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Introduction by the Organisers

The workshop took place during the period March 28 - April 2 and, as usual, talks
were planned from Monday morning to Friday morning (most participants leaving
on Friday afternoon) with a break on Wednesday afternoon for the traditional
walk to Saint-Roman.

There were finally 48 participants, due to some late cancellations. Unfortunately,
Tain Johnstone could not attend the meeting since he had a very important com-
mittment in the US with the NSF during that week. However, he could participate
quite actively in the organization up to the last minute since we, organizers, had
the opportunity to meet together during a previous workshop and also exchange
extensively by e-mail through which the list of participants and talks and all final
details were set up. Therefore we were really three organizers and the success of
the meeting should be put on the three of us. Actually, the list of speakers and
the schedule of the talks were ready before our arrival and only minor changes
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were made during that week. This precise schedule can be found at the end of our
report.

During the years 1975 - 1990 (roughly speaking) a major emphasis in nonpara-
metric estimation was put on computing the (possibly asymptotic) minimax risk
for many classes of functions, starting from the simplest Holder classes to the more
sophisticated Besov balls in the beginning of the 90’s. It was clear, at that time,
that this minimax point of view was quite pessimistic, since it was directed towards
the worse case and also unrealistic, since one never knows to which smoothness
class (or other specific class) the true parameter does belong. Nevertheless, this
approach allowed to design useful estimators, which could be more or less practi-
cally calibrated (by cross-validation for instance) and provided some benchmarks
for the performance of a given method.

Then, by the beginning of the 90’s (approximately), started an important move-
ment towards what is now called adaptation, either to some smoothness class or to
the specific function that was to be estimated. This was made via different tools
like Lepski’s method, the use of localized basis and thresholding, model selection

More recently, many new methods (aggregation of estimators, Lasso, etc.) ap-
peared in order to cope with the numerous challenges brought to statisticians by
modern sets of data and the huge progress of computing : huge data sets or situ-
ations where the number of unknown parameters is much larger than the number
of data, together with some sparsity assumption. This also coincides with an im-
portant renewal of Bayesian methods due to much better and powerful computing
facilities.

WORKSHOP ORGANIZATION

In view of the importance of the numerous new techniques that are presently
studied and used to solve the challenges offered by the modern sets of data, we
decided that the main purpose of the workshop would be to expose many young
researchers to those new techniques. We invited a number of confirmed specialists
and experts together with younger professionals, PhD. students, postdocs, new
assistant professors, in order to get a mix of generations and experiences. We also
selected 5 senior professors to give longer talks (one hour and a half, one each
morning) in order to develop their subject. These persons were especially asked,
several months before the workshop, to deliver these special conferences.

We also spent a lot of time and discussion in order to select the talks among
the proposals by the participants in order to keep a maximal coherence between
the subjects and keep the level as high as possible, finally limiting the number
of talks to 24, including the five major ones mentioned above, and avoiding the
multiplication of short talks. All normal talks were of 45mn, with the exception of
the last morning since it was asked to us by the MFO organization to shorten the
session for an early lunch (apparently for Easter vacation).

It was also an occasion for us to invite an unusually large number of participants
(mostly young researchers and some more senior French) that visited the MFO for
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the first time, which gave them an occasion to discover this very nice place, the
wonderful library, the numerous working facilities and the excellent MFO organi-
zation (as usual).

We tried, as much as possible, to organize our 8 sessions around themes like
Model Selection, Adaptive Density Estimation, High-dimensional Data and Spar-
sity, Statistics for Processes, Nonparametric Bayesian Methods, with also some
talks by young and promising researchers which were given exactly the same time
as the more senior ones.
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Abstracts

Adapting to inhomogeneous and anisotropic smoothness via dyadic
partition selection

NATHALIE AKAKPO

Our research work is devoted to adaptive functional estimation by selection of a
best partition into dyadic intervals, cubes or rectangles. Our estimation procedure
can be described as follows. Assume that you want to estimate some function s,
which is square integrable over [0,1]¢ (d € N*) on the basis of the observation
of n independent random variables. For instance, s may be the marginal density
of an i.i.d. sample or a regression function. We first give ourselves a collection
of partitions into dyadic rectangles with prescribed minimal sidelength. On each
partition, we define a piecewise polynomial estimator obtained by minimization of
an adequate least-squares type criterion. Then, we select from the data the best
estimator in that collection by using a penalized criterion. Such a procedure thus
generalizes the one introduced by Donoho [4] in a regression framework.

From a theoretical point of view, we obtain two kinds of results. On the one
hand, our estimator satisfies in many frameworks non-asymptotic oracle-type in-
equalities, up to a factor that does not depend on the size n of the sample. On
the other hand, it reaches the minimax risk, still up to a factor that does not de-
pend on n, over classes of functions that may be of inhomogeneous and anisotropic
smoothness. Such a property — that, up to our knowledge, has never been shown
for any estimator — heavily relies on approximation results in the spirit of the
paper [3] by DeVore and Yu that we prove in [1]. Moreover, our estimator can be
implemented with a complexity which is linear in the sample size.

In this talk, we present that procedure in the framework of conditional density
estimation, which is part of the joint work [2] with Claire Lacour (Université Paris
Sud).

REFERENCES

[1] N. Akakpo, Estimation adaptative par sélection de partitions en rectangles dyadiques, Ph.D.
Thesis, Université Paris Sud, Orsay (2009).

[2] N. Akakpo and C. Lacour, Inhomogeneous and anisotropic conditional density estimation
from dependent data, Working paper (2010).
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625-635.
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Data-driven penalties for linear estimators selection
SYLVAIN ARLOT
(joint work with Francis Bach)

We consider the fixed-design regression framework, where one observes
Y=M,....Y,))=F+ceR" |

where €1, ..., &, are i.i.d., with E[e;] = 0 and E[¢}] = 0. The goal is to find from
data some ¢ € R™ having a small least-squares loss

n
= FIE = 13 (- R
i=1
We then tackle the problem of selecting among several linear estimators, i.e., of
the form
F\ =AY |,
where Ay is a deterministic n x n matrix. This problem includes:

e model selection for linear regression,

e the choice of a regularization parameter in kernel ridge regression or spline
smoothing,

e the choice of a kernel in multiple kernel learning,

e the choice of the number of neighbors (and of a distance in the feature
space) for nearest-neighbor regression,

e the choice of a bandwidth (and of a kernel function) for Nadaraya-Watson
estimators.

Given a family (Ax)xea of matrices, the goal is to choose some data-driven XeA
such that the corresponding estimator F5 has a quadratic risk n~'E[ F; — F||? as
small as possible. When Card(A) < Kn® for some K, « > 0, a well-known strategy
is to follow the unbiased risk estimation principle, i.e., to choose h) by minimizing
over A € A an unbiased estimator of n = E||F\ — F||2. In particular, penalization
methods select

(1) X € argmin {rrlnﬁA —Y)Z+ pen()\)} :
€

where pen : A — R is called a penalty. Following the unbiased risk estimation
2

principle, for every A € A, pen should be close to n=1||Fy — F||2—n~1 Hﬁ)‘ -Y
2

Under mild conditions, concentration inequalities show that the risk n=!||Fy —
F||3 and the empirical risk n=1||F\ — Y||2 both are close to their respective expec-
tation. Therefore, the two key quantities in our problem are

Ay —L)F|3 N tr(A] Ay)o?

(2) E [n_1||ﬁk - F||§} = I = bias + variance ,

n n
. 2 — 2 2tr(Ay) — tr(A] A 2
® Bl |f-v]] = Wil BN AN o
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By (2), (3) and the unbiased risk estimation principle, an optimal penalty in
(1) would be

2tr(Ay)o?

)
n

~ —~ 2
(4) peng,(\) =E [n*lHFA - F||§} ~E [nl HFA - YM -

2

3

known as Mallows’ C, penalty [7]; its main drawback is its dependence on o
usually unknown. Note that tr(Ay) is often called generalized degrees of freedom.

We extend the notion of minimal penalty [4, 3] in order to define an estimator of
o2 that could be plugged into (4) for designing a fully data-driven penalty. Indeed,
let
(2tr(Ay) — tr(A] Ay)) o?

n
and VC >0, Amin(C) € argrglikl {n_lﬂﬁA ~Y|3+ C’penmin(/\)}
€

Pelyin (A) =

~

By (3), up to concentration inequalities that are detailed in [1, 2], Apin(C) behaves
like a minimizer of

Py — Y32 Ay — I,)F|)2
_g |l )\n 13 [(Ax — 1) H2+

n

gC()‘) + Cpenmin(A)] _02 = (C_l)penmm()\) .

Therefore, two main cases can be distinguished:
e if C < 1, then go()) decreases with tr(Ax) so that tr(As (C)) is huge:

Xmin(C) overfits.
e if C > 1, then go(A) increases with tr(Ay) when tr(A,) is large enough,

so that tr(As (C)) is much smaller than when C' < 1.

As a conclusion, pen,;, () is the minimal amount of penalization needed so that
a minimizer A\ of a penalized criterion is not clearly overfitting.

Since o~ 2pen,,;, (A) is known, we deduce the following algorithm:

Input: A a finite set with Card(A) < Kn® for some K, > 0, and matrices Ay .
e VC > 0, compute A\g(C) = Amin(Co™2) € argminyea{||Fr — V|3 +
C(2tr(Ay) — tr(A] Ay)}.

e Find C corresponding to the largest jump of C' — tr(AXO(C)) .
Output: X € argminyea{||Fx — Y2 + 2Ctr(4,)}.

We prove in [1, 2] that if the ¢; are Gaussian, under mild assumptions on the bias
term |[(Ax — I,)F |2, then |02C — 1| < ky/In(n)n~'/* with large probability, for
some constant k > 0. Furthermore, we deduce that \ satisfies an oracle inequality
with leading constant 1 + €, on an event of probability at least 1 — n=2.

Previous results on minimal penalties [4, 3, 6] considered the case of projection

estimators, for which tr(A] Ay) = tr(Ay), so that the minimal penalty is exactly
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half the optimal penalty. Our result shows that for general linear estimators, the
optimal and minimal penalties have different shapes, and their ratio

penp () 2tr(4y)
pen,; (A) 2tr(Ay) — tr(AIA,\)

can take any value in (1;2].

Simulation experiments with kernel ridge regression and multiple kernel learning
show that the proposed algorithm often improves significantly existing calibration
procedures such as 10-fold cross-validation or generalized cross-validation [5], for
moderate values of the sample size [1, 2].

REFERENCES
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Estimator selection
YANNICK BARAUD

Consider a collection € = {85, A € A} of arbitrary estimators based on an ob-
servation X ~ Py in view of estimating the parameter s. We propose a selection
procedure, based on X as well, which aims at selecting an estimator §; among
&€ whose risk is as close as possible to the infimum of those among the collec-
tion. The procedure we propose requires little assumption both on s and &, the
dependency of the estimators §) with respect to X being possibly unknown. We
establish non-asymptotic risk bounds for the selected estimator and show how one
can deduce oracle-type inequalities under a posteriori information on the §y. The
problem of selecting among a given family of estimators arise in many statistical
approaches among which model selection, aggregation, construction of robust es-
timators, etc. The procedure also provides an alternative, at least theoretically, to
the resampling techniques such as cross-validation and V-fold, the aim of which is
to calibrate a tuning parameter A. Finally, we show how the procedure can be used
in the regression setting for the problem of variable selection, when the number of
variables is larger than the number of observations and the errors admit no finite
moment.
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Optimal Rates for Conjugate Gradient Regularization
GILLES BLANCHARD
(joint work with Nicole Kramer)

Summary We prove optimal rates of convergence (up to a logarithmic factor)
in the statistical sense for conjugate gradient (with early stopping) regularization
of kernel-based regression problems. (The property of universal consistency of this
kind of method was established earlier [1].) The rates are obtained under the
assumption that the true regression function belongs to the reproducing kernel
Hilbert space. If this assumption is not fulfilled, we obtain convergence rates if
additional unlabeled data are available. The rates in these two cases match those
obtained by A. Caponnetto [3] for linear regularization operators.

Conjugate Gradient Regularization We observe an i.i.d. sample of n ob-
servations (X;,Y;) € X x Y where P(X,Y) follows

i = f1(Xi)+ei.

We assume that the true regression function f* belongs to the space Lo(Px) of
square-integrable functions.
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We implicitly map the data to a reproducing kernel Hilbert space Hjy with
a kernel k. We denote by K,, = (k(X;, X;)) € R"*™ the kernel matrix and by
Y € R" the n centered response observations Y7,...,Y,.

We propose conjugate gradient (cg) techniques in combination with early stop-
ping for the regularization of the kernel based learning problem. These techniques
restrict the learning problem on a nested set of data-dependent subspaces, so-called
Krylov subspaces

Km(Y,K,) = span{Y,K,Y,.... K'Y} .

We define the K,,-norm as |||k, = v/{a, Kna) . The cg solution after m iterations
is formally defined as
Qy = arg  min Y — K,o|k,
a€km (Y ,Kn)
and can be conveniently computed using an iterative formula only involving for-
ward multiplications by K,,. The kernel coefficients «,, define an estimate

f(X) = ) amik(Xi, X)
1=1

of the true regression function f*. The number m of cg iterations is the model
parameter. We defined in earlier work an early stopping rule for m ensuring uni-
versal consistency [1]. The results presented here consider a different stopping rule
based on a variation of the discrepancy principle (the latter has been shown by
Nemirovski to yield optimal convergence rates for CG in a derministic setting; see
[4] for a recent comprehensive account of the topic)

Assumptions The kernel is bounded, k(z,2’') < k for all ;2" € X, and the
noise is bounded, |e] < M almost surely. We define the kernel operator

K : Lo(Px) — L2(Px), g+ /k(.,x')g(m')dP(m’).

The regularity of the function f* is measured in terms of the source condition
SC(r,p): f* = K"u with ||u]]| < k™ "p. (In particular, if » > 1/2, f* lies in Hy.)
The regularity of the kernel operator K is measured in terms of its intrinsic dimen-
sionality ID(s, D): There exists D > 1 such that Tr(K(K +\)~!) < D?(k71M\)~
for all A € (0,1].

Case 1: » > 1/2, which implies f* € Hj. We set

A =k ((4D/v/n) log (6/7))# for v >0

and assume n is large enough to ensure A, < k. For 7 > 0, consider the following
stopping rule

= min {m || fm(X0) = Y| < @+ A6 |

where §(\.) := (3/4) M (\/k)" .
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Theorem 1. If conditions SC(r,p) and ID(s) are satisfied with r > 1/2, the
above stopping rule ensures that, with probability larger than 1 — 3,

27
4D 6 2r+s
I £l < et +) (21052 )7

Case 2: r < 1/2. Similar to the setting studied by Caponnetto, we assume that
we have additional unlabeled data of order n(A\*)~(1=27). After reformulating cg in
a semi-supervised setting (using both labeled and unlabeled data), we obtain the
same convergence rates as those for linear regularization operators if r + s < 1/2.
The details are omitted.

REFERENCES
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Sparse graphs and causal inference
PETER BUHLMANN
(joint work with Marloes H. Maathuis and Markus Kalisch)

We assume that we have observational data, generated from an unknown underly-
ing directed acyclic graph (DAG) model. A DAG is typically not identifiable from
observational data, but it is possible to consistently estimate the equivalence class
of a DAG. Moreover, for any given DAG, causal effects can be estimated using
intervention calculus. Here, we combine these two parts. For each DAG in the
estimated equivalence class, we use intervention calculus to estimate the causal ef-
fects of the covariates on the response. This yields a collection of estimated causal
effects for each covariate. We show that the distinct values in this set can be con-
sistently estimated by a new algorithm that uses only local information of the
graph. Sparsity and so-called faithfulness for the distribution are the two key as-
sumptions for the asymptotic analysis which also covers the framework with many
more variables than sample size. Our local approach is computationally fast and
feasible in high-dimensional problems. We demonstrate the merits of our methods
on a large-scale biological system.

Our work is motivated by the following problem in biology. We want to know
which genes play a role for a certain phenotype, say a disease status or the ex-
pression of another gene. To be more precise, our goal is to infer which genes have
an effect on the phenotype in terms of an intervention: if we knocked down single
genes, which of them would show a relevant or important effect on the pheno-
type? The difficulty is, however, that the available data are only observational.
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Using such observational data, we want to infer all (single gene) intervention ef-
fects. This task coincides with inferring causal effects, a well-established area in
statistics, cf. [1] or [2]. We emphasize that in our applications, it is exactly the in-
tervention or causal effect which is of interest, rather than a regression-type effect
of association.

[1, p.285] formulates the distinction between associational and causal concepts
as follows: An associational concept is any relationship that can be defined in
terms of a joint distribution of observed variables, and a causal concept is any
relationship that cannot be defined from the distribution alone. Every claim in-
voking causal concepts must be traced to some premises that invoke such concepts;
it cannot be inferred or derived from statistical associations alone. Thus, in order
to obtain causal statements from observational data, one needs to make additional
assumptions. One possibility is to assume that the data were generated by a di-
rected acyclic graph (DAG) which is known beforehand. DAGs describe causal
concepts, since they code potential causal relationships between variables: the ex-
istence of a directed edge x — y means that x may have a direct causal effect on
y, and the absence of a directed edge x — y means that x cannot have a direct
causal effect on y.

Given a set of conditional dependencies from observational data and a corre-
sponding DAG model, one can compute causal effects using intervention calculus
[1].

Here, we consider the problem of inferring causal information from observational
data, under the assumption that the data were generated by an unknown DAG.
This is a more realistic assumption, since in many practical problems, one does not
know the DAG. In this scenario, the causal effect is typically not defined uniquely,
and that is not surprising given the description of causality by [1] above.

A DAG is typically not identifiable from observational data, because conditional
dependencies only determine the skeleton and the so-called v-structures of the
graph. The skeleton and v-structures determine an equivalence class of DAGs that
all correspond to the same probability distribution. This equivalence class, which
is identifiable from observational data, can be described by a completed partially
directed acyclic graph (CPDAG).

We describe a new, computationally feasible algorithm, even if the number of
variables (i.e. nodes in the graph) is large, which uses the CPDAG as input for
inferring lower bounds on intervention or causal effects. Furthermore, we show
that in the case of noise and estimation error, we can still asymptotically infer the
CPDAG and the lower bounds for causal effects even if the number of variables p
(number of nodes in the graph) is much larger than sample size n, p > n. Such a
consistency result relies on sparsity of the (causal) DAG and the so-called faith-
fulness assumption for the data-generating probability distribution with respect
to the underlying DAG. Details are given in [4] and some of the results there rely
on [3]. Furthermore, we validate the method to predict the strongest intervention
effects in a large-scale biological system from S.Cerevisiae [5].
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Adaptive nonparametric estimation for several conditional functions
FABIENNE COMTE

(joint work with Elodie Brunel, Claire Lacour, Stéphane Gaiffas, Agathe
Guilloux)

This talk aimed to present results of works by Brunel, Comte and Lacour (2007,
2008), Comte, Gaiffas and Guilloux (2008) and Brunel and Comte (2009). The
questions studied in those papers are all related with survival analyis. In such a
context indeed, it is natural to introduce covariates in the model, and to look for
estimators not only of the hazard rate of the patients, for instance, but also of
their hazard rate given their age. This context also leads to wonder if censoring
can be taken into account.

Therefore, I explained in my talk how nonparametric bivariate estimators can be
built, which are regression estimators in the a-direction (the “covariate-direction”)
and density (or other type of) estimators in the y-direction. A strategy can be de-
veloped to provide definition of collections of nonparametric estimators of the
conditional density (or the conditional cumulative distribution function (c.d.f.),
the conditional hazard rate, the conditional mean residual life) of ¥ given X =
x. These estimators admit developments following product bases, which can be
anisotropic. Model selection can then be done in order to keep only a relevant
number of coefficients in the decomposition. In all cases, it is performed via con-
trast penalization. The risk bounds which are obtained for the final estimators
are nonasymptotic and follow from Talagrand type inequalities, or Bernstein type
inequalities associated with chaining methods. Then, asymptotic anisotropic rates
can be deduced and proved to be optimal.

The method can be illustrated through the four examples studied in the afore-
mentioned papers, to show both similarities and differences between them and to
derive general principles.

The first idea for the study lies in the way the contrasts are built. For instance in
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the conditional density setting we take:

1 & 2 &
= - t2X’L; dy — — TX’LH}/’L'a
PN LTS NERD

and for the conditional c.d.f.

F(2 Z/t2 Xzay dy_ _Z/ Xzay 1{Y<y}dy

It is interesting to study and compare these contrasts, and to understand in what
sense the second one is associated with one-dimensional type model selection and
rates, in the z-direction only. Note that the definition of minimizers for these
contrasts are not always straightforward.

The limit of the strategy is that, when censored variables are considered in this
setting, we may obtain results only under the “strong” assumption of independence
between the censoring variable and the couple (Y, X) of the variable of interest
and the covariate. This is what happens in the case of the conditional density
or of the conditional c.d.f. More precisely, assume that the observations are no
longer the sequence (X;,Y;)1<i<n but (X;, Zi,0i)1<i<n where Z; = Y; A C; and
d; = lty,<c,}, which is the standard context of right-censoring. The sequence (C;)
is an i.i.d. sequence, and two types of assumptions are considered concerning the
mechanism:

(Strong) (C;)1<i<n independent of (X;,Y;)1<i<n
or
(Weak) (Cj)i<i<n independent of (Y;)1<i<n conditionally to (X;)1<i<n.

In the case (Strong), the censoring correction called IPCW (Inverse Probability
Censoring Weights) is simple and works well. In the density case for instance, the
contrast can simply be modified as follows:

1"(1) Z/ (Xi,y)dy — —Z ,6' (Xi, Zi),

zlG()

where G(.) is the Kaplan Meier estimator of G = 1— G the survival function of the
C;’s. As this estimator, in the same way as the empirical c.d.f., converges to the
true function with paprametric rate, the modification just involves an additional
negligible residual term.

Unfortunately, a censormg correction of the same type in the (Weak) case would

require to use weights d; /G(XZ, Z;) for an estimator G(XZ, Z;) of the conditional
survival function. Here, the loss is the rate is unavoidable and corresponds to the
mean square risk of estimation of G(x,); moreover, in the c.d.f. case, the same
thing happens, and it is not relevant to need an estimator of a conditional c.d.f.
to estimate another conditional c.d.f.

In fact, to be able to study the (Weak) case, we show, in the case of hazard rate
estimation, that the underlying reference measure associated to the problem must
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be changed. This is what happens with the contrast

P (r Z/ Xiy 1{Z>y}dy——25TXZ,Z)

=1

Indeed, if h(x,y) denotes the conditional hazard rate, we have:

E(rC) (T // (2, 9) (x,y))Qd,u(:E,y)+//Ah2($ay)dﬂ($ay)

dp(z,y) = (1 = Lz, y)) fx (x)dzdy
with fx denoting the density of X; and L(z,.) the conditional c.d.f. of Z; given
X1 = X.

Then, an adequate estimator can be found, for direct and anisotropic estimation
of the hazard rate, under the weak independence assumption. Nonasymptotic risk
bounds can also be proved, as well as optimality asymptotic results.

Consequently, the way to get optimal properties for the estimation of the con-
ditional density f(x,y) starting from h(z,y) under the assumtpion (Weak) is to
use the link

where

o) = o pep(- [ b w)du)

which ensures that h and f have the same regularity. As the link between the
functions involves regular functions and the estimation is performed on compact
sets, the optimal rate obtained for the estimation of h implies optimal rate for f.

The work on conditional hazard regression is generalized to the study of the es-
timation of the conditional density of marker-dependent counting processes. In all
cases, theoretical estimators are first studied in the case of theoretical penalty func-
tions depending on unknown quantities like the supremum of h on the compact of
estimation. In a second time, these unknown terms are replaced by estimators and
random penalties are used; in that case, the result are of more asymptotic flavour,
to make sure that these random penalties are not too far from their theoretical
counterpart.
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High-dimensionality effects in quadratic programs with linear
constraints

NOUREDDINE EL KAROUI

It is often the case in statistics and various branches of applied mathematics that
one wishes to solve optimization problems involving parameters that are estimated
from data. It is therefore natural to try to characterize the relationship between the
solution of the optimization problem involving estimated parameters (the sample
version) and the solution we would get if we knew the actual value of the param-
eters (the population version). An example of particular interest to some is the
classical Markowitz portfolio optimization problem in finance, which is an instance
of a quadratic program with linear equality constraints.

I discussed some of these questions in the large dimensional setting when the
optimization is performed over vectors of size p, and p is comparable to n, the
number of observations we use to get our estimates. From a practical standpoint,
this asymptotic setting (p and n go to infinity while p/n does not go to zero) tries
to capture the difficulties arising from the fact that we have limited amount of
data to estimate the parameters appearing in the problem.

I presented results showing that the high-dimensionality of the data (i.e p/n
not small) implies significant and quantifiable risk underestimation, in both the
case of quadratic programs with linear equality constraints and linear inequality
constraints, when the number of constraints is fixed in the asymptotics. I also
considered the question of robustness of the conclusions to various distributional
assumptions, focusing on understanding the sensitivity of the results to heavy-
tails and time correlation. Finally, I discussed the impact of working with non-
independent observations and a significant non-classical failure of the bootstrap.
A possible robust correction of the problems was also proposed.

The analysis is based on random matrix theory.

l1 /12 penalities
SARA VAN DE GEER

A high-dimensional regression model is one where the number of variables p is
much larger than the number of observations n. A popular estimation method is
least squares with an [y - penalty on the regression coefficients. From a practical
point of view however, it is often natural to group variables that ”belong together”.
One may then consider applying an 1 /I penalty proportional to the I3 - norm of
the ls - norm of coefficients within groups. We present several versions of this idea,
including models with within group structure, and multiple regression models, say
panel data models with time dependent (smoothly) related coefficients. We show
that 1 /la - penalities lead to sparsity oracle inequalities, assuming compatibility
between the I - norm of the regression and the Iy /l2 - norm of the coefficients.
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Selection of kernel density estimators: L,—risk oracle inequalities
ALEXANDER GOLDENSHLUGER
(joint work with Oleg Lepski)

Let X be a random variable in R? having density f with respect to the Lebesgue
measure. We want to estimate f on the basis of the iid sample &, = (X1,...,X,)
drawn from f. By an estimator f we mean any measurable function f (t) =
f(Xn, t) : (RH)" x R — R. Accuracy of an estimator f is measured by the L,-risk:

. . /
RF 7= [BIF - 1], seltoo), a1,

where E is the expectation with respect to the probability measure of the obser-
vations X,,. The objective is to develop an estimator with small LLs-risk.

The oracle approach to density estimation is based on selection of estimators or
models. Given a family of density estimators F, the goal is to propose a measurable
choice, say f , from the family F so that for every f from a large functional class
F the following oracle inequality holds

(1) Rslf; f] < C inf R[f; f]+ 6
fer

where C' is a constant independent of f and n, and the remainder ¢,, does not
depend on f. Oracle inequalities with ”small” remainder term d,, and constant C
close to one are of prime interest; they are key tools for establishing minimax and
adaptive minimax results in estimation problems. To the best of our knowledge,
inequalities of the type (1) in the context of density estimation were established
only in the cases s =1 and s = 2 (see, e.g., [2], [4], [1], and [5]).

In this paper we develop a selection procedure for a family of kernel density
estimators. Let K : R? — R be a fixed kernel with [ K(z)dz = 1. Given a
bandwidth vector h = (hq,...,hq) define V}, := H?Zl h; and consider the kernel
estimator of f

(2) Falt) :nthZKchXi) :%ZKh(t*X

Here by u/v for u,v € R we mean the coordinate-wise division, and Kj(e) :=
Vi LK (o/h). Let hmin = (h{, .o hix) and umax = (Aladx, - .., hitax) be two
vectors in RY such that 0 < h'”)

roin hgax < 1, Vi. For brevity, we will write
Viin = V. and Vipax = V3, Consider the family of kernel estimators

min max *

H) = {fn:heH}, H:= ® [l hSL.

We refer to the problem of selecting an estimator from F(H) as the bandwidth
selection problem. This problem is central in the area of density estimation.
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We propose a measurable choice h € H such that the resulting estimator f =f3
satisfies the following oracle inequality

(3) Ralfif] < (C(s) + 301 K11) juf Ralfu: ]+, VS E€F.

If s > 2 then F is the set of all probabilty densities uniformly bounded by a
constant o, C(s) depends only on K and f, and

d
_ K2, 1/2 o K3 . (7)
5n = K1 (111 n) n exp{ _VZ/S }, Vmax T ]_:[ hmax'

max

for some explicitly given constants k;, i = 1,2,3. It should be emphasized that
construction of our selection rule does not require knowledge of fo. If s € [1,2)
then the above oracle inequality holds for any density f with C(s) depending on
K only and the remainder term

6n = ki(lnn)r2nt/s exp{ — Iign%il}.

These results allow to derive adaptive minimax results in a wide variety of density
estimation settings. In particular, the selection rule leads to a kernel density es-
timator that is adaptive minimaz over a scale of the anisotropic Nikol’ski classes.
Minimax estimation of densities from such classes was studied in [3].

Our results are easily extended to more general families of kernel estimators F.
Let K be a class of kernels, and consider the family

FKH) = { foen : K€K, h e M},

where f( &,n) denotes the estimator given in (2) and associated with kernel K € K
and bandwidth A € H. Under metric entropy assumptions on the class K we show
that our selection rule applied to the family F (K, H) leads to the estimator f that
satisfies basically the same oracle inequality (3); now the remainder §,, s depends
on the entropy of the class IC of kernels.
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On Universal Oracle Inequalities Related to High Dimensional Linear
Models

YURI GOLUBEV

This talk deals with a classical problem of recovering an unknown vector ¥ € R"”
from the noisy data
Y = AY + o€,
where A is a known m X n - matrix and § = (5(1), . ,E(m))T is a standard white
Gaussian noise in R™ with E¢(k) = 0, E€2(k) =1, k= 1,...,m. The noise level
o is assumed to be known.
We start out by considering the maximum likelihood estimate of

Jo = argmin ||Y — 49| = (ATA)"*ATY,
JER™

where |Je|| stands for the standard Euclidian norm. Its mean square risk is com-
puted as follows :

(1) E[[do —9[* =0 Y A7 (k),
k=1
where A(k) and ¢ € R™ are eigenvalues and eigenvectors of A" A.

In what follows, it is assumed solely that A(1) > A(2) > --- = A(n). So, A may
be severely ill-posed and Equation (1) reveals the principal difficulty in Jo: Its risk
may be very large when n is large or when A has a large condition number.

The simplest way to improve Jp is to suppress large A~1(k) in (1) with the help
of a linear smoother; that is, to estimate ¥ by H 190, where H is a properly chosen
n X n - matrix. In what follows, we deal with smoothing matrices admitting the
following representation H = H, (AT A), where H,()\) is a function R* — [0,1]
which depends on a regularization parameter a € [0, & such that

lim H,(A) =1, lim Hy(A) =0.
a—0 A—0
So, we estimate ¥ with the help of the following family of linear estimators
Uo = Hy(ATA)(ATA)1ATY
and our main goal is to choose the best estimator within this family, or equivalently,
the best regularization parameter «. Note that the mean square risk of 9, is

computed as follows :

n

) La(®) EE[d0 —9)? =D (1 halk)] (0, 00)? + 0> AT (k)R (K),
k=1 k=1
where here and below

mw@mwmm@mmwwmdwm@imwu
=1

The heuristical motivation of our approach is based on the idea that a good data-
driven regularization should minimize in some sense the risk L, () (see (2)). To
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implement this idea we take the classical way related to the famous principle
of unbiased risk estimation which goes back to Akaike (1973). This is why we
make use of the empirical risk minimization suggesting to compute data-driven
regularization parameters as follows :
(3) & = argmin R, [Y, Pen],
a€(0,a]

where

R,[Y, Pen] = |9y — 04 ||* + 0* Pen(a),
and Pen(a) : (0,a] — RT is a given penalty function. The main difficulty in
this approach is related to the choice of the penalty. Intuitively, we want that the
method mimics the oracle regularization parameter a* = argmin, L, (?). There-
fore we are looking for a minimal penalty ensuring the following inequality

(4) Lo(9) £ Ru[Y, Pen] +C,

where C = —||9 — Jol|2.
A traditional approach to solving (4) is based on the unbiased risk estimation
defining the penalty as a root of the equation
Lo(9) = ER,[Y, Pen] + EC.

Is is easily seen that
Pen(a) =2 A~ (k)ha(k).
k=1

Unfortunately, in spite of its very natural motivation, this penalty fails for ill-posed
inverse problems (see e.g. [2]).

Our main idea is to compute the penalty in a little bit different way, namely,
as a minimal function assuring the following inequality
(5) Bsup|La(9) ~ RalY. Pen] - c}  <KE [La(ﬂ) — RalY, Pen] — c} R
where [z]y = max{0,z} and K > 1 is a constant. The heuristical motivation
behind this approach is rather transparent : We are looking for a minimal penalty
that balances all excess risks uniformly in « € (0, @]

In the general case, solving (5) is a hard numerical problem, but for the class
of ordered smoothers this problem becomes feasible. This class of regularizing
matrices Hy (o) is defined, according to Kneip (1994), as follows :

Definition 1. The family of functions {H,()\), « € (0,a], A € RT} is called
ordered smoothers if:

(1) For any given a € (0,a], Ho(N\) : RT — [0,1] is a monotone function.
(2) If for some a1, as € (0,a] and N € RT,

HOtl ()‘/) < HOt2 ()‘I)
then for all A € R
Ha,(A) < Hay (A)
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Note that the class of ordered spectral regularizations is rather vast including
spectral cut-off, Tikhonov-Phillips and Landweber methods.
Suppose the penalty has the structure

n

Pen(a) =23 A ()ha (k) + (1+7)Q(a),

k=1

where v is a positive number and Q(«), a > 0 is defined as follows :

Q(a) = 2D(a)pa Y #%

k=1

where

D(a) = {2 zn: A2 (k) [2ha (k) — hg(k;)f}w, palk) = V2[2ha(k) — b ()]
k=1

and [ is a root of equation

D(a)
(@)
The following theorem representing the main result in this talk controls the

performance of the empirical risk minimization in terms of the penalized oracle
risk

222
1—22°

~ 1
> Flpapa(k)] =log . with F(z) = 5 log(l —2z) + 2+
k=1

r(@) = inf Ra(),
where

def

Ro(9) = E{R,[Y, Pen] +C} = Lo (V) + (1 4+ 7)o Q(c).

Theorem 1. The mean square risk of Vs with é defined by (8) is bounded uni-
formly in 9 € R™ by

L1 Cr(9) 0021)(()1)}1/2},

N C
E|[9 — 94 < 1+ | =1
19~ el < r(@){ 1+ | S 10772 SHEL 4+ ST

where C' is a constant.
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Higher Criticism thresholding: optimal feature selection when useful
features are rare and weak

JIASHUN JIN
(joint work with David Donoho)

Consider a two-class classification setting where we have a set of n training samples
(V;, X;), 1 <i<n.Foreachi=1,2,...,n,Y; is the class label which equals to 1
if the i-th sample comes from one class and equals to —1 otherwise, X; € RP is the
feature vector which is distributed as N (Yjep, I,) for some unknown contrast mean
vector p € RP. Given a new test feature X ~ N(Yeu, I,,) where the corresponding
label Y is unknown, our goal is to predict Y as 1 or —1 with an error as small as
possible.

Following our papers [2, 3, 4, 10], we model the coordinates of u as samples
from the mixture of two point masses (1 —€)vg +€v,,. Note that a feature is useful
for classification if and only if the corresponding coordinate of p is nonzero. Let
T = /npo. Our main interest is in the case where € is small and 7 is small or
moderately large, so that the useful features are both rare and weak. We denote
such a model by RW (e, 7;n, p).

We adopt an asymptotic framework where p tends to co and (e, 7,n) are linked
to p through some fixed parameters as p ranges. In detail, fixing a parameter
B € (0,1), we let

€=¢€p = p_B .
This models the case where the useful features get increasingly rare as p grows.
To counter this effect, 7 must grow with p. Fixing another parameter r € (0, 1),

we let
T =T, =+/2rlogp.

This captures the most interesting range of 7,: when r > 1, the feature selection
problem is relatively easy and we can select features by thresholding at v/2logp
(say); when r =~ 0, successful classification is impossible.

In addition, we consider three different types of linkage between n and p, where
as p tends to co, n = n, may have no growth, slow growth, or regular growth.

e No Growth. n, = ng for some fixed integer ng.
e Slow Growth. n, — oo, but n,/p’ — 0 for any 9 > 0.
e Regular Growth. n, = p? for some 9 € (0,1).

Combining the above linkages we have the asymptotic rare/weak model
ARW (B, r,np). It turns out that, for each of type of growth of n,, there is an
interesting two-phase structure in the region (3,7) € (0,1)? which we now de-
scribe.

Introduce the standard phase boundary function [6, 1, 9]

0, 0<B<1/2,

p(B) =14 B—1/2, 1/2 < B < 3/4,
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For each of the three growth types of n,, define p*(3) for x = N, S, R by

PN (B) = p" (B,n0) =

no
ng + 1

p*(B) =p(B), 0<pB<1,

p(B), 0<p <1,

and

/)R(ﬁ):(l—ﬂ)/)(m)a 0<p<1-9.
In the S-r plane, for each of the three growth types of n,, we call the region below
the curve (B, p*(8)) Region of Impossibility, and that above the curve Region of
Possibility.

For each growth type of n, and a fixed point (8, r) in the interior of Region of
Impossibility, consider the sequence of problems ARW (3,7, n,) and a sequence of
trained classification methods, perhaps dependent on p. As p — oo, the misclassi-
fication error rate of the resulting trained classifier tends to 1/2. In this region, the
measurement are effectively non-informative, and random guessing does almost as
well as any other methods.

At the same time, for each growth type of n, and a fixed point (3,7) in the
interior of Region of Possibility, consider the sequence of problems ARW (3,7, np).
It is possible to have a sequence of trained classification methods, perhaps depen-
dent on p, such that the misclassification error rate tends to 0 as p tends to co. In
particular, combining Fisher’s LDA with a new approach to feature selection (to
be described below) yields such a sequence of trained classification methods.

For a p-dimensional weight vector w to be determined, Fisher’'s LDA classify
Y = 71 according to L(X) <> 0, where L(X) is the weighted sum of the test
features:

Let Z be the summarizing z-vector of the training data:

1 n
7z =— Y; X;.
i
For a threshold ¢ > 0 to be determined, we set weights by

sgn(Z(j))elqiz() 2t} o = Clipping,
w(j) =wi(j) = Z(G)elyzi) =1 o = Hard Thresholding,
sen(Z(5))(1Z(5)| = t)elgz() >t} © = Soft Thresholding.

Seemingly, the key for the weight assigning is how to select the threshold ¢.

In Donoho and Jin (2008, 2009), we select ¢ by Higher Criticism, a notion
developed earlier [1] in the context of signal detection. To use Higher Criticism for
feature selection, we let m; = P(|N(0,1)| > |Z(j)|) be the p-values associated with
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the j-th feature. We then sort the p-values in the ascending order m1) < mg) <
... < T(p), and define the j-th Higher Criticism score by

HC. . — ilp— 7 }

=i s

Let jHC = jHC(Z(1),Z(2),...,Z(p);p) be the index at which HC, ; reaches
the maximum over all j satisfying 1 < 7 < agp. We set the threshold for feature
selection by the j7¢-th largest z-score (in absolute value). We call such a threshold
by tfc = th(Z(l), Z(2),...,Z(p)). The choice of the threshold is not sensitive
to the tuning parameter ag, which is set as 1/2 in default.

For each growth type of n, and a fixed point (3, r) in the interior of Region of
Possibility, consider the sequence of problems ARW (8,7, n,). For ¢ = Clipping,
Hard Thresholding, or Hard Thresholding, suppose we classify Y =F1 according
to

(j_ilwtmxu) {t_tfc}> < >0

Then the misclassification error of the resulting sequence of classification methods
tend to 0 as p tends to co. The proofs are given in [3] (when n, has a slow growth)
and [4] (all three types of growth of n,).
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Sparse Recovery in Infinite Dictionaries
VLADIMIR KOLTCHINSKII
(joint work with Stas Minsker)

Let (X,Y) be a random couple in S x T, where (S, .A) is a measurable space and
T C R is a Borel set. Let P denote the distribution of (X,Y’) and II denote the
distribution of X. Measurable functions f : S — R will be called prediction rules.
Let £ : T xR — R, be a loss function. Assume that, for all y € T, £(y, e) is convex
and denote (£ e f)(x,y) := £(y; f(z)). The risk of a prediction rule f : S +— R is
defined as

P(tof)i= [ (6o f)iP =BAY; (X))
SxT
the optimal prediction rule is

fe = argminf:SHRP(g b f)

and the excess risk of f is

E(f):=P(tef)—P(lef)

A class ‘H of measurable functions h : S — [—1,1] will be called a dictionary.
It will be equipped with a o-algebra By and with a measure p. For A € Lq(p),
denote

£ = [ ME(eutan)

Let (X1,Y1),...,(X,,Y,) be a sample of i.i.d. copies of (X,Y). Denote P,
the empirical distribution based on this sample (IT, will denote the empirical
distribution based on (X1,...,X,)). We are interested in the following penalized
empirical risk minimization problem:

(1) A\ = argmin, cp {Pn(f o fa)+elMiyw]

where D C L;(u) is a convex set and ¢ > 0 is a regularization parameter. In the
case of finite dictionaries, this is a well known ¢; or LASSO type penalization
frequently used in sparse recovery problems. We would like to extend a part of
the existing theory for such methods to the case of infinite dictionaries. In what
follows, we study only the case of loss functions of quadratic type (including, of
course, the loss £(y,u) = (y — u)?) and we also assume that D is a bounded set
in L1(p). Our goal is to derive so called sparsity oracle inequalities for the excess
risk £(f;.) of the solution of (1) in spirit of recent results in the case of finite
dictionaries (see, e.g., Bickel, Ritov and Tsybakov [1], Koltchinskii [2, 3], van de
Geer [4]).

Alignment coefficients. Let K : La(u) — La(p) denote the following integral
operator

(Ku)(h) = /H (h, 9) Ly u(9)i(dg). b € Hyu € L(u),
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that can be called the ” Gram operator “ of the dictionary H. For w € La(u), define
its alignment coefficient with the dictionary H as

a(w) = aH(w) = sup <w7u>L2(p)-
[ full Loy <1
It is easy to see that for w € Im(K'/?), a(w) = ||[K~'?wl|r,(,. In a number

of concrete examples, H := {h(t,s) : t € G}, where G is a domain in R, and
functions on H can be viewed as functions on G. For smooth functions w, it is
often the case that a(w) is dominated by a Sobolev norm of w :

a(w) < Cllwllwz.e(q)-

This includes, for instance, such dictionaries as H = {cos(t,e) : t € G}, H =
{h(e —1t) : t € [0,2m)%}, H = {Ijpy — I3y : t € [0,1]} (among others). In such
cases, if w is a sum of d ”spikes“ (i.e., d components that are smooth and have
disjoint supports), then a(w) < C+/d. Similar bounds on the alignment coefficient
hold also when the dictionary H can be partitioned in a large number N of ” almost
orthogonal “ sets in Lo(II) and w is supported in the union of d of them. In what
follows, we denote

A == {w :H = [-1,1] : w(h) = sign(A(h)), h € supp()\)}, A eD,

and we will use the alignment coefficients of functions w € 9|A|. We will also use
the following notation: Sy, := {h € H : Jw(h)| > 1/2}, w € 9|\|.

Complexity assumptions. We need some complexity assumptions on the
dictionary H that can be expressed in many different ways using random entropy,
bracketing entropy, etc. To be specific, let us assume that the following bound on
the Lo (11, )-covering numbers holds:

log N(H; Lo(11,,);u) < H(u), u>0 a.s.,
where H is a nonnegative nonincreasing function, H(u) — oo,u — 0 and H is

regularly varying of exponent « € [0, 2).

Approximation by finite-dimensional subspaces. Given a linear subspace
L C Ly(II) of dim(L) < 400 and a subset H' C H of the dictionary, denote

p(H'; L) := sup ||Ppoh| L,
heH’

where Pp, is the orthogonal projection on a subspace L C Lo(Il) and Lt is the
orthogonal complement of L.
We will also use the quantity
U(L):=  sup AL
heL,[|h| Ly <1
that characterizes ”smoothness” of functions in L (note that if there exists an
Ly (II) orthonormal basis of L of cardinality d, then U(L) =< V/d).
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Sparsity Oracle Inequality. We now formulate our main result.

Theorem 1. There exist constants C, D > 0 depending only on ¢ and D such that
the following holds. Let t > 0 and denote t,, := t + 4loglogyn + 2log2. For all
AeD, we dN, L C Ly(Il) with d := dim(L) and p := p(Sw; L), and for all

€ > Dy/ %\/ﬁ), with probability at least 1 — e™t, we have

E(f3e) S E) + VEE + &5,

where

53::C[a2(w) \/d+t Vo p/\/_\/ p/\/_]

Acknowledgment. This research was partially supported by NSF grants MSPA-
MCS-0624841, DMS-0906880 and CCF-0808863 at Georgia Institute of Technol-

ogy.

REFERENCES

[1] P.J. Bickel, Y. Ritov and A.B. Tsybakov, Simultaneous analysis of Lasso and Dantzig Se-
lector, Annals of Statistics 37 (2009), 1705-1732.

[2] V. Koltchinskii, Sparsity in Penalized Empirical Risk Minimization, Annales Inst. H.
Poincare, Probabilites et Statistique 45 (2009a), 7-57.

[3] V. Koltchinskii, Sparse Recovery in Convex Hulls via Entropy Penalization, Annals of Sta-
tistics 37 (2009), 1332-1359.

[4] S. van de Geer, High-dimensional generalized linear models and the Lasso, Annals of Sta-
tistics 36 (2008), 614-645.

Uniform bounds for positive random functionals with application to
density estimation

OLEG V. LEPSKI

The talk consists of three parts. In the first one we presents upper functions for
very general stochastic objects namely for positive random functionals. The cor-
responding results are used for deriving the uniform bounds for gaussian random
fields and for the empirical processes. This part is ended by the discussion on
the relation of the obtained abstract probabilistic results to the well-known phe-
nomena arising in minimax and minimax adaptive estimation. In the second part
we consider some special random processes such that kernel density estimation
process and convoluting kernel density estimation process. Both of them are the
special cases of empirical processes. Using the results obtained in the first part
of the talk we prove non-asymptotical versions of the law of iterated logarithm
and the law of logarithm and compare them with existing asymptotical results.
Moreover, we establish also some moments inequalities for the supremum norm
of the both mentioned above processes. These results are the crucial tool for the
considerations done in the third part of the talk. This part is devoted to statistical
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problems and the presented results are subject of the joint work with Alexander
Goldenshluger. We study the estimation of a probability density on R% and con-
sider the risk described by supremum norm. We propose very general selection rule
from the family of kernel estimators. The main ingredient of our construction are
magorants which are the upper functions for the processes considered in the second
part. For the selected estimator we prove so-called sup-norm oracle inequality. Be-
ing established, an oracle inequality is the informative tool for deriving minimax
adaptive results. We use our sup-norm oracle inequality in order to prove that the
selected estimator is adaptive over the scale of anisotropic Holder classes.

Global Uniform Risk Bounds for Wavelet Deconvolution Estimators
KARIM LOUNICI
(joint work with Richard Nickl)

Consider the statistical deconvolution model
Y=X+¢

where X is a real-valued random variable with unknown probability density f :
R — RT and ¢ is an error term independent of X that is distributed according to
the known probability measure ¢ on R. The law P of Y equals the convolution
f % ¢ and we denote its density by g. Let Y7,...,Y, be ii.d replications of Y,
and denote by P, the associated empirical measure. The deconvolution problem is
about recovering the unknown density f from the noisy observations (Y1,...,Ys).
This problem has been extensively studied (see, e.g., [1, 2, 4, 5, 7]).

One key lesson from the above mentioned literature is that some condition on
the regularity of the signal € is necessary to be able to estimate f with reasonable
accuracy. This condition is often quantified by a lower bound on the decay of
the Fourier transform F[p] of ¢, and Fourier inversion techniques are applied to
construct estimators for f.

Let (¢,v) be any scaling and wavelet functions such that ¢, € LP(R) for
every 1 < p < oo, and for some 0 < o’ < a we have supp(Flg]) C [—a,d]
as well as supp(F[¢]) C [—a,—a] \ [—d/,a’]. We shall assume furthermore that
SUp,cp ok lo(@ — k)| < 00, supyer >, |¥(xz — k)| < oo. These conditions are
satisfied for Meyer wavelets. Assume the density f admits the formal decomposi-
tion f =>4 ainpin + D025 Y oper Bty gk = (f,@ix)s Bk = (f, i) where
Vu,v € L*(R) (u,v) = [ u(z)v(z)dz.

For any integer j > 0 consider the estimator f,(x,j) = %anzl K3 (z,Ym)
where

Ki(w,y) =2 (@2 —k)@n(y), @uly) =F"
keZ

o—t Flporl(27e) [‘P@_l')] ).
®

(]
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Note that the above estimator is well-defined if we assume |F[p](¢)] > 0 on
[—27a,27a]. Define

% = o i FIIO)]

Set j/ = 7 VvV 1. Assume that f is bounded. Then there exists a constant ¢ =
c(p, 1) > 0 such that Vn > 1

: . c 274 234
Esup |fu(z, ) — Efa(r.0)| < 5 (nm;ﬁ%/— 20,
z€R i n n

If n > ¢/274 for some ¢’ > 0 then we have Vj > 0 and u > 0

— .

P{Suplfn(w,j) ~Bfeg) > ¢ (G 1 +02 4 (14w )} < et
zE€R d; n n

where G = max(HgHééQ, 1) and C = C(p,9,c") > 0.

The originality of our approach appears in the computation of an upper bound
on the entropy of the class {J;P;x, & € R}. We combine recent results on VC-
property of functions of quadratic variation [3] with Paley-Littlewood theory and
the fact that wavelet bases are compatible with both the L? and L structure
simultaneously. Note that our results also cover the standard density estimation
problem (in this case ¢ = 0 and consequently §; = 1) and improve upon [3] where
some moment condition was imposed on the density.

The above uniform deviation results can be readily applied to derive the optimal
rates of convergence for densities f € B3, (R).

The Besov ball B (L) is defined as the set of functions f such that f € L>°(R)
and

/]

Assume |F[p](t)] = C(1 + |t|?)"Fe~l!" ¥t € R where C,a > 0 and co,w > 0.
Consider the linear estimator f, (e, j,) with resolution j, taken such that

suverce = a0 lloo + max { 21260 o | < L.

1
odn = (mZn) T e =0
(Tlogyn)a, with coa®r < 1/2if ¢g > 0.

Then there exists a constant C' = C’(s, L, p, 9, C,w, ¢y, &) > 0 such that Vn > 2

L\ if ¢g >0
sup ESUp|fn(zajn)*f(z)|§Cl (logn) !

e v S
fEB(s,L) =€R (10%) if o= 0

We established our result under the minimal condition on |F[¢](t)| to be bounded
from below on growing intervals [—27a,27a] and no condition whatsoever on the
support of f. Note also that the rate we derived are the minimax rates of sup-norm
deconvolution.
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In the moderately ill-posed case ¢y = 0, the optimal choice of the resolution j,
depends on the unknown regularity s of f. We show that the thresholded estimator
defined below is minimax adaptive on the Besov balls B . (L):

Jji—1
fg(y) = fu(y,0) + Z Zﬂlk1\31k|>‘rwlk(y)’
=0 &
where
N UC RN . Flyor(27"e)]
= Ym ) = F_l 2_l — )
Pk = — mz::lwzk( ), Yuwk(y) ol (y)
; ‘ 1/(2w+1)
= Ul %, 201 = (logn) , 71 > 0 and xk > 0 is a numerical constant

sufficiently large.
Assume that |F[¢](t)] = C(1+ [t|?)~2 for all t € R where C > 0,w > 0. Then
we have for every n > 2 and every s > 0

10 n 2(w+ss)+1
sup  Esup|fl(y) - f(y)| <D <i>
fE€Bs (L) yeER n

where D > 0 depends only on L, ¢, ¢, 1. This result was established without any
moment condition on f and covers the case of standard density estimation.
Note finally that our results can be applied to derive adaptive confidence bands.
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Nonparametric Regression on a Generated Covariate with an
Application to Semiparametric GARCH-in-Mean Models

ENNO MAMMEN
(joint work with Christian Conrad)

We consider time series models in which the conditional mean of a response variable
Y; given the past F; depends on an unobserved covariate h;. More precisely, we
assume that for t =1,...,7T":

Y; = mo(he) + €4,

where ¢, fulfills E[e;|F;—1] = 0 for an increasing o-field F; with the property that
(et, het1) is Fy-measurable.

The covariate process h; is an unobserved one-dimensional process. We assume
that h; can be consistently estimated by known functions ﬁt that depend on pa-
rameters 1) and m and on the past observations Y;_1,Y;_o,.... We denote the true
parameter values by ¥ and my, i.e. hy = fALt(z/JO, mgp). A typical example could be
that hy follows a GARCH(1,1) process or another specification from the GARCH
family. Most importantly, we allow h; to depend on the function mg. In particu-
lar, this is the case if /f\Lt depends on ¥y and on the residuals €1, ...,e:—1. Then one
needs the function mg to get the residuals from the observations Y;_1,Y;_o,....
Our central assumption on lAzt is that this function is measurable with respect to
Fio1.

We discuss estimation of m and testing parametric specifications of m.

Our testing procedure is based on iterative fits of the covariate and nonpara-
metric kernel smoothing of the conditional mean function. The test statistic is
given by the Ly norm of the difference between the kernel estimator and the para-
metric estimator of m. We show that this test statistic is asymptotically normal
and discuss its asymptotic power.

For estimation we consider nonparametric quasi-maximum likelihood sieve es-
timators of m and :

Yy — m(he(m, 1))
ht(maw) ’

where 91,, is an increasing class (sieve) of parameters. We assume entropy con-
ditions on the class 9M,,. Under these assumptions we show the following result:
(T?L,’IZ)\) converges to (m, ) with rate op(n=*"%) for all § > 0, where « is the op-
timal rate in a nonparametric regression problem with regression class that has
the same entropy as 9%,,. This shows that the function mg can be estimated with
nearly the same rate as if the unobserved covariate h; would be known.

The proofs of our results are based on empirical process methods.

We apply our approach for testing economic theories that postulate functional
relations between macroeconomic or financial variables and their conditional sec-
ond moments. We illustrate the usefulness of the methodology by testing the linear
risk-return relation predicted by the ICAPM.

~

T
(. 0) —arg min 3 In(h(m, ) +
t=1

(m,)eM, -
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In a related paper Mammen, Rothe and Schienle (2010) consider a nonpara-
metric regression model:

Y =mo(R) +¢,
E[e|R] =0

with one-dimensional response Y and g-dimensional covariate R where again the
covariate R is unobserved but a nonparametric estimator R of R is available. In
that paper the question is studied how the outcome of an estimator of mgy changes
if one regresses on R instead of regressing on R. Leading examples in that paper are
control variable approaches for nonparametric regression models with endogenous
covariates.

REFERENCES

[1] C. Conrad, E. Mammen, Nonparametric Regression on a Generated Covariate with an
Application to Semiparametric GARCH-in-Mean Models, preprint, university of Mannheim
(2010).

[2] E. Mammen, C. Rothe, M. Schienle, Nonparametric Regression with Nonparametrically
Generated Covariates, preprint, university of Mannheim (2010).

Finite-Sample Confidence Bands in Density Estimation
RICHARD NICKL

Let Xi,..., X, be a random sample from some unknown probability density f
defined on the unit sphere S? of R¥*! d > 1. Consider the needlet frame {¢;,}
describing the needlet projection onto the space of spherical polynomials of de-
gree less than 27. We prove non-asymptotic concentration inequalities for the uni-
form deviations of the linear needlet density estimator f,(j) obtained from an
empirical estimate of the needlet projection En ©in [ fejn of f. We apply these
results to construct nonasymptotic confidence bands for the unknown density f.
The confidence bands are shown to be adaptive over classes of differentiable and
Hoélder-continuous functions on S¢ that attain their Holder exponents on S%. As a
byproduct of independent interest we obtain a characterization of Holder function
spaces on S? by the needlet approximation spaces.

REFERENCES

[1] E. Giné, R. Nickl, Confidence Bands in Density Estimation, Ann. Statist. 38 (2010), 1122—
1170.

[2] G. Kerkyacharian, R. Nickl, D. Picard, Concentration Inequalities and Confidence Bands
for Needlet Density Estimators on the Unit Sphere, preprint (2010).



Modern Nonparametric Statistics: Going Beyond Asymptotic Minimax 917

Asymptotic equivalence for inference on the quadratic variation of
Gaussian martingales

MARKUS REISS

In recent years volatility estimation from high-frequency data has attracted a lot
of attention in financial econometrics and statistics. Due to empirical evidence
that the observed transaction prices of assets cannot follow a semi-martingale
model, a prominent approach is to model the observations as the superposition
of the true (or efficient) price process with some measurement error, conceived as
microstructure noise. The main features are already present in the basic model of
observing

(1) }/i:Xi/n+eia iil,...,n,

with an efficient price process X; = fot o(s)dBs, B a standard Brownian motion,
and ¢; ~ N(0,42) all independent. The aim is to perform statistical inference on
the volatility function o : [0,1] — R™, e.g. estimating the so-called integrated
volatility fol o2 (t) dt over the trading day.

The mathematical foundation on the parametric formulation of this model has
been laid by [2] who prove the interesting result that the model is locally asymp-
totically normal (LAN) as n — oo, but with the unusual rate n~1/4 while without
microstructure noise the rate is n=/2. Starting with [11], the nonparametric model
has come into the focus of research. Mainly three different, but closely related
approaches have been proposed afterwards to estimate the integrated volatility:
multi-scale estimators [10], realized kernels or autocovariances [8] and preaverag-
ing [4]. Under various degrees of generality, especially also for stochastic volatility,
all authors provide central limit theorems with convergence rate n~'/4 and an as-
ymptotic variance involving the so-called quarticity fol o (t) dt. Recently, also the
problem of estimating the spot volatility o2(¢) itself has found some interest [6].

The aim of the present work is to provide a thorough mathematical understand-
ing of the basic model, to explain why statistical inference is not so canonical and
to propose a simple estimator of the integrated volatility which is efficient. To this
end we employ Le Cam’s concept of asymptotic equivalence between experiments.
In fact, our main theoretical result states under some regularity conditions that
observing (Y;) in (1) is for n — oo asymptotically equivalent to observing the
Gaussian shift experiment

dY, = \/20(t) dt + 620~ aw,, te[0,1],

with Gaussian white noise dW. Not only the large noise level §'/2n~1/4 is apparent,
but also a non-linear /o (t)-form of the signal, from which optimal asymptotic
variance results can be derived. Note that a similar form of a Gaussian shift was
found to be asymptotically equivalent to nonparametric density estimation [7].
A key ingredient of our asymptotic equivalence proof are the results by [3] on
asymptotic equivalence for generalized nonparametric regression, but also ideas
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from [1] and [9] play a role. Moreover, fine bounds on Hellinger distances for
Gaussian measures with different covariance operators turn out to be essential.

Roughly speaking, asymptotic equivalence means that any statistical inference
procedure can be transferred from one experiment to the other such that the as-
ymptotic risk remains the same, at least for bounded loss functions. Technically,
two sequences of experiments &" and ¥", defined on possibly different sample
spaces, but with the same parameter set, are asymptotically equivalent if the Le
Cam distance A(&",%") tends to zero. For & = (2;,.%i, (P))sco), i = 1,2, by
definition, A(&1,&2) = max(§(&1, &2),(81,E2)) holds in terms of the deficiency
§(&1, &) = infr supyeg HMPg — P? HTV, where the infimum is taken over all ran-
domisations or Markov kernels M from (27, .%#1) to (%232, .%2), see e.g. [5] for de-
tails. In particular, 6(&1, &2) = 0 means that &1 is more informative than & in the
sense that any observation in &, can be obtained from &7, possibly using additional
randomisations. Here, we shall always explicitly construct the transformations and
randomisations and we shall then only use that A(&), &) < supyee || P — PgHTV
holds when both experiments are defined on the same sample space.

The asymptotic equivalence is deduced stepwise. The regression-type model (1)
is shown to be asymptotically equivalent to a corresponding white noise model with
signal X . Then a very simple construction yields a Gaussian shift model with signal
log(o?(e) + ¢), ¢ > 0 some constant, which is asymptotically less informative, but
only by a constant factor in the Fisher information. Inspired by this construction,
we present a generalization where the information loss can be made arbitrarily
small (but not zero), before applying nonparametric local asymptotic theory to
derive asymptotic equivalence with our final Gaussian shift model for shrinking
local neighborhoods of the parameters. The global result is based on an asymptotic
sufficiency result for simple independent statistics.
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Adaptive test of homogeneity for Poisson processes when the
alternative belongs to Weak Besov bodies

PATRICIA REYNAUD-BOURET
(joint work with Magalie Fromont, Béatrice Laurent)

The presentation consists in a comparison between adaptive test and adaptive
estimation for Poisson processes. We observe a Poisson process N with unknown
intensity s(z) wrt Ldz on [0,1] where L is a known constant to derive rates of
convergence. We assume that ||s]|c < oo and that one can decompose s on the
Haar basis :

271

s = appo + Z Z Q(5,k) P (4,k) 5

JEN k=0
with o () = 1p1(z) and ¢ k) () = 27/2(27x — k) where ¢(z) = 11,1 /2(z) —
111/2,17(7). We want either to estimate s or to test Ho: s is constant” (ie N is
homogeneous) against Hy: ”s is not constant”.
First let us understand what happens on one finite vectorial subspace. Let A C
{(G,k),j >0,k =0,...,27 — 1} and Sy = Span(pg, ox, A € A). The dimension of
Sa is denoted Dp. The least-square estimator is defined by

87 = Qoo + Z ArPA,
AEA

with a) = %f[o,l] ox(z)dN,. Let sy the orthogonal projection of s on S, then
the risk if this estimator satisfies
Dallsloo

7
When we want to test the homogeneity, we actually want to reject when the
distance between s and Sy = Span(pg) is too large. The procedure is consequently
decomposed as follows:

(1) We approximate d(s, S0) by >\ 03

(2) We estimate it unbiasly by Tx = Dy, Th with

E(lls = 3all*) < lls = sall* +

5 1
T,\:ai—ﬁ/cpidN.
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(3) Under Hy the law of T given that Njg 1) = n is free of s, so there exists
tf\"()l such that

P(Ty > t4'2[Nip.yy = n) < a.

(4) We consequently reject when TA > t(N[0 Y (N)

(5) One possible choice is t( ) = qA ") the 1 — a quantlle of the conditional
distribution.
The performance of the test is measured in term of separation distance, i.e. the
question is: under Hy, how far from Sy should s be to obtain P(accept Hy) < 57
1PN > Ay 05) < B/3, and if

\/D
(S So) > ||S*SA|| JrD,g lslleo —7— +AAaﬁ;

then the error of second kind is less than 8. Remark that with respect to the
estimation part /D, is replacing Dy. Test are consequently usually thought to
be easier than the corresponding estimation. However the presence of Ap o is
crucial.

If £ = g

Dy log(a™1) n log(a™1) n Eplog?(a™t)
L L L? ’

Apa,8 =g |sl|

where Ex =37,/ e 27, which may be much larger than Dj,.

The next step consists in combining tests or estimators. Whereas the estimation in
a collection of Sy may be difficult (but classical), the testing procedure in a family
of tests is quite easy. Let M be a collection of possible A’s. Then one rejects Hy

when there exists one A € M such that Ty > t(N) = ql(XNg , where under Hy,

P(IA € M, Ty > %) ) < a.
The basic choice for a is the Bonferroni choice ie a = a/|M|. This allow us to
define a "nested collection of tests” ie M = {Ay,...,Az}, with Ay = {(4,k),j <
J,k=0,...,29 — 1} whose separation distance is at least

V2l T 2JJ2]

. 2
1r}st—SAJH +Da,ﬂ7|\5||oo L +f+ L2

In the same way, the thresholding estimation procedure has a ”test” version which
is defined by the following rule: one rejects Hy when there exists A € A7 such that

(A= (k)
(N)
Th> 4y o205y
This is equivalent to ask if there exists A C A7 such that

ZT,\—TA>ZqAa/2”) (NOZ.

AEA AEA
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Then the separation distance of this test is at least

: DyJ | DpJ?27
infaca, lls = sall® + Dapole | —7— + =77 |-

One can see the difference between both tests by looking at the minimax separation
rate over B3 (R) N W, (R') where the classical Besov body is defined by

291

BS,OO(R) = {S >0 / V5 €N, Z a%j,k) < R22—2j6}
k=0

and the weak Besov body is defined by

27 -1
2y
Wo(R) ={s=0 [vt>03" 3 af g1 < < RATF |,
JEN k=0

If 6 > max (v/2,7/(1 + 27)), then the minimax separation rate is
infe Sep. Dist? ~ LT
which is achievd by an appropriate choice of the Nested collection of tests up to a
Inln L.
If 6 < /2 and v > 1/2, then

2y
In L\ ™2
ilrlfq”S’ep.Dist2 >0 (DT) k ,

which is achieved by the thresholding test when § > _:27 and which is also the
minimax rate of estimation over those spaces. That means that when weak Besov
bodies are involved, it is not easier to test than to estimate. More details may be

found in [1].
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Estimation in Sparse High-Dimensional Trace-Regression
ANGELIKA ROHDE
(joint work with Alexandre B. Tsybakov)

Suppose that we observe (Y1, X1), .., (Yn, Xn) related by the trace-regression model
(1) Yi:trace(X{A*) + &i; i:l,...,N,

where the matrix A* and the ”design” matrices X; belong to R™*T A* is the
unknown parameter of interest and &; are i.i.d. random errors. The emphasis is on
estimation of A* in high-dimensional case, in particular, when the dimension is
much greater than the sample size, mT > N. To make the estimation possible in
this setting we assume that A* is of small rank. Another important remark is that
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we mainly focus on very sparse matrices X;. This means that each X; contains
only a small percentage of non-zero entries. Therefore, multiplication of A* by X;
masks most of the entries of A*. Such design matrices will be called masks. The
following two examples are of particular interest.

(i) Point masks; matriz completion. Here X; € X with X = {ex(m)ej(T): 1<
E<m,1<I< T} and eg(m) are the canonical basis vectors of R™. Then each
observation Y; is just one selected entry of A* corrupted by noise, and the problem
is to reconstruct all the entries of A* (matrix completion). We focus on two special
cases of matrix completion, namely, (a) USR (uniform sampling at random): X;
are i.i.d. uniformly distributed on X, and (b) collaborative filtering, i.e., the trace
regression model such that the masks X; (random or deterministic) belong to X
and are all distinct.

(ii) Column or row masks. Each X; has only one non-zero column or row.
This covers the problem known in Machine Learning as multi-task learning. In
its simplest version, N = nT with T the number of tasks and n the number of
observations per task. The tasks are characterized by vectors of parameters af €
R™, t=1,...,T, which constitute the columns of matrix A*: A* = (a}---a¥). In
this case the trace regression model (1) can be written as a collection of T' standard
linear regression models with unknown parameters ay.

We denote by ||Al|s, the Schatten-p quasi-norm of matrix A € R™*7, 0 < p <
00. In order to shrink towards a low-rank representation, we investigate penalized
least squares estimators A with a Schatten-p penalty term, 0 < p < 1:

R R RS )
Ae argmln{— E (YZ —trace(XiA)) + A% }
AGRWLXT i—1 p

We study the convergence of these estimators w.r.t. the Schatten-¢ quasi-norms
and w.r.t. the prediction loss

N
d i A, A* - 1 trace? X{(A —A")).
2v (4 47) N ; ( )

We assume below that &; are i.i.d. Gaussian N(0,0?) random variables; for ex-
tension to more general &;, see Rohde and Tsybakov (2009). We also assume
that Xi,..., Xy are independent from &;,...,&n. We say that the linear map
L: A (trace(X{A), ..., trace(XyA))/VN (the sampling operator) is uniformly
bounded if there exists a constant ¢y < oo such that [L(A)]3 < col A%, for

all matrices A € R™*T where |e|3 is the Euclidean norm in RY. An important

quantity for our results is the ”effective noise level” 7 whose values under vari-
ous assumptions are given in the table below. Here the constants ¢ > 0, ¢(p) > 0
depend only on o (see Rohde and Tsybakov (2009) for explicit expressions).

Theorem 1. Let 0 < p < 1, A\ =47. Then, for cases listed in the table above,
&271\/ (/1, A*)2 < 167||A*ng with probability at least 1 — €,

where e = exp(—C(m + T)) with a constant C > 0 independent of N,m,T.
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Assumptions on X; | Assumptions on N,m,T,p | Value of 7
Uniformly bounded £ p=1 c((m+T)/N)/?
Uniformly bounded £ O<p<l,m=T c(p)(m/N)1—r/2

USR matrix completion | p=1, (m+T)mT > N c(m+T)/N
Collaborative filtering p=1 c(m+T)Y?/N

Our second result is valid under a strong condition on the design matrices X;.
We say that the sampling operator £ satisfies the restricted isometry (RI) condition
RI(r,v) for some integer 1 < r < min(m,T) and some 0 < v < oo if there exists a
constant d, € (0,1) such that

(1 =06,)l[Alls, < vI£(A)f2 < (L+6,)[Als,

for all matrices A € R™*7T of rank at most r. This differs from the RI condition
introduced by Candes and Tao (2005) in the vector case or from its analog for
the matrix case suggested by Recht et al. (2007) because we have here the scaling
factor v # 1. It accounts for the fact that the masks X; can be very sparse, so that
they do not induce isometries with coefficient close to one.

Theorem 2. Let 0 < p < 1 and rank(A*) < r. Assume that condition RI ((2 +
a)r),v) holds with some 0 < v < oo, with a sufficiently large a = a(p) depending
only on p and with 0 < 6(a4.q)r < o for a sufficiently small 5o = 0o(p) depending
only on p. Then, for A = 41 with 7 as in the first two lines of the table above we
have

dg,N(/i, A*) < Cir Ty Vi_pv,
2) 14— A",

with probability at least 1 — &, where € is as in Theorem 1, and C1,Co > 0 are
constants such that Cy depends only on p and Cs depends on p and q.

CQTTQT’JPVZ{_’;T)a qu[ 52]5

A

On the difference from Theorem 1, here we have bounds not only for the pre-
diction loss but also for direct estimation of A*, cf. (2). However, the restricted
isometry is not suitable for sparse design matrices as in examples (i) and (ii) above,
since there v is large. For the multi-task learning model v ~ /T, while for USR
we have v = v/mT. What is more, for USR, the RI condition can be satisfied
only if N > mT, which is in contradiction with the matrix completion context.
Nevertheless, we can still use Theorem 1 where the bound depends on the mag-
nitude of singular values of A*. This dependence is weaker for smaller p. which
leads us to considering p = p(IN,m,T) that is small for large N. We show that,
under the assumptions of the second line in the table above and provided the sin-
gular values of A* are not exponentially large, the estimator A with A\ = 47 and
p = (log(N/m))~! satisfies, with probability at least 1 — ¢,

. N
(3) d? n(4,4%) < C% log (—), where r = rank(A™),
’ m
€ is as in Theorem 1 and constant C' > 0 depends only on o.
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The proofs are based on tools from the theory of empirical processes. As a
by-product we derive bounds for the kth entropy numbers of the quasi-convex
Schatten class embeddings S;* < S5, p < 1, which are of independent interest.

Optimality issues. The singular value decomposition reveals that an m x m-
matrix A of rank(A) = r has (2m —r)r degrees of freedom, i.e., is characterized by
this number of parameters (effective dimension). Under some regularity conditions
on the masks X; one can show that the optimal rate of estimation under the loss
CZ% ~ (e, ¢) has the form ” (effective dimension)/sample size”. In case r < m this is
of order rm/N, which coincides with the bound in (3) up to a log factor. Under the
RI condition with v = 1, this lower bound for estimation in the Frobenius norm has
recently been proved by Candés and Plan (2010). Note that imposing this condition
(which is also the case in the work of Negahban and Wainwright (2009) parallel to
ours) means focusing on ”full” (non-sparse) matrices X;, such as matrices with all
entries being i.i.d. Rademacher or Gaussian random variables. These two papers
prove results analogous to (2) with v =1, p=1, ¢ =2.

REFERENCES

[1] E. J. Candés and Y. Plan, Tight oracle bounds for low-rank matriz recovery from a minimal
number of random measurements, arxiv:1001.0339

[2] E. J. Candes and T. Tao, Decoding by linear programming, IEEE Transactions on Informa-
tion Theory 51 (2005), 4203-4215.

[3] S. Negahban and M. J. Wainwright, Estimation of (near) low-rank matrices with noise and
high-dimensional scaling, arxiv:0912.5100

[4] B. Recht, M. Fazel and P. A. Parrilo, Guaranteed minimum-rank solutions of linear matriz
equations via nuclear norm minimization, arxiv:0706.4138

[5] A. Rohde and A. B. Tsybakov, Estimation of high-dimensional low rank matrices,
arxiv:0912.5338

Optimal rates of sparse estimation and universal aggregation
ALEXANDRE TSYBAKOV
(joint work with Philippe Rigollet)

Let Z2 = {(x1,Y1),...,(zn,Ys)} be a collection of independent random couples
such that (z;,Y;) € X xR, where X is an arbitrary set. We consider the regression
model

Yi= (e + € i= 1,0,
where 1 : X — IR is the unknown regression function and the errors &; are inde-
pendent Gaussian N(0,02). The covariates are deterministic elements x1,. ..,z
of X. For any function f: X — IR define || f||>? =n"1 Y"1, f2(x;).

Given a dictionary H = {fi,...,fm} of functions f; : X — IR such that
maxi<;j<um || fjll <1, and a subset © C RM | the goal of aggregation is to find an
estimator 7 that mimics the best linear combination fy = Z;Vil 9;f5,9 € O, 1in
the sense that the excess risk defined by

Ellp — 2 s fo— 2
17 = nll* — min [|fs — 7l
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is as small as possible. For different choices of © this problem has been studied
by Nemirovski [3], Tsybakov [5], Bunea et al. [1], Lounici [2]; the performance of
7 is usually assessed via an oracle inequality of the form

(1) Bl —n]* < (1 +¢) mig [|fs — n* + Anar(0), €>0.

The smallest possible (in a minimax sense) remainder term A, 3/ (©) characterizes
the price for aggregation over © and is called optimal rate of aggregation on O,
using the terminology in Tsybakov [5]. Here we focus on exact oracle inequalities,
i.e., those with ¢ = 0 allowing for meaningful bounds on the excess risk. The best
approximation is obtained by choosing © = IR . In this case it can be shown that
the smallest possible remainder term is large, A, »(RM) = CM/n,C > 0, and
that it is attained by a simple least squares estimator.

We propose an estimator 7 = fj., that satisfies a stronger type of oracle in-
equality than (1). In particular it can still give an informative result when M is
much larger than n by adapting to the underlying sparsity of the problem.

Let |o|; denote the £; norm in IRM™ and M () denote the £o norm of ¥ € RM | i.e.,
the number of non-zero coordinates of 9. Set B;(r) = {9 € RM : |9]; <r}, r >0,
i =0, 1. For two real numbers a and b define aVb = max(a, b) and aAb = min(a, b).
We denote by X the n x M design matrix with elements X; ; = f;(z;) and rank
R = rank(X) < M An. Finally, for any 9 € RM, define M (9) = M(9) A R.

We call the sparsity pattern a binary vector p € P = {0,1}™ and define |p| =
M (p) the number of ones in p. Let IRP C RM defined by IRP = {dep : ¥ € RM},
where Jop € RM is the vector with coordinates (Jep); = 9;p;,j =1..., M. Then,
for any p € P, we can define a least squares estimator 19,, on IRP by

D, € argmin |[Y — X3
YeRP

Let v = (1), be a probability measure on P defined by v, = 0 if [p| > R and by,

(Vi — f5, (@:))* = M) (ﬂ)lpl , if [p| < R.

n

1

v ocexp(——
P 402 ¢ -
i

2 2eM

Notice that second factor in the definition of v, exponentially downweights sparsity
patterns p with large |p|, i.e., that are not sparse.. The Ezponential Screening (ES)
aggregate is defined as the linear combination fj., where

0% =Y vy
peP

A tractable numerical approximation of ¥" using the Metropolis-Hastings algo-
rithm is detailed in [4].

Theorem 1. For any M > 1,n > 1, the ES aggregate {3, satisfies

2
2 : _ 2 9
(2) E|fgz —nl iﬂglﬁql{llfﬁ nlI* + ena(9)} + - (5log(1+eM) +8log2).
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where on 2(0) =0 and, for 9 #0,

. 502]T4/(19) eM 8a|Y)1 3eMo
90"*”[(19)“““{ Z 1°g<fw’<mv1>’ ﬁ\/l"g(”mﬁ)}'

Furthermore, if there exists 9* € RM such that n = fy«, we have

2 * 802
]E|‘f~1cs _fﬂ*H < wn,]\/f(rﬂ ) + TIOgQ

where ¥y 1 (0) = 0 and, for ¥ # 0,

. 502 M (9) eM 8a|¥|1 3eMo 9
wn,]\/f(ﬂ)_mln{ n 1Og <M(Q9)\/1>’ \/ﬁ \/10g (1+|19|1\/ﬁ)’4|19|1} :

Moreover, we show that the rate i, a(¢) is optimal in a minimax sense on the
intersection of ¢y and ¢; balls. Note that the sparsity oracle inequality (2) is much
stronger than oracle inequalities such as (1). Indeed, if there exists a sparse vector
¥ such that both the approximation term ||f5 — 7||?> and the stochastic error term
@n.r(9) are small, then the ES aggregate adapts to it. Furthermore, this result
captures three measures of sparsity: the £y norm M (¢), the ¢; norm |J|; and the
rank R.

For a given © C IRM | the goal of aggregation is to find an estimator 7 (possibly
depending on ©) that satisfies (1), ideally with € = 0. Five choices for © have been
proposed and studied in the literature. They are summarized in the accompanying
table, where D is an integer between 1 and M. Bunea et al. [1] raised the issue of

Problem | ] | Description
(MS) | ©ms) = Bo(1) N By(1) Best in dictionary
(©) O(c) = B1(1) Best convex combination
L) | ©w) =RM = By(M) Best linear combination
(Lp) Ow,) = Bo(D) Best D-sparse linear comb.
(Cp) | O,y = Bo(D) N Bi(1) | Best D-sparse convex comb.

universal aggregation, i.e., of finding estimators that solve all aggregation problems
at once. They proved that the BIC estimator, which does not depend on ©, solves
the first four problems in the table above in an approximate sense. The next
theorem shows that the ES aggregate fully realizes universal aggregation, i.e.,
solves simultaneously all five problems with remainder terms Ay ,,(©), which we
prove to be optimal rates of aggregation in a minimax sense.

Theorem 2. For any M > 2,n > 1,D < M, and for either of the five sets © in
the table above the ES aggregate f5., satisfies the following oracle inequality

E|[fges —nll* < min [fg —n]* + CA 1 (0),
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where C > 0 is a numerical constant and

— 16 = 00

IOg (1+eyg)/\Mbg(l+MAR) if © =06,

o (©) = <f—? log (1+ 1AL) it © =0,
o VAN e .

% log (1 + D%’?,) if @ = @(LD),

\/ log (1 + eyg) A% (DAR) log (1+ $537) i ©=0c,)

This theorem improves upon the previously known results for two reasons: uni-
versal aggregation is solved by ES with € = 0 and the rates can be better if R is
small.

REFERENCES

[1] F. Bunea, A. B. Tsybakov, and M. H. Wegkamp, Aggregation for Gaussian regression, Ann.
Statist., 35 (2007): 1674-1697.

[2] K. Lounici, Generalized mirror averaging and D-convez aggregation, Math. Methods Statist.

6 (2007): 246-259.

[3] A. Nemirovski, Topics in non-parametric statistics, In Lectures on probability theory and
statistics (Saint-Flour, 1998), vol. 1738 of Lecture Notes in Math., Springer, Berlin, 85-277

[4] P. Rigollet, and A. Tsybakov, Ezponential Screening and optimal rates of sparse estimation,
arXiv:1003.2654 (2010).

[5] A. B. Tsybakov, Optimal rates of aggregation, In COLT (B. Scholkopf and M. K. Warmuth,
eds.), vol. 2777 (2003) of Lecture Notes in Computer Science, Springer, 303-313.

Bayesian Regularization
AAD VAN DER VAART

The last decades have seen a growing interest in Bayesian methods for recovering
curves, surfaces or other high-dimensional objects from noisy measurements. The
object ¥ is modelled as a realization from some prior probability distribution II,
and the observed data X is viewed as drawn from a probability density = — py(z)
that depends on the realization of ©}. The posterior distribution of the “parameter”
¥ is then given by Bayes’ rule as

dIL(9] X) o po(X) dIL(V).

To investigate the quality of the posterior distribution we put ourselves in a non-
Bayesian framework, where it is assumed that the data X are generated according
to the density py, determined by a fixed parameter vy, and view the posterior
distribution as just a random measure on the parameter space. The Bayesian
procedure is considered accurate if this random measure concentrates its mass near
the parameter ¥g. We wish this to be true for many ¥y simultaneously, preferably
uniformly in ¥y belonging to a class of test models. For instance, a set of surfaces
known to have a certain number of bounded derivatives.
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FIGURE 1. Observations in a regression problem. One realization
from a Gaussian process prior (left panel) and 10 from the poste-
rior distribution (right panel). The true regression curve and the
posterior mean are indicated in the right panel. The Bayesian up-
dating is successful: the realizations from the posterior are much
closer to the truth than those from the prior.

Except in very special cases this question can be investigated only in an asymp-
totic setting. We consider data X" depending on an index n (for instance sample
size) and study the resulting sequence of posterior distributions dII, (J¥| X™) as
n — oo. In a setting where the informativeness of the data increases indefinitely
with n, we desire that this sequence contracts to the Dirac measure at ¥y, mean-
ing complete recovery “in the limit”. Given a metric structure d on the parameter
space, we can more precisely measure the rate of contraction. We say that this is
at least e, if, for any sequence of constants M,, — oo,

I, (9 : d(9,90) < Mype,| X™) — 1.

The convergence can be in mean, or in the almost sure sense. Thus the posterior
distribution puts almost all its mass on balls of radius of the order ¢,, around ¥y.

In classical finite-dimensional problems, with ¥ a vector in Euclidean space
and n the sample size, the rate of contraction e, is typically n='/2, relative to
for instance the Hellinger distance, for any prior with full support. The Bernstein-
Von Mises theorem makes this preciser in a normal approximation to the posterior
distribution. The prior distribution does not appear in this approximation and is
said to “wash out” as n — oo. In nonparametric problems this is very different.
First there are many priors which do not lead to contraction of the posterior at
all. Second many natural priors yield a rate of contraction that depends on the
combination of the prior and the true parameter. The positive news is that a good
match between prior and Y may lead to an optimal rate of contraction, equal to
the minimax rate for a problem.

In practice such “good matches” may not be easy to achieve. It is never trivial
to have a proper intuitive understanding of a prior probability distribution on an
infinite-dimensional set. Furthermore, and more importantly, one does not know
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FIGURE 2. A realization of the squared exponential processes and
its rescaling to the unit interval.

the fine properties of the true parameter ¥g. The elegant solution to the dilemma
of prior choice (a classical point of criticism to Bayesian methods) is to work with
many priors at the same time. We start with a collection of priors II,, indexed
by some parameter « in an index set A, which is assumed to contain at least
one appropriate prior for each possible truth ). Next we combine these priors by
putting a prior distribution, a hyper prior, on the index «. If A is countable and
the hyper prior is denoted by (I, : o € A), then this this just leads to the overall

prior
= Z loIl,.

Inference, using Bayes’ rule, proceeds as before. The hope is that the data will
automatically “use” the priors II, that are appropriate for ¥y, and produce a
posterior that contracts at an optimal rate, given that at least one of the priors
11, would produce this rate if used on its own.

This automatic adaptation of the posterior distribution sounds too good to be
true. Obviously, it depends strongly on the weights I = (I, : @ € A) and the prior
distributions II,. Because the latter often possess very different “dimensionali-
ties”, finding appropriate weights can be delicate. However, quite natural schemes
turn out to do the job, although sometimes a logarithmic factor is lost. In our
talk we first presented an abstract result, which shows that adaptation is easy, in
the sense that many weight distributions [ work. Next we considered adaptation
to the regularity of a surface ¥y using Gaussian process priors. We showed that
the “Bayesian” regularity of the sample paths can be changed by stretching or
shrinking them. By scaling a process with analytic sample paths (for instance the
squared exponential process) with a random variable, it becomes a suitable prior
for truths of any regularity. Finally we considered adaptation to sparsity in the
many normal means problem, where the parameter (the mean vector) is a vec-
tor in R™, many of whose coordinates are thought to be zero. By putting a prior
on the number of nonzero means, next and independent heavy-tailed (Laplace



930 Oberwolfach Report 16/2010

or polynomial-tailed) on a randomly chosen subset of nonzero parameters, it is
possible to adapt to spaces of sparse parameters.
Details on these results can be found in the papers [2], [3] and [1].
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Statistical recovery in high dimensions: A unified analysis of
decomposable regularizers

MARTIN WAINWRIGHT
(joint work with Sahand Negahban, Pradeep Ravikumar and Bin Yu)

There are a variety of results on the behavior of different M-estimators under high-
dimensional scaling, including ¢;-regularized linear regression, block-norm regular-
ization for multivariate problems, and nuclear-norm regularizer for low-rank matri-
ces. In this talk, we present a single theorem that isolates some properties common
to many high-dimensional analyses, and yields optimal rates for a class of regular-
ized M-estimators. The result depends on two intuitive conditions: the regularizer
needs suitably constrain the parameter space via the notion of decomposability,
and the loss function needs to be sufficiently curved, formalized via the notion of
restricted strong convexity. When applied to specific high-dimensional models, we
recover various results (some known and some new), including rates for regression
models under both weak and hard sparsity constraints, estimating sparse (gener-
alized) linear models, structured covariance matrices, and near low-rank matrices.
In many cases, the upper bounds are matched (up to constant factors) by minimax
lower bounds.
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Adaptive Threshold estimation: Minimaxity, Empirical Bayes and Loss
Minimization
CuN-Hur ZHANG

1. Summary. We discuss a number of optimality criteria in the normal mean
problem with the /5 loss, including adaptive minimaxity, general empirical Bayes,
and minimum risk and loss for threshold estimation. A general maximum likelihood
empirical Bayes method is shown to possess adaptive ratio optimality and adaptive
minimax properties via an oracle inequality. The FDR threshold level is shown to
nearly minimize the risk and loss among all soft threshold estimators. An oracle
inequality is provided for the adaptive soft-threshold estimator for dependent data.

2. Adaptive minimaxity. Let

X ~N®X), X;~N(;1).
We consider the estimation of ¥ € R™ with data X under the /5 loss. For © C R™,

the minimax risk is defined as

#,(0) = inf sup E||6(X) — 9|*/n.
alld yeco

Let |9, = (0, [9:P)Y/? for p > 0 and ||9]jo = #{i < n : ¥; # 0}. The ¢,
balls are defined as ©p ¢, = {9 : [|[9[h/n < CP} for p > 0 and O¢c.n = {9 :
[9lo/n < C}. Let J5 and 9}, be respectively the classes of soft and hard threshold
estimators. For 0 < p < 2, the minimax risk in small £, balls can be approximated
by the minimax risk of threshold estimators:

inf sup  E[§(X) = 9*/n = (1+0(1))%Zn(Op,c0.n),
<9

Ip,Cnyn

where J = J, or F = J}, provided 0 < %,(0p,c,.n) < 1. This result was
proved earlier by Donoho and Johnstone (1994) under the condition (logn)/n <
P (©Op.com) < 1.

A sequence of estimators {d,,n > 1} is adaptive minimax if

sup B|8,(X) — 9|*/n = (1 + 0(1))%Zn(On)
€o,
for many (large and small) sequences parameter classes {©,}, ©,, C R™.
3. Empirical Bayes. The general empirical Bayes benchmark is
R(0) = inf B[1(X) = ]/,
t(e
where the infimum is taken over all univariate Borel functions (Robbins, 1951,
1956). This benchmark is attained with the Bayes rule
_ [ Of(9)G(d)
J f(@|9)G(dv)
where G, (d¥) = Y 1| I{9; € d9}/n and f(z]9) is the N(¢,1) density.

R, (9) = Ete, (X) = 9[*/n, t&(2)
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In empirical Bayes, the performance of an estimator is typically measured
through an oracle inequality, or equivalently an upper bound on

the regret = E||6(X) —9||*/n — R (D).

The empirical Bayes benchmark focuses on the risk at the “true” 9. Greenshtein
and Ritov (2009) proved

R3,(0) = (1+ o(1)) jnf E[6(X) = 9]1*/n,

where & is the class of all estimators satisfying 6(7'(X)) = T'(6(X)) for all per-
mutations T'. Empirical Bayes is connected to the minimax criterion via

oI F5(9) = (14 0(1)4 (0,00,

The general empirical Bayes approach requires nonparametric estimation of
the oracle Bayes rule t7; . Parametric Bayes approaches include the James-Stein
(1961) estimator (Efron and Morris, 1972, 1973) and the EBThresh of Johnstone
and Silverman (2004).

4. General maximum likelihood empirical Bayes. Jiang and Zhang (2009)
proposed the following general maximum likelihood empirical Bayes (GMLEB)
estimator:

9 =1t5 (X), G, = argmax /XiﬁGdﬂ.
& (X) gGilj[lf(l)(>

For 3 = I, they proved the following oracle inequality:

Blts, (X) = 9)2/n < (VD) + Moy/e(m.Gor))

for all ¥ € R™ and 2/logn < p < 0o, where M) is a universal constant and

2logn [\/bg nyy (G) } p/(1+p) } (log n)*
) n )

n
with ' (G) = {sup, |z|PG([—x, x]°)}/P being the weak p-norm of G. It follows
from this oracle inequality that the general empirical Bayes benchmark is approx-
imately achieved when

inf~o/10gn €(1, Gn,p) K R*(F). Moreover, the oracle inequality implies the adap-
tive minimaxity of the GMLEB in ¢, balls ©, ¢, » within the range

(log n)4+p/2+3/p/n < C? < n?/(log n)4+9p/2_

These theoretical results indicate that the GMLEB should perform well for sparse
and dense ¥ in general, except for extremely sparse . Our simulation results
support this claim.

5. Adaptive threshold estimation. The logarithmic factor in the lower
bound of C? for the adaptive minimxity of the GMLEB in ¢, balls leads to our
consideration of adaptive thresholding methods for the estimation of a (possibly
extremely) sparse .

For ¥ = I, Abramovich, Benjamini, Donoho and Johnstone (2006) proved
that at the FDR threshold level with a nominal FDR level gy € (0,1/2], the

e(n,G,p) = max {
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hard threshold estimator is adaptive minimax in £, balls when (log n)8=P/2 n <
Z(Op,c,,.n) < n~%, 8 > 0, but the same method with go € (1/2,1) is not adaptive
minimax in such ¢, balls (off by a constant factor). Johnstone and Silverman (2004)
proved the adaptive rate minimaxity of the EBThresh when (logn)3~?/2/n <
Z(Op c,m) < 1.

We propose to use the soft threshold estimator at the FDR threshold level:

9 =s5(X), A=min{k:N(&) >k},

where sx(x) = sgn(x)(Jz| —A)4, N(t) = #{i <n:|X;| >t} and 20(—&;) = qok/n
with the N(0,1) distribution function ®(e).

We prove the following oracle inequalities for this adaptive soft threshold esti-
mator:

2
Bllsx(X) = 9)2/n < (VR (0) + Mo/ (9)) ", ¥ 9 € R,

where €°t(9) = || Z|(logn)"/n + > 1, (|9:]*> A1) /n with k = I{Z # I} and the
spectrum norm ||X]|, and

92 AN+ 1)
soft _ : . 1
R:°TH(19) m/\>11& {2@( A) + iil - }

For 3 = I, this oracle inequality implies the adaptive minimaxity of the estimator
in all £, balls satisfying 1/n < Zn(0p,c, n) < 1. Moreover, for dependent data,
we proved that the adaptive soft threshold estimator approximately achieves loss
minimization in the sense of

Blls5(X) = 9]1*/n < (1+ o(1)) Einf [[sx(X) = 8| /n+ Moei?'"(9),

for all ¥ € R".

6. A final remark. Similar to the empirical Bayes and adaptive threshold
approaches where parameters of estimators (G, and \) are replaced by suitable
estimates, aggregation methods (Rigollet and Tsybakov, 2010) take a convex or
other types of combination of estimators within a certain class. It is unclear if
such aggregation methods possesses similar or stronger oracle properties than the
maximum likelihood empirical Bayes and adaptive soft threshold estimators.
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Optimal Estimation of Large Covariance Matrices
HARRISON H. ZHOU
(joint work with T. Tony Cai, Cun-Hui Zhang)

Suppose we observe independent and identically distributed p-variate random vari-
ables X1,...,X,, with covariance matrix ¥,x, and the goal is to estimate the
unknown matrix X,x, based on the sample {X,;: ¢ =1,...,n}. This covariance
matrix estimation problem is of fundamental importance in multivariate analysis.
A wide range of statistical methodologies, including clustering analysis, principal
component analysis, linear and quadratic discriminant analysis, regression analy-
sis, require the estimation of the covariance matrices. With dramatic advances in
technology, large high-dimensional data are now routinely collected in scientific in-
vestigations. Examples include climate studies, gene expression arrays, functional
magnetic resonance imaging, risk management and portfolio allocation and web
search problems. In such settings, the standard and most natural estimator, the
sample covariance matrix, often performs poorly. Regularization methods, origi-
nally developed in nonparametric function estimation, have recently been applied
to estimate large covariance matrices.

Following Bickel and Levina (2008a) we consider estimating the covariance ma-
trix Xpup = (045) over the following parameter space

(1)
Fo=1{%:max Y {log|:|i—j| >k} < Mk~ for all k, and Amax () < My
J -

1<i,5<p

where Apax(X) is the maximum eigenvalue of the matrix ¥, and a > 0, M > 0
and My > 0. Note that the smallest eigenvalue of any covariance matrix in the
parameter space F,, is allowed to be 0 which is more general than the assumption
in equation (5) of Bickel and Levina (2008a). The parameter « in (1), which
essentially specifies the rate of decay for the covariances o;; as they move away
from the diagonal, can be viewed as an analog of the smoothness parameter in
nonparametric function estimation problems. The optimal rate of convergence for
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estimating ¥ over the parameter space F,, (My, M) critically depends on the value
of a.

The distribution of the X;’s is assumed to be subgaussian in the sense that
there is p > 0 such that

(2) P{|v/ (X1 —EX1)| >t} <e P2 for all t > 0 and ||v]z = 1.

Let Py = Pao (Mo, M, p) denote the set of distributions of X; that satisfy (1)
and (2). Write a,, < b, if there are positive constants ¢ and C independent of
n such that ¢ < a,/b, < C. For a matrix A its operator norm is defined as
[ All = sup|),=1 | Az[l,. We assume that p < exp (yn) for some constant v > 0.

We have the following optimal rate of convergence for estimating the covariance
matrix under the operator norm.

Theorem 1. The minimax risk of estimating the covariance matriz X over the
class Py, given in (1) satisfies

o 2 20 1
(3) infsupEHE—EH xmin{n_m-kﬂ, B}
2 Pa non

The following result gives the minimax rate of convergence for estimating the
covariance matrix ¥ under the Frobenius norm based on the sample {X;,...,X,}.

Theorem 2. The minimax risk under the Frobenius norm satisfies
1¢ 2 _ 2041
4) inf supE— HE - EH = min {n 2(a+D) | B}
S Pa P F n

In addition, we discussed adaptive estimation, estimation under other matrix
norms and sparse (inverse) covariance matrices estimation. For instance, the mini-
max risks of estimating the covariance matrix 3 under the matrix /; norm satisfies

A 2 o 1 72T 2
(5) ir}fsupEHZ— EH = Inin{na_+1 + ( ng) , p_}
1

2 Po n n
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