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Short note Hermite’s identity and the quadratic
reciprocity law

Franz Lemmermeyer

In this note, we give a proof of the quadratic reciprocity law based on Gauss’s Lemma
and Hermite’s identity, which is related to other proofs using distribution relations (see
Kubota [3]).

Let p D 2mC 1 and q D 2nC 1 be odd primes, and let A D ¹1; 2; : : : ; mº and B D
¹1; 2; : : : ; nº denote two half systems modulo p and q, respectively.

For each a 2 A, we have qa � ra mod p for some 0 < ra < p, hence either ra 2 A
or p � ra 2 A. In particular, ra � "aa0 mod p, where "a D ˙1 and a0 2 A. Taking the
product of these congruences, we find
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and sincemŠD
Q
a0 and q

p�1
2 � . qp / mod p (here . ap / denotes the Legendre symbol), we

obtain � q
p

�
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Y
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"a:

Now "a D 1 if 0 < ra < p
2

, and "a D �1 otherwise; on the other hand, we see that
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2
;

1 if ra > p
2
;

where bxc denotes the largest integer � x. Thus "a D .�1/b
2qa
p c, and we have proved the

following lemma.

Lemma 1 (Gauss’s Lemma).� q
p

�
D .�1/M for M D

X
a2A

j2qa
p

k
:

Next we transform the sum M modulo 2.
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Lemma 2. We have X
a2A
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mod 2:

Proof. The terms b2qap c with a < p
4

occur as bq�2ap c in the sum on the right. We pair
the remaining terms b2qap c with a > p

4
with the terms bqap c with odd values of a in the

sum on the right by pairing b2qap c with bq.p�2a/p c. The claim follows from the observation
that the sum of these two terms is even; this in turn follows fromj2qa
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and we are done.
Here we have used the fact that ba � xc D a � 1 � bxc for all natural numbers a and

real numbers x 2 R nZ. In fact, for all real x with 0 < x < 1, we have ba � xc D a � 1D
a � 1 � bxc, and the claim follows from the fact that both sides have period 1.

We remark that Lemma 2 may be avoided by replacing Gauss’s Lemma with Eisen-
stein’s Lemma (see [1]), which uses the half system A0 D ¹2; 4; : : : ; p � 1º.

Now we know that� q
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D .�1/� for � D
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and
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This implies �p
q

�� q
p

�
D .�1/�C� :

For proving that � C � D p�1
2

q�1
2

(from which quadratic reciprocity follows), we use
Hermite’s identity.

Lemma 3. For all real values x � 0 and all natural numbers n � 1, we have
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Hermite [2] proved this identity using generating functions; the elementary proof given
here can be found in [4, Chapter 12].

Proof. Consider the function

f .x/ D bxc C
j
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It is immediately seen that f .x C 1
n
/ D f .x/ and that f .x/ D 0 for 0 � x < 1

n
. Thus

f .x/ D 0 for all real values of x, and this proves the claim.
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Applying Hermite’s identity (1) with x D a
p and nD q to the sum � and using the fact

that b ap C
b
q c D 0 whenever a 2 A and b 2 B , we find
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and, similarly,
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Clearly, b ap �
b
q C 1c D 1 if ap �

b
q > 0 and b ap �

b
q C 1c D 0 if ap �

b
q < 0; this implies

that b ap �
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This completes our proof.
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