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Short note  Hermite’s identity and the quadratic
reciprocity law

Franz Lemmermeyer

In this note, we give a proof of the quadratic reciprocity law based on Gauss’s Lemma
and Hermite’s identity, which is related to other proofs using distribution relations (see
Kubota [3]).

Let p =2m + 1 and ¢ = 2n + 1 be odd primes, and let A = {1,2,...,m}and B =
{1,2,...,n} denote two half systems modulo p and ¢, respectively.

For each a € A, we have ga = r, mod p for some 0 < r, < p, hence either r, € A
or p —rg € A. In particular, r, = g4a’ mod p, where ¢, = £1 and a’ € A. Taking the
product of these congruences, we find

and since m! = []a’ and qu4 = (%) mod p (here (%) denotes the Legendre symbol), we

obtain q
(4)-T]
p a€A
Noweg, =1if0<r, < %, and ¢, = —1 otherwise; on the other hand, we see that
L%J_ZVEJ _ 0 ifry <Z,
p p 1 ifry > 2,

where | x | denotes the largest integer < x. Thus ¢, = (—I)Lz%], and we have proved the
following lemma.

Lemma 1 (Gauss’s Lemma).
(%) = (=DM for M = ZV%J.
acA

Next we transform the sum M modulo 2.
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Lemma 2. We have

Sl =2l e

acA p acA p

Proof. The terms ngaj with a < £ occur as | £24 >%] in the sum on the right. We pair
the remaining terms I_LJ with @ > £ with the terms [ £ | with odd values of a in the
sum on the right by pairing quaj with LMJ The clalm follows from the observation

that the sum of these two terms is even; thls in turn follows from

2 -2 2 2
LﬂJJFL‘I(P_“)J:LﬂJJFLq_ﬂJ
P P P P
2qa 2qa
LLJJrq_l_LLJ:q_L
P p
and we are done.

Here we have used the fact that |a — x| = a — 1 — | x| for all natural numbers a and
real numbers x € R \ Z. In fact, for all real x with0 < x < 1,wehave |[a — x| =a—1=
a — 1 —|x], and the claim follows from the fact that both sides have period 1. ]

We remark that Lemma 2 may be avoided by replacing Gauss’s Lemma with Eisen-
stein’s Lemma (see [1]), which uses the half system A’ = {2,4,..., p — 1}.
Now we know that

()= v oru=T| %] wma (5 =0 orv- 3|2

acA beB q

(5)(2) - v

For proving that u + v = £~ L &= L (from which quadratic reciprocity follows), we use

2
Hermite’s identity.

This implies

Lemma 3. For all real values x > 0 and all natural numbers n > 1, we have
1 n—1
LxJ—i—Lx—l—;J%—w—i—Lx—i—TJ=Lnxj. (1)

Hermite [2] proved this identity using generating functions; the elementary proof given
here can be found in [4, Chapter 12].

Proof. Consider the function
1
F = Lx)+ x4 = 4o |+ —J |nx].

It is immediately seen that f(x + %) = f(x) and that f(x) =0for0 < x < % Thus
f(x) = 0 for all real values of x, and this proves the claim. |
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Applying Hermite’s identity (1) with x = % and n = ¢ to the sum 4 and using the fact

that | 5 + gj = 0 whenevera € A and b € B, we find

=l E?ﬁ NSl
IR E S a(FRERR)

and, similarly,

DI RN SR

aeAbqu P
Clearly,Lp——+1J—11f£—a>0andL5——+1J—01f <0;thisimplies
thatLp——+1J+L + 1| =1, and we find

p—1lg—-1
LRI SR
acAbeB acAbeB

This completes our proof.
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