.jzj2 C jwj2/ <

p
2
r
p
2
D r;

implying that rp
2
B2 � B . Also, if .x; y/ 2 QD � C2, then jx ˙ iyj < r , hence .x; y/ 2 B .

(3) First we note that, for z 2 D, we have . z
2
;�i z

2
/ 2 B sincerˇ̌̌z

2

ˇ̌̌2
C

ˇ̌̌
�iz

2

ˇ̌̌2
D

r
jzj2

2
<

r
p
2
:

Hence, by the mere definition of U , we get

2U
�z
2
;�i

z

2

�
D f .z/C a0 D f .z/C f .0/:

Shifting the center of the disk yields the following (somewhat surprising) formula (3),
stated in [6] without a proof.
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Proposition 2. Let a 2 C, and letD be the disk ¹� 2 C W j� � aj < rº orD D C. Suppose
that uWD ! R is harmonic, and for � D x C iy 2 D with x; y 2 R, let

QD WD ¹.x; y/ 2 R2
W x C iy 2 Dº and Qu.x; y/ WD u.x C iy/:

The following assertions hold.

(1) There is f 2 H.D/ with Ref D u.

(2) Qu.x; y/ can be extended to a function

U W

´
B ! C;

.z; w/ 7! U.z;w/

holomorphic in a neighborhood B of the point .Re a; Im a/ in C2 containing QD.

(3) f .z/C f .a/ D 2U
�

zCa
2
; z�a

2i

�
for z 2 D.

(4) A harmonic conjugate v of u (that is a function for which uC iv is holomorphic
in D) is given by

v.z/ D 2 ImU
�z C a

2
;
z � a

2i

�
:

(5) The set of all holomorphic functions h in D with Re h D u is given by

h.z/ D 2U
�z C a

2
;
z � a

2i

�
� ˛ C i�;

where ˛ D u.a/ D U.Re a; Im a/ and � 2 R.

Proof. The proof of (1)–(3) works as in the case a D 0. For f .z/ D
P1

nD0 an.z � a/
n,

just take

B WD ¹.z; w/ 2 C2
W jz C iw � aj < rº \ ¹.z; w/ 2 C2

W jz � iw � aj < rº;

which is a neighborhood of .Re a; Im a/ 2 C2, and for .z; w/ 2 B ,

2U.z; w/ WD

1X
nD0

an.z C iw � a/
n
C

1X
nD0

an.z � iw � a/
n:

Note that if z is close to a, then zCa
2

is close to Rea and z�a
2i

close to Ima. Moreover,
if .x; y/ 2 QD � C2, then .x; y/ 2 B , too.

For (4), it suffices to take the imaginary part of f D uC iv. Note that with v any other
function of the form v C ˇ with ˇ 2 R is a harmonic conjugate to u, too.

Assertion (5) immediately follows from (4).

Acknowledgments. I thank Ronen Peretz for some discussions. I also thank Peter Pflug
for telling me that the extension of harmonic functions in Rn to holomorphic functions
in Cn is well known in the theory of complex analysis of several variables (under the
headword of Lie ball).



R. Mortini 4

References

[1] L. Ahlfors, Complex Analysis, 3rd ed., McGraw-Hill, New York, 1978.

[2] E. V. Laitone, Relation of the conjugate harmonic function to f .z/, Amer. Math. Month. 84 (1977), 291–283.

[3] L. M. Milne-Thomson, On the relation of an analytic function of z to its real and imaginary parts, Math.
Gazette London 21 (1937), 228–229.

[4] L. M. Milne-Thomson, Theoretical Hydrodynamics, 5th ed., Macmillan, London, 1968.

[5] R. Mortini and R. Rupp, Extension Problems and Stable Ranks, A Space Odyssey, Birkhäuser, Cham, 2021.

[6] R. Peretz, The Krzyz Conjecture. Theory and Methods, World Scientific, Hackensack, 2021.

Raymond Mortini
Département de Mathématiques et Institut Élie Cartan de Lorraine, CNRS
Université de Lorraine
57000 Metz, France
Present address:
Université du Luxembourg
Département de Mathématiques
4364 Esch-sur-Alzette, Luxembourg
raymond.mortini@univ-lorraine.fr

mailto:raymond.mortini@univ-lorraine.fr

	References

