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Introduction by the Organisers

It was an exciting week at the Forschungsinstitut, with reports of important new
developments, and intense work on a variety of fronts. The atmosphere was warm
and relaxed, almost convivial, and certainly more cooperative than competitive,
although the mutual seriousness of purpose was constantly evident.

Of all the new results announced at the meeting, three stand out for special
mention:

Jerzy Kaczorowski and Alberto Perelli have shown that there is no member
of the Selberg Class with degree in the open interval (1,2). The Selberg Class
is an attempt to describe, by means of functional equations and Euler products,
those functions for which one feels the Riemann Hypothesis should be true. It is
presumed that eventually it will turn out that the Selberg Class is synonymous
with the set of automorphic L-functions, but we are very far from proving this.
The degree, which relates to the sum of the arguments of the gamma function
factors in the functional equation, is conjectured always to be an integer. The
Riemann zeta function has degree 1, and H.-E. Richert showed that there is no
member with degree < 1. More recently it had been shown that there is no member
with degree in the interval (1,5/3). This is a central problem, that many people
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have attacked, so the realization of (1,2) is a remarkable step forward, albeit a
modest advance when compared with the enormous task ahead of us.

The Prouhet—Thue-Morse sequence has been independently discovered three
times, in 1851, 1906, and 1921, respectively. Prouhet related the sequence to
number theory, Thue applied it to combinatorics on words, and Morse to differ-
ential geometry. Let w(n) denote the ‘binary weight of n’, which is to say the
number of 1’s in the binary expansion of n. Thus w(0) = 0, w(2n) = w(n), and
w(2n+1) = w(2n)+1. Put ¢, = 0if w(n) is even, and ¢,, = 1 if n is odd. Thus the
word totits ... is 0110100110010110100. ... The power series generating function
of (=1)*(™) can be written in closed form:

oo oo

Snrm =TT -22)  (l<1).

n=0 k=0

Clearly,

ZO<”<N(—1)“’(")| < 1 for all N; thus the integers are very equally di-
vided between those for which w(n) is even and those for which w(n) is odd. In
1967, Gelfond (famous for work in transcendence) asked whether w(p) is (asymp-
totically) equally even and odd, as p ranges over primes p < z, x — oo. The
Prime Number Theorem concerns the leading binary digits of p, and Dirichlet’s
theorem on primes in arithmetic progression relates to the trailing digits. As con-
cerns (71)“’(7’), one is dealing simultaneously with all binary digits of p. Many
researchers have worked on this problem without success, including at least one
of the conference organizers. Some years ago a solution was announced in C. R.
Paris, but this was followed neither by a proof nor a retraction. Now at last we
have a solution: Joél Rivat and Christian Mauduit have cleverly seen how to show

that Zpgx(fl)w(p) = o(w(x)) as x — oc.

Consider the Pell equation 22 — dy?> = #1, which relates to the units in the
real quadratic number field Q(v/d). If d is divisible by a prime p = 3 (mod 4),
then the equation z? — dy> = —1 has no solution. If d is a prime number = 1
(mod 4), then 22 — dy? = —1 does have a solution. The number of d < z for which
d is composed entirely of primes p = 1 (mod 4) is < x/+v/logx; thus the case of
d prime is negligible among these discriminants. In a spectacular tour de force,
Etienne Fouvry and Jiirgen Kliiners have shown that the ‘negative Pell equation’
22 —dy? = —1 has a solution for a positive proportion of discriminants d composed
entirely of primes =1 (mod 4).

The advances described above could not have been anticipated, and are at once
surprising and gratifying. And just a few years before, the team of Goldston,
Pintz and Yildirim excited the world with their proof that p,+1 — p, = o(logpy,)
infinitely often. This brings us a little closer to twin primes. Since pn4+1 — pp is
log p, on average, it is reasonable to consider the distribution of (p,,+1—pn)/ 1og pr.
We conjecture that this quantity is asymptotically distributed like an exponential
random variable, with density e™*. It would follow that every number in [0, 0]

is a limit point of the numbers (p,+1 — pn)/logp,. In the 1930’s it was shown
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that +oo is a limit point, but it was only with the work of GPY that we could
for the first time name a finite real number (namely 0) that is a limit point of
this sequence. The GPY technology has been scrutinized, and has matured, but
the team had their heads together for long hours during the conference, with the
promise of further results.

Other highly active subareas that were represented at the meeting include ad-
ditive combinatorics and the circle method, rational points on varieties, spectral
decompositions for L-functions, sieve methods, and others.

The vast array of activity, the overload of talent, the extreme unpredictability
of advances all make it challenging to select a fruitful mix of participants. On this
occasion we feel that we could not have done better. Several participants, after
the evening problem session, said that it was the best such session that they had
ever experienced at Oberwolfach—more open, frank, and productive.

This meeting is in the tradition of Oberwolfach meeting organized by Theodor
Schneider in the 1960’s and 1970’s that some us remember. We hope to emulate
his vision as best possible in the modern times by taking a broad view and only
the most gifted invitees.
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Abstracts

Multiplicative Functions in Arithmetic Progressions
ANTAL BALOG
(joint work with Andrew Granville and Kannan Soudararajan)

The problem we are going to discuss in this talk is to determine, for multiplica-
tive functions f with |f(n)| < 1, estimates for the mean values

xi/q ) (1)

n<zx
n=a mod q

One can expect a well distribution result in the form

1
> fm) g Y S, (2)

n<lx n<x
n=a mod q (n,q)=1
however this does not always reflects the truth. For example, if the so called
Siegel-zeros do exist then the primes are unevenly distributed in certain residue
classes and this irregularity supposedly affects (2) as well. Actually, there is a
much simpler example against (2), namely f(n) being a character mod ¢q. We
develop a theory that handles all cases rather uniformly. We will show that for
any fixed € > 0 there exists a (big) A such that

X sm|= 3)

n<lz
n=a mod ¢

for all (a,q) = 1 for all ¢ < x'/4, except possibly those ¢ that are multiples of
some exceptional modulus r. Moreover, if such a modulus r exists then there is
also a primitive character y; mod r such that

= z P10 n)x1(n) i
Y. fm=xi@ ) f)+0(e) =50 > Fmxa(n)+0( 7

n<z n<z n<zx
n=a mod ¢ n=1 mod ¢ (n,q)=1
(4)
whenever (a,q) =1, r|q, ¢ < 2'/4.

The exceptional character x1, if it exists, is determined by means of the following
distance function.

D3(f, g;) = S LRI 0)o0) (5)

p<z p

If this distance is small then f(p) is close to g(p) most of the time, and so
f(n) pretends to be g(n) by their multiplicativity. Our main result can be read as
follows; either there is a primitive character x; mod r and a real number ¢ such
that f(n) pretends to be x1(n)n®, in which case both x1 and t are unique and (4)
holds, or f is unpretentious and (3) holds.
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The proof is based on Haldsz’s Theorem on the mean value of multiplicative
functions, on the study of the above distance function (5), and on the fact that a
periodic ”almost multiplicative” function is almost a character.

On the Lehmer conjecture
WiLLiAM D. BANKS
(joint work with Ahmet M. Giiloglu, C. Wesley Nevans)

Let ¢(n) be the Euler function, which is defined as usual by

w(n) :nH (1-p7) (n>1).
pln
In 1932, D. H. Lehmer [3] asked whether there are any composite numbers for
which ¢(n) | n — 1, and the answer to this question is still unknown.

In a series of papers (see [4, 5, 6]) C. Pomerance considered the problem of
bounding the cardinality of L(z) = L N[1, z], where L is the (possibly empty) set
of composite numbers n such that ¢(n) | n — 1. In his third paper [6] Pomerance
established the bound

(1) #L(x) < z'/*(logz)®/*
and remarked that

There is still clearly a wide gap between the possibility that L = ()
and (1), for the latter does not even establish that the members of
L are as scarce as squares!

Refinements of the underlying method of [6] led to subsequent improvements of
the bound (1) by Shan [7], who showed that

#L(z) < z'/?(log z)Y/?(loglog ) ~1/2,
and by Banks and Luca [1], who established the bound
#L(z) < 212 (loglog z)'/2.

In a recent work [2], we have used similar techniques to show that the members
of L are indeed scarcer than squares, i.e., that #L(x) = o(x'/?) as  — co. More
precisely, we have shown the following:

Theorem. For any fized € > 0 the bound

21/2
(log )0
holds, where © = 0.129398 - - - is the least positive solution to the equation

20(log® — 1 — loglog 2) = —log 2.

#L(z) <
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Spectral Decomposition of Shifted Convolution Sums
VALENTIN BLOMER
(joint work with Gergely Harcos)

Given an arithmetic function o : N — C and an integer h € N, it is interesting
to study the shifted convolution Dirichlet series

1) Z a(n)o;ngrh)'

This is more or less equivalent to studying sums like Y  a(n)a(m)W(m,n)
m—n=h

for sufficiently nice weight functions W. The investigation of such Dirichlet series
may be motivated by several reasons: one can be interested in the underlying
arithmetic problem (think of & = A and h = 2). Moreover, shifted convolution
sums arise naturally as off-diagonal terms of the second moment of L-functions.
Finally, the Dirichlet series (1) may have some underlying structue (e.g. a spectral
decomposition) which one would like to exhibit.

As an example, let us look at Hecke eigenvalues A(n) of some holomorphic cusp
form f € Si(N,x). Let

Pn(z,8) := Z S(yz)e(—hRyz).
V€L \T'o(N)

This is a weight 0 Poincaré series. Using the Rankin-Selberg unfolding technique,
one derives the integral representation ([17])

(27T)5+k71 o
m<Ph(-,5),yk|f| ) = m;::h

A(m)A(m) () /2
(n + m)s+k—1

(2)

This can now be decomposed with respect to the non-Euclidean Laplacian and
meromorphically continued. There are numerous applications of such a deompo-
sition, see for example [9, 13, 15] to name just a few. But this is not the end of
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the story, and Selberg [17] states: ”We cannot make much use of this function
at present.” Two problems remain: (a) because of the I'-factor, it is not at all
clear how to derive polynomial growth estimates on vertical lines. This has been
achieved by Good [9] and in a more general context by Sarnak [15]. (b) If the
A(n) come from an arbitrary irreducible cuspidal representation over GLg (not
necessarily from the discrete series), this approach breaks down, not only for tech-
nical reasons, but for unavoidable conceptual reasons, see [10] for more details. It
should, however, be noted that these difficulties can often be overcome in practice
by approximate formulae with sufficiently manageable error terms, see in particu-
lar Jutila [11, 12] and Sarnak [16].

Here we proceed differently and obtain a way to obtain an exact spectral de-
composition of the right hand side of (2). Let G = GL} (R) and T' a congruence
subgroup (for simplicity I' = SLy(Z)). Then we have a G-equivariant decomposi-
tion of the type L2(I'\G) = [ Vxdr where on the discrete spectrum the measure dr
is just the counting measure. Our approach relies on two important ingredients:
inspired by Motohashi [14], we use the Whittaker model

Ved o Wy = /01 ® ((0 T)) e(—z)dz € L (Rso, dy/y) .

This is a Hilbert space isomorphism, and the scalar products are related by a pro-
portionality constant that is essentially L(1, ad27r) (for the continuous spectrum,
one may use this as a definition of a natural scalar product on V). Inspired by
Bernstein/Reznikov [2] and Venkatesh [18], we use Sobolev norms on V,°>° which
are an elegant tool to ensure absolute convergence and rapid decay of various se-
ries, provided the relavant vectors and weight functions are sufficiently smooth.
The details are not obvious, but it turns out that without too much technical effort
we can obtain the following result [3]:

Theorem 1. Let k > 60 be any integer, Let h € N, and A\(n) Hecke eigenvalues of
any irreducible cuspidal representation over GLo of conductor 1. Then there exist
holomorphic functions Fy (depending on k) such that

A(n)A(m) (nm) k=172 s
mg;:h ( )(n(+ 751)5+k1 =hY/ /)\W(h)FTr(S)dTF

and

| w

+e<Ms <

N |

/ P (s)|d < |32,

This can be generalized to arbitrary conductor and central character without
much effort, and also to number fields (where other methods are much harder to
implement). In this way one can prove [5]:
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Theorem 2. Let K/Q be a totally real number field of class number 1, = and ir-
reducible cuspidal representation over GLo and x a Gréflencharacter of conductor
q. Then

L(s,m® X) <r,s (Nq)? 730720
for Rs =1/2, and 0 < 1/9 an admissible exponent for the Ramaunjan-Petersson
conjecture.

The class number one restriction can be removed with more effort. Subcon-
vexity for twisted L-functions over number fields was first obtained in an unpub-
lished manuscript of Cogdell, Piatetskii-Shapiro and Sarnak, and very recently by
Venkatesh [18]. Our method is entirely different and gives a stronger exponent
than either of the above mentioned results. This should be compared with the
situation over Q, see [6, 4]. Theorem 2 has a number of further applications:

e bounds for Fourier coefficients of half-integral weight modular forms over
number fields [1];

e the representation of integers by ternary quadratic forms and Hilbert’s
eleventh problem [7];

e equidistribution of a certain family of Heegner points on the modular sur-
face PSLy(O)\HY. [8].
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Counting rational points on a non-singular del Pezzo surface of
degree 4

REGIS DE LA BRETECHE
(joint work with Tim Browning)

A del Pezzo surface of degree 4 can be viewed as the zero locus of a suitable pair
of quadratic forms Q1, Q2 € Z[x1,...,x5]. In collaboration with Tim Browning,
I began a programme to count rational points of bounded height on these surfaces.
The tools involved come from arithmetical geometry and analytic number theory.

The Manin conjecture [1] predicts precise asymptotic formulae for the growth
rate of the counting function

Nu,u(B) :=#{x € U(Q) : H(z) < B},

as B — oo, where H is a height function metrized by a choice of norm || - || on R5,
and U C X is the Zariski open subset formed by deleting the 16 lines from X.
We shall explain the resolution of this conjecture in the special case that X is
defined by the pair of quadratic forms
Q1(x) := mox1 — Tow3, Qo(x):= a2 + 2 + 23 — 2 — 227,

It is clear that X is non-singular. It will be convenient to work with the choice of

norm
I = o { VBlaol, V31| VBlaal, VBlaal o af + 223 |

for any x = (o, ...,74) € R®.
Our main result is the following.

Theorem 1. There exists a constant C' > 0 such that
Nyt (B) = CB(log B)* (1 +o(1)),
as B — oo.
An easy calculation reveals that Pic (X) = Z°, so that this asympotic formula
is in agreement with Manin’s prediction.

One of the key tools in the proof of Theorem 1 involves the geometry of numbers.
This permits us to prove also an asymptotic formula for

SX)= Y. TLi(x)L(x)Q(x))
xEZ2NXR
when Lq, Lo, @ and R satisfy the following hypotheses:

(i) R is an open, bounded and convex region, with a piecewise continuously
differentiable boundary,



Analytic Number Theory 683

(ii) Ly, Lo are two non-proportional binary linear form and @ is binary qua-
dratic form which is irreducible avec Q[x],
(iii) Li(x) > 0 and Q(x) > 0 for all x € R.

With these conditions in mind we have the following auxilliary result.

Theorem 2. Let ¢ > 0 and L1, L2, Q, R satisfying (i)-(iii). When X > 2, we
have

(1) S(X) =2C"meas(R)X?(log X)* + O(X?(log X )**¢),

where C' is an explicit constant that can be defined as an Fulerian product.
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Cubic hypersurfaces with additional structure
T.D. BROWNING

Let X C P* ! be a cubic hypersurface, given as the zero locus of a cubic
form C € Z[zy,...,2,]. A basic goal in number theory is to try and determine
conditions under which the set of rational points X (Q) on X is non-empty. When
C' is diagonal it follows from the work of Baker [1] that X has Q-rational points
as soon as n > 7. At the opposite end of the spectrum, when absolutely no
assumptions are made about the shape of C, there is the recent work of Heath-
Brown [5], ensuring that n > 14 variables are enough to secure this fact. It is
natural to try and establish intermediate results in which the existence of rational
points is guaranteed for cubic hypersurfaces in fewer than 14 variables when certain
assumptions are made about the structure of the hypersurface.

Let m < n be a positive integer. We will say that an integral cubic form C in
n variables “splits off an m-form” if there exist non-zero cubic forms Cy, Cy with
integer coefficients such that

C(Il,...,l‘n) = Cl(Il,...,l‘m) +Cg($m+1,...,l‘n),

identically in z1,...,z,. We will merely say that C' “splits off a form” if C' splits
off an m-form for some 1 < m < n. With this in mind we have the following
result.

Theorem 1. Let X C P"~! be a hypersurface defined by a cubic form that splits
off a non-singular form, with n > 13. Then X(Q) # 0.

Any non-zero cubic form in only 1 variable is non-singular. Hence we may
combine work of Fowler [4] with an application of Theorem 1 to cubic forms of the
shape

C(x1,..., %) — ay®,

in order to deduce the following.
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Theorem 2. Let C € Z[z1,...,x,) be a non-degenerate cubic form in n > 12
variables. Then C' represents every non-zero rational number.

The expected range is n > 8 here, since the relevant cubic form always has
non-trivial p-adic zeros for n in this range.

The proof of Theorem 1 uses the Hardy—Littlewood circle method, and employs
many of the contributions to the theory of cubic exponential sums that have been
made during the last fifty years. In addition to this, when the cubic form splits
off a non-singular m-form with m small, the minor arc analysis takes advantage of
recent joint work of the author with Heath-Brown [2], in order to estimate rational
points of bounded height on certain auxiliary non-singular cubic hypersurfaces.

With more work it is possible to relax the condition that one of the forms be
non-singular in Theorem 1, as the following result shows.

Theorem 3. Let X C IPa*l be a hypersurface defined by a cubic form that splits
off an m-form, with m #5 and n > 13. Then X (Q) # 0.

This is still work in progress and it seems very likely that the case m = 5
will be handled satisfactorily in due course. The proof of Theorem 3 relies upon
Theorem 1 to handle the case in which one of the forms is non-singular. When
both are singular, and one of them has a relatively small number of variables, the
classification of singular cubic hypersurfaces is brought into play. In particular,
when the cubic form splits off a singular 4-form, the work of Coray and Tsfasman
[3] (although there are many other authors who have worked on this topic) can be
used to restrict attention to forms which define a cubic surface containing exactly
3 singular points, all of which are conjugate over some cubic extension of Q. This
in turn forces the cubic hypersurface to have even more structure, to the extent
that a renewed application of the circle method yields the result.
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Simultaneous Diophantine approximation by square-free numbers
RAINER DIETMANN

Improving on results by Balog/Perelli ([2]) and Harman ([4]), Heath-Brown ([5])
showed that for any irrational real number « there are infinitely many square-
free integers n such that ||nal| < n=2/3t¢ where || - || denotes distance to the
nearest integer. Baker, Briiddern and Harman ([1]) considered the more general
problem of simultaneous Diophantine approximation with square-free numbers.
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In [1] they proved that if a1, ..., a, are real algebraic numbers which are “weakly
compatible” such that 1, aq,..., as span a linear space of dimension d > 2 over the
rationals, then for any A < ﬁ there are infinitely many square-free numbers
n satisfying ||a;n|| < n~4 (1 < i < s). The “weakly compatible” condition here
is necessary and is always true if aq, ..., as are Q-linearly independent, in which
case the bound takes the shape ||a;n|| < n~/((sF)+e In this generic situation
of linearly independent a4, ..., as we can establish a much stronger result. As in
[1], we can generalize to numbers aq, ..., «, being “not very well approximable”,

meaning that for every € > 0 there are only finitely many solutions of

.
[Tllgaull < g7
=1

in positive integers gq. This condition is satisfied for almost all a,...,a,. Our
main result is that if aq, ..., o, are not very well approximable real numbers, then
there are infinitely many positive square-free integers n such that

[nes]| < n=F e (1 <0 <7),

where the implied O-constant depends only on aq,...,«, and €. This generalizes
Heath-Brown’s result under suitable assumptions to r > 1. Moreover, even without
the restriction to square-free n no better bound than n~'/" would be possible, so
the exponent is of the right order of magnitude in r, in contrast to any other
known result on simultaneous Diophantine approximation with, say, k-th powers
or primes. Whereas Baker, Briidern and Harman used exponential sums in their
proof, our method is essentially elementary and relies on lattice point counting
arguments in combination with a result by Bombieri, Granville and Pintz ([3])
showing that there are few squares in arithmetic progression.
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Multiplicative decompositions of shifted primes
CHRISTIAN ELSHOLTZ

The divisibility of shifted primes is a well studied subject, and there are impor-
tant applications to cryptography. It is generally expected that there are infinitely
many Sophie German primes. This means that sets Ay satisfying A; A2 +1 C P,
where 47 = {1,2}, can be infinitely large. Here A; A denotes the product set
and P denotes the set of primes. Also, Carmichael numbers can be derived from
parametrized families, for example, if 6n+1,12n+ 1,18n + 1 are prime simultane-
ously, then m = (6n+ 1)(12n + 1)(18n + 1) is a Carmichael number. This means,
with A; = {6,12, 18}, sets Ay with A1 Ay + 1 C P can be infinitely large.

In this talk we study asymptotic multiplicative decompositions of the set of
shifted primes, or of shifted copies of sequences that are multiplicatively defined.
We prove that there are no two sets of integers Aj, Aa, with min;(|4;]) > 2, such
that

A1 A2 +c= Pl

holds, where the set P’ coincides with the set of primes for sufficiently large ele-
ments. Here c is any non-zero integer. Similarly, let Q(7') denote the set of integers
with prime factors in a set T" with counting function

N N
)= Tiogn T X og 2

where 0 < 7 < 1. Then A;As + ¢ = Q'(T) (in the above sense) cannot hold.

In the additive case, the author had previously proved [1] that the set of primes
P does not have an asymptotic additive decomposition into three sets, i.e. there are
no three sets of integers A;, Az, Az, with min;(|4;]) > 2 such that A; + A2 + A3 =
P

The methods of proof include Wirsing’s mean value theorem, Gallagher’s larger
sieve, and Montgomery’s large sieve, which the author used in [2] to prove upper
bounds Ej (V) on the number of long prime k-tuples in the interval [1, N]. Here k

may depend on N. While for k£ coming close to lolgoﬁ) ;VN, the upper bound Ej(N)

T(N

is an extension of the upper bound c o known from small sieve estimates

N

NYE
for constant k, we use in the proof that fir )k ~ (log N)",r > 1, the upper bound
E)(N) is about N'/2+1/("+1) i e saves a power of N. For more details in the case
r =1 see [3].

The details of the talk will appear in [4].
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Prime chains and Pratt trees
KEVIN FORD
(joint work with Sergei V. Konyagin, Florian Luca)

Prime chains. Impose on the set of primes a partial ordering, with p < gifg =1
(mod p). We study properties of the chains with respect to this partial ordering,
the prime chains. An example is 3 < 13 < 53 < 107 < 643.

In the special case p;+1 = 2p; + 1 for every j, the prime chain is called a
Cunningham Chain of length k. We study k(p), the length of the longest Cun-
ningham Chain starting with p. The prime k-tuples conjecture implies that k(p)
is unbounded, and assuming Artin’s conjecture for primes which have 2 as a prim-
itive root, we show that k(p) = O(log p). Unconditionally, we prove results of the
type k(p) = O((logp)*~¢) for all but O(z'~%) primes p < z, for suitable constants
c>0,d>0.

We also analyze P(z), the number of prime chains with py < x (k is variable).
We prove z(log ) 7936 < P(x) < z, and prove an asymptotic for P(z) conditional
on a quantitative form of the Elliott-Halberstam conjecture. This is closely related
to problems about high iterates of Euler’s function [2].

Motivated by an application to the local injectivity of the Carmichael A-function,
we give upper bounds on P(z;p), the number of prime chains with p; = p and
pr < z (again, k may vary). Using a novel sieve method based on matrices of
Dirichlet series, we show that P(x;p) <. (z/p)**e for every e > 0.

Pratt trees. The Pratt tree for a prime p is the structure of all odd primes which
lie “below” p with respect to the above partial ordering, i.e. the tree with root
node labelled p, and below p are links to the Pratt trees for odd primes ¢ which
divide p — 1. It was first considered by Pratt [7] in connection with certificates of
primality.

Let D(p) be the depth (height) of the Pratt tree with root p, that is, the length
of the longest chain of odd primes with p; = p. For example, D(107) = 4. A
trivial upper bound is D(p) < Hgg £]. It has been suggested that D(p) has order
loglogp for almost all p [5], where the problem is connected with high iterates of
Carmichael’s A-function. We prove that D(p) > loglogp for almost all p, and,
using a high-dimensional sieve and fine analysis of averages of the singular series
attached to families of prime chains, we show that D(p) = O((logp)®9%%2) for
almost all p.

Assuming that the prime factors of a random shifted prime p — 1 = z are
distributed in the same way as a random integer n = x (the so-called Poisson-
Dirichlet distribution), we are lead to a probabilistic model of Pratt trees. The
model can be described in terms of a random fragmentation or as a branching
random walk. Results about branching random walks (e.g., [6]) suggest that
D(p) = eloglogp + O(logloglogp) for most primes p, and that D(p) is tight
with respect to its median; i.e., there is a function f(p) so that for every ¢ > 0
there is an M so that |D(p) — f(p)| > M with probability < e.
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All the aforementioned results will appear in the paper [4].

Local injectivity of the Carmichael A-function. In 2006, Banks, Friedlander,
Luca, Pappalardi and Shparlinski [1] conjectured that for every positive m there
is an integer n # m with A(n) = A(m). The corresponding conjecture for Euler’s
function, the Carmichael conjecture, remains unproven after 100 years. In [3],
we deduce this conjecture from the Extended Riemann Hypothesis for Dirichlet
L-functions, and come “close” to proving this conjecture unconditionally. More
precisely, if for every prime power p® (a > 1) there is a prime ¢ with p®||(¢ — 1)
and the Pratt tree for ¢ has a certain property, then this conjecture about A(n) is
true, and we prove the existence of such a ¢ for p® > K, where K is an effective
(but enormous) constant. The proof uses the upper bounds for P(z;p) from [4].
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On the negative Pell equation
ETIENNE FOUVRY
(joint work with J. Kliiners )

Consider the so—called negative Pell equation
(NPE(d)) 2% —dy? = —1,

where d is a squarefree positive integer and where x and y are integer unknowns. It
is well known that we can restrict to d without prime divisor = 3 mod 4 and that
the solvability of (NPE(d)) is equivalent to the fact that v/d has an odd period in
its expansion in continued fraction or to the fact that Q(v/d) has a fundamental
unit €4 with its norm satisfying N(eq) = —1. We prefer this last aspect since it
has a rich algebraic structure. So we introduce the set

D .= {D > 0; D is a fundamental discriminant, p | D = p # 3 mod 4}
and the counting functions

D(X):=|[{DeD; D<X}|
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and

D (X):=[{DeD; D<X, N(ep) =—1}|.
The asymptotic behavior of D(X) can be treated by classical methods, since it is
very near from Landau’s Theorem on sums of two squares, more precisely one has
D(X) ~ cpX/+/log X, for some positive constant ¢y (X — 00). The corresponding
question for D~ (X) appears much more delicate. Stevenhagen ([10]) has built a
convincing probabilistic model which led him to conjecture that

D7 (X) ~ (1 = a)D(X) (X — ),
where o= [[72, (1 +277)7" = 4194224 ---. We prove

Theorem 1. (2], [3]) As X — oo, we have the inequalities

(2 —0(1)) D(X) < D (X) < (2/3+0(1)) D(X).

We now give some ideas of the proof. Let Cp and Clp respectively be the
narrow and the ordinary ideal class group of the ring of integers of Q(\/ﬁ) Let
rkox (G) be the 2F-rank of the finite abelian group G. Recall first that

N(ED) =—-1 < (Cp =Clp.
To obtain the upper bound of Theorem 1, we use the implication

Cp=Clp = I'k4(CD) = I‘k4(ClD),

and for the lower bound the implications

I‘k4(CD) =0= Cp =Clp,
and
(I‘k4(CD) = I'k4(ClD) =1 and I‘kg(CD) = 0) = Cp = Clp.

To detect the values of 2'%4(Cp) and of 27%+(€12) (and of the corresponding mo-
ments 2F€4(Cp) and 2k r1‘4(015’)) we interpret rather old results of Reichardt, Redei
and Scholz ([5], [6], [7], [8], [9],...) in terms of sums of Jacobi symbols, or of quartic
symbols associated to the factorizations of D. The oscillations of these characters
are controlled in a classical way. The main term gives birth to interesting combina-
torial questions which can be solved by geometric considerations in characteristic
2, inspired by [4] and already exploited in [1]. This approach is strong enough to
give the distribution law of the function D € D — (rk4(Cp),1ka(Clp)).
Some partial results are also given for the distribution law of the function

D € D+ rks(Cp).
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Sifting short intervals
JOHN FRIEDLANDER

We report on some very old work of our own and on some recent developments
of it obtained in joint work with Henryk Iwaniec (see [1] and the references therein
for the former and [2] for the latter.)

The Brun sieve gives the bound

m(z) —7(z —w) < w/logw

for the number of primes in the short interval (z — w, z], and for w > 2 this gives
the expected order but not for shorter intervals. We investigate the question of
how short an interval one can successfully treat if one asks only for results valid
in intervals (y — w, y] for most y in (x, 2z).

Proposition 1. Let Ay, 1 < d < D be real with \y = 1, |Ng] < 1. Let A > 0,
1 <w < x/D?*(logx)?4*8 and

s = 1, mhw
enzz)\d, ’Yd:d Z ﬁsm (T)
an (=1

Then
2x
/

We apply proposition 1 to the situation where the Ay are upper or lower bound
beta-sieve weights for suitable 8. In this case the left-hand side is just the mean
square sz |R(D,y)|* dy for the remainder encountered in sieving the interval (y —
w, y] by the primes p < z, and the main term on the right can be shown to satisfy
the bound < zw(logz)~!. As a result we obtain

A Am )2 _
3 en_w§§2dy:fr—f§w( > S) 4 0uloga) ).

y—w<n<y m=0 mod d
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Proposition 2. Let 2 < z < 2'/2° w = n(x)log z where n(x) — co as x — co.
Then, denoting P(z) = Hp<z p, we have
> e
y—w<ny 08 %
(n,P(z))=1

for all y with x < y < 2z apart from a set of measure O(zn(x)~1).

Note that the intervals in question are the shortest ones for which one could
reasonably expect such a result to hold.

Taking z = /20 we find that the above intervals have some integers with no
more than 19 prime factors and satisfy
w
- —w) K .
m(y) — 7y —w) log 7

The question of ’suitable 5’ has now been studied in greater detail and as a result
the number of prime factors can be reduced from 19 to 4. Then, using also deep
estimates for bilinear forms of Kloosterman fractions, it can be further reduced to
3.

REFERENCES

[1] J.B. Friedlander. Moments of sifted sequences. Math. Annalen 267 (1984) 101-106.
[2] J.B. Friedlander and H. Iwaniec, Sieve methods (provisional title), in preparation.

Gaps between primes
DAN GOLDSTON

In early 2005, J. Pintz, C. Y. Yildirim and I [1] proved that
(1) lim inf (M> = 0.
noe \ logpn
Thus there are infinitely often two primes closer than any fraction of the average
spacing between primes. More precisely, we later proved
. Pni1 — Dn
2 lim inf <
@ n—oc (logpn)/2(loglogpn)?
The method used to prove these results involves two steps: approximating prime
tuples with truncated divisor sums, and then detecting primes using a positivity

argument.
Let n be a natural number and consider the k-tuple
(3) (n+h1;n+h27"'7n+hk)a
where H = {hq,ha,...,hi} is a set composed of distinct non-negative integers.

If every component of the tuple is a prime we call this a prime tuple. In gen-
eral, the tuple in (3) can be a prime tuple for more than one n only if vy (p) <
p for all primes p, where v3(p) is the number of distinct residue classes modulo p
occupied by the integers in H. If this condition holds we say that H is admissible
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and we call the tuple (3) an admissible tuple. Tt is a long-standing conjecture of
Hardy and Littlewood that admissible tuples will infinitely often be prime tuples,
and further there is an asymptotic formula for the number of such tuples given by

@) {n<N:(n+hinths,...,nthy) isa prime tuple}| ~ &(H) (1ogNN)k’
where

_ 1\ " vr(p)
o so0:=T1(1-;) (1-"57)

p

is the singular series associated with H.

In our method the information on primes we make use of is their distribution
in arithmetic progressions. Let
logn, if n is prime,

(6) O(N;g,a)= > 6(n), where 9<n>={ 0,  otherwise.

n<N
n=a(mod q)

The Bombieri-Vinogradov theorem states that for any A > 0 there is a B = B(A)
such that, for Q = N%(logN)’B,

(7) Z max

q<Q (a,q)=1

N ‘<< N
o(q)]  (log N)A”

More generally, we say that the primes have an admissible level of distribution
(or satisfy a level of distribution ) if (7) holds for any A > 0 and any € > 0 with

(8) Q=N""

Q(Na(ba) -

Elliott and Halberstam conjectured that the primes have the maximal admissi-
ble level of distribution 1, while by the Bombieri-Vinogradov theorem we have
immediately that 1/2 is an admissible level of distribution for the primes.

We can now state our first result: If the primes satisfy a level of distribution
¥ > 1 then there is an absolute constant M () for which

(9) Dnt1 — pn < M(9), for infinitely many n.

More generally, we proved the following result related to the prime tuple conjec-
ture.

Theorem 1. Suppose the primes have level of distribution ¥ > 1/2. Then there
exists an explicitly calculable constant C(¥) depending only on ¥ such that any
admissible k-tuple with k > C(9) contains at least two primes infinitely often.
Specifically, if ¥ > 0.971, then this is true for k > 6.

Since the 6-tuple (n,n+4,n+6,n+10,n+ 12, n+ 16) is admissible, the Elliott-
Halberstam conjecture implies that

(10) liminf(pp41 — pn) < 16.
n—oo
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The approximation we use for detecting primes in tuples is

k+2
(1) Arni ) = gy 3wl (o )

" d|Py(n)
d<R

where |H| = k, and Py (n) = (n+hy)(n+he) - - - (n+hg). The parameter ¢ is critical
to the success of the method. To detect primes we square our approximation (11)
to obtain a non-negative approximations (since Ag is often negative), and then
compute

1 (2
12 Ap(n: 2L - N (1 k+2¢
(12) n;V r(n;H, ) (k”w(g)e(m (log R)*,
valid R < N (log N)~B(M) and R, N — oo, and
(13) 3 Ap(ns 02000+ hi) ~ ———— (P T 1) & ()N (1og Ry +2641
R\TY 1L, B (k+2£+ 1)' . )

n<N

valid for R < N %_6, and R, N — oo, where ¥ is an admissible level of distribution
of primes in arithmetic progressions. The singular series G(H) is the same as in
the Hardy-Littlewood conjecture (4) and is positive.

Here is how we prove there are two primes in tuples if ¢ > % Using the two
asymptotic formulas above we compute

(14)
2N k
S: = Z ( 9(n+hi)1og3N>AR(n;Ha£)2
n=N+1 \i=1
2k 20+1 1 2¢ k
log R — log3N ) ———— N(log R)*+2*.
<k+2e+1 (+1 og R~ log3 )(k+2€)!<15>6(m (log 1)

The tuple H will contain at least two primes if S > 0, since here 8(n+h;) < log 3N
and every term in S will be negative unless the sum over ¢ sometimes contains two
non-zero terms. But S > 0 when, letting R = N?/2—¢,

k 2041
E+20+1 041
and if k,¢ — oo with £ = o(k), then the left-hand side has the limit 2¢, and
thus (15) holds for any ¢ > 1/2 if we choose k and ¢ appropriately depending
on Y. This proves the first part of Theorem 1. If ¥ > 20/21, we see that (15)
holds with ¢ = 1 and k = 7, which proves that every 7 tuple has two primes in it
infinitely often assuming this level of distribution. Finally, these results just fail
in the unconditional case when 9 = %, but one can pick up an extra factor of h if
we sum over all k-tuples with 1 < hq, hg,...,hr < h and use
(16) > Ar(niHi,0)?

1<hy,ha,....,hix<h

(15) > 1,

as the weight in S. If h = elog N we then gain enough to prove (1).



694 Oberwolfach Report 14/2008

REFERENCES

[1] D. A. Goldston, J. Pintz and C. Y. Yildirim, Primes in Tuples I, Annals of Math. to appear.

Indefinite Quadratic Forms and the Multivariate Central Limit
Theorem

FRIEDRICH GOTZE
(joint work with Gregory Margulis, Andrei Zaitsev)

Distribution of Values of Indefinite Irrational Forms. Let Q[z] denote an
indefinite irrational form with signature (p,q), ¢ > 3, and dimension d = p+gq >
5. Consider a finite d-dimensional box I5 := [—+/5,+/5]?. The number of lattice
vectors m € Z N I, in this box such that the values of the quadratic form Q[m]
are contained in [a,a + 0], a € R, 6 > 0 fixed, were intensively studied for
box sizes going to infinity in connection with the so called Oppenheim problem.
The distribution of values of indefinite forms on such boxes of integer vectors are
locally uniformly distributed for all dimensions d > 5. More precisely, as s tends
to infinity,

A—(5) - t{m e I,NZ%: a < Qm] <a+6}

< (0):= vol{zr € I : a < Q[z] < a+ 6}
This has been shown in [EMMO8] for ¢ > 3 with an non effictive error term based
on ergodic limit theorems. Effective error bounds depending on the diophantine
properties of the coefficients of Q[x] have been shown in [BG99a] for d > 9. The
analogous problem of local uniformity of the distribution of irrational positive
definite forms, i.e.

1=0(1)

A+ (s t{meZl: s<Qm] < s+ 6}
(9):= vol{z € R?s < Q[z] < s+ 4}

S
(as s tends to infinity) has been proved in [G6t04] for d > 5 using effective error
bounds. (See also [BG97] for d > 9).

Combining the methods of the latter papers and quantitative arguments using
uniform distribution on unipotent subgroups, effective error bounds are derived
for irrational indefinite forms and A (0),d > 5, as s tends to infinity, in a recent
paper by Gotze, Margulis (2008).

The methods used rely on inequalities for theta sums and effective bounds
from the geometry of numbers for convex bodies B ; defined by norms of type
|lm —tQn|s*/? + s~Y2||n| on A = Z% x Z?. This norm may be described as
the Euclidean norm of an element of a tranformed lattice A;; obtained from A
by the action of a representation of diagonal and unipotent subgroups of SLa(R).
The bounds are expressed as averages over a compact subgroup of SLy(R) of
the reciprocal powers of the maximal volume of d-dimensional sublattices of A, ;.
Effective error bounds are then obtained by a recursion s — 2s of such averages
involving harmonic analysis bounds for integrals over the circle.

—1=0(1)
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The resulting bounds are based on diophantine appoximation of the coefficient
matrix ) and allow for example to derive efficient bounds for the size of nontrivial
solutions m € Z< of diophantine inequalities of the type |Q[m]| < € in terms of of
€~ " for some Kk > 2.

The multivariate Central Limit Theorem for Quadratic Forms. A further
application of these analytic methods concerns the long standing problem of de-
termining optimal rates of convergence in the multivariate central limit theorem
in R, d > 5 for quadratic forms.

Let X, X1,... Xy € R? denote i.i.d. random vectors in R?, d < oo such that
EX =0, p4 = E|X|* < co. Consider the distribution of the normalized sum
Sy = N—1/2 (X1+...+Xn), assuming that Sy converges weakly to a nondegerate
multivariate Gaussian random vector S on R?. Assume that Q : RY — R% is a
symmetric operator with ker Q = 0 . We study the distribution the quadratic form
Q[z] := (Qz, x) applied to Sy.

In a recent joint paper with A. Zaitsev it shown that the optimal rate of conver-
gence in the central limit theorems for quadratic forms is of optimal order O(n~1)
for all dimensions d > 5. For these dimensions we have more precisely:

Ay = sup [P{Q[SN] <7} ~P{QIS] <7} = O(N7"), and
sgpP{Q[SN] elr,r+e}=0(€+N1

The implied bounds of Ay are effective for 5 < d < oo and ineffective for d = oc.

For the application to probability, that is approximations for distribution func-
tions rather then concentration bounds, the uniform avarages over the unipotent
resp. circle subgroup of SLa(R) mentioned above have to be replaced by integra-
tion over the harmonic measure on R using reparametrization and the geometry of
SL2(R), combined with addaptions of transfer results from probability to number
theory as developed in [BG96, BG97, BG99b).
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The Ideal Sieve
SIDNEY GRAHAM
(joint work with Hugh Montgomery)

Our goal is to construct extremal upper and lower bound sieves in certain simple
contexts. Let A be a finite set of integers, and suppose that each n € A is equipped
with a non-negative weight w,,. Let P be a finite set of primes and define P to be
the product of all primes in P. A sieve is a method for deriving upper or lower

bounds for
S 1= Z Wn,

neA
(n,P)=1

given information about the sums

Wd: an.

neA
d|n

The estimates of the W, take the form

@X*RJﬁWdS@X%‘RI

for d|P, where f(d) is a non-negative multiplicative function. In practice, it is

usually the case that there is some z for which the quantities R; are small (at

least on average) for d < z. We idealize this situation by assuming that Rj[ =0

for d < z and R4y = oo for d > z. By homogeneity, we may normalize to X = 1.
We say \q is an upper bound sifting function if

1 ifn=1,
(1) Z)\d > {
d|n

0 otherwise.

Similarly, we say that \; is a lower bound sifting function if the inequality in (1)
is reversed. These definitions may also be expressed in terms of 6,, := > djn Ad-
By the fundamental duality theorem of linear programming,
Aaf(d Aaf(d
max S; = min ZL(), and min S; = max Z%(),

W AgELF d wn, XdEL™
¢ d|P 4 d|P

where the w,, Tun over all choices that satisfy W, = f(d)/d, and £+ (L™) denotes
the set of all upper (lower) bound sifting functions. Among such sifting functions,
we seek those that minimize (or maximize) }°; p Aaf(d)/d.

For a given r|P, let

Then for any d|P,
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Using Mobius inversion, we may also express the S, in terms of the A;. We
now rephrase our problem in terms of the S, and we ignore the set A and the
weights w,. We say that a set {S, : r|P} is admissible if S, > 0 for all r|P and
if Zr|P/d Srd = @ for all d|P,d < z. Our goal is to identify extremal \; and
companion ;.

We follow Selberg [1, Section 13] in focusing on the following special case. Let
R be a positive integer, and suppose that all p € P satisfy z1/(F+D < p < M/ E,
We also stipulate that there is some constant x such that

Mwm an L10)2:0
D E s and 3 EEE <ol

p|P p|P

as z — o0o. Selberg proved that the extremal A\;. depend only on w(d). We give
another proof of this fact. Our proof has two advantages over Selberg’s. The first
is that we give a procedure for identifying extremal S;. The second is that our
proof gives a more efficient procedure for finding the extremal \g.

Since the extremal A\; depend only on w(d), so do the extremal ;. Write
0(¢) = 04 when w(d) = ¢. When R = 1, the optimal lower bound 6 is §(¢) =1 — ¢.
We prove that this is optimal by taking S1 = 1 -k, S, = f(p)/p, and Sg = 0
otherwise. When R = 2, the optimal upper bound 8 is given by

w0-(-5) (-5,

where r = [k + 1]. We prove that this is optimal by taking the admissible set with
S1=1-2r/r+r?/(r(r +1)),

o _ [P e =
d — @ (r—=1)(k4+1-—7) if W(d) r

r—1

=r+1,
and 0 otherwise.

A natural quantiy to consider is vg, which is defined as the least upper bound
of those k for which there is a non-trivial lower bound sieve. Our calculations
show tht t v1 = vo = 1, and v3 = v4 = 2, and vs = 3.117.... Selberg proved
that [%} <wgr < R for all R, and he conjectured that vy ~ %R. We have done
computer calculations for vy for R < 39, and our computations support Selberg’s
conjecture.
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Growth in SL3 and elsewhere
HARALD A. HELFGOTT

People mean different things by growth.

1 Growth in graphs. Let I" be a graph. How many vertices can be reached
from a given vertex in a given amount of time?

2 Growth in infinite groups. Let A be a set of generators of an infinite group
G. Let B(t) be the number of elements that can be expressed as products
of at most ¢ elements of A. How does B(t) grow as t — 0co?

3 Random walks in groups. Let A be a set of generators of a finite group G.
Start with x = 1, and, at each step, multiply by a random element of
A. After how many steps is = close to being equidistributed in G?

4 More on growth in graphs. Let I" be a graph. Consider its adjacency
matrix. What lower bounds can one give for the difference between its
two largest eigenvalues?

5 Growth in arithmetic combinatorics. Let G be an abelian group. Let
A C G. How large is A + A compared to A, and why? In general, let G
be a group. Let A C G. How large' is A- A- A compared to A, and why?

Question (5) has been extensively studied in the abelian setting. Some time
ago, I started studying it for non-abelian groups, and proved [He| that every set
of generators of G = SLy(F,) grows: |A-A- A| > |A|'*¢, € > 0, provided that
|A| < |G|*7%, 6§ > 0. (Here |S| is the number of elements of a set S.) This
answers question (1) immediately in the case of the Cayley graph of SLy(F,); the
bounds obtained are strong enough to constitute the first proved case of Babai’s
conjecture. Questions (3) and (4) are closely related to each other, and somewhat
more indirectly to (1) and (5); my result on (5) for SLy gives non-trivial bounds
for (3) and (4). In the interim, Bourgain and Gamburd ([BG]) have shown how to
obtain rather good bounds for (3) and (4) from what I got on (5).

I have now proved for SL3 what I proved for SLs.

Main Theorem. Let G = SLs. Let K = Z/pZ, p a prime. Let A C G(K) be a
set of generators of G(K).
Suppose |A| < |G(K)[*7?, § > 0. Then

|A-A- Al > Al
where € > 0 and the implied constant depend only on 6.

The proof is entirely elementary. The tools - such as they are - come from arith-
metic combinatorics, and, indeed, part of the standard arithmetic-combinatorial
toolbox has had to be rethought in the process. At the same time, the structure
of groups of Lie type is now in the forefront, and some links with the techniques
used in the study of growth in infinite groups are becoming clearer.

n the non-abelian case, there are technical reasons why it makes more sense to consider
A - A- Arather than A - A. The product A - A could be small “by accident”.
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Zeros of Cubic and Quartic Forms
D.R. HEATH-BROWN

Let F(x) = F(z1,...,%n) € Z[z1,...,2,] be a form of degree d. We are
interested in the following two questions. Under what circumstances can we assert
that F' must have a non-trivial zero in Z"7 How does the counting function

N(B):=#{x€Z" : F(x) =0, max|z;| < B}

behave as B — oo?

When F' is quadratic the first question is answered by the Hasse-Minkowski
Theorem:- F' has a non-trivial zero in Z™ if and only if there is a non-trivial zero
over R and over each p-adic field Q,. (In the latter case we say F has zeros
everywhere locally.) As to the second question, for non-singular quadratics F we
have N(B) ~ c¢pB" 2 for a suitable positive constant ¢y, whenever F is indefinite
and n > 5. (For n = 3 or 4 a modified asymptotic formula holds.)

When F' has higher degree we have fairly good understanding only for diagonal
forms. When d = 3 the form will always have non-trivial zeros in Z" for n > 7
(see Baker [1]), while for d = 4 and n > 12 there are non-trivial zeros in Z™ if and
only if F' has zeros everywhere locally. (This follows from work of Vaughan [11]).

For non-diagonal forms one has the following theorem of Birch [2].

Theorem. If F is non-singular, with n > 1+ (d — 1)2¢, then
N(B) = cpB" %+ o(BN~9).
Here the constant cp is positive if and only if F' has zeros everywhere locally.

For d = 3 this requires n > 17. However results of Hooley [8], [9] show that
n > 9 is enough. Moreover the local conditions are satisfied as soon as n > 10, see
Lewis [10]. Indeed there are forms in 9 variables for which the local conditions are
not satisfied.

The situation for d = 4 is less satisfactory. Birch’s result requires n > 49, and it
is only recently that there has been any progress in improving this. Browning and
Heath-Brown [3] have succeeded in showing that N(B) > B"~* for non-singular
forms that have solutions everywhere locally, as soon as n > 41. However there
remains the problem of proving the existence of p-adic points. Brauer showed
in general that for every degree d there exists an ng such that F' has non-trivial
p-adic solutions whenever n > ng. Unfortunately the proof uses multiply nested
inductions which lead to value for ng which is “not even astronomical”. A very
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much neater form of the argument has been given by Wooley [12], which shows
that

d
n> d?

suffices, but even this is rather large. Recent work by the author [7] allows ng4 =
9145, and indeed for p > 11 there are p-adic solutions as soon as n > 121.

One can also ask what happens if we drop the non-singularity condition. Here
there are examples of the type

F(x) =21G1(x1,...,2n) + ©2G2(x1, ..., Tp)

for which any vector (0,0, as,...,a,) is a solution. For such forms we will have
N(B) > B" 2 so that the growth rate cannot be of the form described by Birch’s
Theorem. In the case of cubic forms Davenport [4] circumvented this difficulty, by
classifying forms as “geometrically good” or “geometrically bad”. He was able to
show that cubic forms which are geometrically bad have a nontrivial zero in Z" for
any n. For geometrically good cubic forms he showed that N(B) ~ ¢B"~3 with
a positive ¢, as soon as n > 16. Hence any cubic form in n > 16 variables has a
non-trivial integer zero, whether the form is bad or good.

Recent work of the author [6] improves this by allowing any n > 14. The
proof builds on Davenport’s ideas, but estimates the exponential sums via van der
Corput’s inequality in certain cases.

One might ask whether any analogous statements can be proved for quartic
forms. However not even the assumption that the form has non-singular zeros ev-
erywhere locally is enough to ensure the existence of a non-trivial integer solution,
no matter how large one takes n. This is shown by the example

F(x) =a] — 1725 — 2(z2 + 22 + ... + 22)2,

which has non-singular solutions over R and over every Q,, as soon as n > 6.
However there is only the trivial solution in Z. Underlying this example is the
fact that the curve 222 = z* — 17y* is a counter-example to the Hasse Principle.
The above form F occurs in recent work by Dietmann and Elsholtz [5], but may
be older.
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The horizontal distribution of zeros of the derivative of the Riemann
zeta function

CHRISTOPHER HUGHES

(joint work with Eduardo Dueniez, David W. Farmer, Sara Froehlich,
Francesco Mezzadri, Toan Phan)

Information on the horizontal distribution of the zeros of the the derivative of
the Riemann zeta function yields information on the zeros of the zeta function
itself. For example showing that there are no non-trivial zeros to the left of the
critical line would imply the Riemann Hypothesis. Therefore it is of interest to
study their distribution.

We adopt the m™ and m™ notation due to Soundararajan. Let N1(T') denote
the number of non-trivial zeros of ¢’(s) up to height 7. Soundararajan [6] defined

mt(z) =
lim sup L #p 2 C(P)=0,0<S()<T, R(p) < 1 + ac
T—oo N1(T) ’ -7 — 2 logT

and m~ (z) defined similarly, but with lim inf.

He conjectured that m™(x) = m~(z) =: m(z) for all z, and that m(z) is a
continuous function which is 0 for x < 0 and tends to 1 as  — 0.

Some results were already known about the m, m™, and m ™~ functions, the most
famous of which is Speiser’s Lemma [7]. This states that the Riemann Hypothesis
is equivalent to there being no non-real zeros of (' (s) lying to the left of the critical
line, R(s) = 1/2. This clearly implies m(x) = 0 for x < 0, and if almost all the zeta
zeros are simple (it is believed they all are), then m(0) = 0 too. Unconditionally,
the work of Levinson and Montgomery [3] shows that m™(z) — 0 as z — —oo.

For large z, the work of Conrey and Ghosh [1] shows that m™(z) < 1 for all z.

It is believed that random matrix theory can be used to model the Riemann
zeta function (see the survey articles in [5] for example). Mezzadri [4] found the
random matrix equivalent of m(x), namely the radial distribution of the zeros of
the derivative of the characteristic polynomial of a random unitary matrix. His
results suggest that

1
m(z) ~1—— asx— 0
x

which means that m(z) cannot come from a distribution with a mean.

We are interested in m(z) for x near 0. Soundararajan [6] showed that, under
RH, m~—(z) > 0 for x > 2.6. Zhang [8] removed the need for RH at the cost
of showing the positivity of m™(z) only for sufficiently large x. He also showed,
assuming RH and assuming the proportion of consecutive zeros of ((s) with gaps
an arbitrary constant smaller than the mean gap is non-zero, that m~(x) > 0 for



702 Oberwolfach Report 14/2008

0.3

0.25

0. 05

1 2 3 4 5 6

FiGURE 1. Normalized distribution of the real part of the zeros of
¢'(s). Data is for the approximately 100000 zeros with imaginary
part in [10°, 105 + 60000].

all z > 0. Feng [2] removed the need for RH in the last result, but still needs to
assume the existence of a positive proportion of small gaps.

For more on m, m*, and m~ and the connection between small gaps between
zeta zeros and zeros of the derivative of zeta, see the talk of Cem Yildirim from
the same Oberwolfach meeting.

In work very much still in progress, we show that if the Riemann Hypothesis is
true, and if the distribution for small gaps between zeros of the zeta function is as
predicted by random matrix theory, then

8
m~(z) > 9—:53/2 +0@z*?) asz—0
T

We have also numerically computed the density function underlying m(z) for
zeros with height around one million. We find that the horizontal distribution of
the zeros of the derivative appear to have a strange Bactrian distribution, although
it is not clear whether the double-hump remains as T' — oo. This is seen in
Figure 1.

As sketch of the proof of our result goes as follows: We consider two very close
together zeros of the Riemann zeta function, with heights ¢ & 70/logt. Using
the Hadamard product for zeta, we solve %(p’ ) = 0 as a series expansion in 6,
assuming p’ is close to the midpoint of the two zeros. That is, we assume

=1y Lf:b-w%'e% + it
P =3 logt pti

where the b; can be complex.
Using the fact that the zeta zeros come in symmetric pairs, we show that

1 1
by=-+0|—
! 4Jr <1ogt>
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and inserting the assumption (from random matrix theory) that the probability
density that two zeta zeros have gap 2760/ logt is approximately

w2 2
— = | 0* + 00"
(5~ smgre) # + 0@
this leads to
rl4
m~(z) > / (—31/2 + 0(33/2)) ds = 9§$3/2 + 0(z/?)
0 m

Y
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Configurations of Lattice Points
MARTIN HUXLEY

Let A be a lattice in the plane , and let S be a closed convex bounded plane re-
gion containing the origin, an ‘oval’. Let S(r, P) be the set obtained by enlarging S
by a factor r, then translating S by the vector OP. We call S(r, P) an ‘S-oval’.
Let J(r, P) be the set of points of A in S(r, P), and let N(r, P) be the magnitude
of the set J(r, P). We call J(r, P) a configuration, and N(r, P) its weight. For
large r the weight N (r, P) is approximately Ar?. The mathematical questions are:
how many configurations of S-ovals occur, and how does the lattice discrepancy
N(r, P) — Ar? vary? Behind this is a question in artificial intelligence: J(r, P) is
the image taken by a digital camera. How easily can J(r, P) be identified as a
possible S-oval?

At this level of generality, we can transform A into the square lattice of integer
points, changing the shape of the oval S, but not the number of configurations or
their weights.

Problem A (area by counting squares, including the Gauss circle problem). Sup-
pose that the oval S has a sufficiently smooth boundary curve C. Estimate N(r, P)
accurately.
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Theorem A (Huxley 2003). Under C3 smoothness conditions,
N(r,P)=Ar* + 0O (r"t9);  k=131/208=0,6298-- .
Here as usual O(r) stands for some function of  that grows slower than any power

of r; in this case a power of a logarithm.

Problem B (Zuni¢). For fixed size r, how many different configurations J(r, P)
occur as the point P varies (different up to translation by an integer vector)? The
configurations correspond loosely to regions in a domains diagram.

Theorem B (Huxley, Zunié 2008). Let r be fived. Under C° smoothness condi-

tions and the Triangle Condition, the number K(r) of configurations is
K(r)=Br*+0 (r"*9).

The Triangle Condition (for fixed size r) says that the boundary curve C(r, P) of

the oval S(r, P) cannot pass through three distinct integer points for any point P.

The result of Theorem B is also true for circles without the Triangle Condition,
by a special argument.

Problem C (Zuni¢). How many different configurations J(r, P) have N(r, P) = n
(there are K (n) such configurations, say), or N(r, P) < N (there are M (N) such
configurations, say)? As in Problem B, different means different up to translation
by an integer vector. For fixed weight n, the configurations with N(r,P) = n
correspond to connected regions in a domains diagram.

Theorem C (Huxley, Zunié, submitted). If the boundary C contains no straight
line segment with rational gradient, then

L(n) <2n—1, M(N) < N
If the boundary C satisfies the Quadrangle Condition, then we have equality.

The Quadrangle Condition says that the boundary curve C(r, P) of the oval S(r, P)
cannot pass through four distinct integer points for any size r and any point P. For
the circle, which does not satisfy the Quadrangle Condition, Huxley and Konyagin
(submitted) have

M(N)=N%-0 <N3/2) .
Work in progress aims to find connections between these three problems.

Theorem D (Huxley, Kolountzakis, Zunié). Under C* smoothness conditions, the
number T (R) of different sets of three integer points (different up to translation by
an integer vector) for which there is an S-oval S(r, P), with r < R and with these
three integer points on the boundary, satisfies
T(R) = A’R*+ O (R?).
For circles the remainder term is
O (R2+I€+E) .
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Theorem E (Huxley, Konyagin). For S the unit circle, the number Q(R) of
different sets of four integer points (different up to translation by an integer vector)
for which there is a circle S(r, P), with r < R and with these four integer points
on the boundary, satisfies

Q(R) = 322312(3\)/5% (;) I (;,X) R*L 0O (R76/29+e),

where ((s) is the Riemann zeta function, and L(s, x) is the non-trivial Dirichet L-
function modulo 4. We note that in Theorem E we have 76/29 = 2,6207 - - - < 2+x.
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Hybrid moments of the zeta-function on the critical line
ALEKSANDAR Ivi¢

Power moments on the “critical line” o = Re s = % represent one of the most
important parts of the theory of the Riemann zeta-function ¢(s) (see [2], [3]). The
aim here is to discuss the so-called “hybrid” moments and some related topics.
These are integrals of the type

2T t+G m
(1) /T IC(% +at)| /FG ¢(5 +iz)["dx | dt (k,£,m € N),

where k, ¢, m are assumed to be fixed, and 1 < G < T. The expected bound
for the expression in (1) (this is consistent with the hitherto unproved Lindel6f
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hypothesis that ((3 + it) <. |t|°) is clearly
(2) O:(TH=G™),
where here and later ¢ (> 0) denotes arbitrarily small constants, not necessarily
the same ones at each occurrence. The problem is to find, for given k, £, m, the
range of

G =G(T;k,L,m)
for which (1) is bounded by (2). From general results (see [12]) it is known that
the expression in (1) is, for loglogT < G < T,

2T
> G™(logT)Y ™/ / IC(L +it)Fdt > TG™(log T)Em+H)/4,
T

This shows that, up to ‘c’, the bound in (2) is indeed best possible. The (less
difficult) case k = 0 in (1) was investigated in [5] and [6]. In view of the bound
(see [3])

t+1
3+ <logt [ GG +ifdes (kN fixed)
t—1

it is clear that hybrid moments can be used to bound Iy (T fo |( +it)|?* dt,
although this approach is somewhat wasteful, but on the other hand one gains
ﬂexibility by choosing G appropriately. For example, one of our bounds is
t+G
/|< +it)|} / IC(4 + iz)|* da dt < log® T(TG + min(T%/3, 72G~ ))
t—G
for 1 « G = G(T) < T, and from (3) one easily deduces (C > 0 is a generic
constant) the hitherto sharpest bound I4(T) < T3/? log® T. We have obtained
results on (1) for several values of m when k, £ equal 2 or 4, which is logical, since
it is in these cases that we have good information on I (7). Namely we have F.V.
Atkinson’s formula [1] (for ¥ = 1) and Y. Motohashi’s formula [11] (for k = 2),
although it is more convenient to use formulas for the smoothed integrals

1
V7G

To avoid excessive length, we mention here only one more explicit result, namely

2r t+G 3
(4) /T |C(%+it)|2</t |C(%+z’:c)|2dx> i <. TIHG

J(T,G) == / IC(L +iT +iy) e @/ dy (keN,1<G<T).

-G

for Ts < G = G(T) < T. In bounds like (4), it is the lower bound for G which
is of importance, while for G > T'/3 the bound is trivial, since (see [2], [3]) one
shows without difficulty that

t+G
/ IC(3 +iz)[Pde < Glogt (Y2 < G <t).
t—G
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In the course of the proofs, besides the explicit formulas for Ji (T, G) we use the
bound

T
/ E2(t)dt < T*log®T,
0

due to Y. Motohashi and the author (see [8], [9]), where Eo(T') is the error term in
the asymptotic formula for I3(7). The chief arithmetical tool is the recent result
of [13] that, for any given € > 0, k > 2 a fixed integer and given § > 0, the number
of integers ni,ng,ns, ny such that N < ny,ns,ng,ng < 2N and

1/k 1/k

Ing —l—né/k—nB —n}l/k| < Nk

is <. N°(N%5+ N?). To deal with bounds like the one in (4), we also need results
on the moments of the function

t
E* = E(t) — 2r A" (—
(1) = B(t) - 200" (),
where

A*(z) == —A(x) + 2A(2z) — $A(4) = § Z (=1)*d(n) — z(logxz + 2y — 1).

n<dx

Here as usual d(n) is the number of divisors of n, v is Euler’s constant and

Az) = Z d(n) —z(logz + 2y — 1)
n<z
is the error term in the classical Dirichlet divisor problem. The function E*(t)
gives an insight into the analogy between the Dirichlet divisor problem and the
mean square of |((5 + it)|. It was investigated by several authors, including M.
Jutila [10], who introduced the function E*(t), and the author [4]-[6]. Among
other things, the author (op. cit.) proved that

T
/ (E*(t))2 dt = T4/3P3(logT) + OE(T7/6+E),
0
where Pj is a polynomial of degree three in log 7" with positive leading coefficient,

T T
/ [E*(t)]° dt <. T**, / E*()Pdt <. T3/,
0 0

and none of these three results implies any one of the other two. The connection
of E*(t) to the mean square of |(( +it)| in short intervals is given by the formula

9 GlogT ( /G)2 )
Jlt,G):—/ cE*(t+x)e™\* dz 4+ O(log™ T
( ﬁGB —GlogT ( ( )
for T < G = G(T) < T'/3, T/2 <t < 5T /2. Thus the moments of E*(t) can be
used for hybrid moments (1) when ¢ = 2. Complete results with detailed proofs
will appear in due time.
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One can also use moments of E(t+G)—E(t—G) to bound moments of |¢(3+it)|.
Results of this type are given in [7]. In particular it was proved there that, for
1< U=U(T) < :VT, we have (c3 = 8772)

T

/2T (BE(z +U) — E(z))* dz = TUXB: c;jlog? (g)
j=0

+O(T?HeU?) + O(THeU?),
and an analogous result holds true if E(x+U)—E(z) is replaced by A(z+U)—A(x).
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Atkinson’s formula for Hardy’s function
MATTI JUTILA

By definition, Hardy’s function is
Z(t) = x5 +it)(5 + it),
where
x(s) = 2°7° ' sin(7s)I(1 — s)
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as in the functional equation ((s) = x(s)¢(1 — s) for Riemann’s zeta-function. For
real t, Z(t) is real and | Z(t)| = [((3 +it)|, whence the real zeros of Z(t) are related
to the zeros of the zeta-function on the critical line.

The famous formula of Atkinson [1] (see also [2], Chapter 15) gives an expression
for the mean square of Z2(t). As an analogue, we have a formula of similar
structure for the integral

F(T) = /OT Z(t) dt.

We state it using the notation of [2]. Let T be a large positive number, N =< T,

and
N =T/2r+ N/2—+/N2/4+ NT/2m.
Then
F(T) = %1(T) + S2(T) + O (log> T) ,
where
B(T) = 2VAT/2m) YD (e (T (04 4)°) (n4)
0<n<vN
X COS (%f (T7 (n+ %)2) - 37r/8)
and
Yo(T) = —4 Z n~1/? (log(T/27mQ))_1 cos (39 (T,n*) +m/4)
1<n<VN’/

with

e(T,n) = (1+mwn/20T)~1/4 {mar sinh (W) }71 =14+0(nT™),
f(T,n) =2Tar sinh (W) + (2nnT + 7r2n2)1/2 — /4

1
= —71/4+4 2V2mnT + 6\/27r3n3/2T—1/2 +...,

and

g(T,n) =Tlog(T/2mn) — T + /4.
The proof is based on a formula for the Laplace transformation of Z(¢) and the
argument follows [4], where we derived the original Atkinson formula together with
its analogue for cusp form L-functions by a unified method.

It was shown by A. Ivi¢ [3] that F(T) < T4t for any fixed ¢ > 0, and
he conjectured that this estimate is close to being best possible. Indeed, it was
recently proved by M. A. Korolev [6] that F(T) = Q4 (T'/*). Also, he proved
that F(T) = O(T'/*), and hence the amplitude of the oscillations of F(T) is fully
understood. These conclusions can be drawn also from the above formula; Ivié
and Korolev used variants of the approximate functional equation for Z(¢) which
we dispense with.
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As another application, we may estimate gaps between consecutive zeros of
Z(t), that is gaps between consecutive zeros of the zeta-function on the critical
line, in terms of exponential sums related to the sum X1 (7). These exponential
sums turn out to be of similar structure as in the work of A. A. Karatsuba [5].
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Nonexistence of L-functions of degree 1 < d < 2
JERZY KACZOROWSKI
(joint work with Alberto Perelli)

The extended Selberg class S* consists of Dirichlet series F(s) = Y oo, a(n)n™*
(s = o +it) which converge absolutely for ¢ > 1, admit meromorphic continuation
to C such that (s — 1)™F(s) is entire of finite order (m = m(F) € NU {0}), and
satisfies a general functional equation of the Riemann type

O(s) =wd(1 —739),
where
r
o(s) = Q" ] T(\js + uj)F(s)
j=21

with @, \; > 0, R(p;) > 0 and |w| = 1. The Selberg class S (see [12]) is the
set of ' € S¥ satisfying in addition the Ramanujan condition (a(n) < n¢ for
every ¢ > 0) and having an Euler product expansion. The Selberg class may be
regarded as an axiomatic model for L-functions in number theory, and the main
problem, apart from classical open problems such as the Riemann Hypothesis, is
classifying its elements. We expect that the degree of every F' € S* is a non-
negative integer (the Degree Conjecture), and that the functions in S with integer
degree d coincide with the automorphic L-functions of degree d (a kind of analytic
version of the Langlands program). We refer to survey papers [3] [5], [9], [10] for
more information about S and S*.

The focus of the research reported here is on the degree conjecture for functions
of small degrees, and the main result reads as follows.

Theorem. Degree Conjecture holds true for d < 2.
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Due to classical work by Bochner [1], Richert [11] (see also [2] and [8]), and a
more recent results by Kaczorowski-Perelli [4], [6], it is enough to show that there
are no entire L-functions in S* of degree 5/3 < d < 2. The main idea is to work
not directly with an L-function F' but with a closely related family of Dirichlet
series F, called the shadows of F, and to prove that one of them has a pole in the
region of holomorphy getting in this way a contradiction. A general new method
is developed to this purpose which gives a uniform solution in the whole range
0<d<2,d#1. In the range 0 < d < 1 a construction of the proper shadow was
given in [7]. The case of 1 < d < 2 is much more involved and leads to the study
of the multidimensional twists of the form

where k1 > ko > ... > ky > 0, drkp > 1, are fixed.

REFERENCES

[1] S. Bochner, On Riemann’s functional equation with multiple gamma factors, Ann. of Math.
67 (1958), 29-41.

[2] J.B. Conrey, A. Ghosh, On the Selberg class of Dirichlet series: small degrees, Duke Math.
J. 72 (1993), 673-693.

[3] J. Kaczorowski, Aziomatic theory of L-functions: the Selberg class, In Analytic Number
Theory, C.I.LM.E. Summer School, Cetraro (Italy) 2002, ed. by A. Perelli and C. Viola,
133-209, Springer L.N. 1891, 2006.

[4] J. Kaczorowski, A. Perelli, On the structure of the Selberg class, I: 0 < d < 1, Acta Math.
182 (1999), 207-241.

[5] J. Kaczorowski, A. Perelli, The Selberg class: a survey, In Number Theory in Progress,
Proc. Conf. in Honor of A. Schinzel, ed. by K. Gyéry et al., 953-992, de Gruyter 1999.

[6] J. Kaczorowski, A. Perelli, On the structure of the Selberg class, V: 1 < d < 5/3, Invent.
Math. 150 (2002), 485-516.

[7] J. Kaczorowski, A. Perelli, On the structure of the Selberg class, VI: non-linear twists, Acta
Arith. 116 (2005), 315-341.

[8] G. Molteni, A note on a result of Bochner and Conrey-Ghosh about the Selberg class, Arch.
Math. 72 (1999), 219-222.

[9] A. Perelli, A survey of the Selberg class, part I, Milan J. Math. 73 (2005), 19-52.

[10] A. Perelli, A survey of the Selberg class, part II, Riv. Inst. Mat. Univ. Parma (7) 3* (2004),
83-118.

[11] H.-E. Richert, Uber Dirichletreihen mit Funktionalgleichung, Publ. Inst. Math. Acad. Serbe
Sci. 11 (1957), 73-124.

[12] A. Selberg, Old and new conjectures and results about a class of Dirichlet series, In Proc.
Amalfi Conf. Analytic Number Theory, ed. by E. Bombieri et al., 367-385, Universita di
Salerno 1992; Collected Papers, vol. II, 47-63, Springer Verlag 1991.



712 Oberwolfach Report 14/2008

Prime or almost-prime solutions to quadratic equations
JIANYA Liu
(joint work with Peter Sarnak)

In the introductory part of the talk, various results for the Waring-Goldbach prob-
lem [3] are revisited in the spirit of recent general conjectures of Sarnak [7], and
of Bourgain, Gamburd, and Sarnak [1]. Special attention is paid to the qua-
dratic Waring-Goldbach problem, i.e. prime solutions to quadratic equations.
In the main part of the talk, a new result of Sarnak and the speaker [6], on
the almost-prime solutions to quadratic equations in three variables, is reported.
Roughly speaking, this new result states that, if g(x1,z2,z3) is an indefinite
anisotropic quadratic form with determinant d(g), and ¢ a non-zero integer such
that d(g)t is square-free, then there are infinitely many solutions to the equation
g(x1,x2,x3) = t such that the product x1x2x3 has at most 26 prime divisors. The
above 26 can be reduced to 22 under Selberg’s eigenvalue conjecture. This result
is obtained via a three dimensional combinatorial sieve [2] and a key level equi-
distribution theorem; the latter is established by the theory of quadratic forms
[10], the Jacquet-Langlands theory [4] on automorphic representations, the Kim-
Sarnak bound [5] toward Selberg’s eigenvalue conjecture, and ideas in harmonic
analysis [9] [8].
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Intervals on the critical line, in which the Riemann zeta function
assumes only small values

HELMUT MAIER
(joint work with Ulirike Vorhauer)

Assuming the Riemann Hypothesis we establish the existence of long intervals
on the critial line, whose endpoints have arbitrarily large imaginary parts, in which
the Riemann zeta function assumes only small values.

Theorem. Assume RH. Then there is a constant ¢ > 0 and arbitrarily large values
T, such that

|C(% +it)| < = for t€[T,T+c(log,T)™"]

(for k > 2 we denote as usual by log,(x) = log(log,_(x)) the k-fold iterated
logarithm).

N~

We shortly describe the basic ideas of the proof: From a well-known approxi-
mate formula of Selberg we deduce the inequality

(1) 10g|<(% +it)) < Re Y %

n<z?

logT
cofkel) oL
log log

Az (n)
Z ncrl(JZt

)

n<z?

where T < t < 2T, Ax(n) = A(n)w,(n) with

1 if 1<n<czx log T

— Jess) 2 _ 9%~ L1
wx(n) log () it w<n<a® logl) loglogT ’ 7173 + logx
0 O.W.
For a suitably chosen function ¢ and a partition ug < u; < -+ < U, of the

support of ¢ we impose the conditions
(2) Z p_(%”t) = o(uj)Au; + err(y) , Auj = ujy1 —uy,

uj<log p<ujii

err(j) a suitable error-term. Then we obtain the approximation

(oo}
Z p-GHET) = / o(w)e "™du + error,
ug<log p<um e
which together with (1) implies the Theorem, if the values p~
tional - less restrictive - conditions.

satisfy some addi-

The existence of values ¢, such that p~* satisfy the conditions (2) and these addi-
tional conditions are established by harmonic analysis.
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The Combinatorics of moment calculations
HucgH L. MONTGOMERY

In work that was first announced at Oberwolfach in 1998, the author and
Soundararajan constructed a heuristic argument that suggests that

X
/0 ((x + ) — b(x) — W)X dr = (e + 0(1)) X (R log X/h)K/?

where por = 1-3-+-(2k — 1) and pog+1 = 0 are the moments of a normal ran-
dom variable. It was initially envisaged that the argument would begin by an
application of the binomial theorem, so that

N h Kk K g N . )
;(mzlA(ern)h) z}(k;)(h)Kknz::l(mzzle(ern)) )

After some simplifications, it is found that the sum over n on the right hand side
is approximately
k N r
ZS(k,r)r! Z Z(logn)k’r HA(n+ di)
r=1 DC{1,...,h}cardD=r =1 i=1
where the S(k,r) are the Stirling numbers of the second kind. Hardy and Little-
wood conjectured that

N r
S T A+ di) = (8(D) + o(1))N
n=1i=1
where &(D) is a singular series. We take the main term and ignore any effect that
the error terms might have, and are led to the conclusion that the original moment
should be approximately

K K—s
Y Rs(h) Y Li(N)Prsi(h)
s=0 7=0

where R4(h) is an average of singular series whose asymptotics can be determined,
I;(N) is a simple singular integral, and the Pk s ;j(h) are the polynomials

K—j

Prcas(h) = Y (Z_fj>5(i+j,i)z—!!(_h)K—i—j(]Z:s> .

In order to complete the argument along these lines, it is necessary to know more
about these polynomials—specifically that degPk ; < K —s—j, that degPk ;s ; <
[(K —s)/2], that for 0 < j < k — s the leading term of Py 25 ;(h) is

R O Wle e [
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and that the leading term of Pagi1,25+1,5(h) is
(71),%“]-(]4: - 5) (k) 1-3---(2k+ 1)hk’5 .
J §/1-3---(2s4+1)
The Montgomery—-Soundararajan argument was completed in a way that avoided
these polynomials, but the above properties can be established by showing that
each Pxi1,5;(h) is a linear combination of five earlier polynomials of the same
sort. Precisely,

Pri1s(h) = (j—s—K)Prys;j(h)+ Prs—1,(h)+ (K —j+1)Pks;-1(h)
~hEPg_14;(h) +hKPx 1., 1(h).

Complete Spectral Decomposition of the Mean Value of any
Automorphic L-function — A unified approach

Y OI1CHI MOTOHASHI

We report on our recent resolution of the longstanding problem of constructing
a unified theory for the complete spectral expansion of the mean value

M(Lysg) = [ [Lolh+ ) gttrat,

where L, is the L-function associated with an arbitrary automorphic form %) of one
complex variable, under the normalization given below; the weight ¢ is assumed,
for the sake of simplicity, to be even, entire, real-valued on R, and of rapid decay
in any horizontal strip.

We consider the pair G = PSL(2,R), I = PSL(2, Z), which is not too restrictive;
in fact our argument extends considerably. Then, there are three types of auto-
morphic forms v¥: (1) holomorphic cusp forms of even integral weights 2k > 12,
(2) real analytic cusp forms, and (3) Eisenstein series. The Fourier expansions for
(1) and (2) are, respectively,

S oy (n)n*~2 exp(2minz) and VIO ay(n) K, (2r|nly) exp(2ming),
with a,(0) = 0, and that of (3) is analogous to the latter save for a term constant
with respect to x. Here z = x+iy, x € R, y > 0; > (8% + 85) P = (1/2 — %) 1) with
a certain constant v, and K, is the K-Bessel function of order v. With the Fourier
coefficients {ay(n)} we form the L-function: Ly(s) = > 0 ay(n)n™%, Res > 1.

A. Good treated, in early 1980’s, the case (1), and we dealt in [3] with M(¢?, g)
the fourth moment of the Riemann zeta-function which corresponds to the case
(3). Complete spectral expansions for the respective mean values were obtained.
However, the case (2) has had a slow development. To make explicit the reason
for this, we begin with the expression

M(Ly,g) = lim /OO Ly (u+it) Ly (0 + it)g(t)dt,

(u,0)=(5,3) J =00
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for the cases (1), (2); and in (3) the same holds with a residual contribution added.
In the region of absolute convergence, the off-diagonal part of the last integral is
an (extended) additive divisor sum:

Zaw Jay(n+ YW (n/f), f>0,

where W, entire in (u, v), is derived from g¢ in a natural way; note that the Mellin
transform of W decays rapidly but much slower than exponentially. We then
encounter a very basic problem: how to capture Dy (¢, W) in the context of the
T'-automorphy structure. To this end, Good and we exploited, respectively, the
facts: in the case (1) exp is an ‘additive’ character and in (3) ay = o, sum of
powers of divisors, has an ‘inner’ structure. However, any analogous argument
does not work in the case (2), for K, is not an additive character and a, does not
have anything like the inner structure of o..

To this difficulty one may approach with the following naive idea: Try to modify
1 so that the result is almost like a holomorphic function on the upper half plane,
while retaining the automorphy. In [4, Part XIV] we showed that this is indeed
possible, if 1 is regarded as a function not on the upper half plane but on G or

more precisely on G/K, K = {( cos Sine)}. The key is the L2-structure of the

—sin 6 cos 0
irreducible subspace V' C L?(I'\G) that contains ) as its vector of weight zero; that
is, representations of G in L?(I'\G) comes into our view. Then we have the Jacquet
normalization and the Kirillov model: namely, the universal réle of {ay(n)} as to
be the Fourier coefficients of all vectors in V' as well as the existence of the isometry
V ~ L?(R*,d*) with d*x = dx/n|z|. That is, for any £ € L?(R*,d*), there exists
a V(&) € V such that ¥ (n[z]a[y],£) = Y oo, ay(n)é(2mny) exp(2winz), where
nfz] = (1 7, aly] = (ﬂl/ﬂ), x € R, y > 0. Then, the function ¥ (n[x]aly], &)
with &5(y) = y® exp(—y), § > 0, should look like a holomorphic function on the
upper half plane.
With this, we have, for Res > 1,

25
2( iﬂ% {/ ¥ (nfafaly), &) eXP(?Wifx)dx} y*tdy

s
_ ZMQ( ; )) |
— (2n+ f)s 2n+ f
The right side is essentially the (extended) additive-divisor zeta-function associ-
ated with 9. Spectrally decompose |¥(-,&5)[? in L?(I'\G) and insert the result into
the left side. A full spectral decomposition of our additive divisor zeta-function
follows. Then, multiply both sides of the decomposition by a modification of the

Mellin transform of W and integrate. This procedure should give rise to a full
spectral decomposition of Df(v, W) and consequently that of M(Ly,g),... but
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only formally. To make the matter rigorous, we have to prove that the spectral
decomposition of our additive divisor zeta-function is absolutely and uniformly
convergent at least in the half-plane Re s > % and that each spectral contribution
of the result of the continuation is of polynomial growth; the former is neces-
sary because of the above limiting procedure with (u,v) — (%, %) and the latter
because of the nature of the Mellin transform of W mentioned above. (Here Ju-
tila’s unified but approximative treatment [2] should be referred to, with which he
proved the analytic continuation and the polynomial growth of the additive-divisor
zeta-function, though leaving the full spectral decomposition open. See also [5].)

This issue was recently settled in [1] and [4, Part XV] independently. Our argu-
ment in the latter is simpler than that in the former, and similar to Ju.V. Linnik’s
on his derivation of the uniform approximate functional equation for Dirichlet L-
functions: We only replace &5(y) by &(y,s) = y°exp(—sy) with Res > 0, and
|U(-, &)|? by W(-,&(-,8))¥ (-, &(-,5)). This kills the exponential growth of the
annoying factor 1/T(s + 26). The absolute and uniform convergence for Re > 1
of the spectral decomposition of ¥(-,&5(+,s))¥(+,&5(-,8)) can be derived from a
uniform bound for Whittaker functions with variable orders and weights, such as
given in Section 2 of [4, Part XV].

In this way we obtain, after a careful handling of the limiting procedure,

Theorem ([4, Part XV]). With the above specifications, we have, for any auto-
morphic form 1, the spectral decomposition

M(Ly,g) = Main term + Z +/.
V

Here V' runs over all irreducible cuspidal representations and the integral stands for
the contribution of the continuous spectrum, which occur in L*(D\G). All terms
are explicit with respect to the weight g and the spectral data.

Concluding remark. The first paragraph of Section 4 of [4, Part XV] should be
augmented: Harcos kindly sent us a copy of [1] in March 2007. Our exploitation of
the Kirillov model was adopted there, and the authors devised their own argument
for the analytic continuation and the polynomial growth in question. Shortly
afterward we realized that our investigations subsequent to [4, Part XIV] as well
had in fact yielded the same already, even in a simpler and more direct way as
rendered above.
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New estimates for multidimensional Weyl sums
ScorT T. PARSELL

Let k and d be positive integers, and write £ = (’HZ*l). Further let P be a positive
real number, and consider the exponential sum

fla) = Z e Zaixi ,

x€[1,P]? lil=k

where x! = zi -+ 2% and |i| = i1 + - - + ig. We observe that the mean value

LwaP) = [ If(@)da
[0,1]¢
counts solutions of the system of diophantine equations
Xi+ootxi=yi+oo+yl o (lil=k)

with x;,y; € [1, PN Z% for 1 < j < s. By applying estimates of the author [3]
for the number of solutions of the corresponding complete system, which includes
each i with 1 < |i|] < k, and adapting the method of Ford [2], we obtain estimates
of the shape

It,k,d(P) < P2td—k€+A(t,k,d),

where A(t, k, d) becomes small when ¢ > k%1 1og k. Next we use the large sieve to
generalize a result of Bombieri [1], which provides an upper bound for |f(e)| when
some q; is well-approximated by a rational number with moderately large denom-
inator. Combining this with the argument of Wooley [4] yields new estimates of
the shape

sup | f(ey)| < Pt aTe,

acm
where m is a suitably defined set of minor arcs. It follows that the contribution
t0 Iiyu k,a(P) arising from m is negligible whenever A(¢, k, d) < 2uo(k,d). After
making optimal choices for ¢ and u, we obtain the asymptotic formula

L ka(P) = (s, k, ) P> (1 + O(P7?)),
where c(s, k,d) > 0 is the usual product of local densities, provided that

s > 1A+ (log k + O(log log k)).
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A converse theorem for Dirichlet L-functions
ALBERTO PERELLI
(joint work with J.Kaczorowski and G.Molteni)

A well known theorem by Hamburger states that the Riemann zeta function
¢(s) is determined by its functional equation in the following sense. Let f(s) be a
Dirichlet series, absolutely convergent for o > 1 and such that (s —1) f(s) is entire
of finite order, and let f(s) satisfy the functional equation

70 () £(s) = w*<175>/2r(¥)f(1 —s).
Then f(s) = c((s) for some ¢ € C. In fact, the same conclusion holds under
somewhat weaker conditions; we refer to Piatetski-Shapiro and Raghunathan [2],
and to the literature quoted there, for an interesting discussion of the above theo-
rem, especially in connection with uniqueness properties of the Poisson summation
formula.

In general, the analogue of Hamburger’s theorem does not hold for Dirichlet
L-functions, and it is natural to address the following question: under what condi-
tions a functional equation has only one solution in the set of Dirichlet L-functions
? As we shall see in Theorem 1 below, the question essentially asks for an analog of
Hamburger’s theorem where the Euler product is added to the standard analytic
properties. We characterize the moduli ¢ such that all the functional equations
(mod ¢) have only one solution in the set of Dirichlet L-functions.

We recall that [1] contains a general converse theorem for degree 1 L-functions
in the Selberg class S, namely that ((s) and L(s + 6, x) with x primitive and
0 € R are the only L-functions of degree 1 in S. Using this result and Theorem
2 below we can prove the following general version of Hamburger’s theorem for
Dirichlet L-functions. For a primitive character x (mod q), let W (x) be the set of
Dirichlet series F'(s) satisfying the following three conditions:

(i) the coefficients a(n) of F(s) satisfy a(n) < n® for every € > 0 and (s —
1)™F(s) is an entire function of finite order for some integer m;
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(ii) log F(s) is a Dirichlet series with coefficients b(n) satisfying b(n) = 0 unless
n is a prime-power, and b(n) < n? for some ¥ < 1/2;
(iii) F'(s) satisfies the functional equation

) (1y°/%p (2 + a(X))F(s) _ wx(ﬁ)ﬂ—ﬂ/?p(l_sfw)pu —73).

s 2 T
Note that clearly L(s, x) belongs to W (), and that condition (ii) means that F(s)
is a rather general Euler product. We also denote by Q the set of non-negative
integers ¢ # 2 (mod 4) of the form ¢ = 2%3%m, with m square-free and (m,6) = 1,
and satisfying at least one of the following two conditions:
(a) a € {0,2,3,4,5} and b € {0,1};
(b) a € {0,2,3} and b = 2.

Theorem 1. If ¢ € Q then W(x) = {L(s, x)} for every primitive character x
(mod q), while if ¢ ¢ Q, ¢ # 2 (mod 4), there exists a primitive character xy (mod
q) such that W (x) contains L(s, x) and at least another L(s,) with primitive 1)
(mod q).

As remarked in [1], the above conditions defining W (x) can be weakened, and
still the same result follows. For example, the Ramanujan conjecture a(n) < n®
in (i) is not necessary, the weaker assumption that F(s) is absolutely convergent
for ¢ > 1 being sufficient. Hence Theorem 1 may be expressed by saying that
for ¢ € Q, every primitive Dirichlet L-function (mod ¢) is characterized by the
functional equation and the multiplicativity of the coeflicients.

The following result is crucial for Theorem 1 and also of independent interest.
Given ¢ # 2 (mod 4), let s; be the map sending each primitive character x (mod
q) into its signature s(x) = (a(x),7(x)) (parity and Gauss sum). We have

Theorem 2. The map s, is injective if and only if ¢ € Q.

Corollary. The functional equations of the L(s, x)’s with x primitive (mod q)
are all distinct if and only if ¢ € Q.

Theorem 1 follows at once from the Corollary and the results in [1]. Theorem
2 is based on elementary Galois theory and a certain decomposition of primitive
characters modulo prime-powers.
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Gaps between primes and Goldbach numbers
JANOS PINTZ

There are many famous conjectures about gaps between primes and Goldbach
numbers. We list some of them below (p,, denotes the n*® prime; g; = 4, go = 6,
... gn denotes the n'® Goldbach number, that is, the n'" even natural number
which can be expressed as a sum of two primes).

Twin Prime Conjecture. p,1 — p, = 2 infinitely often.

Bounded Gap Conjecture. There exists an absolute constant C, such that
DPnt1 — Pn < C infinitely often.

Large Gap Conjecture for Primes. We have for every e > 0

DPnt1 — Pn Le D5, for every n.

Statistical Large Gap Conjecture for Primes. For every € > 0 and for all
x > xzo(e) we have at least one prime number in the interval [y, y + y¢| for almost
all y € [z, 2x].

Large Gap Conjecture for Goldbach numbers.

In+1 — gn <L g5, for every € > 0.

It is well known that the Statistical Large Gap Conjecture for Primes implies
the Large Gap Conjecture for Goldbach numbers. This can be interpreted in
the way that if large gaps between primes are rare then there are no large gaps
between Goldbach numbers. In the lecture a proof of the following surprising fact
is sketched: if bounded gaps between primes are rare then there are no large gaps
between Goldbach numbers. We have to remark, however, that ‘rare’ means in
this context a much lower density than the expected one, which is C(logz)~2. To
formulate the phenomenon more simply, we state the following result.

Theorem. At least one of the following two conjectures is true:
(i) The Bounded Gap Conjecture.
(ii) The Large Gap Conjecture for Goldbach numbers.
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Eigenvalues in the large sieve inequality
OLIVIER RAMARE

The large sieve inequality applied to the Farey sequence [2], [4] reads

>y ‘Zson na/Q‘ > lenlP (N + Q%)

¢<Q a mod *q n<N n<N
where e(a) = exp(2ira). Notice that there are (Q) = >° .o d(q) ~ 3Q?/n?
fractions a/q. We are mainly concerned with the behaviour of the left-hand side
hermitian form when Q is of order v/N. Let us denote by A1, Ao,---, Ay its
eigenvalues. The simplest guess would be to claim that they are all close to N,
as happens when Q = o(v/N), see [1]. In case N = ®(Q), Q = 20 or Q = 25, we
plotted the distribution function Z(N, @, \) = #{i/\; < AN}/N and obtained

A strong asymptotic behaviour appears which is not the simplest one we men-
tioned. We further numerically show that this behaviour is not the one arising
when replacing the a/¢’s by randomly chosen points, even if we force them to be at
least 1/Q? apart. In order to confirm the existence of an asymptotic distribution,
we evaluate the moment of order 2. When ®(Q)) = N, our result states that

IZ N7\ —1)% =0.4477. ..

In general, the corresponding dispersion equals f(N/Q?) for a fairly mysterious
function f. Most of the material presented comes from [3].
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The sum of digits of primes and squares
JOEL RIVAT
(joint work with Christian Mauduit)

1. THE SUM OF DIGITS FUNCTION

Let g be an integer with ¢ > 2. Every integer n > 0 can be written uniquely in
basis ¢:
n= anqk where ng, € {0,...,¢g—1}
k>0

and the sum of digits function is defined by:

o(n) = Z ng.

k>0

This function has many aspects that have been studied, for instance ergodicity,
finite automata, dynamical systems, number theory.
The origin of our work is the following result of Gelfond:

Theorem A (Gelfond [6], 1968). Let m > 2, (m,q — 1) = 1. Then there exists
A < 1 such that for alld > 1, a, r € Z, we have

Y= Ny O(N™).

md
n<N

n=r mod d
o(n)=a mod m

In the same paper Gelfond pose the following two problems:

2 Evaluate the number of integers n < x such that o(P(n)) = a mod m,
where P is a suitable polynomial [for example P(n) = n?].

1 Evaluate the number of prime numbers p < x such that o(p) = a mod m.

2. DIGITS AND PRIMES — HISTORICAL BACKGROUND

Until recently, very little was known concerning the digits of prime numbers.
We can mention a result of Sierpiniski [11] (1959), recently generalized by Wolke
[12] (2005) and then by Harman [7] (2006), on prime numbers with some prescribed
digits.

Concerning Gelfond’s question, no progress was made in its original form. Let
us mention the two following variants:
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Theorem B (Fouvry-Mauduit [4, 5], 1996). For m > 2 such that (m,q—1) =1,
there exists C(q,m) > 0 such that for all a € Z and x > 0, we have

Clg,m)
2 igege 2 L

n<e n<x
n=p OoT n=p1p2 n=p or n=pip2
o(n)=a mod m

Theorem C (Dartyge—Tenenbaum [1], 2005). For m > 2 with (m,q—1) =1 and
r > 2, there exists C'(q,m,r) > 0 such that for all a € Z and x > 0, we have

C
Z 1> (g,m, ) Z 1.
loglog x logloglog x

n<x n<x
n=pi...pr n=pi...pr
o(n)=a mod m

3. DIGITS AND PRIMES — RESULTS

Theorem 1 (Mauduit-Rivat [8]). For a € Re such that (¢ — 1)a € Re \ Z, there
exists C(q, ) > 0 and o4(a) > 0, with

Zexp(%ﬂ'oza(p)) < C(g, @) pt—oale),

PST

Corollary 1. The sequence (ao(pp))n>1 is equidistributed modulo 1 if and only
if « € Re \ Q (here (pn)n>1 denotes the sequence of prime numbers).

Corollary 2. For m > 2 such that (m,q—1) =1 and a € Z, we have

dYooo1~ %21 (z — +00).

P p<T
o(p)=a mod m

4. DIGITS AND SQUARES — HISTORICAL BACKGROUND

Until recently, very little was known concerning the digits of squares. We can
mention a result of Davenport and Erdds (1952), later improved by Peter (2002)
[10].

Theorem D (Consequence of Davenport-Erdés [3], , 1952).
log x

Do)~ (g -1 e

n<x

(x — +00).

Erdos considered that passing from such a mean result to a local result like
the question of Gelfond “hopelessly difficult”. However, Dartyge and Tenenbaum
succeeded to obtain a positive density:
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Theorem E (Dartyge-Tenenbaum [2], 2005). For m > 2 such that (m,q—1) =1,
there exists C(q,m) > 0 and xzo(q, m) = 1 such that for alla € Z and x > xo(q, m),
we have

Z 1>C(g,m) z.

nx
o(n?)=a mod m

5. DIGITS AND SQUARES — RESULTS

Theorem 2 (Mauduit-Rivat [9]). For a € Re such that (¢ — 1)a € Re \ Z, there
exist C(q, ) > 0 and o4(a) > 0, with

Z exp(2irac(n?))| < C(q, a) x4,

n<e

Corollary 3. The sequence (ao(n?)),>1 is equidistributed modulo 1 if and only

if a € Re \ Q.

Corollary 4. For m > 2 such that (m,q — 1) =1 and a € Z, we have

Z 1~% (x — +00).

nx
o(n?)=a mod m

6. METHODS

For s(p), the key argument is the control of carry propagation using the van
der Corput inequality, which permits to remove almost the half of the digits.
Concerning s(n?), this idea is applied twice with a variant of the van der Corput
inequality, making possible to keep only a few digits. The rest of the proof involve
elementary but complicated analytic number theory, together with very precise
estimates of the quantities maxpez [Fx(h, )| and o), » [Fa(h, @)| where

Fx(h,a)=q¢* > exp <2m (ao(u) - h-f)) .

0<u<g? 4
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Statistics of zeros for families of zeta functions of curves over a finite
field

ZEEV RUDNICK
(joint work with Dmitry Faifman)

Let C be a smooth, projective curve of genus g > 1 defined over a finite field
Fq of cardinality ¢q. The zeta function of the curve is defined as

o0 n
U
Zo(u) == epoNng, lu| < 1/q
n=1

where N, is the number of points on C' with coefficients in an extension Fy» of F,
of degree n. The zeta function is a rational function of the form

Po(u)
(1 —u)(1—qu)
where Po(u) € Z[u] is a polynomial of degree 2¢g, with P(0) = 1, satisfies the
functional equation

Zc(u) =

Po(u) = (qu2>9Pc<qiu>

and has all its zeros on the circle |u| = 1/,/g (this is the Riemann Hypothesis for
curves - Weil’s theorem [5]). Moreover there is some unitary symplectic matrix
O¢ € USp(2g), defined up to conjugacy, so that

Pc(u) = det(I — u\/qO¢)

The eigenvalues of O are of the form e>™0ci j =1,... 2g.

Our goal is to study the statistics of the set of angles {6 ¢} as we draw C at
random from a family of hyperelliptic curves of genus g defined over F, where ¢
is assumed to be odd. The family, denoted by Hag42,4, is that of curves having
an affine equation of the form y? = Q(x), with Q@ € F,[z] a monic, square-free
polynomial of degree 2g + 2. The measure on Hagyz 4 is simply the uniform
probability measure on the set of such polynomials Q.

Katz and Sarnak [1] showed that for fixed genus, as C' varies in Hog12 4, the
conjugacy classes ©¢ become uniformly distributed in USp(2g) in the limit of
large constant field size and fixed genus. Thus in that limit, various statistics of
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the conjugacy classes O¢ coincide with the corresponding ones in USp(2¢g). Our
results aim for the opposite case, of constant field size and large genus.
A fundamental statistic is the counting function of the angles. Thus for an
interval Z let
Nz(C)=#{j:0jc € I}
Asymptotically as ¢ — oo, the angles are uniformly distributed: For fixed Z,
Nz(C) ~2g[1].

In joint work with D. Faifman, we study the fluctuations of Nz as we vary C
in Hagt2,4. This is in analogy to the work of Selberg [2, 3, 4], who studied the
fluctuations in the number N (¢) of zeros of the Riemann zeta function up to height
t.

We find that for a fixed constant field, in the limit of large genus, for both the
global regime (|Z| fixed) and the mesoscopic regime (|Z| — 0 while 2¢|Z| — o0),
the variance of Nz is asymptotically = log(2¢|Z|) and that the fluctuations are
Gaussian, that is for fixed a < b,

NI — 2g|I| 1

2
lim Proby,, ., |0 < —F/———ms<b|=—F—= [ e * 2 da
e 2 log(29/7]) VT Ja

An important and open challenge is the local regime, when the length of the
interval is of order 1/2g as g — oc.
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An improved version of the inductive method for zero-sum problems
JAN-CHRISTOPH SCHLAGE-PUCHTA
(joint work with Gautami Bhowmik, Immanuel Halupczok)

Let G be a finite abelian group. Define D(G), the Davenport constant of G, to be
the least integer k such that every sequence gy, ..., gi of elements in GG contains a
non-empty subsequence g;,, ..., gi,, 1 <41 <--- <14y < k adding up to 0. Writing
G=Zn Ly, $ -+ ® Ly, with ny|nz|...|ng, we have the obvious lower bound
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D(G) > M(G) := Zle(ni — 1)+ 1. While D(G) = M(G) for groups of rank < 2
and for p-groups, in general this equality fails to hold, and at present there is no
conjecture concerning the exact value of D(G) for groups of rank > 4.

One way of proving upper bounds for D(G) is the inductive method: Decompose
G = H ¢ K. Suppose that every sequence of N elements in H contains a disjoint
system consisting of D(K) non-empty zero-sums. Then D(G) < N. In fact,
if g1,...,9n is a sequence of elements in G, write g; = (h;, k;) with h; € H,
kie K. If hjyy +---+ hs, =0 in H, then g;, +---+ g;, defines an element in K,
and among sufficiently many such elements we can choose a non-empty zero-sum.
Unfortunatelly, in general this method does not give optimal bounds, which is
caused by the fact that the system of disjoint zero-sums in H can be chosen in a
variety of ways, and only one choice is actually used.

If we understand large zero-sum free subsets of K sufficiently well, this problem
can be solved. For example, let H be a fixed group, n an integer coprime to |H|,
and set G = H @ Z,,. Suppose that among N elements in H we can always find a

system of n—1 disjoint zero-sums, and that there are no sequences h1,...,hy € H,
T1,...,TN € Zy, such that for any system of n—1 disjoint zero-sums 21, ..., Z,_1
among the h; we have for every ¢ < n — 1 the equationzj:hjezi x; = 1, then
D(G) < N.

To consider all pairs of sequences of length N in H and Z, is no easier then
considering all sequences of length N in G, however, we can choose zero-sums
of length < exp(H) whithout considering the corresponding elements in Z,, in
this way turning the problem for arbitrary n into a finite problem of size only
depending on the structure of H. We applied this to H = Z3 and showed that
D(G) = M(G) holds true for G = Z2 & Z3,,. More generally, if H is a fixed finite
group, and G = H @ Z,,, we showed that D(G)— M (G) is a computable ultimately
periodic function of n.

If K is not cyclic, the structure of zero-sum free sets of maximal size is hardly
understood at all. Gao and Geroldinger conjectured, that every zero-sum free
subsequece A of Z2 of length 2n — 2 contains one element with multiplicity at least
n — 2. We proved this conjecture for n < 19, and showed that if this conjecture
holds true for n, then D(G) = M (G) holds true for G = Zs @ Zs,,.
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Fermat Quotients
IGorR E. SHPARLINSKI
(joint work with Jean Bourgain, Kevin Ford and Sergei V. Konyagin)

For a prime p and an integer a the Fermat quotient is defined as
ab~t —1
P
It is well known that divisibility of Fermat quotients g,(a) by p has numerous

qp(a) =

applications which include the Fermat Last Theorem and squarefreeness testing,
see [4, 5, 6, 11].

In particular, the smallest value ¢, of a for which ¢,(a) # 0 (mod p) plays a
prominent role in these applications. In this direction, H. W. Lenstra [11, Theo-
rem 3] has shown that

4(log p)?, if p >3,
<
1) by < { (4e=2 + 0(1))(log p)?, if p— oo,

see also [5]. A. Granville [7, Theorem 5] has shown that in fact

(2) tp < (logp)®

for p > 5.
A very different proof of a slightly weaker bound ¢, < (4 + o(1))(logp)? has
recently been obtained by Y. Thara [9] as a by-product of the estimate

log ¢
(3) > —r < 2loglogp+2+o(1),
VA <p
LeW(p)
as p — 0o, where the summation is take over all prime powers up to p of primes ¢
from the set

W(p) = {¢ prime : £<p, ¢,({) =0 (mod p)}.

However, the proof of (3), given in [9], is conditional under the Extended Riemann
Hypothesis.
It has been conjectured by A. Granville [6, Conjecture 10] that

(4) Ly, = 0((10gp)1/4).

It is quite reasonable to expect a much stronger bound on ¢,. For example,
H. W. Lenstra [11] conjectures that in fact £, < 3; this has been supported by ex-
tensive computation, see [3, 10]. The motivation to the conjecture (4) comes from
the fact, as it is shown in [6], that this is the weakest assumption which has some
interesting applications to the Fermat Last Theorem. Although this motivation
relating £, to the Fermat Last Theorem does not exist anymore, improving the
bounds (1) and (2) is still of interest and may have some other applications.
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Theorem. We have
ep < (1ng)463/252+o(1)

as p — o0.

We note that

463
— =1. cee
555 8373

Following the arguments of [11], we derive the following improvement of [11,
Theorem 2].

Corollary. For every e > 0 and a sufficiently large integer n, ifa® 1 =1 (mod n)
L < - . '
for every positive integer a < (logp)463/252+ then n is squarefree

The proof of Theorem is based on the original idea of H. W. Lenstra [11],
which relates ¢, to the distribution of smooth numbers, which we also supplement
by some recent results on the distribution of elements of multiplicative subgroups of
residue rings of J. Bourgain, S. V. Konyagin and I. E. Shparlinski [2] combined with
a bound of D. R. Heath-Brown and S. V. Konyagin [8] for Heilbronn exponential
sums.

Theorem. For every e > 0, there is § > 0 such that for all but O(Q'~%) primes
p < Q, we have £, < (logp)>/3+¢.

The proof of this result is based on a large sieve inequality with square moduli
which is due to S. Baier and L. Zhao [1].
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Diophantine inequalities in function fields
CRrAIG V. SPENCER

Over 60 years ago, the Davenport-Heilbronn method (see [2]) was introduced to
study non-trivial integral solutions of Diophantine inequalities. Let k& and s be
positive integers with k > 1, and let 7 be some fixed positive real number. Suppose
that A1,...,As are non-zero real numbers, not all in rational ratio. Let No(P,\)
denote the number of solutions x € [—P, P]* N Z? that satisfy

Apzf + -+ Ak < 7

Plainly, in the case that k is an even number, we must impose the restriction that
the numbers \; do not all share the same sign in order to guarantee the existence
of a non-trivial solution of A1z + -+ 4+ Asz% = 0 in R®. In [2], Davenport and
Heilbronn proved that if s > 2%, then No(P,,A) > P5~F for a sequence (P,)2
which increases to infinity. This sequence is determined from the convergents of
the continued fraction expansion for an irrational number of the form A;/\;, and
as a result, the sequence (P,)%2; may be arbitrarily sparse. In the last decade,
the Bentkus-Gotze-Freeman version of the Davenport-Heilbronn method (see [1],
[3], [4], and [6]) has been used to establish an asymptotic formula for No(P, X),
valid for all large enough values of P, provided that

s > k*(logk + loglogk + O(1)),

and an asymptotic lower bound for Ny(P, A), valid for all large enough values of
P, provided that

s 2 k(logk + loglogk + 2 4 o(1)).

In this talk, we use the Bentkus-Gotze-Freeman version of the Davenport-Heil-
bronn method to study the analogous problem in function fields.

In order to state our main result, it is first necessary to record some notation.
Let F,[t] denote the ring of polynomials over Fy, the finite field of ¢ elements.
Let Koo = Fq((1/t)) be the completion of K = Fy(¢) at the infinite place. Each
non-zero element « in Ko, can be written as o = Zign a;t*, where each a; is an
element in F, and a, # 0. We define orda to be n in this situation, and we
adopt the convention that ord 0 = —oo. There exists a natural non-Archimedean
valuation (z) = ¢°*4% on K. For any real number u, we will let @ denote ¢*. For
a positive number z, we let Logz = max(1,logz). When k has a base-p expansion
k=ap+aip+---+a,p™” with0<a; <p—1(0<1i<n), wedefine y(k) = v4(k)
by

v(k)=ao+ a1+ + an.
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Define the constant B = B, (k) by

1, when k < 2772,
(1—2770) =1 when k > 2772,

Let
sq,k = Bk(Logk + LogLog k + 2 + B Log Log k/ Log k).
We are now in a position to state the main result of [5].

Theorem 1. There exists a positive absolute constant C' with the following prop-
erty. Suppose that k and s are natural numbers with k > 1,

s > sq.k + Ck+/LogLog k/ Logk,

and char(Fy) 1 k. Let T be some fized integer, and let A1, ..., As be fized non-zero
elements of Koo, not all in Fy(t)-rational ratio. Suppose also that the equation
A zb 4+ A28 = 0 has a non-trivial solution z in K3_. Then, for all sufficiently
large positive real numbers P, the number of Fy[t]-solutions N(P; ) of

Mzh + - A2h) < 7

with (z;) < P (1 <i < s), satisfies N(P,X) > P5~F,
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Higher order terms in Waring’s problem
R. C. VAUGHAN
(joint work with T. D. Wooley)

As usual in Waring’s problem, when k > 1, we let
R(n) = R(n; s, k)

denote the number of solutions to the equation

in positive integers m;. Then, as first discovered by Hardy and Littlewood [1922],
provided that s is sufficiently large in terms of k there is an asymptotic formula
for R(n),

R(n) ~ HpgEn /A6, (n) - asn— o0

where G4(n) denotes the singular series, defined by

with

Q

Ze (ar* /q).

r=1
In particular various values of sy have been given for which this holds whenever
s = 8, namely

so =28 (k=3,4,5),
so=17283 (k=6,7,8),

so = k?(logk +loglogk + O(1)) (k> 9),

by Vaughan [1986a,b], Boklan [1994], Ford [1995], repsectively.

It is known that there is some limitation on the quality of the error term which
can be obtained in the above asymptotic formula. See Loh [1996].

In this memoir we show that there are second order terms which have a similar
appearance to the main term, and which explain rather precisely the phenomenon
discovered by Loh. In principle the method described here could also be adapted to
obtain third, and higher, order terms, but the conclusions are not so illuminating
and and do not merit inclusion, especially in view of the extra complexity of the
arguments.
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Theorem 1. Suppose that s > s1 and s > 2k + 3. Then

R(n) _ F(1+1/k)sns/k_168(n) I(1+1/k)°~ 1n(5 1— k)/kG (n;1)+O (n(s—l—k)/k—é)

I'(s/k) T((s—1)/k)
where
o g
Su(mi1) =Y > q*S(q.a) 'T(g,a)e(—an/q)
q=1 a=1
(a,q)=1
and
r
T _ r_ k
@i =3 (5 3) /o
When k is even, T(g,a) = % and so S4(n;1) takes on a simpler form. For

convenience we define

q“"°S(q,a)* e(—an/q).

1

MQ

-3

q=1 a
a,q

VII
(R

When k is odd there is apparently no such simple relationship with an Euler
product. Indeed it is not clear that the series is always non-zero, although this
seems rather likely when s is sufficiently large. However it is quite possible that
for large s it is close to the value of its first term, 1 5, and so is always positive. We
are able to show that it is bounded away from zero a substantial proportion of the
time. We are also able to demonstrate a close connection with T4(n;w).

Theorem 2. (i) Suppose that k is even and s > 5. Then G4(n : 1) converges
Ss(n;1) = 1%,(n;0)

and T4(n;0) > 1 uniformly in n. (ii) Suppose that s > 2k + 3. Then S4(n : 1)
converges and there is a positive constant ¢ such that for all sufficiently large x the
number N(z) of n < & with |S4(n;1)| > ¢ satisfies N(z) > cx.

Theorem 3. There is an sz = sa(k) such that whenever s > so there is a ug(s) > 1
such that the function G(w) defined by

i% (n —m"*;w)

m=1

is analytic for w in the strip 1 < Rw < up(s). Moreover G(w) has an analytic
continuation to the half-plane Rw < wuo(s), and is analytic at every point of that
half-plane except w = 1 where it has a simple pole with residue Sq(n). Finally

G(0) = —64(n; 1).
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Uniform distribution of (cz)3/? (mod 1) for ¢ € Q
MARK WATKINS

We describe a decade-old result of Elkies involving the equidistribution of 23/2
modulo 1, and in particular its relation to small nonzero values of 2% — y? and
Hall’s conjecture. This is part of a more general idea of Elkies involving finding
points near varieties using lattice reduction.

Elkies shows that the inequality |2% — y?| < X has no more than < v/X log X
solutions with X/2 < « < X. Following Hall, we first transform the problem by
writing x = 3a? + b with a, b integral, and b € (3a, 3a]. Then we expand

423\ '/? 3 1b? 16 1
I - b - T T oL a T — .
< 3 > ba 3a 4 a 72 a3 O<\/_X)

Writing
2

1b
y:6a2+3ab+zz+c,

we have that [423 — 3y?| < z if and only if

(1) CZZ_Z_%(S)BJFO(\/%)'

Elkies now approximates b/a within 1/v/X by one of O(v/X) points  on the
interval (—3, 3], and for each 8 will attempt to bound the number of (a, b, ¢) that
satisfy (1). We start by linearising b2 /4a via

b a 2 82 I5)
T %o ba)? = —Zar T
P G R

where the second term on the left is 0(1 / VX ) by the g-approximation.
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We are then left with the three conditions:

2 3

a< VX, b—aa<1, c—l—Ia—gb—i-% < 1/\/)_(,
which form an off-center box of volume O(1). If such lattices were uniformly
distributed in the 5-dimensional moduli space, we would obtain an upper bound
of O(v/X) such (a,b,c) triples as we varied 3. However, the lattices lie in the 2-
dimensional symmetric square subspace that preserves 4ac—b* (over the algebraic
closure), as might be inferred already from the principal contribution in (1).

So instead of getting a 3-dimensional lattice problem, we can reduce to one in
only 2 dimensions, which allows the use of continued fractions. This allows Elkies
to prove theorems, whereas in most of his other contexts, only heuristic estimates
could be made. Indeed, writing

0 0 1/vVX
Mﬁ = 0 1 _ﬁ ) gﬁ = (0507 _ﬁ3/72)7
VX —IVE VX

we want 7 = (c, b, a) to satisfy | M — d|| < 1, and we have that Mz = Sym>Nj

for
0o 1/X/4
Nﬁ = X 1/4 7X1/4§ :

We can use continued fractions to find T such that Ng1} is as small as possible,

and then M é = MgSmeTg will similarly be small. We can then find a box

containing all « with || Mg — gﬁ” < 1, and the number of such @ (summed over

all 3) gives an upper bound for the number of x,y that satisfy 423 — 3y?| < X.
A computation shows that we get a box of approximate size

X1/4 q
xle

when |§ - §| < q}(+/47 and so a denominator of ¢ leads to a contribution of no
more than O(X 1/4 /q) integral triples. Furthermore, the equi-spacing of the
implies that each p/q appears no more than X1/4/q times, so by summing ¢ up to

X1/% and p coprime to ¢ with p/q € (—3,3], we get a total bound of

X 1/4 q X 1/4 X1/4 x1/4
< > Y < Y = - p(q) < VX log X.

q
1/4 p=1 1/4
gk X (=1 g X

A fuller exposition appears in §4.2 of [1], and a function field analogue in §3.3.2
of the preprint [2].
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The circle method in function fields
TREVOR D. WOOLEY
(joint work with Yu-Ru Liu)

We report on recent work joint with Yu-Ru Liu centred on the circle method in
function fields, illustrating our ideas with a consideration of Waring’s problem in
polynomial rings with coefficients from a finite field. Let F,[t] denote the ring of
polynomials over the finite field F, of characteristic p, and write J}[¢] for the addi-
tive closure of the set of kth powers of polynomials in Fy[t]. Define G4(k) to be the
least integer s satisfying the property that every polynomial in J ’; [t] of sufficiently
large degree admits a strict representation as a sum of s kth powers. We employ a
version of the Hardy-Littlewood method involving the use of smooth polynomials
in order to establish a bound of the shape G4(k) < Cklog k+ O(kloglogk). Here,
the coefficient C' is equal to 1 when k£ < p, and C' is given explicitly in terms of
k and p when k > p, but in any case satisfies C' < 4/3. There are associated
conclusions for the solubility of diagonal equations over Fg[t].

In order to be more precise, we require some notation. First, to each exponent k
and finite field F, we associate an integer v = 74(k) defined in terms of p = ch(FFy)
as follows. We write k in base p, say k = ap+a1p+---+a,p™, where 0 < a; < p—1
(0 < ¢ < n), and then put v4(k) = ap+a1+---+ay,. It is apparent that for each ¢
and k one has v, (k) < k, and also that when k > 2 and ch(F,) t k, then (k) > 2.
In addition, we define A = A,(k) by putting

A (k) = 1, when ch(F,) > k,
2 (1 =277k when ch(F,) < k.

Finally, when z is a positive real number, we write Logx for max{1,logx}, and
put

@q(k) = Ak(Logk + LogLogk + 2 + ALog Log k/Log k).
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Theorem 1. There is a positive absolute constant Cy with the property that when-
ever k and g are natural numbers with ch(Fq) { k, then

Gy (k) < Gy(k) + C1k+\/Log Log k/Log k.
Meanwhile, when ch(IFq)|k, one has G4(k) = Gq(k/ch(Fy)).

Almost all work concerning G4 (k) hitherto has been restricted to those situa-
tions wherein ch(F,) > k. Under this condition, Kubota [3, 4] established that
G4(k) < 2% +1, and Car [1, 2] obtained the upper bound G (k) < 2k(k—1)log2+
2k + 3.

We also discuss the density of solutions of diagonal equations in Fg[t]. Given
s,k € N, and fixed coefficients a; € Fq4[t] (1 < ¢ < s), denote by N,(B;a) the
number of solutions of the equation

arxh + - +asah =0, (1)
with x € Fy[t]° and ord 2; < B (1 <1< s).

Theorem 2. Let k and g be natural numbers with ch(Fy) t k. There is a positive
absolute constant Cy with the property that whenever s is a natural number with

s> @q(k) + C3k+/LogLogk/Logk,

then the equation (1) satisfies the following quantitative local-to-global principle.
Let a € (Fy[t] \ {0})®, and suppose that the equation (1) has non-trivial solutions
in all completions Fy(t)w of Fy(t). Then one has Ns(B;a) > (¢B)°~".

The Lang-Tsen theory of C;-fields shows that the equation (1) possesses a solu-
tion x € F,[t]* \ {0} whenever s > k2. The local solubility hypothesis of Theorem
2 is consequently satisfied automatically under the same condition. Rather than
merely establishing the existence of non-trivial solutions of equation (1), we instead
supply a Hasse principle with good control of the associated density of solutions.

Our methods are based on an F,[t]—analogue of the repeated efficient differenc-
ing process introduced in [5], and as such make use of the set of smooth polynomials

A(P,R) = {z € F4[t] : degxz < P and w irreducible, w|z = degw < R}.

We also discuss analogues of Vinogradov’s mean value theorem, again obtaining
conclusions essentially free of hypotheses concerning the characteristic of the am-
bient function field.

REFERENCES

[1] M. Car, Arithmétique additive dans I’anneau des polynomes 4 une indéterminée sur un corps
fini. These soutenue & I’Université de Provence 1972.

[2] M. Car, Le probleme de Waring pour ’anneau des polynémes sur un corps fini. Séminaire de
Théorie des Nombres, 1972-1973 (Univ. Bordeaux I, Talence), Exp. No. 6, 13pp. Lab. Théorie
des Nombres, Centre Nat. Recherche Sci., Talence 1973.



Analytic Number Theory 739

[3] R. M. Kubota, Waring’s problem for Fq[z]. Ph. D. Thesis, University of Michigan, Ann Arbor
1971.
[4] R. M. Kubota, Waring’s problem for F,[z]. Dissertationes Math. (Rozprawy Mat.) 117 (1974),

60pp.
[5] T. D. Wooley, Large improvements in Waring’s problem. Ann. of Math. (2) 135 (1992) 131—
164.

Some observations on the zeros of the Riemann zeta-function
CEM YALGIN YILDIRIM
(joint work with Moubariz Z. Garaev)

1. Relations between zeros of ((s) and of ¢’(s)

We studied the relationships between the zeros of ((s) whose imaginary parts
in the upper half-plane will be denoted by ~,, (ordered according to the increasing
size of the ordinates), and the zeros 8’ + iv' of {'(s).

Soundararajan [4] conjectured that under the Riemann Hypothesis (RH) the

1
statements (i) liminf(8" — 5)(10g'y’) = 0 and (ii) liminf(y" — v)logy = 0 are
v —o0 Y0

equivalent. (Here v" is the least ordinate of a zero of ((s) with y© > v). Zhang
[5] proved that (ii) implies ().

We obtained the following results pertaining to this conjecture: For any 8’ +i~/,
let of all ordinates of zeros of {(s), 7. be the one for which |y, — +'| is smallest.
For large +/, there exists v, such that v — 1 < v, < Va2 <7/ + 1 and

. 1 1
min{|y. —7'[log7', [ynt2 — Ynllogvn} < (16" - 5 logv')z.

For any ' + i7" we have

1
ER

N~

Ve — 7| < 16" —

1
Assuming RH and lim inf (3" — 5) log~’ = 0, we have liminf |y, — /| log~" = 0.
’ ’Y/—N)O

' —o0

Assuming RH and

1
lim inf(5' — 7)(log7')(loglog7')* =0,

v —o0

we have lim inf (y,+1 — ) (log ) = 0.
n—oo
These results and their proofs recently appeared in [1], but they have not been
announced in an international meeting prior to the March 2008 Oberwolfach work-
shop on Analytic Number Theory.

2. A modified approach to the pair correlation of zeta zeros

In deriving his original estimates for the pair correlation function for the zeros
of the Riemann zeta-function, Montgomery [3] went through the following steps.



740 Oberwolfach Report 14/2008

First, assuming RH, he obtained the explicit formula

(20_1);((;7%)%(%7)2 -
—e (S AT A7)
/ R 22(20 — 1)
,Z(lfJJrzt):c + Jr(a—l—l—it)(d—it)
R (20 — 1)z~
-z Z(g—l—it—Zn)(a—i—it—i—Zn)’

n=1

valid for o > 1, and all z > 1. In this formula Cf/(l — o + it) is replaced by

—%(0‘ —it) — log(|t| +2) + O(1) (for s in a fixed strip to the right of ¢ > 1), and
the last two terms are easily replaced by upper-bound estimates. Montgomery
took o = %, squared the modulus of both sides, and then integrated both sides
over ¢ from 0 to T'. To carry out the integration of the square of the series involving
A(n), Montgomery had recourse to the Parseval identity for Dirichlet series, which

he had proved together with Vaughan. The end result of this calculation was

TlogT, 4 io(y—7) 4 _ —2a
() Z T po P (14 0(1)T2*log T 4 a + o(1),
0<y AT

as T — oo, uniformly for 0 < o < 1 —e. (Here v and 4 run through the ordinates
of the nontrivial zeros of ((s)). Montgomery then went on to deduce results on the
gaps between zeta zeros and the proportion of simple zeros, and also formulated
his pair correlation conjecture along with connections to random matrix theory.

In our approach we take Montgomery’s explicit formula with ¢ = g, and sum
both sides over t = 4 € [0,7]. Evaluating the sums involving A(n) using the
Landau-Gonek formula [2]

T
Z P = _2_A($) + O(xlog 22T log log 3x)
0<y<T "
+0O(log z min(T, <i—>)) + O(log 2T min(7, log z )

which holds uniformly for x, T' > 1, we obtain the same estimate as Montgomery
for x = o(T'/loglogT). One possible advantage in this approach is that it allows
us to let ¢ run through any sequence of numbers, so that we may hope to obtain
the correlation of zeta zeros with the sequence elements. For example, we can
take t to run through fractional powers of integers. Taking ¢t = m%, and using the
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simplest van der Corput estimates for exponential sums, we found that

4ai=m?) 2 !
Z Z — = z272T3(logT + O(1)) + O((zlog z)2 log T)

0<H<T 4+ (v— m2)2
—i—O(log3 T),

which gives an asymptotic when z < T'1s /(log T)*. This research is still in a very
preliminary stage, and we are currently working on results involving ¢ running
through various sequences. We hope to complete these calculations soon, and
provide explanations or interpretations for the results.
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