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Short note Three collinear triangle centres

Peter Thurnheer

1 Introduction

A centre line is a line containing at least three triangle centres. The most prominent one,
the Euler line [1,2], carries the centroid G, the orthocentre, the circumcentre and the centre
of the Feuerbach circle of a triangle as well as at least four more triangle centres. Hundreds
of centre lines are listed in [3].

2 Three collinear triangle centres

We will show that the following three triangle centres also are collinear, i.e. that they lie
on a centre line.

(1) The centroid G.

(2) The van Lamoen circle centre L ([4], Figure 1 left). The three medians divide
a triangle in six sub-triangles with a common vertex in the centroid G. The circum-
centres of these six triangles lie on a circle, the van Lamoen circle with centre L.

(3) The A-B-C -line intersection W ([5], Figure 1 right). In a triangle with vertices
A;B;C and corresponding medians sA; sB ; sC , let mA and m1 be the perpendicular
bisectors of the triangle side BC (with midpoint MA) and of the A-median AMA

(with midpoint M1) respectively, and let N1 be the intersection of these two lines.
Definition: The A-line is the line parallel to the A-median sA through the point N1.
In exactly the analogous way, the B- and the C -line are defined. In [5], it was
shown that these three lines intersect at a point, the A-B-C -line intersection W .

Remark (On the properties of the A-, B- and C -line (Figure 2)). In a triangle as in (3)
above, let GA be any point different from A on the A-median sA or its prolongation, and
let E; F be the intersections of the lines GAC; GAB with the triangle sides AB; AC

respectively or their prolongations. In [5], it was shown that, for every such point GA,
the circumcentres of the four triangles ABMA; AMAC; AEC; ABF lie on a circle, an A-
circle. Since all A-circles pass through the circumcentres P1; P2 of the first two triangles,
the locus of the A-circle centres is the (punctured) perpendicular bisector of the line seg-
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ment P1P2. But this is the A-line defined in (3) above since, obviously, it is parallel to sA

and since the points P1; P2 lie on the perpendicular bisector m1 as well as on the perpen-
dicular bisectors m2; m3 of the line segment BMA and MAC respectively, of which the
line mA is the centre line, such that the midpoint of the line segment delimited by P1; P2

is the point N1.

The A-line is the locus of the A-circle centres when GA moves on the median sA.

Of course, the B- and the C -line have the exactly analogous properties.

Theorem. The centroid G, the van Lamoen circle centre L and the A-B-C -line intersec-
tion W in this order lie on a line, and jWLj W jLGj D 2 W 1 holds.

Remarks. (a) The theorem was found using GeoGebra. We give the original proof by ele-
mentary geometry. The assertions can be proved by means of the barycentric coordinates,
calculated meanwhile by Peter Moses (moparmatic@gmail.com), of the three points G, L

and W . They can be found in [3], where these points are named X.2/, X.1153/, X.46893/

and where many other properties of the points are given.
(b) According to [3] (see X.1153/), the van Lamoen circle centre L D X.1153/ lies

on the line through the centroid G D X.2/ and the point X.187/ (Schoute centre). This
means that it is already known that the line through the points G; L; W is a centre line.
It is a centre line carrying at least four triangle centres.

mailto:moparmatic@gmail.com
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3 Proof

In Figure 3, besides the circumcentres P1; P2, we consider further the circumcentres
R1; R2 of the triangles BMAG and GMAC . These are points on the van Lamoen cir-
cle. The perpendicular bisector v of the line segment they delimit hence passes through
the centre L. The points R1; R2 lie on the perpendicular bisector m4 of the line segment
GMA (with midpoint M2) which is perpendicular to sA. So the lines sA; v and the A-line
are parallel. The points R1; R2, just as the points P1; P2, also lie on the perpendicular
bisectors m2 and m3 of the line segments BMA and MAC respectively. The midpoint N2

of the line segment they delimit hence lies also on the perpendicular bisector mA just as
the point N1. So the right triangles MAN2M2 and MAN1M1 are similar. For the distances
jM1N1j and jM2N2j of the line v and the A-line from the line sA respectively, we find

jM1N1j

jM2N2j
D

jM1MAj

jM2MAj
D 3
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since we have jM1MAj D
1
2
jAMAj and jM2MAj D

1
6
jAMAj. So we have found a line v

passing through the point L and which by a central dilation with centre G and factor 3
is mapped to the A-line. In the same way, we can find another line w passing through
L and which by the same central dilation is mapped to the B-line. In particular, for the
intersections of the corresponding lines, we have the following statement.

A central dilation with centre in the centroid G and factor 3 maps the van Lamoen
circle centre L to the A-B-C -line intersection W .

This was to be proved.
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